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Abstract

We critically reexamine traveling-wave solutions and Benjamin–Feir instability for a 
Schrödinger–Hirota equation with power-law nonlinearity. A traveling-wave reduction, 
Hamiltonian phase-plane analysis, direct substitution, and symbolic residual checks are 
used to establish the compatibility of candidate solutions with the original complex equation. 
The previously reported unrestricted extended-Kudryashov solution family is shown to 
be invalid; only a restricted singular branch survives on a half-line and cannot represent 
a globally regular optical soliton. A regular bright solitary pulse is verified, and sign-
changing dark waves are characterized through an implicit real quadrature rather than 
ambiguous fractional powers. The corrected Jacobian determinants yield consistent classifi-
cations of equilibria and their homoclinic or heteroclinic trajectories. For continuous-wave 
backgrounds, the perturbation dispersion relation determines the instability band and 
the corrected maximum growth rate. Explicit parameter sets and reproducibility checks 
distinguish valid traveling waves from singular profiles and clarify that instability of the 
background does not establish instability of localized solitons.

Keywords: Schrödinger–Hirota equation; power-law nonlinearity; extended Kudryashov 
audit; heteroclinic waves; bifurcation; Benjamin–Feir instability

1. Introduction
Optical envelope equations balance dispersion and nonlinear phase accumulation, 

and higher-order terms become relevant when a cubic nonlinear Schrödinger approxima-
tion is insufficient [1–3]. The higher-order nonlinear Schrödinger framework and related 
Schrödinger–Hirota reductions have been studied under additional dispersive and deriva-
tive effects [4–6]. The model considered here includes group-velocity dispersion (GVD), 
third-order dispersion (TOD), a power-law self-phase-modulation (SPM) term, and two 
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derivative nonlinearities. The last two are treated as independent phenomenological co-
efficients: identifying either term with a specific microscopic Raman response requires
a separate dimensional and material derivation [7–9].

Power-law solitary waves are not new in themselves; their quadrature and phase-
plane descriptions are well established in the non-Kerr literature [10]. Recent related work 
has investigated fractional nonlinear Schrödinger bifurcations and wave construction in 
optical-fiber models [11,12], while a separate higher-order, stochastic generalized nonlin-
ear Schrödinger model illustrates the breadth of dispersive optical-soliton research [13]. 
Those distinct models are cited for context, not as verification of the present deterministic 
equation. Likewise, exact-solution algorithms must be accompanied by substitution tests, 
not only formal coefficient matching [14,15]. We therefore reassess which structures of the 
generalized Schrödinger–Hirota model are actual classical solutions. In particular, a ratio-
nal extended-Kudryashov ansatz can produce an isolated pole-type branch, but not the 
previously claimed unrestricted one-parameter family. The distinction between a smooth 
dark kink and a fractional power of a sign-changing auxiliary function is essential when 𝑛
is noninteger.

The specific contribution is a consistency-tested account combining (i) explicit compat-
ibility conditions for both parts of the original complex partial differential equation (PDE), 
(ii) positive bright pulses and smooth sign-changing heteroclinic waves for continuous 𝑛 > 0, 
together with the domain of an isolated singular Kudryashov branch, (iii) the corrected 
equilibrium determinant and boundary classification, and (iv) a rechecked Benjamin–Feir 
(modulation) instability (MI) dispersion relation and maximum growth rate. The exact 
bright profile and the classical cubic kink are not presented as newly discovered solu-
tion forms. The novelty claimed is limited to the joint consistency and parameter-level 
characterization for this particular higher-order model. Numerical graphics and explicit 
parameter-level substitution checks are presented in the article for reproducibility.

The physical motivation for this analysis is the competition between dispersion and 
nonlinear phase modulation in guided optical pulses. In the standard envelope approxi-
mation, group-velocity dispersion can counteract the intensity-dependent refractive-index 
response and support localized traveling pulses. For sufficiently short pulses, higher-order 
dispersion and intensity-gradient effects may alter the propagation dynamics, so the mathe-
matical conditions supporting a wave need to be checked for the particular higher-order 
equation under study. These mechanisms motivate the normalized equation, but they do 
not by themselves identify the coefficients with experimentally measured properties of
a particular optical material. This distinction is consistent with the broader nonlinear-fiber-
optics literature [16].

