
Academic Editor: Guillermo

Valencia-Palomo

Received: 12 June 2026

Revised: 21 August 2026

Accepted: 21 August 2026

Published: 24 August 2026

Copyright: © 2026 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license.

Article

Optimized Fractional-Order PID Control for Regenerative
Vibration Mitigation in Flexible Cantilever Beam During
Milling: A Genetic Algorithm Approach
Mayssa Touil 1,* , Amina Mseddi 2 , Riadh Chaari 1 and Omer A. Magzoub 3

1 Laboratory of Mechanics, Modelling, and Manufacturing (LA2MP), Department of Mechanical Engineering,
National Engineering School of Sfax (ENIS), University of Sfax, BP 1173, Sfax 3038, Tunisia; rchaari@yahoo.fr

2 Control and Energy Management Laboratory (CEMLab), Electrical Engineering Department, National School
of Engineering of Sfax, University of Sfax, BP 1173, Sfax 3038, Tunisia; amina.mseddi.ise@gmail.com

3 Department of Physics, College of Sciences, University of Bisha, P.O. Box 344, Bisha 61922, Saudi Arabia;
oammali@ub.edu.sa

* Correspondence: mayssa.touil@enis.tn

Abstract

Regenerative vibrations are a major hindrance to flexible cantilever structures during
milling, resulting in a reduced tool life and diminished surface finish. In this research, two
actively controlled methods are directly compared: a genetic algorithm (GA)-optimized clas-
sical proportional-integral-derivative (PID) controller and a GA-optimized fractional-order
PID (FOPID) controller for a milling-dependent regenerative force on a flexible cantilever
beam via numerical modeling, using piezoelectric actuator/sensor patches. The original as-
pect lies in synergistically combining fractional-order control with genetic algorithm-based
optimization to actively reduce chatter and increase the machining stability of flexible
milling systems. The simulation results from the GA-FOPID controller exhibited a reduc-
tion in vibration of approximately 92.70% compared with the open-loop system by reducing
the RMS value from 1.5058 × 10−4 m to 1.0996 × 10−5 m. By reducing the vibration level
and enlarging the predicted stable machining region, these improvements could potentially
contribute to longer tool life, improved surface finish, and reduced post-processing re-
quirements, although these technological benefits were not directly modeled in the present
study. The main innovation of this work involves a unique combination of fractional-order
control, PZT actuation, and genetic algorithm optimization in a regenerative milling delay
architecture. To the best of the authors’ knowledge, based on the literature surveyed in this
work, this combination of techniques has not previously been reported for active chatter
suppression. The stability lobe diagram (SLD) analysis, conducted under the single-mode
approximation that serves as the reference framework for the like-for-like comparison of
the five investigated configurations, shows that the critical axial depth of cut at the repre-
sentative spindle speed increases from ap,crit(1500) = 0.061 mm for the uncontrolled system
to 0.52 mm under GA-FOPID control. This enlargement of the predicted stable machining
region was further confirmed, at a comparable order of magnitude, when the structural
model was extended to include the two next bending modes, indicating that the trend is not
an artifact of the single-mode simplification. Therefore, although the results were obtained
exclusively from numerical simulation and have not yet been experimentally validated,
they support the use of optimization-based methods to implement FOPID strategies as a
means to increase both reliability and performance of flexible milling configurations.
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1. Introduction
The aeronautical industries widely use high-speed milling of thin-walled components

known for their low stiffness. However, self-excited vibrations called chatter originate
from dynamic tool–workpiece interactions [1]. These regenerative vibrations manifest
when the structural flexibility of the thin-walled workpiece induces a phase lag relative
to the dynamic cutting forces, driving a self-excited feedback loop. Severe consequences
include both substandard surface quality that generates visible marks and laborious manual
finishing requirements. Moreover, chatter accelerates tool wear, increases cutting forces
and reduces geometric accuracy, which increases production costs while decreasing process
efficiency [2]. Understanding this phenomenon forms an essential step toward developing
precision manufacturing techniques that predominantly support the manufacturing of
high-performance lightweight components.

In milling operations, regenerative chatter prediction and suppression continue to be
major difficulties due to the interactions between the forces created by the cutting process
and the dynamics of the structure when working with flexible structures. These vibrations
have a significant impact on the performance of machining processes, including stability,
surface finish, and productivity. Therefore, a great deal of research has been conducted
to develop methods to prevent vibrations, resulting in enhanced dynamic performance
and reliability.

The increasing need for better manufacturing productivity has led researchers to
develop passive and active vibration control strategies that fine-tune the machining process
stability limits. Many passive methods are directly related to the operational part of
the machine tool and have been shown to be simple, robust and effective in controlling
machining vibration. Chaari et al. [3] carried out an experimental study on spherical ball
impact dampers, demonstrating their great potential for reducing structural vibration
levels. Similarly, Gafsi et al. [4] presented a passive absorber installed in the milling cutter
spindle which was able to effectively suppress the structural modes causing regenerative
chatter. Chaari et al. [5] showed that passive damping achieved vibration reduction as well
as quality improvement (flatness) on a workpiece, which indicates that there is an obvious
link between dynamic stability and surface finish.

Given the restrictions of totally passive solutions, efforts have also been devoted to
developing active vibration control (AVC) strategies which influence the chatter stability
boundaries of machining systems. Mechatronic systems are implemented to create dynamic
forces that counteract and cancel structural vibrations. Actuators, sensors, and controllers
are generally the main components of these systems used to maintain stable machining
operations [1]. Model-based control methods, including Linear Quadratic Gaussian (LQG)
and H-infinity (H∞) techniques, provide effectiveness in milling operation stabilization
through utilization of system dynamic responses for parameter tuning [2]. Li et al. de-
veloped an intelligent strategy by combining an optimized Linear Quadratic Regulator
(LQR) with an Adaptive Neuro-Fuzzy Inference System (ANFIS) to mitigate chatter [6]. In
addition, to enhance system robustness, Van de Wouw et al. implemented a µ-synthesis-
based controller design that successfully suppresses regenerative chatter under various
machining conditions [7], while Paul and Morales-Menendez et al. [8] developed a hybrid
control method merging PD/PID controllers with Type-2 Fuzzy Logic to compensate for
system nonlinearities through fuzzy processing and thus improve control results. Such
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controllers are implemented for complex systems and designed to deal with dynamic
nonlinear behaviors that exceed the PID capacity. These limitations have motivated the
emergence of fractional-order controllers, which have attracted considerable interest over
the last two decades due to their ability to handle complex system dynamics using fractional
powers of integral and derivative terms [9]. Due to their additional tuning parameters,
they have been successfully applied to regulate different manufacturing and engineering
processes where they provide excellent performance, adaptability, and effectiveness [10,11].
Du et al. [12] discuss active chatter mitigation in machining using time-delay feedback
control for vibration suppression.

Recent studies have established that fractional-order strategies possess unique capa-
bilities for modeling and controlling complex dynamic plants. For instance, Ding et al. [13]
developed an adaptive chatter-suppression approach that combines a fractional-order
PID (FOPID) controller with spindle speed variation to broaden the stability region in
milling operations.

Soufi et al. [14] developed a combination of Active Disturbance Rejection Control
(ADRC) and Fractional-Order PID (FOPID) using Particle Swarm Optimization to tune out
the effects of actuator saturation. The new method produced a 68.5% reduction in the RMS
and greatly expanded the stability-lobe borders in the case of regenerative chatter control
during milling processes involving electromagnetic proof-mass actuators.

In addition, compared to conventional control methodologies, the Jellyfish Search
Optimizer (JSO)-based FOPID strategy offers a more robust and efficient approach for
controlling paper machine headbox pressure and stock level, ensuring improved dynamic
performance and stability [15].

Smart materials, specifically lead zirconate titanate (PZT) ceramics, possess reciprocal
electromechanical properties that enable simultaneous vibration sensing and actuation.
They function as sensors by generating electrical charge under mechanical deformation, and
as actuators by inducing mechanical strain when subjected to an electric field [16]. PZT ma-
terials produce substantial actuation forces relative to their size. When bonded, deposited,
or embedded into a structure, they minimally influence its weight and performance [17].

The performance of the control system and the controlled response depend heavily
on where sensors and actuators are installed. Research on optimal placement represents a
significant portion of studies on these components. Ongoing research continues to explore
the promising capabilities of piezoelectric smart structures within engineering settings.
For instance, through Euler–Bernoulli beam theory combined with PZT actuators and an
LQR controller, Hashemi et al. [18] developed a smart active vibration control system for
wind turbine blades to minimize the transverse vibrations and reduce bending deformation
under external loads.

Fractional-order approaches have lately become quite popular because they provide
a mathematically rigorous framework for modeling and controlling non-local complex
systems characterized by hereditary behavior and memory effects. In machining operations,
the occurrence of regenerative chatter and the structural coupling between the machine
components result in time-varying behavior that cannot be easily described by conven-
tional integer-order dynamic models. Therefore, several researchers have demonstrated
that fractional-order approaches to modeling systems are significantly better than classical
approaches for tracking performance and reducing vibration, and they also provide im-
proved system representation. However, very little research has been conducted in the area
of GA-optimized FOPID controller integration with smart PZT-enabled flexible machining
systems while concurrently considering the regenerative delay dynamics and enhancing
the stability lobes of the milling system. To the best of the authors’ knowledge, limited
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works have addressed GA-optimized FOPID active chatter suppression using collocated
PZT actuation integrated with regenerative milling dynamics and stability-lobe analysis.

Previously established research in the area of active suppression of chatter in machin-
ing has addressed portions of the overall problem. FOPID control has been employed as a
method to mitigate vibrations in cantilevered beam structures [9], during various manufac-
turing operations [13,14], and for PID controller tuning with genetic algorithms in various
engineering applications [19,20]. In addition, both [6,8] provide examples of AI-assisted
tuning of chatter controllers for milling. Robust µ-synthesis has been pursued using a
model-based approach in [7]. Validation of collocated PZT actuation on flexible structures
has occurred in [14] across controller type, optimization method, machining/application
model, inclusion of the regenerative delay, validation method, and key findings.

Considering the limitations we have identified, the objective of this research is to
identify and develop different methods of active vibration control for reducing vibrations
that occur during milling operations. The first method utilizes a standard PID controller,
while the second employs a FOPID controller. Both methods will be tuned using a GA,
which is an artificial intelligence-based optimization method that provides optimal results
compared with traditional tuning techniques. This paper demonstrates the advantages of
evolutionary optimization techniques over conventional tuning techniques by improving
parameter selection and overall dynamical performance of both controllers. This research
enhances our understanding of vibration attenuation mechanisms while providing practical
recommendations for improving the reliability of machining operations and suppressing
chatter. We also conduct detailed comparisons between both control strategies in terms of
their dynamic characteristics, their ability to reduce vibration, and their practical imple-
mentation to help in modeling more efficient and effective vibration reduction systems for
flexible milling structures.

The remainder of this document is structured as follows. The mathematical modeling
of the beam’s dynamic system is discussed in Section 2. A comprehensive description of
the problem is given, along with a simplified dynamic scenario. A time-domain system
model was established as the basis for the numerical investigation. Section 3 presents
the PID and FOPID controllers along with their optimized control law versions based
on a genetic algorithm (GA) method, and subsequently analyzes the stability of chatter.
Next, the simulation, numerical results and frequency-domain analysis for the different
approaches are shown together with a stability lobe diagram interpretation as well as an
operational sensitivity analysis in Section 4. Finally, a comparative discussion of the control
strategies’ performances is presented in Section 5 before the summary of main conclusions.

2. Mathematical Modeling
2.1. Milling Process Modelling

Modeling the cutting process is crucial for studying and suppressing the chatter phe-
nomenon during milling operations, which involve an interaction between the workpiece
and the cutting tool, as shown in Figure 1.

The cutting forces that excite the structure were introduced in [21] as simplified
orthogonal cutting forces to model their dynamics during the manufacturing process. They
are described as follows: {

Ftj = ap(Ktchj + Kte)

Frj = ap(Krchj + Kre)
(1)

where Ftj and Frj denote, respectively, the tangential and radial cutting forces; Ktc and
Krc are, respectively, the tangential and radial cutting coefficients; Kre and Kte are, respec-
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tively, the edge force coefficients; ap represents the depth of cut, and hj represents the
instantaneous chip thickness.

Figure 1. Dynamics of the milling operation.

The formulation proposed by Altintas [22] enables the calculation of the regenerative
cutting force Fc at the tool tip acting on the flexible plate:

Fc =
Z

∑
j = 1

[
− cos(φj) − sin(φj)

sin(φj) − cos(φj)

]{
Ftj

Frj

}
= ap

Z

∑
j = 1

[
− cos(φj) − sin(φj)

sin(φj) − cos(φj)

]{
Ktchj + Kte

Krchj + Kre

}
(2)

where Z is the number of cutter teeth, and φj represents the angular position of the j-th tooth.
As shown in Figure 2 above, hj(t) represents the chip cut thickness by tooth j, which

depends on the tooth position y(t) at the instant t and the tooth position at the previous
pass y (t − τ). Between two passes, a time interval τ, known as the time delay, has passed,
and the tooth progresses by h0(t), corresponding to the parameter known as tooth feed. So,
this leads to the following relationship:

hj(t) = gj(φj)
[
h0(t) + sin φj(t)∆x(t) + cos φj(t)∆y(t)

]
(3)

where the engagement function is given as:

gj(φj) =

{
1 i f φst < φj < φex

0 i f otherwise
(4)

where φst and φex are, respectively, the immersion angles at the entry and exit states, and
φj is the radial immersion angle, given by:

φj(t) =
2πN

60
t +

2π(j − 1)
Z

(5)

Half immersion milling conditions were used in this study; the radial immersion ratio
was defined as ae/D = 0.5, and the cutter engagement was defined as an entry angle of
φst = 0 and an exit angle of φex = π/2, corresponding to up milling.

In milling operations, the time delay is usually expressed as:

τ = 60
/

NZ

where N is the spindle speed.
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Figure 2. Regenerative effects.