An additional mathematical issue arises when the nonlinear response is described 
by a noninteger power of the intensity. The complex field nonlinearity is gauge invari-
ant, but a real traveling-wave amplitude may take either sign. Consequently, replacing
an absolute-value nonlinearity by an unrestricted algebraic power can invalidate a proposed 
profile at a zero crossing. Exact-solution constructions also require careful treatment of inte-
gration constants, boundary conditions at both spatial infinities, and possible poles. These 
requirements are particularly important for rational auxiliary-function schemes: solving
an algebraic coefficient system is only an intermediate step, and a candidate profile must 
still satisfy the original partial differential equation on its claimed domain.

Prior work on generalized nonlinear Schrödinger models with nonlinear dispersion 
and arbitrary refractive-index laws provides a useful benchmark for stationary solitary-
wave construction [17]. In a related, but different, optical setting, Zayed and coauthors 
investigated quiescent solitons in magneto-optic waveguides with Kudryashov-type self-
phase modulation using algebraic and auxiliary-equation methods [18]. These studies 
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concern different equations and do not validate solutions of the present Schrödinger–
Hirota model; instead, they motivate a precise comparison of constitutive assumptions, 
compatibility conditions, and direct residual checks.

The phase-plane and spectral viewpoints provide complementary, but logically dif-
ferent, information. Homoclinic and heteroclinic energy levels characterize the boundary 
behavior of solitary pulses and kink-type waves, as illustrated in a related higher-order 
nonlinear Schrödinger setting by Ouyang and coauthors [19]. By contrast, Benjamin–Feir 
or modulation instability concerns the response of a continuous-wave background to in-
finitesimal sidebands. A recent study of higher-order dispersion by Runge and coauthors 
emphasizes the sensitivity of modulation-instability dynamics to a dispersive structure [20]. 
Neither the existence of a phase-plane separatrix nor the instability of a uniform background 
by itself establishes the spectral stability of a localized solitary wave.

With these distinctions in place, the analysis below proceeds from the normalized field 
equation and its compatibility conditions to a direct audit of the rational ansatz. It then 
constructs regular and singular traveling-wave branches, relates their boundary conditions 
to Hamiltonian trajectories, and independently derives the continuous-wave instability 
spectrum. Throughout, the emphasis is on exact substitution, explicit parameter choices, 
and the limits of the conclusions, rather than on unsupported claims of a new unrestricted 
soliton family.

2. Power-Law Schrödinger–Hirota Model
We begin by specifying the higher-order envelope equation that will be analyzed. 

The purpose of this section is to separate the structure of the normalized mathematical 
model from a material-specific optical interpretation. In particular, the linear dispersive 
terms, the generalized self-phase-modulation response, and the derivative nonlinearities 
play different roles in a traveling-wave reduction. Their coefficients are taken as real model 
parameters; identifying them with experimentally measured self-steepening or delayed 
Raman constants would require additional constitutive assumptions and dimensional 
scaling, which are outside the scope of this work [7,16].

Consider

𝑖𝑞𝑡 + 𝑎𝑞𝑥𝑥 + 𝑏|𝑞|2𝑛𝑞 + 𝑖[𝛼𝑞𝑥𝑥𝑥 + 𝛽|𝑞|2𝑛𝑞𝑥 + 𝛾(|𝑞|2𝑛)𝑥𝑞] = 0, (1)

where 𝑞(𝑥, 𝑡) is complex, the coordinates are normalized, 𝑎, 𝑏, 𝛼, 𝛽, 𝛾 are real, and 𝑛 > 0
(including the interval 0 < 𝑛 < 2 examined in the figures). Here, 𝑎 represents GVD, 
𝛼 TOD, 𝑏 SPM, and 𝛽, 𝛾 independent derivative nonlinearities. The term containing 𝛽
changes the local intensity-dependent transport, whereas the 𝛾 term acts through the spatial 
intensity gradient. No material-specific interpretation is asserted without a constitutive 
model. A continuous-wave (CW) background is a nonzero spatially uniform solution. 
The Benjamin–Feir criterion below tests CW stability and does not establish spectral stability 
of localized solitary waves.