The chip thickness expression can be expanded as follows:

hj(t) = fz sin φj(t) + sin φj(t)∆x(t) + cos φj(t)∆y(t) (6)

where fz represents the feed per tooth (mm/tooth).{
∆x(t) = x(t − τ)− x(t)
∆y(t) = y(t − τ)− y(t)

(7)

By substituting Equations (6) and (7) into Equation (2), the regenerative dynamic
force becomes:

Freg
c (t) = ap

[
Fxx(φj) Fxy(φj)

Fyx(φj) Fyy(φj)

][
x(t − τ)− x(t)
y(t − τ)− y(t)

]
(8)

With 
Fxx(φj) = −Ktc sin φj cos φj − Krc sin2 φj

Fxy(φj) = −Ktc cos2 φj − Krc sin φj cos φj

Fyx(φj) = Ktc sin2 φj − Krc sin φj cos φj

Fyy(φj) = −Ktc cos2 φj + Krc sin φj cos φj

(9)

Thus, for all teeth engaged, the expression of Freg
c becomes:

Freg
c (t) = ap

N
2π

∫ φs

φe
F(φj)dφ

[
x(t − τ)− x(t)
y(t − τ)− y(t)

]
(10)

For a rectangular cantilever beam, the expression for bending stiffness is written as:

k =
3EI
L3 (11)

The directional stiffness ratio is derived as follows:

kx

ky
=

Ix

Iy
(12)

where

Ix =
tBb3

B
12

; Iy =
bBt3

B
12

(13)
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Therefore,
kx

ky
=

tBb3
B

bBt3
B

=

(
bB
tB

)2
(14)

Therefore, since the beam’s geometry has a significant stiffness along the x-direction,
the dynamic response is dominated by the vibrations which occur in the y-direction.
Consequently, y(t) >> x(t) [23], which leads to Fxy ≃ 0; Fyx ≃ 0, only the direct y-direction
force component Fyy is considered.

This simplification is justified by the beam’s geometric proportions: the ratio of beam
width to thickness (bB/tB) = 10 (i.e., 20 mm/2 mm). The second area moment, i.e., Ixx, is
about 100 times greater in the x-direction than in the y-direction, leading to the same bending
stiffness ratio. As a result, the amount of displacement experienced due to the applied cutting
forces in the x-direction is minuscule compared to that in the y-direction and does not influence
the total dynamic force vector (the contribution from Fxy and Fyx together is less than 1%).
The decoupling of the x/y directions is consistent with Kochtbene et al.’s [23] approach to
modeling similar flexible beam configurations. This modeling error is therefore negligible in
comparison with the sensitivity of the control performance metrics evaluated in this study.

The model is then simplified to:

Freg
c (t) = ap

N
2π

∫ φs

φe

[
Ktc sin φj cos φj − Krccos 2 φj

]
dφ (15)

The milling force model used in this study is based on Altintas’ linear mechanistic
formulation [22], which assumes that the cutting coefficients Ktc, Krc, Kte and Kre are
constant throughout the cutting engagement arc. This model is applicable under stable
cutting conditions where the chip thickness does not vary much relative to feed per tooth;
it is consistent with the simulation parameters used (fz = 0.04 mm/tooth, ap = 0.5 mm).
The model does not capture nonlinear cutting-force behavior due to very high chip loads,
tool run-out, or process damping, which become substantial at low spindle speeds. These
simplifications have generally been made in the regenerative chatter literature [1,2], and
are appropriate for this study’s main objective of evaluating and comparing the proposed
controllers’ ability to suppress vibration using well-defined, reproducible test conditions.

As a consequence of this regenerative cutting force, the beam-tool-machine system can
be excited at its natural frequencies. Thus, it is crucial to evaluate milling process conditions to
avoid chatter. Therefore, the stability lobe diagram (SLD) is an effective tool used to evaluate
the stability boundaries by combining spindle speed and axial depth of cut (ap).

In this study, the critical depth of cut associated with a specified spindle speed is
labeled as ap,crit (N). The stability limits indicate the minimum stability limit, since ap,min

is based on the least stable machining conditions (the ideal valley of stability lobes). The
maximum of this quantity corresponds to the maximum stable depth of cut obtained from
the analysis of the stability lobes.

The stability limit is obtained through analysis of the interaction between structural
dynamics and the regenerative cutting force. Its expression is given as [24]:

alim = −1
/(

2KtcαyyRe
[
Gy(jω)

]) (16)

where Gy(jω), in m/N, is the y-direction structural receptance of the workpiece, αyy is the
averaged directional milling coefficient defined in Section 4.5 (Step 1), and Ktc, in N/m2,
is the tangential cutting coefficient, so that a_lim is obtained in meters. For the controlled
configurations, Gy(jω) is replaced by the closed-loop mechanical receptance Gy,CL(jω) of
Equation (60), which carries the same unit m/N.
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The spindle speed corresponding to the stability lobes, defined by the phase difference
between consecutive root passes, is expressed as follows [25]:

N =
60ωc

Z(2kπ + ϕ)
(17)

where ωc is the chatter frequency, k is the lobe number, and Φ is the phase shift.

2.2. Beam Modelling

For structural vibration control system analysis, obtaining an accurate dynamic system
model is crucial. For flexible structures, three standard modeling techniques are typically
used: first, finite-element analysis (FEA), which yields a high-order discrete system. This
approximate method has been extensively employed in the literature for modeling can-
tilevered structures bonded with collocated piezoelectric (PZT) sensor–actuator pairs.
Second, system identification, which utilizes experimental data to estimate the system’s
parameters. Finally, analytical modeling based on the modal approach, where the system’s
differential equations are solved analytically [26].

Shawn Le [27] characterized the dynamics of a flexible aluminum cantilever beam
using Euler–Bernoulli beam theory, which relies on the classical kinematic assumptions of
plane section conservation and infinitesimal rotations [28].

As shown in Figure 3 below, the PZT actuator was located at the beam’s root (0–25 mm
from the clamped end), and the sensor was located at 38–50 mm, following the near-co-
located configuration suggested by Abdul-Wahid A. Saif et al. [16]. This was done to
provide the greatest level of controllability and observability of the first bending mode,
since the actuators have a larger moment arm near the fixed end and the sensor captures
the modal strain better in this area.

Figure 3. Schematic of the cantilevered beam with PZT actuator–sensor pair.

The study involved developing a state-space representation of a beam equipped with
a pair of piezoelectric (PZT) actuators and a single PZT sensor to build the analytical model.

The Euler–Bernoulli beam theory provides the partial differential equation governing
beam dynamics, the solution of which is typically obtained using modal analysis, enabling
an accurate representation of the flexible structure’s behavior [29]:

EB IB
∂4w(x, t)

∂x4 + ρB AB
∂2w(x, t)

∂t2 = MA

(
∂δ(x − xA2)

∂x
− ∂δ(x − xA1)

∂x

)
+ Fy(t)δ(x − xF) (18)
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where IB is the beam’s moment of inertia, w(x,t) is the beam’s transverse displacement, δ
represents the Dirac function, xF is the milling force application position, and MA is the
bending moment acting on the beam, which is given as follows [30]:

MA = −EAbd31

(
tB + h

2

)
IB
Ieq

VA (19)

where EA, d31, Ieq, and VA represent, respectively, the PZT actuator’s Young’s modulus,
piezoelectric strain constant, the equivalent moment of inertia of both the beam and the
PZT patches, and the actuator voltage.

Since the PZT pairs have the same dimensions, and according to [27], the Ieq is
defined as:

Ieq =
bBh3

B
12

+ 2
bA

(
EA
EB

)
h3

12
+ 2bh

(
tB + h

2

)2
(20)

Using the modal analysis approach [30], the transverse displacement w(x,t) can be
decomposed into spatial and temporal terms as follows:

w(x, t) =
∞

∑
i = 1

φi(x)ηi(t) (21)

where φi(x) represents the normalized, orthogonal mode shapes and ηi(t) represents the
associated generalized displacement.

By substituting Equation (21) into Equation (18), the beam actuator dynamic system
equation is as follows [26]:

..
ηi(t) + 2ξiωni

.
ηi(t) + ω2

niηi(t) = KA
[
φ′

i(xA2)− φ′
i(xA1)

]
VA(t) +

φi(xF)

ρA
Fy(t) (22)

where KA is given by (the sensor constant KS is defined separately in equation (28)):

KA =
1
2 EAbd31(tB + h)

ρA
(23)

Taking the Laplace Transform of Equation (22) and substituting it into Equation (21)
yields the total deflection due to VA and Fy:

w(x, s) =
∞

∑
i = 1

KA φi(x)
[
φ′

i(xA2)− φ′
i(xA1)

]
s2 + ξiωnis + ω2

ni
VA(s) (24)

w(x, s) =
1

ρA

∞

∑
i = 1

φi(x)φi(xF)

s2 + ξiωnis + ω2
ni

Fy(s) (25)

By substituting the expression for the electric charge of the PZT sensor Qs(t), the
voltage VS(t) is given as:

VS(t) =
QS(t)

Csb(xS2 − xS1)
(26)

By replacing Qs(t) with its expression from Equation (26), the sensor voltage
expression becomes:

VS(t) =
KSηi(t)

[
φ′

i(xS2)− φ′
i(xS1)

]
Csb(xS2 − xS1)

(27)
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where b(xS2 − xS1) is the surface area of the PZT sensor, and KS is given as:

KS = −b
(

t
2
+ tA

)(
k2

31
g31

)
(28)

From Equations (27) and (28), since the sensor voltage VS is affected by both the control
input VA and the disturbance input Fy, the equations for the transfer functions are derived,
respectively, from the actuator-generated strain and the tip-force-induced strain:

VS(s) =
KSKA

Csb(xS2 − xS1)

∞

∑
i = 1

[
φ′

i(xS2)− φ′
i(xS1)

][
φ′

i(xA2)− φ′
i(xA1)

]
s2 + ξiωnis + ω2

ni
VA(s) (29)

VS(s) =
KS
ρA

∞

∑
i = 1

[
φ′

i(xS2)− φ′
i(xS1)

]
φi(xF)

s2 + ξiωnis + ω2
ni

Fy(s) (30)

2.3. Modal Parameters and Numerical Implementation

In the previous section, the dynamic model resulting from the derivation of beam
dynamics has been numerically implemented using the truncated modal technique. The
three vibration modes chosen in this study correspond to the following natural frequencies
(95.36 Hz, 597.56 Hz, and 1714 Hz), which result from solving the Euler–Bernoulli eigen-
value problem using cantilever boundary conditions with respect to Equation (18). For
the structural model, the first three bending modes were included. Higher-order modes
were neglected as a modeling assumption because of their expected limited contribution to
structural receptance under the machining conditions analyzed in this study. The quantita-
tive effect of the higher modes on the stability lobes is assessed in Section 4.5, where the
stability boundaries obtained with the single-mode and with the full three-mode receptance
are compared.

The same damping ratio (ξ = 0.0052) was assigned to the three retained modes. This
simplification was adopted to maintain a consistent structural model while avoiding the
introduction of additional uncertain modal damping parameters. Accordingly, the stability
analysis presented in this work is based on a first-mode approximation. This approximation
is motivated by the dominant first resonance observed in the structural frequency response
for the investigated operating conditions; the contribution of the higher modes to the
stability lobes is quantified in Section 4.5.

The modal frequencies stated above already include the additional stiffness and mass
contributions of the bonded piezoelectric actuator and sensor patches. The equivalent
moment of inertia, Ieq, defined in Equation (20), was used instead of the bare beam moment
of inertia, IB, for the entire eigenvalue solution; it is calculated using both the beam data
and the piezoelectric patch data (found in Section 4.1).

All simulations were initiated at rest, with no displacement or velocity for any retained
mode (ηi (0) = 0 and

.
ηi (0) = 0) at the beginning of the simulation. The regenerative time

delay τ = 60/(NZ) is applied using a fixed-period delay buffer, defined by the solver’s fixed
time interval (Section 4.1), which holds the history of the tooth position y(t-τ) necessary to
calculate the chip thickness in Equation (6).

2.4. Model Verification Against Analytical Beam Theory

To verify the internal consistency of the retained modal parameters, the eigenval-
ues of the classical Euler–Bernoulli cantilever boundary-value problem were computed
(λ1 = 1.8751, λ2 = 4.6941, λ3 = 7.8548, from cos(λ).cosh(λ) = −1). Since ωi ∝ λi

2, the ratio
(ωi/ω1)2 must equal (λi/λ1)4 independently of the beam’s material and geometric proper-
ties. This ratio was verified to be within 0.03% for mode 1, 0.04% for mode 2 and 2.4% for
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mode 3 (these deviations being quoted on the frequency ratios ωi/ω1 rather than on their
squares), confirming that the retained natural frequencies are internally consistent with
Euler–Bernoulli theory. Comparing the purely analytical bare-beam natural frequencies
to the frequencies retained in the present model (95.36 Hz, 597.56 Hz, 1714 Hz), which
additionally account for the mass and stiffness contribution of the bonded PZT actuator
and sensor patches (Section 2.3), yields differences of 0.7–3.15% across the three modes—
consistent with the expected influence of the piezoelectric patches on the equivalent mo-
ment of inertia and mass. As a qualitative benchmark, deviations of comparable magnitude
between analytical Euler–Bernoulli predictions and experimental/numerical results have
been reported for other cantilever-beam configurations in the literature (Abbas et al. [31]),
though no strictly equivalent published configuration (identical material, geometry, and
PZT integration) was identified for a direct quantitative comparison.