3. Traveling-Wave Reduction and Compatibility
A traveling-wave profile obtained from a complex evolution equation is admissible 

only when the real and imaginary equations are satisfied simultaneously. This requirement 
is stronger than solving a single ordinary differential equation obtained after an algebraic 
simplification. We therefore first derive both amplitude equations, retain the absolute-value 
dependence required by a real signed envelope, and identify sufficient relations among 
the original coefficients that make the two reductions compatible. The ensuing residual 
identities supply a direct check of any bright, dark, or singular profile proposed later.

https://doi.org/10.3390/mca31060248

https://doi.org/10.3390/mca31060248


Math. Comput. Appl. 2026, 31, 248 4 of 11

Let
𝑞(𝑥, 𝑡) = 𝑈(𝜉)𝑒𝑖(𝑘𝑥−𝜔𝑡), 𝜉 = 𝑥 − 𝑣𝑡, 𝑈(𝜉) ∈ R. (2)

It is important to retain the absolute value of the real envelope. Taking real and 
imaginary parts of Equation (1) gives

(𝑎 − 3𝛼𝑘)𝑈″ + (𝜔 − 𝑎𝑘2 + 𝛼𝑘3)𝑈 + (𝑏 − 𝛽𝑘)|𝑈|2𝑛𝑈 = 0. (3)

𝛼𝑈‴ + (2𝑎𝑘 − 3𝛼𝑘2 − 𝑣)𝑈′ + (𝛽 + 2𝑛𝛾)|𝑈|2𝑛𝑈′ = 0. (4)

The derivative identity 𝑑
𝑑𝜉 (|𝑈|2𝑛𝑈) = (2𝑛 + 1)|𝑈|2𝑛𝑈′ is valid at 𝑈 = 0 for 𝑛 > 0. 

Nevertheless, the original 𝛾(|𝑞|2𝑛)𝑥𝑞 term contains the derivative of |𝑞|2𝑛 before multiplication 
by 𝑞. At a simple zero of 𝑈 that derivative exists pointwise if 𝑛 > 1/2. Accordingly, 
when 𝛾 ≠ 0 the smooth sign-changing PDE profiles below are asserted as global classical 
solutions for 𝑛 > 1/2; for 0 < 𝑛 ≤ 1/2 the signed amplitude ODE remains meaningful but 
the unreduced PDE needs a weak/product-extension interpretation at the zero. (The bright 
profile is nonzero at every finite 𝜉 .) Integrating the imaginary equation yields

𝛼𝑈″ + (2𝑎𝑘 − 3𝛼𝑘2 − 𝑣)𝑈 +
𝛽 + 2𝑛𝛾
2𝑛 + 1 |𝑈|2𝑛𝑈 = 𝐶. (5)

The integration constant 𝐶 is zero for a bright pulse with 𝑈, 𝑈′, 𝑈″ → 0 at both infinities. 
It is also zero for the symmetric kink considered below because its two asymptotic states 
±𝑈∗ have opposite signs and the remaining coefficients are odd functions of 𝑈. A nonzero 
constant or asymmetric plateau requires separate analysis and is not considered here.

Set 𝐷 = 𝑎 − 3𝛼𝑘 ≠ 0 and assume 𝛼 ≠ 0. The two real equations are compatible with
a common amplitude equation if

𝜔 − 𝑎𝑘2 + 𝛼𝑘3

𝐷 =
2𝑎𝑘 − 3𝛼𝑘2 − 𝑣

𝛼 = 𝑐1,
𝑏 − 𝛽𝑘

𝐷 =
𝛽 + 2𝑛𝛾

(2𝑛 + 1)𝛼 = 𝑐2. (6)

Consequently the signed real amplitude solves

𝑈″ + 𝑐1𝑈 + 𝑐2|𝑈|2𝑛𝑈 = 0. (7)

To verify a proposed profile against the original PDE, denote the left side of (7) by 
𝐹[𝑈]. After substitution into (3) and (4) the respective residuals reduce exactly to

𝑅real = 𝐷𝐹[𝑈], 𝑅imag = 𝛼
𝑑𝐹[𝑈]

𝑑𝜉 . (8)

Thus a 𝐶3 solution of (7) with (6) satisfies both equations, rather than only a partially 
reduced ODE. These identities also prescribe a transparent numerical residual check.