In addition to this internal verification, the retained modal parameter set is supported
by the independent characterization published for the source configuration of the present
model. The PZT-laminated aluminum cantilever studied by Le [27]—the reference on
which the modeling approach of Section 2.2 is based, and whose transducer parameters and
placements coincide with those of the PZT actuator and sensor configuration of Section 4.1—
was verified by finite-element analysis (Pro-Mechanica) and characterized experimentally
on a physical beam station. In [27], the finite-element natural frequencies of the first three
modes deviate from the Euler–Bernoulli predictions by 2.9%, 2.9% and 5.4%, respectively,
which is of the same order as the deviations discussed above; the experimentally measured
ratio of the second to the first resonance (6.05) agrees within 3.5% with the modal-frequency
ratio retained here (ω2/ω1 = 6.27); and the experimentally identified first-mode damping
ratio (0.005) directly supports the modal damping ξ = 0.0052 adopted in this study. These
finite-element and experimental data from the literature provide independent support for
the modal pattern—frequency ratios and damping level—on which the present model
is built. It should be noted that the experimental characterization in [27] was obtained
under free-vibration and PZT excitation, not under machining excitation. The extension of
this structural configuration to the regenerative milling excitation is precisely the object
of the present study, and a dedicated experimental modal analysis of the specific beam of
the workpiece described in Section 4.1, together with validation under real cutting forces,
remains part of the planned experimental phase.

3. Active Control Strategies
3.1. PID Controller

In the present study, the first control strategy used is the proportional-integral-
derivative (PID) controller, which operates based on the PZT sensor voltage as shown
in Figure 4. This controller has been widely used in industrial process control applications
for more than a century, due to its simplicity and ease of online re-tuning [32].

Its main objective is to reduce system vibrations while stabilizing the sensor voltage.
This control approach involves three actions: the P-action, which produces an output
proportional to the input signal and enhances the response speed; the I-action, which
eliminates the steady-state error; and the D-action, which improves damping [32].

The relationship between the control input VS and the output VA, governed by the
PID control law and fed to the actuator, can be expressed as follows:

VA = KP(VD − VS) + KI

∫
(VD − VS)dt + KD(

.
VD −

.
VS) (31)

where the desired sensor voltage VD is equal to zero in our case, as we aim to dampen the
system’s vibrations.
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Figure 4. Control architecture.

Thus, the expression for the measured actuator voltage becomes:

VA(t) = −
(

KPVS(t) + KI

∫
VS(t)dt + KD

.
VS(t)

)
(32)

The system’s dynamics are modeled in the MATLAB R2016a/SIMULINK environment
as illustrated in the block diagram of the proposed vibration suppression in Figure 5. Its
architecture consists of four main components: the PID controller, the beam dynamics, the
sensor, and the actuator’s transfer-function blocks.

Figure 5. Block diagram of the proposed vibration suppression system.

The beam’s transfer function is driven by the milling force Fc(t), generating a dis-
placement response y(t), which is subsequently measured by a sensor block and then
converted into a voltage signal VS(t). A negative-feedback configuration is applied as a
control approach, where the error signal e(t) is defined as follows:

e(t) = VD(t)− VS(t) (33)

This error is then fed into the PID controller, which generates the appropriate control
voltage VA(t), which is directly applied to the actuator to reduce the oscillation amplitude,
as given in Equation (31).

3.2. Fractional-Order PID Controller (FOPID)

The FOPID, or PIλDµ, is the second control strategy applied to the system. It represents
an extension of the classical PID controller with two additional parameters, as shown in
Figure 6 below: λ is the fractional order of the integrator and µ is the fractional order of the
differentiator. These parameters provide added value in terms of noise rejection, robust
design and flexibility [33].
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The FOPID controller expression in the frequency domain is given as follows:

C(s) = KP + KIs−λ + KDsµ (34)

Therefore, it can be concluded that PID is merely a special case of the FOPID (λ = 1,
µ = 1) [34], and its operating area is shown in Figure 7.

The expression for the measured actuator voltage is:

VA = KPe(t) + KI D−λe(t) + KDDµe(t) (35)

where e(t) = VD(t) − VS(t); KP, KI, and KD are the classic PID gains;

D−λ is the fractional integral operator:

D−λe(t) =
1

Γ(λ)

∫ t

0

e(τ)

(t − τ)1−λ
dτ (36)

Dµ is the fractional derivative operator:

Dµe(t) =
1

Γ(1 − µ)

∫ t

0

.
e(τ)

(t − τ)µ dτ (37)

These operators allow controllers to depend on the entire past history of the signal.
The µ and λ parameters, despite being small fractions (0 < λ, µ < 1), provide improved

control performance and offer the controller greater flexibility [25].
Since, in our case, VD = 0, the expression for VA in Equation (35) becomes:

VA(s) = −(KPVS(t) + KI D−λVS(t) + KDDµVS(t)) (38)

When Equation (38) is converted into the Laplace domain, the expression for actuator
voltage is as follows:

VA(s) = −(KP + KIs−λ + KDsµ)VS(s) (39)

Figure 6. FOPID architecture.

 

Figure 7. Operating regions of FOPID compared to PID.
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3.3. Artificial Intelligence-Based Optimization Using Genetic Algorithms

Artificial Intelligence-based optimization techniques are now widely used for complex
nonlinear optimization problems in advanced control and manufacturing. One of these
techniques is the Genetic Algorithm (GA), which is an evolutionary optimization method
that uses the principles of natural selection and genetics following the so-called Darwinian
theory [34]. The GA operates by imitating candidate solutions’ cooperation and competition
processes in order to evolve a population of potential answers, represented by either real-
valued or binary strings called chromosomes, towards optimality. The algorithm operates
in a cyclic manner with three basic steps—selection, genetic operations and replacement as
shown in Figure 8.

 

Figure 8. Flowchart of the genetic algorithm.

Each chromosome’s fitness performance is evaluated via a given objective function,
which forms the selection pool including good individuals. The selected parents are sub-
jected to genetic operations: crossover, where portions of their genes are exchanged to
produce offspring, and mutation, which randomly introduces variations into the individu-
als to increase population diversity. The newly generated solutions are then inserted into
the population, replacing the lower-performing individuals under a defined replacement
strategy. The population iteratively converges over generations to better solutions and
avoids getting stuck in local minima. GA successfully navigates large search spaces by bal-
ancing exploration (through mutation and crossover) and exploitation (via fitness-guided
selection), allowing it to be appropriately used for difficult optimization problems.

The investigation of the use of GA for PID or FOPID gains optimization is motivated
by its ability to handle complex systems with nonlinear constraints, multiple objectives,
and dynamic environments [35]. The GA aims to minimize an objective function based
on a chosen error criterion, selected from four commonly used cost functions: the Integral
Absolute Error (IAE), the Integral Square Error (ISE), the Integral Time Absolute Error
(ITAE) and the Integral Time Square Error (ITSE) [36].

3.3.1. Control Objective Formulation

In this section, priority is given to optimizing the fractional-order PID controller
parameters, since it is more complex to tune than the classic PID due to the necessity of
tuning five parameters: KP, KI, KD, λ, and µ.

The expression for the FOPID controller is:

C(s) = KP + KIs−λ + KDsµ (40)
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The nominal tracking loop, used strictly for controller synthesis, is as follows:

VS(s)
VD(s)

=
C(s)Gd(s)

1 + C(s)Gd(s)
(41)

where Gd(s) is the electrical plant of the beam–actuator–sensor loop. It is identical to the
transfer function defined in Equation (43), and the symbol G(s) previously used here has
been replaced to avoid any confusion with the mechanical receptance of Equation (16):

Gd(s) = VS(s)
/

VA(s)
(42)

To mathematically formalize the closed-loop optimization framework, a clear distinc-
tion must be made between the comprehensive non-linear simulation environment and the
nominal synthesis model used for controller design. The actual physical milling process
exhibits high nonlinearity, infinite dimensionality due to the regenerative time delay τ,
and periodically time-varying cutting coefficients. However, for the offline parameter
optimization loop via the Genetic Algorithm, a linearized nominal plant model is used for
controller synthesis.

This nominal synthesis model is not obtained by experimental system identification:
it is the analytical truncated three-mode modal model derived in Section 2.2 (Equations
(29) and (30)), evaluated with the modal parameters of Section 2.3. The regenerative delay
loop and the periodically varying cutting coefficients are deliberately excluded from this
synthesis model; however, they are fully retained in the nonlinear MATLAB/Simulink
plant on which every candidate controller is evaluated during the GA search (Section 3.3.2,
Step 4). The electrical control path from the applied actuator voltage to the measured sensor
voltage is captured by the nominal transfer function denoted as:

Gd = VS(s)
/

VA(s)
(43)

This represents the electrical control path relating the applied PZT actuator voltage VA(s),
in volts, to the resulting sensor voltage VS(s), in volts.

Similarly, the open-loop disturbance path from the cutting-force perturbation Fy(s), in
newtons, to the sensor voltage VS(s), in volts, is defined as follows:

G f = VS(s)
/

Fy(s)
(44)

This characterizes how the regenerative cutting force is transmitted to the measured sensor
voltage, and the associated physical tip displacement is recovered through Equation (53).

Under active feedback control, the implementable FOPID control law is as follows:

VA(s) = −C(s)·VS(s) (45)

In this structural vibration control layout, the desired tracking reference is initialized
to zero (V_D(t) = 0). By applying the principle of superposition, the total closed-loop sensor
voltage output is formulated as:

VS(s) = G f (s)Fy(s) + Gd(s)VA(s) = G f (s)Fy(s)− Gd(s)C(s)VS(s) (46)
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Therefore, the closed-loop milling force-to-sensor voltage transfer function is as follows.

VS(s)
Fy(s)

=
G f (s)

1 + Gd(s)·C(s)
(47)

Rearranging this expression yields the complete block-model representation of the
closed-loop system and defines the fundamental sensitivity behaviors:

1. The nominal actuator-to-sensor path (Gd(s)) is formulated explicitly by Equation (43).
2. The force-to-sensor path (Gf(s)) is formulated explicitly by Equation (44).
3. The Input Sensitivity Function (S(s)) quantifies the nominal loop’s capacity to reject

external disturbances.

S(s) =
1

1 + C(s)·Gd(s)
(48)

4. The complementary sensitivity function (T(s)) represents the tracking capability under
the nominal analytical synthesis model.

T(s) =
C(s)·Gd(s)

1 + C(s)·Gd(s)
(49)

5. The disturbance-to-sensor-voltage sensitivity function

VS(s)
Fy(s)

= S(s)·G f (s) =
G f (s)

1 + C(s)·Gd(s)
(50)

Since the main aim of the active vibration control strategy proposed in this research is
to mitigate the physical vibration of the flexible beam, the disturbance-rejection properties
are represented in terms of the beam-tip displacement Y(s), which is considered to be the
main indicator in the entire numerical analysis.

6. The open-loop disturbance-to-physical-tip-displacement receptance is as follows:

Gy(s) = Y(s)
/

Fy(s)
(51)

7. The sensor transfer function relates the physical tip displacement to the measured
sensor voltage.

HS(s) = Gy(s) = VS(s)
/

Y(s) (52)

For clarity, the input quantity, output quantity, physical unit, and role of every transfer
function in the closed-loop formulation are summarized as follows:

Gd(s), Equation (43): input VA [V], output VS [V], unit V/V—electrical control path
used for controller synthesis.

Gf(s), Equation (44): input Fy [N], output VS [V], unit V/N—open-loop disturbance
path. S(s), Equation (48): dimensionless input-sensitivity function of the electrical loop.

T(s), Equation (49): dimensionless complementary sensitivity function; Equation (50):
input Fy [N], output VS [V], unit V/N—closed-loop disturbance-to-sensor-voltage function.

Gy(s), Equation (51): input Fy [N], output Y [m], unit m/N—open-loop mechanical
disturbance receptance.

GyA(s): input VA [V], output Y [m], unit m/V—actuation receptance of the beam–
actuator subsystem.
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Gy,CL(s), Equations (57), (58), and (60): input Fy [N], output Y [m], unit m/N—closed-
loop mechanical receptance, which is the principal performance metric of this study and
the quantity entering Equation (16).

HS(s), Equation (52): input Y [m], output VS [V], unit V/m—sensor path, from which
Gf(s) = HS(s)Gy(s), and Gd(s) = HS(s)GyA(s).

Two distinct mechanical paths must be distinguished at this point: the disturbance
receptance Gy(s) = Y(s)/Fy(s) of Equation (51), in m/N, and the actuation receptance
GyA(s) = Y(s)/VA(s), in m/V, which relates the applied actuator voltage to the resulting
tip displacement. Combining each of them with the sensor relation HS(s) of Equation (52)
gives the two electrical paths introduced in Equations (43) and (44):

Gd(s) = VS(s)
/

VA(s)
= HS(s)GyA(s)

G f (s) = VS(s)
/

Fy(s)
= HS(s)Gy(s)

(53)

Therefore,
Y(s) = Gy(s)Fy(s) + GyA(s)VA(s) (54)

From Equations (45) and (52), the actuator voltage formulation become:

VA(s) = −C(s)·HS(s)·Y(s) (55)

When Equation (55) is substituted into Equation (54),

Y(s)
[
1 + C(s)HS(s)GyA(s)

]
= Gy(s)Fy(s) (56)

This can also be written as follows:

Gy,CL(s) = Y(s)
/

Fy(s)
= Gy(s)

/[
1 + C(s)HS(s)GyA(s)

] (57)

Using the identity Gd(s) = HS(s)GyA(s) from Equation (35), Equation (57) becomes:

Gy,CL(s) = Gy(s)
/
[1 + C(s)Gd(s)]

(58)

Regarding system stability, the roots of the characteristic equation are:

1 + C(s)·Gd(s) = 0 (59)

dictate the localized stability of the baseline feedback electronic loop; they represent a
necessary but not sufficient condition for the complete machining architecture. The global
process stability boundaries must encompass the infinite-dimensional transcendental nature
of the regenerative time delay e-sτ embedded within the cutting-force vector Fc(t), the
fractional-order operator non-local memory properties, and the periodically time-varying
cutting coefficients.

For the stability analysis, setting s = jω in Equation (58) yields the closed-loop mechan-
ical receptance in m/N, which is used as the y-direction receptance in Equation (16):

Gy,CL(jω) = Gy(jω)
/
[1 + C(jω)Gd(jω)] (60)
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With HS(s) in V/m, Gy(s) in m/N and GyA(s) in m/V, the identities of Equation (53)
give Gd = HS·GyA in V/V and Gf = HS·Gy in V/N, in agreement with the definitions
of Equations (43) and (44). Equation (54) is a superposition written for the physical tip
displacement, so that each of its terms is expressed in meters. The characteristic polyno-
mial 1 + C(s)Gd(s) is dimensionless and is unchanged with respect to Equation (59); the
substitution affects the numerator only, Gy(s) replacing Gf(s). The closed-loop function of
Equation (60) therefore carries the unit m/N and is the mechanical receptance required by
the stability relation of Equation (16). The closed-loop sensor-voltage response of Equation
(50) remains valid and is related to Equation (60) by VS(jω)/Fy(jω) = HS(jω)·Gy,CL(jω),
which restores the consistency between the electrical and the mechanical descriptions of
the closed loop.