4. Auditing the Extended Kudryashov Ansatz
The extended Kudryashov approach replaces a differential equation by polynomial 

conditions for the coefficients of a rational auxiliary-function ansatz. Its appeal is compu-
tational: the Riccati auxiliary equation allows derivatives of the ansatz to be expressed 
algebraically in the auxiliary variable. However, a formally consistent balance of polynomial 
degrees does not imply that a reported solution of the coefficient conditions is correct. This 
section tests the earlier unrestricted family by exact substitution, examines its asymptotic 
and singularity structure, and determines whether any restricted branch survives. The audit 
also distinguishes a local singular solution from a globally regular optical soliton [14,15].

On an interval where 𝑈 > 0, the transformation 𝑉 = 𝑈𝑛 gives

𝑛𝑉𝑉″ + (1 − 𝑛)(𝑉′)2 + 𝑐1𝑛2𝑉2 + 𝑐2𝑛2𝑉4 = 0. (9)
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This polynomial form is not a license to raise negative real bases to arbitrary fractional 
powers. For the Riccati function

𝑄′ = 𝑄2 − 𝑄, 𝑄(𝜉) =
1

1 + 𝑒𝜉 , 0 < 𝑄 < 1, (10)

consider the rational extension

𝑉(𝑄) =
𝑎0 + 𝑎1𝑄 + 𝑎2𝑄2

1 + 𝑏1𝑄
. (11)

Writing 𝒟 = (𝑄2 − 𝑄)𝜕𝑄, the nine coefficient constraints can be computed without 
transcription as the coefficients of 𝑄0, … , 𝑄8 in

𝒫(𝑄) = (1 + 𝑏1𝑄)4[𝑛𝑉𝒟2𝑉 + (1 − 𝑛)(𝒟𝑉)2 + 𝑐1𝑛2𝑉2 + 𝑐2𝑛2𝑉4]. (12)

Candidate profiles obtained from these constraints are subsequently checked by direct 
substitution into the amplitude equation.

The formerly proposed family,

𝑉old(𝜉) =
𝐴[(2 − 𝑏1)𝑒𝜉 + (2 + 𝑏1)]

2(𝑒𝜉 + 1)(𝑒𝜉 + 𝑏1 + 1)
, 𝐴 =

1
𝑛

√−
𝑛 + 1

𝑐2
, 𝑐1 = −

1
𝑛2 , (13)

is not an exact free-𝑏1 solution. In fact, with 𝑛 = 1, 𝑐1 = 𝑐2 = −1, 𝑏1 = 1, and 𝜉 = 0, direct 
evaluation gives

[𝑉𝑉″ − 𝑉2 − 𝑉4]𝜉=0 = −
7

27 ≠ 0. (14)

In addition, 𝑉old(+∞) = 0 but 𝑉old(−∞) = 𝐴(2 + 𝑏1)/[2(1 + 𝑏1)] for generic 𝑏1. Hence, 
𝑎0 = 0 does not impose two-sided zero boundary conditions. If 𝑏1 < −1, the denominator can 
vanish at a finite real coordinate. The old limiting construction of a dark soliton is withdrawn.

One restricted Kudryashov solution remains valid: for 𝑏1 = −2, 𝑎0 = 0, 𝑎1 = 2𝐴, 
𝑎2 = −2𝐴,

𝑉(𝜉) = 𝐴 csch 𝜉 , 𝑐1 = −
1
𝑛2 , 𝑐2 = −

𝑛 + 1
𝑛2𝐴2 , 𝐴 > 0. (15)

For 𝜉 > 0 the associated one-sided real solution is

𝑈(𝜉) = [𝐴 csch 𝜉]1/𝑛, 𝜉 > 0. (16)

Indeed, 𝑈″/𝑈 = 1/𝑛2 + (𝑛 + 1) csch2 𝜉/𝑛2 and 𝑈2𝑛 = 𝐴2 csch2 𝜉 , so (7) vanishes 
identically. The pole at 𝜉 = 0 means this is not a global classical optical soliton. Its sign-
changing continuation by an unqualified 1/𝑛 power is not used. For 𝑛 = 1, the usual real 
signed continuation exists on each half-line separately but remains singular at the pole.

5. Regular Bright and Dark Waves
Once the amplitude equation and its parameter compatibility conditions have been 

established, the principal traveling-wave regimes can be distinguished by their endpoint 
behavior. A bright pulse approaches the zero background at both ends and corresponds 
to a homoclinic energy level, whereas a sign-changing dark-amplitude wave approaches 
two nonzero equilibria and corresponds to a heteroclinic orbit. Singular formulas must 
be assigned a domain excluding their poles. The constructions below use these boundary 
conditions explicitly and do not infer a dark wave from an invalid limit of the discarded 
rational family.
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5.1. Bright Pulse and Direct PDE Verification
For the focusing-sign regime of the reduced amplitude equation, the zero-energy 

first integral gives a positive localized pulse. We present its standard hyperbolic-secant 
representation and verify it by differentiation, then provide a complete set of original 
model parameters so that the result is not merely a formal solution of the reduced equation. 
The explicit solution is used as a benchmark for the compatibility and residual tests, not 
claimed as a newly discovered functional form.

For 𝑐1 = −𝜆2 < 0, 𝑐2 > 0, the positive homoclinic profile is

𝑈b(𝜉) = (
(𝑛 + 1)𝜆2

𝑐2
)

1/(2𝑛)

sech1/𝑛(𝑛𝜆𝜉), 𝜆 > 0. (17)

It is smooth for every 𝑛 > 0 and tends to zero on both sides. Direct differentiation yields

𝑈″
b

𝑈b
= 𝜆2 − (𝑛 + 1)𝜆2 sech2(𝑛𝜆𝜉), 𝑐2𝑈2𝑛

b = (𝑛 + 1)𝜆2 sech2(𝑛𝜆𝜉). (18)

Consequently 𝐹[𝑈b] ≡ 0; its derivative also vanishes, so both complex PDE residuals 
in (8) are exactly zero. This is a standard quadrature-derived solution, not a free-parameter 
Kudryashov discovery.

For an explicit consistent fractional-power case choose

(𝑛, 𝑎, 𝑏, 𝛼, 𝛽, 𝛾, 𝑘, 𝜔, 𝑣) = (0.8, 4, 2, 1, 1, 1, 1, 2, 6). (19)

These values give 𝐷 = 1, (𝑐1, 𝑐2) = (−1, 1) and 𝜆 = 1. Figure 1 displays the exact 
intensity |𝑞|2 = 𝑈2

b.

Figure 1. Bright-wave intensity |𝑞(𝑥, 𝑡)|2 for (𝑛, 𝑎, 𝑏, 𝛼, 𝛽, 𝛾, 𝑘, 𝜔, 𝑣) = (0.8, 4, 2, 1, 1, 1, 1, 2, 6).

5.2. Fractional-Power Heteroclinic Wave
The nonzero-background regime requires a different construction. For a general 

noninteger power, an arbitrary fractional power of a sign-changing hyperbolic tangent 
does not define a globally real smooth amplitude. We instead characterize the kink by
a real energy quadrature connecting two symmetric equilibria. This makes the sign change, 
the boundary conditions, and the regularity restriction at the zero explicit; the elementary 
cubic kink is recovered only as a special case.

For 𝑐1 > 0, 𝑐2 < 0, define

𝑈∗ = (−
𝑐1
𝑐2

)
1/(2𝑛)

, 𝐻∗ =
𝑛𝑐1𝑈2

∗
2(𝑛 + 1) . (20)
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The monotone heteroclinic solution is defined by the real quadrature

𝜉 − 𝜉0 = ∫
𝑈(𝜉)

0

𝑑𝑠

√2𝐻∗ − 𝑐1𝑠2 − 𝑐2
𝑛+1 |𝑠|2𝑛+2

, −𝑈∗ < 𝑈(𝜉) < 𝑈∗. (21)

The square root is strictly positive inside this interval and vanishes linearly in |𝑈 ∓ 𝑈∗|
at its endpoints, giving infinite tails. Therefore, 𝑈(−∞) = −𝑈∗, 𝑈(+∞) = 𝑈∗, and 𝑈′(0) =
√2𝐻∗ > 0 if 𝜉0 = 0. The autonomous equation has a continuously differentiable force for 
every 𝑛 > 0, so the signed amplitude 𝑈 is 𝐶3 at its zero. When 𝛾 ≠ 0, it also gives a classical 
pointwise solution of the original PDE across that zero for 𝑛 > 1/2; the lower-exponent 
qualification in Section 3 applies. In contrast, a fractional power of tanh 𝜉  is generally not
a real differentiable function across the sign change.