So, the genetic algorithm seeks the best values for the chromosome, given as

xj = [KP,j; KI,j; KD,j; λj; µj] (61)

with the following bounds:

• KP ∈ [100, 5000], KI ∈ [0.01, 1000], and KD ∈ [1, 2000] for the GA-PID search.
• KP ∈ [80, 6000], KI ∈ [0, 1200], KD ∈ [0.8, 2400], λ ∈ [0.3, 1], µ ∈ [0.2, 0.9] for the

GA-FOPID search (Equation (68) and and the corresponding parameter-bound table
given in Section 4.3)

The FOPID controller optimization is complicated by the multi-parametric nature of
the system, and one standard error criterion is inadequate. Hence, a composite (weighted
scalar) objective function was used. This custom objective function is a selective blend of
the Integral Time Absolute Error (ITAE) to penalize long-duration transient oscillations,
the Integral Square Error (ISE) to suppress high-amplitude vibration peaks, and a penalty
factor for the control effort to avoid aggressive actuator saturation. For a “zero vibration”
target (VD(t) = 0), the most convenient objective function is based on minimizing VS(t)
and VA(t).

JFOPID = w1

∫ Tf

0
t|e(t)|dt+w2

∫ Tf

0
e(t)2dt+w3

∫ Tf

0
V 2

A (t)dt (62)

The expression for the cost function becomes:

JFOPID = w1 ITAE + w2 ISE + w3EA (63)

where 
ITAE =

∫ Tf
0 t|VS(t)|dt

ISE =
∫ Tf

0 V 2
S (t)dt

EA =
∫ Tf

0 V 2
A (t)dt

(64)

With VS and VA expressed in volts and t in seconds, ITAE has the dimension V·s2,
whereas ISE and the actuator-effort criterion have the dimension V2·s. The three criteria
are therefore not homogeneous and cannot be added with dimensionless coefficients. To
avoid the symbol clash with the actuator Young’s modulus EA, the control-effort criterion
of Equation (64) is denoted JV in what follows. The objective function actually implemented
is written in dimensionally explicit form as:

J = w̃1 ITAE + w̃2 ISE + w̃3 Jv (65)

With
∼
w1 = 0.45 V−1·s−2,

∼
w2 = 0.45 V−2·s−1, and

∼
w3 = 0.02 V−2·s−1

So that J is dimensionless. Equation (65) is a re-expression of Equation (63) and not
a modification of the optimization problem: the numerical values of the coefficients are
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unchanged, and the minimizers are identical, provided that the integrals are evaluated with
the voltages in volts and the time in seconds over the horizon Tf = 10 s used in Section 4.1.
Making the units of the coefficients explicit also makes explicit the fact that the numerical
optimum is defined with respect to this particular system of units: the linear-voltage ITAE
term and the quadratic-voltage ISE and JV terms would be weighted differently relative to
one another if the voltages were expressed in another unit.

The first term penalizes persistent, long-lasting vibrations, the second penalizes the
vibration amplitude, and the third prevents the GA from selecting unrealistic and aggressive
actuation voltages. Equations (62)–(64) define the objective function exactly as implemented
in the MATLAB/Simulink optimization code. The same expression, with the same weights,
is used for the GA-PID optimization (with λ = µ = 1) and for the GA-FOPID optimization.

In Equation (63), the weighting coefficients w1, w2, and w3 were selected so that,
under nominal operating conditions, each weighted term contributes a comparable order
of magnitude to the total cost. The three criteria enter Equation (63) in their raw (unnor-
malized) integral forms; no normalization reference values are involved, and the weights
apply directly to the integrals defined in Equations (62) and (64); the weighting coefficients
therefore necessarily carry physical units, as made explicit in Equation (65) below. The w1

term is defined as equal to 0.45 for penalizing the time-weighted accumulated absolute
sensor voltage (ITAE, dimension V·s2); w2 is equal to 0.45 for penalizing the instantaneous
amplitude of vibration (metric: V2·s); and w3 is equal to 0.02 for penalizing actuator effort
(metric: V2·s), because placing much less weight on w3 shows that suppression of vibration
has a higher priority than minimizing actuator costs. Results from preliminary sensitivity
analysis show that increasing w3 beyond 0.05 degraded the vibration attenuation by more
than 15% due to over-penalizing control effort, and that values for w3 less than 0.001
caused actuator voltage spikes exceeding 200 V. The selected value of w3 = 0.02 provided
the best tradeoff between suppression performance and control effort for all parameter
combinations evaluated.

According to the characteristic equation of stability, Equation (59), and since s−λ

and sµ cannot be simulated directly, a fifth-order Oustaloup recursive approximation is
deployed within the operational frequency bandwidth of interest, 101 < ω < 105 rad/s,
as follows:

sα ≈ K
N

∏
i = −k

s + w′
i

s + wi
(66)

where n = 5, α = µ, and α = λ, respectively, for the derivative and integrator terms. In
Equation (66), ω′

i and ωi denote the recursive zero and pole frequencies of the Oustaloup
realization and are unrelated to the weighting coefficients w1, w2 and w3 of Equation (63).

This interval was selected to encompass the dominant structural natural frequencies
of the flexible workpiece, the control loop crossover frequency, and the frequency content
of the regenerative cutting force.

The approximation order of n = 5 was assessed through sensitivity tests, which consid-
ered other approximation orders (n = 3, 5, 7, and 9) as shown in Table 1. The results show
that all approximation orders considered yield comparable accuracy in approximation in
the relevant frequency range for the milling process. In particular, the errors in approx-
imation at the structural modal frequencies are very low for all approximation orders,
while only slight changes in RMS magnitude and phase errors are found in the selected
frequency range. On the contrary, increasing the Oustaloup approximation order results in
a marked increase in the complexity of the rational realization—from 14 to 38—and also
an increase in the condition number of the state matrix by about one order of magnitude.
Therefore, the increase of approximation order beyond n = 5 brings little practical value
with a considerable increase in complexity and computational effort of the controller.
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The band-limited Oustaloup approximation provides a stable, finite-dimensional ra-
tional transfer-function realization of the fractional operators over the selected frequency
band, which is the standard practice for implementing Caputo-type fractional-order con-
trollers within a time-domain simulation environment. Zero initial conditions are implicitly
assumed in the state-space realization of this approximation, which is consistent with the
initial rest condition used throughout the closed-loop simulations.

Figures 9–12 illustrate the magnitude and phase responses of the approximated frac-
tional operators, the corresponding approximation errors, and the pole-zero distribution of
the rational method. It can be noted that the fifth-order approximation produces results that
agree with the ideal fractional-characteristic performance, except for some minor variances
at the boundaries of the band of approximations, which is expected from the finite-band
rational approximations.

Table 1. Sensitivity of the Oustaloup approximation to order n over the frequency interval
[101, 105] rad/s.

n 3 5 7 9

Zeros 7 11 15 19
Poles 7 11 15 19

Max mag. Error sµ (dB) 1.981 2.059 2.081 2.091
RMS mag. Error sµ (dB) 0.506 0.533 0.541 0.544
Max phase error sµ (◦) 31.521 31.496 31.496 31.496
RMS phase error sµ (◦) 11.47 11.58 11.611 11.642

Max mag. Error s−λ (dB) 2.307 2.369 2.387 2.395
RMS mag. Error s−λ (dB) 0.593 0.615 0.621 0.624
Max phase Error s−λ (◦) 36.014 35.996 35.996 35.996
RMS phase Error s−λ (◦) 13.169 13.256 13.282 13.292

Max real pole −11.406 −10.873 −10.633 −10.497

 
(a)  (b) 

Figure 9. (a) Magnitude comparison and (b) phase comparison between the ideal fractional derivative
operator sµ and its 5th-order Oustaloup recursive approximation.

It is noted that this sensitivity analysis characterizes the numerical robustness of the
fractional-operator approximation itself; a dedicated evaluation of sensor-noise rejection
and parametric robustness under model uncertainty has been identified as a direction for
future work.

Because the maximum errors reported in Table 1 are global values that occur only in the
immediate vicinity of the approximation-band edges (101 and 105 rad/s), the approximation
accuracy was additionally evaluated locally, in the frequency ranges that actually govern
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the closed-loop behavior. At the first natural frequency (95.36 Hz), the magnitude and phase
errors are below 0.001 dB and 0.92◦ for the derivative operator sµ (µ = 0.71), and below
0.001 dB and 1.11◦ for the integral operator s−λ (λ = 0.86). Over the chatter-frequency band
60–160 Hz—which contains the dominant chatter frequency, the tooth-passing frequency
(100 Hz) and the control-loop gain-crossover frequency (≈98 Hz for the GA-FOPID loop)—
the errors remain below 0.002 dB and 1.3◦ for the derivative operator and below 0.003 dB
and 1.5◦ for the integral operator; over the extended band 40–1800 Hz, which contains the
three retained structural modes, they remain below 0.05 dB and 5.6◦. The band-edge phase
maxima reported in Table 1 (≈31.5◦ and ≈36◦) therefore occur far from the frequency range
that determines the stability lobes and the closed-loop damping, where the phase error of
the implemented operators is of the order of 1◦.

 

(a)  (b) 

Figure 10. (a) Magnitude comparison and (b) phase comparison between the ideal fractional integral
operator s−λ and its 5th-order Oustaloup approximation.

A practical balance of accuracy and computational cost is achieved by using the fifth-
order Oustaloup approximation in the GA loop, where the plant is analyzed multiple
times during each generation. A higher approximation order would increase the rational
approximation resolution but would considerably increase the controller order and compu-
tational burden. The frequency band of relevance [101, 105] rad/s covers all of the structural
dynamics. However, approximation-induced phase and amplitude errors at band extremes
may introduce minor deviations from the ideal fractional response, a limitation that should
be considered when extending this approach to higher-frequency applications.

The findings from the sensitivity analysis provided in Table 2 below indicate that
approximation orders (n = 3, 5, 7 and 9) yield similar approximation accuracy across the
relevant frequency range. The closed-loop simulations demonstrate that the controller
performance is weakly sensitive to the approximation order. In particular, the closed-loop
RMS displacement decreases from 4.006 × 10−5 m to 3.961 × 10−5 m when the approxi-
mation order is increased from 3 to 5, resulting in an improvement of about 1.12%, while
further increases in the approximation order to 7 and 9 provide an additional improvement
of about 0.28%. Meanwhile, the controller order increases from 14 to 38, and the condition
number of the state matrix increases by almost one order of magnitude. Thus, increasing
the approximation order beyond n = 5 leads to a substantial increase in the implemen-
tation complexity and deteriorates numerical conditioning without providing a marked
improvement in vibration mitigation in the closed-loop system.

https://doi.org/10.3390/mca31050170

https://doi.org/10.3390/mca31050170


Math. Comput. Appl. 2026, 31, 170 22 of 60

Table 2. Closed-loop RMS displacement sensitivity to the Oustaloup order approximation.

n 3 5 7 9

Closed-loop RMS
displacement (m) 4.006 × 10−5 3.9610 × 10−5 3.9502 × 10−5 3.9501 × 10−5

Overall, the fifth-order approximation is considered a suitable trade-off between ease
of implementation, quality of approximation, and closed-loop control efficiency.

   
(a)  (b) 

 
(c)  (d) 

Figure 11. Magnitude and phase approximation errors of the 5th-order Oustaloup recursive ap-
proximation for the derivative and integral fractional operators: (a) derivative magnitude error,
(b) derivative phase error, (c) integral magnitude error, and (d) integral phase error.

In this work, the Caputo fractional derivative definition is adopted because of its
compatibility with physical initial conditions.

Dα f (t) =
1

Γ(n − α)

∫ t

0

f (n)(τ)

(t − τ)α+1−n dτ (67)

The expression for the approximated implementable controller is as follows:

Capp(s) = KP + KI ŝ−λ + KD ŝµ (68)
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Figure 12. Pole-zero distribution of the rational FOPID controller obtained using the 5th-order
Oustaloup approximation.

3.3.2. Tuning the Genetic Algorithm

The architecture presented in Figure 13 represents the GA tuning of a FOPID controller.
It illustrates the optimization loop, which iteratively searches for the optimal controller
parameters by simulating the closed-loop response and following the steps below:

Step 1: Define the plant model G(s) and the FOPID controller structure as given in Equation (40).
Step 2: Set parameter bounds from Equation (61) and randomly initialize chromosome xj.
Step 3: Approximate the fractional operators s−λ and sµ from Equation (66) for
each individual.
Step 4: Build a closed-loop system and simulate to compute VS(t) and VA(t).
Step 5: Evaluate the cost function from Equation (63) using the chromosome’s fitness
performance.
Step 6: The assessment of termination conditions is conducted. If the maximum generation
count Gmax is reached, or the optimal fitness Fbest fails to improve for 10 successive itera-
tions, the loop concludes. The algorithm yields the optimized vector x* = [KP*, KI*, KD*, λ*,
µ*] for the concluding verification phase.
Step 7: If the stopping criteria are not met, a new generation is produced. Parents are
selected using the stochastic uniform method. The scattered crossover with a crossover
rate of 0.8 is then performed, after which adaptive feasible mutation is applied to preserve
the diversity of the population and comply with the constraints. The best individuals are
saved. The counter of generations is incremented, and the procedure goes back to Step 3
for the new generation evaluation.

Figure 13. GA optimization algorithm.
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4. Simulation and Numerical Results
This section presents a comprehensive numerical analysis of the proposed active

vibration control strategies for suppressing regenerative chatter in half-immersion milling.
The system is analyzed under the following control approaches: open-loop (no control),
classical PID, fractional-order PID (FOPID), and both controllers tuned using a genetic
algorithm (GA-PID and GA-FOPID).