The elementary cubic (𝑛 = 1) special case is

𝑈d(𝜉) = 𝑈∗ tanh(√𝑐1/2 𝜉), 𝑛 = 1, (22)

which satisfies (7) for 𝑐1 > 0, 𝑐2 < 0. It is not obtained by taking a limit of (13). The cu-
bic example (𝑛, 𝑎, 𝑏, 𝛼, 𝛽, 𝛾, 𝑘, 𝜔, 𝑣) = (1, 4, −6, 1, −5, 1, 1, 4, 4) yields (𝑐1, 𝑐2) = (1, −1) and 
validates both original PDE components by (8).

For fractional 𝑛 = 0.8, the independent consistent PDE choice

(𝑛, 𝑎, 𝑏, 𝛼, 𝛽, 𝛾, 𝑘, 𝜔, 𝑣) = (0.8, 4, −5.2, 1, −4.2, 1, 1, 4, 4) (23)

again gives (𝑐1, 𝑐2) = (1, −1). The implicit profile (21) is integrated numerically with 𝑈(0) = 0
and 𝑈′(0) = √𝑛/(𝑛 + 1) for the intensity plot in Figure 2. The numerical integration 
visualizes an analytically defined smooth orbit; it is not being advertised as a new closed-
form Kudryashov solution.

Figure 2. Dark-wave intensity |𝑞(𝑥, 𝑡)|2 from the implicit heteroclinic orbit for (𝑛, 𝑎, 𝑏, 𝛼, 𝛽, 𝛾, 𝑘, 𝜔, 𝑣) =
(0.8, 4, −5.2, 1, −4.2, 1, 1, 4, 4).

6. Hamiltonian Bifurcation and Equilibrium Classification
A Hamiltonian phase portrait gives a geometric account of why the bright and dark 

boundary conditions correspond to different wave regimes. The equilibria and their local 
classifications are determined by the Jacobian of the planar amplitude system, while the 
conserved energy identifies the homoclinic and heteroclinic trajectories. Correctly com-
puting the Jacobian determinant is essential: reversing its sign interchanges saddle and 
center classifications and therefore changes the interpretation of the separatrices. Related 
bifurcation techniques have been employed for other higher-order nonlinear Schrödinger 
models [19], but the classifications below are derived for the present reduced equation.
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With 𝑊 = 𝑈′ the amplitude equation becomes

𝑈′ = 𝑊, 𝑊′ = −𝑐1𝑈 − 𝑐2|𝑈|2𝑛𝑈, (24)

with conserved energy

𝐻(𝑈, 𝑊) =
𝑊2

2 +
𝑐1𝑈2

2 +
𝑐2|𝑈|2𝑛+2

2𝑛 + 2 = ℎ. (25)

The origin 𝐸0 = (0, 0) is always an equilibrium. When 𝑐1𝑐2 < 0, there are two further 
equilibria 𝐸± = (±𝑈∗, 0), with 𝑈∗ given by (20). The Jacobian is

𝐽(𝑈, 𝑊) = (


0 1
−𝑐1 − (2𝑛 + 1)𝑐2|𝑈|2𝑛 0

)


. (26)

Taking the determinant of the displayed matrix, rather than inferring its sign from
a verbal classification, gives

det 𝐽(𝐸0) = 𝑐1, det 𝐽(𝐸±) = 𝑐1 + (2𝑛 + 1)𝑐2𝑈2𝑛
∗ = −2𝑛𝑐1. (27)

Thus, the nontrivial determinant has the opposite sign from the corresponding expres-
sion in the earlier submission. Because tr 𝐽 = 0, a negative determinant gives a saddle and 
a positive determinant gives purely imaginary linear eigenvalues. Here, the conservative 
Hamiltonian additionally establishes that the elliptic equilibria are nonlinear centers, rather 
than unstable foci. For 𝑐1 < 0, 𝑐2 > 0, 𝐸0 is a saddle and 𝐸± are centers; for 𝑐1 > 0, 𝑐2 < 0, 𝐸0
is a center and 𝐸± are saddles. The degenerate case 𝑐1 = 0 must be treated separately and 
is not classified by this linear test.

For the bright choice (19), the zero-energy separatrices form homoclinic loops about 
the nonzero centers (Figure 3). For the fractional dark choice (23), the energy 𝐻∗ separatrices 
connect the two nonzero saddles and are precisely the kink orbit specified by (21) (Figure 4). 
The topology establishes boundary behavior, not spectral orbital stability of the solitary wave.

Figure 3. Phase portrait for (𝑛, 𝑎, 𝑏, 𝛼, 𝛽, 𝛾, 𝑘, 𝜔, 𝑣) = (0.8, 4, 2, 1, 1, 1, 1, 2, 6), giving 𝑐1 = −1, 𝑐2 = 1. Red 
trajectories are homoclinic separatrices.

Figure 4. Phase portrait for (𝑛, 𝑎, 𝑏, 𝛼, 𝛽, 𝛾, 𝑘, 𝜔, 𝑣) = (0.8, 4, −5.2, 1, −4.2, 1, 1, 4, 4), giving 𝑐1 = 1, 
𝑐2 = −1. Red trajectories are heteroclinic separatrices.
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7. Benjamin–Feir (Modulation) Instability of the Continuous Wave
Traveling-wave existence does not answer whether a spatially uniform carrier state is 

resistant to small modulations. We therefore perform a separate linear stability calculation 
for the continuous-wave background, introducing complex sideband perturbations and 
deriving a dispersion relation from the Fourier coefficient matrix. A nonreal modulation 
frequency produces exponential growth, and its imaginary part determines the instabil-
ity band and gain. High-order dispersion is known to influence modulation-instability 
dynamics in related systems [20]; here, the algebra is evaluated for the specific third-order-
dispersive, derivative-nonlinear model, with an explicitly stated gain convention and no 
implication of solitary-wave spectral stability.

For 𝐴0 > 0, the spatially uniform CW is

𝑞0(𝑡) = 𝐴0𝑒𝑖𝑏𝐴2𝑛
0 𝑡. (28)

Set 𝑞 = (𝐴0 + 𝜀)𝑒𝑖𝑏𝐴2𝑛
0 𝑡 and retain terms linear in 𝜀 and 𝜀∗. This gives

𝑖𝜀𝑡 + 𝑎𝜀𝑥𝑥 + 𝑖𝛼𝜀𝑥𝑥𝑥 + 𝑏𝑛𝐴2𝑛
0 (𝜀 + 𝜀∗) + 𝑖(𝛽 + 𝑛𝛾)𝐴2𝑛

0 𝜀𝑥 + 𝑖𝑛𝛾𝐴2𝑛
0 𝜀∗

𝑥 = 0. (29)

This linearization applies to a CW, so the traveling-wave compatibility constraints (6) 
need not be imposed for the independent CW spectrum.

To make the determinant calculation explicit, write 𝜀 = 𝑓 + 𝑖𝑔, set 𝑆 = 𝐴2𝑛
0 , and use 

Fourier amplitudes ( ˆ𝑓 , ˆ𝑔)𝑒𝑖(𝐾𝑥−Ω𝑡). The real system is

(


−𝑎𝐾2 + 2𝑏𝑛𝑆 𝑖(Ω + 𝛼𝐾3 − 𝛽𝑆𝐾)
−𝑖[Ω + 𝛼𝐾3 − (𝛽 + 2𝑛𝛾)𝑆𝐾] −𝑎𝐾2

)


(


ˆ𝑓
ˆ𝑔
)


= 0. (30)

Its determinant vanishes precisely when

[Ω + 𝛼𝐾3 − (𝛽 + 𝑛𝛾)𝑆𝐾]2 = 𝐾2[𝑎2𝐾2 − 2𝑎𝑏𝑛𝑆 + 𝑛2𝛾2𝑆2]. (31)

The matrix in this section is the CW perturbation matrix, not the phase-plane Jacobian (26); 
the determinants of both matrices have been explicitly recomputed.