Controller gains are optimized using GA models with the objective of simultaneously
minimizing VS(t), representing the vibration response, and VA(t), representing the actuator
voltage, under realistic constraints.

4.1. Simulation Environment and System Specifications

To guarantee high numerical accuracy and eliminate any potential solver-induced insta-
bilities, the closed-loop system was simulated using a high-definition fixed-step Runge–Kutta
(ode4) numerical integration solver with a fundamental sampling period of Ts = 10−6 s.

To ensure that the time step choice does not alter the outcomes of the study, a sensi-
tivity analysis was conducted by repeating all simulations with a larger constant step of
Ts = 10−5 s. The relative differences between the two selected time steps did not exceed
0.2% for any controller, thus confirming the occurrence of numerical convergence. In
Sections 4.6 and 4.7 below, the values affected by this step-size effect are presented together
with the mean ± half-range.

This microsecond-level time resolution provides a sampling frequency of 1 MHz,
which is far above the highest structural mode of interest (1714 Hz), thereby preventing
spectral aliasing during the subsequent Fast Fourier Transform (FFT) analysis and ensuring
accurate numerical integration of the fifth-order Oustaloup recursive approximations.

The cutting parameters applied to simulate the milling force are given in Table 3, while
the aluminum beam characteristics and the PZT patch parameters are given in Tables 4
and 5 below, respectively.

Table 3. Machining parameters.

Symbol Parameters Values Units

D Diameter of cutter 0.016 m
ae Radial depth of cut 0.008 m
ap Axial depth of cut 0.0005 m
fz Feed per tooth 0.04 mm/tooth
Z Number of teeth 4 —
N Spindle speed 1500 Rpm

Ktc Tangential cutting coefficient 660 × 106 N/m2

Krc Radial cutting coefficient 180 × 106 N/m2

Kte Tangential edge coefficient 1 × 106 N/m
Kre Radial edge coefficient 0.5 × 106 N/m

Table 4. Summary of the beam’s characteristics.

Variable Definition Values Units

EB Young modulus 70 GPa
tB beam thickness 0.002 m
lB beam length 0.1314 m
bB beam width 0.02 m
ϱ Density 2700 Kg/m3

A Cross section 40 mm2
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The details listed in Table 4 correspond to a standard aluminum alloy beam, 6061-T6,
which is widely used for manufacturing lightweight structures in the aerospace industry,
and its mechanical properties are well established in the literature. The beam dimensions
(131.4 mm × 20 mm × 2 mm) were selected in the present study as representative of thin,
flexible aerospace workpieces, such that the fundamental bending mode (95.36 Hz) lies
within the frequency range excited by the investigated milling conditions. The arrangement
and properties of the piezoelectric elements (PZT) are adopted from the beam configuration
of Abdul-Wahid A. Saif et al. [16], providing a well-documented basis for PZT-based active
vibration control; this configuration is itself based on the experimentally characterized
beam station of Le [27].

Table 5. Summary of the PZT sensor–actuator parameters [16].

Variable Definition Actuator Sensor Units

b width of the PZT 0.01 0.01 m
h thickness of the PZT 0.00027 0.00027 m

d31 piezoelectric strain constant −1.9 × 10−10 −1.9 × 10−10 m V−1

g31 coupling voltage constant −1.16 × 10−2 −1.16 × 10−2 Vm/N
k31 coupling coefficient 0.35 0.35 —
EA Young’s Modulus 6 × 1010 — Pa
CS Capacitance — 0.008 × 10−6 F
ϱ Mass density 7750 7750 kg/m3

εT
33 Permittivity 1800 1800 --

xA1 actuator location start 0 — m
xA2 actuator location end 0.025 — m
xS1 sensor location start — 0.038 m
xS2 sensor location end — 0.05 m

The properties of the PZT layers used in this research are listed in Table 5. These param-
eters are taken from the investigations conducted by [16], which refer to commercially avail-
able PZT-5A material and indicate the piezoelectric coefficient d31 = −1.9 × 10−10 m/V.

Finally, the machining parameters given in Table 3 were selected following represen-
tative standards for high-speed operations for aluminum alloys reported in the literature.
The spindle speed was intentionally set so that the passing tooth frequency would be close
to the first frequency of the beam, in order to create realistic conditions for the assessment
of stabilizers.

Time response simulations are performed for a duration of 10 s with a maximum fixed
step of about 10−6 s, allowing high-definition recording of regenerative vibration effects
and closed-loop dynamics.

The non-optimized baseline PID parameters were initially derived using the classi-
cal Ziegler–Nichols method and subsequently refined by root-locus analysis to ensure
closed-loop stability before GA optimization. The loop gains were computed to enforce
conventional industrial stability margins, specifically a phase margin of ∆φ ≥ 45◦ and a
gain margin of ∆G ≥ 6 dB to ensure closed-loop asymptotic stability under steady-state
conditions. By contrast, for the baseline FOPID controller, no universal systematic tuning
rules exist for fractional-order operators under regenerative delay constraints; hence, a
heuristic trial-and-error approach was adopted for the initial baseline. Since a universal
tuning approach for fractional-order controllers in regenerative time-delay systems is not
available, the FOPID gains were set via an initial heuristic search in their physically admis-
sible ranges. The gains were set to provide a stable baseline response under the nominal
cutting conditions, while the fractional orders were initialized at λ = 0.3 and µ = 0.2 and
subsequently refined to the values reported in Table 6, corresponding to conservative
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non-integer values that preserve integral and derivative actions without introducing ex-
cessive control effort or high-frequency amplification. As expected, while these baseline
configurations guarantee stability for standard reference tracking, they are completely
unprepared for the severe multi-frequency disturbances introduced by regenerative chatter.
This highlights the necessity of our proposed GA framework, which uses the composite
objective function of Equations (62)–(64) to aggressively reshape the controller’s active
compliance specifically for chatter suppression.

Table 6. PID and FOPID gains with associated RMS displacements.

Controller KP KI KD µ λ RMS (m) RMS Reduction Relative
to the OL Case (%)

No control - - - - - 1.5058 × 10−4 -
PID 3227 218 80 - - 9.4251 × 10−5 37.41%

FOPID 2110 700 150 0.3 0.6 3.9610 × 10−5 73.70%

4.2. Displacement Response Under PID and FOPID Control

This subsection analyzes the displacement response of the cantilever beam un-
der PID and FOPID control, emphasizing the differences in vibration mitigation and
settling behaviors.

The effectiveness of a PID-based control loop relies heavily on the proper selection
of its three gain parameters: KP, KI, KD. Proper system performance tuning requires
the precise adjustment of these parameters. However, during a milling process, which is
considered a complex dynamic system, PID still has limitations.

Figure 14 illustrates the tip displacement response of the cantilever beam under these
scenarios: no control, PID-control, and FOPID-control. In the uncontrolled scenario, the
response is characterized by persistent high-amplitude oscillations that reflect the excitation
of the beam’s natural frequency by the milling forces.
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Figure 14. Beam responses to PID and FOPID controllers.

The implementation of a PID controller has considerably improved the system behav-
ior. The vibration amplitude is decreased by approximately 37.41%, leading to a marked
decrease in the displacement signal RMS value, which indicates a lower vibration en-
ergy. Furthermore, this confirms the effectiveness of the controller in damping dominant
oscillatory modes and stabilizing the structure during cutting operations.
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In comparison, the FOPID controller clearly outperforms the alternative configurations
based on the evaluated metrics. The RMS value is further reduced, indicating more efficient
vibration attenuation. These improvements are due to the additional flexibility introduced
by the fractional orders λ and µ, enabling finer tuning of the system dynamics and a better
representation of the process dynamic memory associated with machining systems.

From a quantitative standpoint, and according to the metrics provided in Table 6 below,
the FOPID controller achieves a more substantial suppression of unwanted vibrations and
offers improved harmonic behavior. Therefore, the controlled system displays better
stability and superior overall performance in terms of vibration mitigation.

To sum up, while the classical PID controller provides a satisfactory reduction in
vibration amplitude and enhances system stability, the FOPID controller outperforms it
in terms of RMS reduction and robustness. This qualifies FOPID control as particularly
well-suited to advanced vibration control in milling operations, where both high precision
and dynamic adaptability are mandatory.

Through the studied AVC approaches, the system has successfully compensated
for these inherent resonant frequencies, thus stabilizing the beam’s behavior. As with
traditional methods, these controllers operate effectively; yet their underlying assump-
tions can drive the outcomes away from the expected behavior, typically demanding
further adjustments.

Therefore, to obtain the most suitable parameter values for greater vibration suppres-
sion, an optimization technique is employed in this study. More details are presented in
the following section.

4.3. Implementation of GA-Optimized PID and FOPID Controllers

As introduced in Section 4.1, the non-optimized baseline parameters of Table 6 were
obtained by systematic manual tuning based on Ziegler–Nichols initialization, root-locus
and frequency-domain analysis of the open-loop plant transfer function G(s). This process
started with the Ziegler–Nichols ultimate gain method for selecting a baseline proportional
gain, and then made subsequent adjustments to the integral and derivative gains to mini-
mize the amplitude of residual oscillations and to eliminate the steady-state error of the
sensor voltage, VS(t). For the FOPID controller, the fractional orders λ and µ were initially
set to 0.3 and 0.2, respectively, and then iteratively refined until the RMS displacement
was minimized. The manually tuned PID and FOPID parameters also provided starting
reference points for the GA search bounds presented in Section 4.3, thereby ensuring that
the GA optimization searched in a physically meaningful parameter space surrounding a
known feasible solution.

For the FOPID, since it is complex and demands precise control of the closed-loop
behavior in terms of vibration amplitude and response duration, the cost function em-
ployed to optimize its parameters is the composite (weighted scalar) objective function
of Equations (62)–(64), which is the single objective function implemented in the MAT-
LAB/Simulink optimization code for both the GA-PID and the GA-FOPID controllers.
The GA parameters were determined through an integrated methodology which included
preliminary convergence tests as well as suggestions from the literature on evolutionary
optimization [19,20]. A population of size 60 was chosen, which provided enough genetic
variation for the five-dimensional search space (KP, KI, KD, λ, and µ) while keeping the
computations reasonable in MATLAB/Simulink. Earlier experiments showed that a pop-
ulation of 40–60 individuals gives a proper balance between optimization efficiency and
computational costs when applying the GA for PID tuning [19]. The maximum number
of generations was set to 25 since repeated optimization experiments have demonstrated
that the results of optimization always converge after approximately 5–8 generations, and
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thus a further increase in the number of generations has no notable effect. This observation
is consistent with established GA tuning practices for well-defined search spaces [20].
Finally, a stopping criterion based on 10 generations without improvement was used to
save computation time while keeping the optimization quality.

The optimization of both GA-PID and GA-FOPID controllers uses a composite objec-
tive function that consists of three performance criteria that reflect the major characteristics
of the active vibration control issue. The weighting factors are not chosen randomly but are
based on engineering perspectives; thus, both control systems perform the optimization
process under a single performance criterion.

The Integral of Time-Weighted Absolute Error (ITAE) is assigned a weight of w1 = 0.45,
as it helps to eliminate the persistence of vibrations over time. The Integral of Squared
Error (ISE) also has a weight of w2 = 0.45, reducing the peaks of transient vibrations,
which are directly connected to chatter severity, product quality, and tool load during the
cutting process. By giving the same importance to both ITAE and ISE when performing
optimization, the solution of the active vibration control problem achieves a compromise
between quick decay of vibrations and minimal vibration amplitude during all stages of
the machining process.

The weight coefficient associated with the actuator effort term was chosen relatively
low (w3 = 0.02). This term is introduced as a soft regularizer to penalize large control volt-
ages but still ensure that the optimization problem is mainly focused on vibration reduction.
The specific value was determined by preliminary sensitivity analysis and is known to
provide an optimal balance between performance and actuator requirements. Larger values
increase the penalty imposed on control efforts and reduce vibration attenuation, while
smaller values do not introduce proper regularization of the actuator voltage.

The same weighting factors (w1 = 0.45, w2 = 0.45, and w3 = 0.02) are used for both GA-
PID and GA-FOPID optimizations. In this way, both controllers are guaranteed to optimize
exactly the same composite objective function under the same optimization conditions.
The two optimizations are therefore driven by the same performance criterion, so that
the observed differences in cost-function value, convergence behavior and closed-loop
dynamics do not originate from different optimization objectives. However, they cannot be
attributed to the controller structure alone, since the two search domains are not identical,
as discussed below and in Section 5.

The controllers’ parameters were not chosen randomly. Since the controlled workpiece
is a flexible beam, gains should not be too large to avoid actuator saturation, derivative
orders should not intensify noise, and fractional orders should be stable while actuator
effort is limited.

Since FOPID is a generalization of PID, a local search region is defined for the gain
bounds to exploit the best PID result while still allowing exploration for better solutions.
This exploration is based on the use of (0.8 and 1.2) coefficients, as follows:

KP(FOPID) ∈
[
0.8KP(PID); 1.2KP(PID)

]
(69)

The same applies to KI and KD gains.
The 1.2 coefficient allows stronger control when needed, and the 0.8 coefficient allows

smoother control. This permits GA algorithms to explore meaningful neighborhoods
without spending time in unproductive regions while keeping solutions physically realistic.

The integrator lower bound is chosen as λ ≥ 0.3, since, below this value, its effect
disappears and the controller loses the ability to regulate. Also, the derivative lower bound
is chosen as µ ≥ 0.2 since, below this value, its effect ceases, and the controller is no longer
able to dampen oscillations, while the choice for the upper bound has been made as µ ≤ 0.9
to avoid a full derivative behavior, which is time-consuming.
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Because the FOPID search intervals are wider than the PID intervals and include the
two additional fractional orders, the two optimizations do not explore identical search
spaces. The comparison reported in this study is, therefore, explicitly a comparison between
the best controllers obtainable within their individually designed feasible domains, and
not an isolation of the effect of the fractional orders under strictly common bounds. It is
noted that the optimized GA-PID gains (KP = 3111, KI = 104, KD = 390) lie strictly inside
the intersection of the two domains, so the wider FOPID bounds do not disadvantage the
PID controller; nevertheless, this caveat is restated in the Discussion (Section 5).

The genetic algorithm settings used for both GA-PID and GA-FOPID optimizations
are summarized in Table 7 below.

The convergence characteristics of GA for optimizing PID and FOPID controller pa-
rameters are shown in Figure 15 below. Since GA is a stochastic process, the optimization
process was carried out 10 times independently. The shown convergence curve is a rep-
resentative run in which the optimal fitness value was obtained. Figure 15 illustrates
the convergence characteristics of the population over the best objective function values.
The objective function of the GA-PID controller (Figure 15a) reaches a value of around
1.398 × 10 −5 after 6–8 generations, and then the fitness reaches a stable plateau without
further improvement. The average fitness approaches the best fitness value, which shows
that the population converges to a solution with low variance. The convergence curve
shows the typical characteristic of genetic algorithms with a rapid exploration phase fol-
lowed by a slow optimization stage until achieving convergence. The optimized controller
parameters mentioned in Table 10 are from the best run, which generates an RMS vibration
reduction of 90.05%, confirming that the reported performance indicates a stable optimum
rather than just good initialization.

Table 7. Genetic Algorithm description.

Parameter Description

Population size 60
Parent-selection method Stochastic uniform

Crossover type and probability Scattered (crossover fraction 0.8)
Mutation type and probability Adaptive feasible

Number of elite individuals 3 individuals (5% of 60)
Constraint-handling method Bound clipping on [KP, KI, KD, λ, µ]

Initial-population strategy; Uniform random sampling within the
specidied bounds

Random seed Single seed fixed per run, 10 seeds total
Objective-function tolerance 1 × 10−6

Number of independent optimization runs 10
Average computational cost per

optimization run
(Intel Core i3-1005G1, 4 GB RAM)

GA-PID = 6 h
GA-FOPID = 8 h

A comparable convergence behavior can be noted for a GA-FOPID controller, as shown
in Figure 15b, with the function value converging to approximately 6.233 × 10−6 and the
search achieving convergence in about 8–10 generations. The convergence process can be
explained by an initial rapid decline in the value within the first generations, followed by
a gradual finalization of the solution until it converges to a plateau. Thus, this behavior
confirms that additional generations do not enhance the results after the optimal solution
is found.

To check the repeatability of the optimization process, the statistical data from
10 independent runs are presented in Table 8, where minimum, maximum, mean, me-
dian, and standard deviation values of the resulting objective function values are provided.
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The median and mean values remain very close to the optimum for both controllers, while
the standard deviations are below 1% of the corresponding mean values. It can be con-
cluded from the low statistical dispersion of the results of the two optimization methods
that the GA search is consistently reproducible and that the resulting controller parameters
remain consistent despite the stochastic nature of the algorithm. In general, it can be
noted that the GA-FOPID controller not only converges more rapidly compared to the
GA-PID controller but also achieves the highest vibration damping, with an RMS decrease
of 92.70%.

(a)  (b) 

Figure 15. Convergence curves of the Genetic Algorithm: (a) GA-PID; (b) GA-FOPID.

Table 8. Statistical results from 10 independent GA optimization runs.

Statistics GA-PID GA-FOPID

Best objective function 1.398 × 10−5 6.233 × 10−6

Worst objective function 1.558 × 10−5 6.42 × 10−6

Mean objective function 1.432 × 10−5 6.27 × 10−6

Median objective function 1.421 × 10−5 6.25 × 10−6

Standard deviation 1.303 × 10−7 5.5 × 10−8

Coefficient of Variation (%) 0.91 0.88

Therefore, Table 9 summarizes the parameter bounds of the PID and FOPID controllers:

Table 9. PID and FOPID parameter bounds for the GA.

Controller KP KI KD µ Λ

PID [100, 5000] [0, 1000] [1, 2000] - -
FOPID [80, 6000] [0, 1200] [0.8, 2400] [0.2, 0.9] [0.3, 1]

Figure 16 shows the system’s response comparison under GA-PID and GA-FOPID
controllers. The tip displacement for the uncontrolled beam shows persistent oscillations
with a maximum amplitude reaching a peak of 0.378 mm. Using a classical PID controller
modestly reduces the vibration amplitude, while the GA-PID controller furnishes lower
oscillation amplitudes with displacement RMS = 1.4982 × 10−5, but there are still peri-
odic bursts of oscillation. However, the greatest amplitude vibration attenuation was
obtained with the GA-FOPID controller since the RMS of tip displacement has dropped
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to 1.0996 × 10−5. Therefore, it is evident that using GA optimization combined with the
FOPID controller effectively reduced beam chatter during milling.

To compare the results, the tuned parameters of the different approaches applied
and the related RMS displacements are presented in Table 10. The open-loop response
provided an RMS of 1.5058 × 10−4 m, while the GA-PID controller improves the RMS
to 1.4982 × 10−5 m, achieving a 90.05% improvement, whereas the GA-FOPID controller
offers an RMS equal to 1.0996 × 10−5 m, permitting an improvement of about 92.70%,
which successfully mitigates vibrations due to properly tuned parameters. This indicates
that genetic algorithms used with PID or FOPID controllers provide greater adaptability
and accuracy of vibration control.

Controller parameters optimized via GA are presented in Table 10 for both controllers.
The actuator voltage time histories obtained by the four control strategies throughout

the milling process are depicted in Figure 17. These responses show the amount of control
exerted by each control strategy in order to mitigate regenerative vibrations. Whereas the
classic PID controller frequently reaches the actuator voltage limit, the FOPID controller
requires considerably lower control effort. Both GA-based control methods provide smooth
profiles of the actuator voltage but are also efficient in terms of vibration control.

Figure 16. Beam’s response to GA-PID and GA-FOPID controllers.

Table 10. Comparative assessment of GA-PID and GA-FOPID controllers.

Controller KP KI KD µ λ RMS (m) RMS Reduction Relative
to the OL Case (%)

GA-PID 3111 104 390 - - 1.4982 × 10−5 90.05%
GA-FOPID 2183 247 1022 0.71 0.86 1.0996 × 10−5 92.7%

In Table 11, the actuator-voltage specifications are summarized for the different con-
trollers, with respect to the voltage limit of ±200 V. The PID controller has the maximum
control effort, whereby its RMS voltage equals 193.11 V, and the controller is saturated
during 89.9% of the simulation time. Thus, it is not suitable to use a PID controller when
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operating with the specified actuator voltage. The FOPID controller has substantially
reduced actuator requirements, with an RMS voltage of 120.25 V and a saturation time
of only 2%. At the same time, it is able to ensure a vibration reduction of 73.7%. Both
GA-optimized controllers do not have saturation under ideal operating conditions. The
GA-PID controller exhibits an RMS voltage of 85.68 V and a peak actuator voltage of
191.88 V. The GA-FOPID controller displays the lowest RMS voltage (70.66 V) as well as the
minimum voltage-squared control effort index (9987.43 V2·s), and at the same time ensures
the highest vibration reduction. As a result, the GA-based controllers provide considerably
better actuator utilization in comparison with PID and FOPID controllers for the considered
operating conditions.

Figure 17. Actuator voltage for PID, FOPID, GA-PID, and GA-FOPID controllers.

Table 11. Actuator voltage demand, saturation level, voltage-squared control effort, and vibration
attenuation for the investigated controllers.

Controller RMS Voltage
(V)

Max Voltage
(V)

Voltage-Squared
Control Effort Jv

(V2·s)

Saturation
Time (%)

Max Slew
Rate (V/s)

Slew Rate
Limit

Satisfied

PID 193.11 200 74,589.87 89.9 1.19 × 106 Yes
FOPID 120.25 200 28,924.21 2 1.33 × 105 Yes

GA-PID 85.68 191.88 14,682.64 0 9.33 × 104 Yes
GA-FOPID 70.66 146.84 9987.43 0 7.87 × 104 Yes

4.4. Frequency-Domain Analysis and Results

In addition to assessing the time response of the milling machine system, its dynamic
characteristics were examined in the frequency domain using the Fast Fourier Transform
(FFT) and the Frequency Response Function (FRF). These analyses provide complementary
information on the vibration components associated with regenerative chatter and enable a
frequency-domain assessment of the proposed controllers.

The FFT analysis was applied to the steady-state displacement signal y(t) measured
at the beam tip. For the spectral analysis, the transient response was discarded, and the
mean value of the displacement signal was removed to eliminate the DC component. The
resulting frequency resolution was approximately ∆f ≈ 1 Hz, which was sufficient to
identify the tooth-passing frequency and its associated harmonics.
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The discrete Fourier transform is normalized by the signal length, and a single-sided
amplitude spectrum is obtained by doubling the positive frequency components, while
omitting the DC component and the Nyquist component. Thus, the spectral amplitudes
represent physical displacements in micrometers.

To facilitate comparison among the different controllers investigated, the displacement
spectra are expressed on a logarithmic scale, with the reference displacement set to 1 µm.
The spectral level can be calculated as follows:

Ly( f ) = 20 log10

(
|Y( f )|

1 × 10−6

)
(70)

where Y(f) is defined as the single-sided displacement spectrum in meters. The resulting
spectral levels are then reported in dB re 1 µm.

To evaluate the dynamic compliance of the controlled milling system, the FRF is
calculated as follows:

Gy(f) = Y(f)/Fy(f)

where Fy(t) is the cutting force in the feed direction (N), and Y(f) is the displacement
spectrum (m).

Figure 18 demonstrates the FFT spectra for the uncontrolled system as well as for the
other studied controllers (PID, FOPID, GA-PID, and GA-FOPID), while Table 12 below
summarizes the corresponding results.

Figure 18. FFT of beam displacement—comparison among all controllers.

Table 12. RMS displacement and spectral amplitudes for all investigated controllers.

Controller Total RMS
Displacement (µm)

Dominant Peak
(µm)

Spectral Level (dB re
1 µm)

Open Loop 150.58 159.71 44.07
PID 94.251 99.97 40

FOPID 39.61 42.01 32.47
GA-PID 14.982 15.89 24.02

GA-FOPID 10.996 11.66 21.34
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For the uncontrolled system, the vibration spectrum shows a peak at nearly 100 Hz,
which corresponds to the tooth-passing frequency for the given spindle speed N. According
to the values recorded in Table 12, the dominant spectral amplitude is around 159.7 µm
(44.07 dB re 1 µm), indicating that the tooth-passing frequency dominates the structural
vibrations near the first natural frequency.

With feedback control applied, all controllers reduce the dominant spectral component
at approximately 100 Hz. The peak amplitude decreases from 159.7 µm for the uncontrolled
system to 100.0 µm for the PID controller (40 dB re 1 µm), 42.0 µm for the FOPID controller
(32.47 dB re 1 µm), 15.9 µm for the GA-PID controller (24.02 dB re 1 µm), and 11.7 µm for
the GA-FOPID controller (21.34 dB re 1 µm). The GA-FOPID controller therefore provides
the greatest attenuation of the dominant vibration component.

Despite the substantial attenuation of the tooth-passing frequency by the GA-PID and
GA-FOPID controllers, some additional secondary frequencies are visible in the spectrum
around 40–80 Hz. This can be attributed to the modified closed-loop system behavior and
residual structural vibrations. However, the amplitude of the dominant spectral component
is substantially reduced in all cases.

Table 12 summarizes the steady-state RMS displacement, together with the dominant
spectral component and its corresponding spectral level, for all investigated controllers.

The open-loop response exhibits the largest estimated dominant spectral amplitude
(159.7 µm), whereas the PID, FOPID, GA-PID, and GA-FOPID controllers reduce this value
to 100.0 µm, 42 µm, 15.9 µm, and 11.7 µm, respectively. The progressive reduction in
the dominant spectral component follows the same trend observed in the RMS analysis,
confirming that all control strategies effectively attenuate the principal vibration component;
the GA-FOPID controller provides the best overall frequency-domain performance.

The results of the FRF analysis presented in Figure 19 also confirm this observation.
Compared to the uncontrolled system, the investigated controllers substantially reduce the
dynamic compliance around the resonance frequencies where the workpiece is excited by
the tooth-passing frequency close to 100 Hz. The optimized controllers achieve the lowest
FRF magnitude value, demonstrating that the active control methods not only decrease
vibrations in the time domain but also reduce sensitivity to dynamic cutting-force excitation
in the frequency domain.

Figure 19. FRF comparison of all controllers.
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4.5. Stability Lobe Diagram

At this point, it is essential to distinguish among three regimes that can be confused in
the interpretation of the time-domain responses of Sections 4.2 and 4.3: (i) forced vibration
produced directly by the milling force amplitude; (ii) resonance amplification when the
tooth-passing frequency approaches the system’s natural frequency without crossing the
regenerative stability limit; and (iii) self-excited regenerative chatter, which takes place if
the operating point falls above the critical depth of cut defined by the SLDs (Section 4.6
shows this regime at the nominal operating point through the positive value of the envelope
growth rate σ = 3.29 s−1). In the present research, the term “chatter” will be used only
when regime (iii) occurs.

The obtained stability lobe diagram consists of several lobes separating stable and
unstable cutting domains. The machining conditions situated below the lobes represent
the stable cutting area, whereas those above the lobes induce chatter vibrations. The
SLDs show that higher spindle speeds may provide greater machining stability than lower
spindle speeds, under certain conditions, owing to favorable phase relationships between
successive tooth passes. This is due to optimal phase shifts occurring between consecutive
tooth passes.