Accordingly,

Ω = −𝛼𝐾3 + (𝛽 + 𝑛𝛾)𝑆𝐾 ± 𝐾√𝑎2𝐾2 − 2𝑎𝑏𝑛𝑆 + 𝑛2𝛾2𝑆2. (32)

Define Δ = 2𝑎𝑏𝑛𝑆 − 𝑛2𝛾2𝑆2. MI occurs exactly when Δ > 0 and 0 < |𝐾| < 𝐾𝑐, where

𝐾𝑐 =
√Δ
|𝑎| , 𝑔(𝐾) = 2 max{0, Im Ω} = 2|𝐾|√Δ − 𝑎2𝐾2 (0 < |𝐾| < 𝐾𝑐). (33)

For 𝑎 ≠ 0 direct differentiation of 𝑔2 gives the corrected optimum and maximum gain

𝐾max =
𝐾𝑐

√2
, 𝑔max =

Δ
|𝑎| = |𝑎|𝐾2

𝑐 = 2|𝑎|𝐾2
max. (34)

The previous expression 𝑔max = 𝑎2𝐾2
max was incorrect. For fixed 𝑎, 𝑏, 𝑛, 𝐴0, larger |𝛾|

reduces Δ, whereas 𝛼 and 𝛽 shift only the real modulation frequency of this zero-carrier CW. 
These statements concern linear CW growth and not nonlinear pulse breakup rates. Figure 5 
uses the complete model coefficients 𝑎 = 1, 𝑏 = 2, 𝛼 = 1, 𝛽 = 1, 𝑛 = 1, 𝐴0 = 1 and the 
indicated 𝛾 values; no carrier 𝑘 or traveling speed 𝑣 is required for a spatially uniform CW.
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Figure 5. CW modulation-instability gain 𝑔(𝐾) for 𝑎 = 1, 𝑏 = 2, 𝛼 = 1, 𝛽 = 1, 𝑛 = 1, 𝐴0 = 1; 
𝛾 = 0, 0.5, 1, 1.5, 2 as shown in the legend.

8. Conclusions and Scope
The present study examines three distinct aspects of the generalized Schrödinger–

Hirota model: the validity of traveling-wave solutions, their consistency with the prescribed 
asymptotic boundary conditions, and the modulation instability of continuous-wave back-
grounds. Direct substitution into the original evolution equation, together with Hamiltonian 
phase-plane analysis and linear perturbation theory, provides a consistent framework for 
distinguishing the existence of admissible solitary waves from the stability properties of the 
continuous-wave state.

The direct substitution analysis demonstrates that the previously proposed free-𝑏1
extended-Kudryashov family and its associated dark-soliton limit do not satisfy the govern-
ing equation. However, a special rational solution corresponding to 𝑏1 = −2 remains valid 
as a singular branch restricted to a half-line and therefore does not represent a globally 
classical optical soliton. For real-valued traveling-wave amplitudes, the reduced equation 
necessarily involves the nonlinearity |𝑈|2𝑛𝑈, with the corresponding Hamiltonian potential 
𝑐2|𝑈|2𝑛+2/(2𝑛 + 2).

Under the derived compatibility conditions, exact bright solitary waves exist for
𝑐1 < 0 and 𝑐2 > 0, whereas sign-changing dark kinks arise for 𝑐1 > 0 and 𝑐2 < 0 and 
can be characterized by an implicit quadrature for arbitrary 𝑛 > 0. For 𝑛 > 1/2, including 
the fractional-power case 𝑛 = 0.8, these profiles satisfy both components of the original 
evolution equation classically when the compatibility conditions hold. For 0 < 𝑛 ≤ 1/2, 
additional regularity considerations are required at the zeros of the amplitude when 𝛾 ≠ 0.

The Hamiltonian bifurcation analysis yields the corrected Jacobian determinant −2𝑛𝑐1
at the nontrivial equilibrium points, establishing the corresponding saddle and center 
classifications. Furthermore, the Benjamin–Feir instability analysis provides the corrected 
maximum modulation-instability gain 𝑔max = Δ/|𝑎| when Δ > 0, under the adopted gain con-
vention. These findings establish the mathematical consistency of the admissible traveling-
wave structures and characterize the linear instability of continuous-wave backgrounds. 
They do not, however, establish the spectral or orbital stability of the localized solitary 
waves. The identification of additional nontrivial closed-form solution families and the 
investigation of their spectral stability remain important directions for future research. 
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