For reproducibility, the stability boundaries are computed using the following explicit
numerical algorithm, which implements the single-frequency (zero-order) regenerative
formulation of Equations (16) and (17) and is applied identically to the open-loop, PID,
FOPID, GA-PID, and GA-FOPID configurations:

Step 1—Oriented dynamics. The structural dynamics are represented by the y-
direction receptance of the beam: the open-loop FRF for the uncontrolled case and the
closed-loop mechanical receptance Gy,CL of Equation (60), in m/N, for the controlled con-
figurations. The periodically varying directional milling coefficients are averaged over the
tooth-engagement arc following the zero-order approximation of Altintas and Budak [18]:
with the entry and exit angles φst = 0 and φex = π/2 of the half-immersion up-milling
operation (Equation (4)), the averaged y-direction directional coefficient is αyy = (Z/2π)∫

(sin φ − (Krc/Ktc) cos φ) cos φ dφ, evaluated over [φst, φex], which gives αyy = 0.182
for the present parameters. The number of engaged teeth, the angular position of the
individual teeth, the radial cutting-force component, and the tooth engagement therefore
enter the stability computation through Z, φst, φex, and the ratio Krc/Ktc.

Step 2—Chatter-frequency sweep. The chatter frequency, fc, is swept from 0.5·f1 to
1.6·f1 (48–153 Hz) with a fixed increment of 0.01 Hz. The chatter frequency is distinct from
both the structural natural frequency and the tooth-passing frequency: it lies close to, but
not exactly at, the dominant closed-loop resonance, while the spindle speed enters only
through the phase relationship of Equation (17).

Step 3—Candidate branches. For every fc at which the real part of the oriented recep-
tance is negative, the candidate critical depth is evaluated from Equation (16), and the cor-
responding spindle speeds are recovered from the phase condition of Equation (17) for lobe
numbers k = 0, 1, . . ., 24, which cover the operating speed range (100–2700 rpm) completely.

Step 4—Admissibility. Candidate solutions with a non-positive depth of cut are
discarded. The numerical tolerance of the procedure is set by the frequency increment in
Step 2, corresponding to a relative tolerance below 10−4 on ap.

Step 5—Lower envelope. All admissible (N, ap) branch points are collected on a
uniform spindle-speed grid with a 1 rpm increment. The stability boundary ap,crit(N) is
defined as the smallest candidate depth in each grid cell, i.e., the lower envelope of all
lobe branches. The smallest positive solution at a given spindle speed is thus identified
by direct minimization over the swept chatter frequencies and lobe numbers rather than
by root-tracking.
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Step 6—Like-for-like comparison. Steps 1–5 are repeated with identical sweep range,
increment, tolerance, and grid for all five configurations, so that the comparison between
controllers is not affected by algorithmic choices.

To verify that the computed boundary does not depend on the zero-order approx-
imation itself, the open-loop stability boundary was additionally recomputed using a
first-order semi-discretization of the delayed single-mode equation of motion, in which the
periodically varying directional coefficient is retained without averaging (the delay period
is discretized adaptively with 160 intervals per vibration period, stability is evaluated from
the spectral radius of the Floquet transition matrix, and the boundary is located by bisection
on ap). Over the operating speed range the two boundaries agree with a median relative
deviation of 1.9% (mean 4.1%), and within approximately 2% at the stability minima (lobe
valleys) that govern the selection of stable cutting depths; the largest local differences (up
to approximately 27%) are confined to the nearly vertical flanks of the lobe peaks, where
the boundary value is extremely sensitive to small frequency shifts, and they decrease
systematically when the discretization is refined. At the representative spindle speed of
1500 rpm, the two methods agree within 7.1%. This cross-check verifies the frequency-
domain implementation, the treatment of the periodically varying directional coefficients,
and the constructed lower envelope.

Although the stability boundaries are evaluated over the operating spindle-speed
range of 100–2700 rpm, the numerical values discussed below and summarized in Table 13
correspond to the representative spindle speed of 1500 rpm, where the tooth-passing
frequency (100 Hz) is closest to the first bending natural frequency (95.36 Hz). In the
following, ap,crit(N) denotes the critical axial depth of cut at a given spindle speed, N.

Table 13. Increase in allowable critical axial depth (single-mode approximation; the corresponding
three-mode values at 1500 rpm are provided in the text).

Configuration ap,crit (1500) (mm) Increase Relative to OL (%)

Open Loop 0.061 --
PID 0.231 278.69

FOPID 0.324 431.15
GA-PID 0.346 467.21

GA-FOPID 0.52 752.46

Every subplot compares a controller against the open-loop stability limit, which is
shown by the black dashed line. The colored line indicates the respective controller. The
unstable condition in the uncontrolled system is represented by the green area, while the
colored area indicates the further extension of stability enabled by the controller.

As shown in Figure 20, at the representative spindle speed of 1500 rpm, the uncon-
trolled system has the critical axial depth of ap,crit(1500) = 0.061 mm, which shows that
regenerative chatter may appear at larger depths of cut. The PID controller increases
the predicted critical axial depth to 0.231 mm, enlarging the stable machining zone. A
fractional-order PID controller leads to even further improvements, raising the critical
depth to 0.324 mm. The improvement brought by the GA-based optimization is also
noteworthy. The GA-PID controller reaches a depth of 0.346 mm, while the GA-FOPID
controller provides the largest critical depth of cut at the representative operating point
(0.52 mm), corresponding to the widest chatter-free operating region among the investi-
gated controllers.

The SLDs allow a direct comparison of all controllers under the same machining con-
ditions (Figure 21). The sequence that defines the stability boundaries persists throughout
the spindle speed range examined. Open Loop < PID < FOPID < GA-PID < GA-FOPID.
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Overall, the GA-FOPID controller enlarges the stable machining area throughout
the investigated spindle-speed range and provides the highest critical depth of cut at the
representative operating point, demonstrating its superior chatter-suppression capability.
An enlarged chatter-free cutting area and an increase in the maximum stable cutting depth
also indicate that the GA-FOPID controller can reduce regenerative vibration and thereby
improve the predicted machining stability. The implications for productivity remain to be
confirmed experimentally.

In order to make a quantitative comparison of the different control strategies under the
same conditions, the critical depth of cut, ap,crit, at the representative spindle speed of 1500
rpm is extracted from the SLDs for each controller. The improvement ratio is calculated
according to:

ap,crit − ap,crit,OL

ap,crit,OL
× 100% (71)

where the value of ap,crit,OL is the critical axial depth when using an open-loop system
under the same conditions.

Figure 20. Individual SLDs for PID, FOPID, GA-PID and GA-FOPID controllers.

According to the data presented in Table 13, it is obvious that all applied controllers
considerably improve the allowable axial depth without chatter for the system. Particularly,
it can be observed that the use of a conventional PID controller increases the critical
axial depth of cut from 0.061 mm to 0.231 mm, while the FOPID controller increases the
stabilization limit up to 0.324 mm, showing the importance of fractional-order control. By
performing parameter optimization using the GA, the GA-PID controller further improves
the critical depth of cut, increasing it to 0.346 mm.

While the preceding analysis was carried out using the single-mode receptance for
tractability and direct comparability with the classical Altintas–Budak formulation, the dy-
namic model of Section 2.3 includes two additional bending modes (597.56 Hz and 1714 Hz)
whose contribution to the stability boundary must be quantified rather than assumed neg-
ligible. The stability lobe diagram was therefore recomputed using the full three-mode
receptance, with an equal modal damping ratio ζ = 0.0052, and the chatter-frequency sweep
was extended up to 1900 Hz so that lobe families associated with the second and third
modes could be resolved at their corresponding spindle speeds. The comparison between
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the single-mode (monomodal) and three-mode (multimodal) boundaries, for both the
open-loop system and the GA-FOPID-controlled system, is shown in Figure 22, split into
two panels sharing the same spindle-speed axis: the upper panel shows the boundary
near the operating point of 1500 rpm at the original scale (0–2 mm), and the lower panel
shows the full multimodal boundary, on an extended depth-of-cut axis, over the extended
range 100–26,000 rpm (Figure 22b), which encompasses the second-mode (≈9000 rpm)
and third-mode (≈25,710 rpm) neighborhoods. Near the second mode, the multimodal
boundary exhibits a local peak (approximately 4.53 mm at ≈9461 rpm) followed by a local
minimum (approximately 1.68 mm) before rising continuously toward the third mode;
near the third mode itself, the boundary shows no comparable local extremum within the
extended range but instead increases monotonically and increasingly steeply, reaching
approximately 15.18 mm as the third-mode frequency is approached.

Figure 21. Comparison of SLDs for all controllers.

Figure 22. Comparison of monomodal vs. multimodal SLDs: (a) around the operating spindle speed
N = 1500 rpm; (b) over the full spindle range, including mode 2 and mode 3.
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Over the operating range (100–2700 rpm), the single-mode and three-mode boundaries
agree within 1% at 84% of the evaluated spindle speeds (median deviation 0.15%, mean
deviation 0.69%). The deviation is more pronounced at the representative operating point,
which lies close to a transition between lobe branches.

At the representative operating point of 1500 rpm, including the higher modes lowers
the open-loop critical depth from ap,crit,OL = 0.061 mm (single-mode) to 0.023 mm, while
it slightly raises the GA-FOPID boundary from 0.52 mm to 0.57 mm. The contribution of
the higher modes is therefore not negligible for the uncontrolled system, whose single-
mode boundary is accordingly not conservative; the relative improvement provided by the
controller is, however, larger—not smaller—once the higher modes are accounted for, with
the controller-to-open-loop ratio at 1500 rpm increasing from approximately 8.5 (single-
mode) to approximately 25 (multimodal). The single-mode comparison of Table 13 thus
provides a conservative estimate of the benefit of the GA-FOPID controller. In the lower
panel of Figure 22 (extended range, 100–26,000 rpm), the multimodal GA-FOPID boundary
exhibits a pronounced local peak followed by a local minimum in the neighborhood of the
second mode (≈9000–10,000 rpm)—at depths far above the operating depths considered
in this study—before rising again as the third mode is approached. Within the operating
range (100–2700 rpm), by contrast, the multimodal and single-mode GA-FOPID boundaries
remain close to each other, and all like-for-like comparisons between the five controller
configurations (Table 13) are performed at the same single-mode modeling level.

Finally, the GA-FOPID controller provides the highest critical depth of cut among
the investigated controllers at the representative operating condition, raising the critical
axial depth of cut from 0.061 mm (open-loop) to 0.52 mm under the single-mode ap-
proximation. As a verification exercise, the stability boundary was recomputed with the
three-mode structural model at the same operating point (N = 1500 rpm), moving from
ap,crit,OL(1500) = 0.023 mm to ap,crit,CL(1500) = 0.57 mm. This confirms that including the
higher structural modes does not alter the qualitative conclusion of the single-mode analy-
sis: the uncontrolled boundary remains low, and the GA-FOPID controller still provides a
substantial enlargement of the stable region, the three-mode check being, if anything, more
conservative for the open-loop case and more favorable for the controller. This verification
was carried out for the open-loop and GA-FOPID configurations only, since its purpose
was to confirm the adequacy of the single-mode framework rather than to establish an
alternative quantitative comparison; the corresponding three-mode values for PID, FOPID,
and GA-PID were accordingly not computed. Table 13, which remains the principal quanti-
tative result of this study, is reported at the single-mode modelling level, at which all five
configurations can be compared like for like.

4.6. Verification of Self-Excited Regenerative Instability

To distinguish regenerative chatter from transient forced vibrations, the stability
assessment was based on the exponential growth rate of the vibration envelope rather than
solely on RMS values.

Using the Hilbert transform, the vibration envelope was calculated to differentiate
between regenerative chatter and transiently induced vibrations. By applying linear re-
gression to the natural logarithm of the envelope during its initial transient period, the
exponential growth rate σ was determined and used as an indicator of chatter stability. A
positive value of σ signifies unstable regenerative chatter, while a negative value indicates
stable, decaying vibrations. Under unstable cutting conditions (for example, for the cutting
conditions: ap = 0.5 mm, N = 1500 rpm), regenerative chatter is expected to exhibit an
exponentially growing transient response, which can be approximated—during the linear
instability stage—by:
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A(t) = |Hilbert(y(t)| (72)

σ = poly f it(t, ln(A(t)), 1) (73)

where
y(t) = Y0eσt sin(ωct) (74)

Transient amplification of the workpiece displacement was observed after tool engage-
ment. The displacement envelope was extracted using a peak-detection algorithm, and its
natural logarithm was calculated to separate the exponential growth term.

Figure 23b shows that the logarithmic envelope follows an approximately linear trend
over the selected fitting interval, yielding a transient growth rate of σ = 3.29 s−1 with
R2 = 0.938. This positive growth constant confirms that the vibration amplitude increases
exponentially during the initial transient stage, in agreement with the linear theory of
regenerative chatter.

Figure 23. Exponential amplitude growth and loss of stability.

In addition, the consistency between the time-domain regenerative model and the
predicted stability boundary was verified at operating points located symmetrically below
and above the boundary, for both the open-loop and the GA-FOPID-controlled closed-loop
systems. Using the single-mode regenerative model of Section 2 with the published modal
parameters—with the static feed component removed so that the envelope reflects only the
self-excited component, and with an initial tip perturbation of 1 µm—the envelope growth
rate was estimated at N = 1500 rpm. Both the stability boundary used as reference and
the time-domain model employed here are single-mode, so the verification is internally
consistent by construction; the operating points 0.8·ap,crit and 1.2·ap,crit are defined with
respect to the single-mode boundary of Section 4.5 and are not intended to be interpreted
against the three-mode boundary reported there. The open-loop system was simulated
over [0, 0.5] s, while the closed-loop system was simulated over [0, 1.5] s to accommodate
its substantially slower envelope dynamics; for direct visual comparison, the closed-loop
plots below display a zoom over the same [0, 0.5] s window used for the open-loop cases.
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For the open-loop system, as shown in Figure 24, at ap = 1.2·ap,crit,OL (unstable regime),
the envelope grows with σ = +7.399 ± 0.164 s−1, the envelope exhibiting pronounced
beating visible over the fitting window, while, as shown in Figure 25, at ap = 0.8·ap,crit,OL

(stable regime), the envelope decays with σ = −13.010 ± 0.110 s−1.

Figure 24. Open-loop amplitude growth at an unstable operating point ap = 1.2·ap,crit,OL.

Figure 25. Open-loop envelope decay at a stable operating point ap = 0.8·ap,crit,OL.
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For the GA-FOPID-controlled system, as shown in Figure 26, at ap = 1.2·ap,crit,CL

(unstable regime), the envelope grows with σ = +0.580 s−1, while, as shown in Figure 27, at
ap = 0.8·ap,crit,CL (stable regime), the envelope decays with σ = −0.596 s−1.

Figure 26. Closed-loop (GA-FOPID) envelope growth at the unstable operating point, ap = 1.2·ap,crit,CL.

Figure 27. Closed-loop (GA-FOPID) envelope decay at the stable operating point, ap = 0.8·ap,crit,CL.
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The reported uncertainties for the open-loop cases are the 95% confidence intervals of
the regression slope over the fitting interval [0.05, 0.20] s, which was chosen to exclude the
initial transient and the beat artifacts; the corresponding closed-loop uncertainties were
found to be negligible (<10−4 s−1). The change in sign of σ across the predicted boundary,
observed consistently in both the open-loop and closed-loop configurations, provides a
direct time-domain verification of the stability-lobe calculation.

Note that the growth rate σ = 3.29 s−1 at the nominal operating point was obtained
using the full nonlinear three-mode model, which includes the static feed component,
whereas the boundary-verification estimates use the single-mode model with the static
feed component removed; therefore, the two sets of values are not directly comparable.

Beyond this point, the response progresses into a bounded nonlinear limit cycle. The
nonlinear chip-thickness formulation and intermittent tool–workpiece disengagement
progressively limit further growth in amplitude. The observed sequence consisting of an
initial forced transient, exponential amplitude growth, and subsequent nonlinear saturation
represents the classical dynamic signature of regenerative chatter and clearly distinguishes
the open-loop response from a purely forced harmonic vibration.

Obtaining a positive transient growth rate for the open-loop system further illustrates
that the vibration mechanisms simulated in this research are due to regenerative instability
rather than a bounded forced response, thus confirming that the underlying dynamics
are governed by regenerative chatter. The GA-FOPID controller was found to shift the
critical stability limit from ap,crit,OL = 0.061 mm to ap,crit,CL = 0.52 mm at N = 1500 rpm.
Consequently, any depth of cut in the range 0.061 mm < ap < 0.52 mm, which would produce
unstable regenerative chatter in the open-loop configuration, is rendered stable under
GA-FOPID control, confirming the controller’s ability to suppress chatter by displacing
the stability boundary rather than merely attenuating the vibration amplitude at a fixed
operating point. These values correspond to the single-mode approximation adopted as the
reference framework throughout this study (Section 4.5); the reader is referred to Section 4.5
for the corresponding three-mode boundary values (0.023 mm and 0.57 mm, respectively)
and the associated discussion of the open-loop sensitivity to higher-mode inclusion.

4.7. Operational Sensitivity Analysis

To investigate the sensitivity of the active chatter-suppression approach to changes in
the operating conditions, additional numerical tests were performed using seven different
machining configurations. Whereas the controllers were considered only under one basic
operating condition in the previous part, this section analyzes and discusses how the
controllers perform when important parameters change.

The operational sensitivity study takes into account variations in cutter diameter,
cutting parameters, spindle speed, and cutting-force coefficients while keeping the same
controller parameters, which enables the evaluation of each control strategy’s sensitivity to
operational conditions. The configurations under analysis are given below.

• Configuration 1 (Baseline): D = 16 mm, ae = 8 mm, ap = 0.5 mm, fz = 0.04
mm/tooth.

• Configuration 2: D = 12 mm, ae = 6 mm, ap = 0.4 mm, fz = 0.07 mm/tooth.
• Configuration 3: D = 10 mm, ae = 5 mm, ap = 0.3 mm, fz = 0.07 mm/tooth.
• Configuration 4: N = 1200 rpm.
• Configuration 5: N = 1600 rpm.
• Configuration 6: Kt = 760 × 106 N/m2, Kr = 210 × 106 N/m2, Kte = 1.2 × 106

N/m, and Kre = 0.6 × 106 · N/m).
• Configuration 7: ξ = 0.001.
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It should be emphasized that these seven configurations are deterministically selected
operating scenarios and that, within each scenario, the machining parameters are varied
jointly rather than one at a time, because they are technologically interdependent: in
machining practice, the cutting parameters are selected together from the cutting-data
correspondence tables associated with the tool and the workpiece material, not varied
independently. Accordingly, when the cutter diameter is changed (Configurations 2 and 3),
the radial immersion changes with it so that the engagement ratio ae/D = 0.5—and hence the
entry and exit angles of Equation (4)—are preserved, while the feed per tooth and the axial
depth of cut are adjusted together with the tool, so that each configuration forms a complete,
technologically consistent cutting-condition set; likewise, the four cutting-force coefficients of
Configuration 6 vary as a coherent set, since they characterize a given tool–material couple and
cannot be perturbed independently in a physically meaningful way. A strict one-parameter-at-
a-time design would generate cutting conditions that are not used in practice. Conversely, the
parameters that are independent in practice are varied individually: the spindle speed alone
in Configurations 4 and 5, and the modal damping alone in Configuration 7. The analysis
therefore characterizes the sensitivity of the fixed-gain controllers to realistic, technologically
consistent changes in the operating conditions; it does not isolate the individual effect of
each coupled parameter, and it does not constitute a statistical robustness or uncertainty
analysis. The effects of uncertainty in the natural frequencies, the PZT parameters, sensor
noise, actuator and sensor positions, the time delay and the digital implementation are not
examined here; a Monte Carlo propagation of these uncertainties, together with a dedicated
sensor-noise study, is identified as future work (Section 6).

The analysis of the dynamic response of each configuration is carried out through
the evaluation of the open-loop system as well as the respective controllers: PID, FOPID,
GA-PID, and GA-FOPID. Initially, the time-domain response is analyzed, and subsequently,
the output signal is compared based on RMS values and other statistical indicators of
sensitivity to operating conditions.

4.7.1. Time-Domain Response

Figure 28a–n shows the displacement responses obtained for all the investigated cut-
ting configurations. In every configuration, the open-loop system exhibits large-amplitude
vibrations caused by the regenerative mechanism. The classical PID controller suppresses
part of this vibration, but the residual amplitude remains considerable, especially in the
configurations with larger cutting forces. The FOPID controller improves the response
markedly, reducing both the vibration amplitude and the steady-state oscillations. The
optimized controllers perform best, and the GA-FOPID controller consistently yields the
lowest vibration amplitude.

4.7.2. RMS Vibration Comparison

To further evaluate the sensitivity of the proposed control strategies to operating-
condition changes, the optimized controller parameters obtained previously are kept
unchanged without re-tuning for all the subsequent simulations. The purpose of this
analysis is to assess the controller’s performance in seven different machining configura-
tions, including variations in cutter diameter, cutting parameters, cutting-force coefficients,
spindle speed, and damping. This strategy evaluates each controller’s ability to maintain
its performance in mitigating vibrations and confirms its reliability and practicability.

The dynamic performance of each machining configuration is evaluated for the open-
loop system and the PID, FOPID, GA-PID, and GA-FOPID controllers. First, the time-domain
response is analyzed, followed by a quantitative analysis based on RMS displacement and re-
duction percentage for each controller to evaluate their sensitivity to the operating conditions.
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The quantitative comparison of vibration levels is presented in Table 14 below, where
the mean RMS displacement, maximum RMS displacement, and RMS reduction compared
to open-loop systems are provided for each examined configuration.

The classic PID control provides a moderate decrease in vibration amplitude, with
RMS vibration reduction ranging from about 28.32% to 50.89%. The FOPID control provides
better vibration mitigation due to the influence of the fractional-order operators, which
offer greater tuning flexibility and ensure a reduction range of about 42.42–80.54%. The
GA-based optimized controllers provide the greatest attenuation where the GA-PID con-
troller allows RMS vibration reduction ranging from 82.97% to 95%, while the GA-FOPID
controller achieves the best performance with RMS amplitude reduction ranging from
85.73% to 95.40%.

These findings confirm that the optimized controllers are effective over all configura-
tions examined in the present study. Although the vibration levels fluctuate depending
on the processing parameters, the GA-based controllers always deliver the lowest RMS
displacement results in comparison with other control methods. In addition, the GA-FOPID
controller achieves optimal results in vibration control in every configuration with no need
for parameter re-tuning since it reacts properly to changes occurring in the processes and
in the system parameters.
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Figure 28. Time-domain response for tested configurations: (a) configuration 1; (b) zoom on configura-
tion 1; (c) configuration 2; (d) zoom on configuration 2; (e) configuration 3; (f) zoom on configuration
3; (g) configuration 4; (h) zoom on configuration 4; (i) configuration 5, (j) zoom on configuration 5;
(k) configuration 6, (l) zoom on configuration 6; (m) configuration 7, (n) zoom on configuration 7.

Table 14. Operational sensitivity results for the seven configurations are shown below.

Configuration Controller Mean RMS (m) Max RMS (m) RMS Reduction Relative to the OL Case (%)

1 (a), (b)

Open-loop 1.5058 × 10−4 3.78 × 10−4 -
PID 9.4251 × 10−5 1.057 × 10−4 37.41%
FOPID 3.9610 × 10−5 4.087 × 10−5 73.70%
GA-PID 1.4982 × 10−5 4.762 × 10−5 90.05%
GA-FOPID 1.0996 × 10−5 3.681 × 10−5 92.70%

2 (c), (d)

Open-loop 3.579 × 10−4 7.739 × 10−4 ---
PID 2.291 × 10−4 4.113 × 10−4 35.99%
FOPID 9.119 × 10−5 1.521 × 10−4 74.52%
GA-PID 1.788 × 10−5 3.56 × 10−5 95%
GA-FOPID 1.648 × 10−5 2.883 × 10−5 95.40%

3 (e), (f)

Open-loop 1.390 × 10−4 3.222 × 10−4 ---
PID 8.671 × 10−5 1.559 × 10−4 37.62%
FOPID 2.705 × 10−5 6.268 × 10−5 80.54%
GA-PID 1.003 × 10−5 2.645 × 10−5 92.78%
GA-FOPID 8.062 × 10−6 2.015 × 10−5 94.20%
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Table 14. Cont.

Configuration Controller Mean RMS (m) Max RMS (m) RMS Reduction Relative to the OL Case (%)

4 (g), (h)

Open-loop 9.433 × 10−5 2.695 × 10−4 ---
PID 6.424 × 10−5 1.57 × 10−4 31.90%
FOPID 2.269 × 10−5 6.953 × 10−5 75.95%
GA-PID 1.606 × 10−5 5.269 × 10−5 82.97%
GA-FOPID 1.346 × 10−5 4.380 × 10−5 85.73%

5 (i), (j)

Open-loop 1.005 × 10−4 2.7 × 10−4 ---
PID 7.204 × 10−5 1.141 × 10−4 28.32%
FOPID 5.787 × 10−5 1.069 × 10−4 42.42%
GA-PID 1.605 × 10−5 4.684 × 10−5 84.03%
GA-FOPID 1.189 × 10−5 3.693 × 10−5 88.17%

6 (k), (l)

Open-loop 2.043 × 10−4 4.534 × 10−4 ---
PID 1.004 × 10−4 1.388 × 10−4 50.86%
FOPID 7.064 × 10−5 1.305 × 10−4 65.42%
GA-PID 1.865 × 10−5 5.714 × 10−5 90.87%
GA-FOPID 1.37 × 10−5 4.537 × 10−5 93.29%

7 (m), (n)

Open-loop 1.703 × 10−4 3.778 × 10−4 ---
PID 8.364 × 10−5 1.157 × 10−4 50.89%
FOPID 5.887 × 10−5 1.087 × 10−4 65.43%
GA-PID 1.554 × 10−5 4.762 × 10−5 90.88%
GA-FOPID 1.142 × 10−5 3.781 × 10−5 93.29%

Despite the effectiveness of the GA-FOPID control approach used, the current study
still relies on idealized process parameters and leaves out certain sources of uncertainty
that exist in real machining processes. The main disturbance considered is the regeneration
force, while parameter variation sensitivity is obtained through robustness assessment
described in Section 4.7.

4.7.3. Aggregate Comparison Across the Seven Configurations

The following graph (Figure 29) shows the mean RMS displacements obtained for
all controllers tested under seven configurations. The PID controller partially reduces the
vibrations, while the FOPID controller considerably improves the system’s response due
to the presence of additional fractional-order parameters. The GA-PID and GA-FOPID
controllers perform the best among the tested controllers since their RMS values are the
lowest among all tested configurations.

Figure 30 presents the percentage reduction in RMS displacement compared to the
uncontrolled case for each configuration. The GA-FOPID controller yields the best overall
attenuation, exceeding 85% RMS displacement reduction. The results for PID and FOPID
controllers show variations that emphasize the improved performance offered by GA-PID
and GA-FOPID controllers. This is an indication that the optimally designed controllers
are less influenced by changes occurring in the cutter diameters, spindle speeds, depths of
cut and cutting-force coefficient values.

Table 15 below summarizes the aggregate statistics of the tested controllers over the
seven configurations. The highest level of vibration is registered in the case of the open-
loop system with an average RMS displacement of about 173.84 µm. The application
of the PID controller reduces the vibration level by 39%, but still leaves a considerable
variation for the different operating states. Further application of FOPID control reduces
the average vibration to 68.28%, which indicates the efficiency of the FOPID controller
in suppressing regenerative chatter. At the same time, optimization-based controllers
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reveal the utmost effectiveness. Thus, the GA-PID controller leads to an average RMS
decrease of 89.51%, together with the lowest coefficient of variation (17.8%). The developed
GA-FOPID controller leads to the lowest mean RMS displacement (12.29 µm), the highest
mean suppression (91.83%) and the lowest 90th-percentile RMS (14.81 µm). It should be
noted that the lowest coefficient of variation (17.8%) is achieved by the GA-PID controller,
whereas the GA-FOPID controller exhibits a slightly higher relative dispersion (21.35%)
around a considerably lower mean value; in absolute terms, however, the GA-FOPID
controller remains the best-performing controller in every investigated configuration.

Figure 29. Mean RMS values under different cutting configurations.

Figure 30. RMS reduction under different cutting configurations.

Table 15. Aggregate statistics for the seven configurations.

Controller Mean RMS (µm) Mean RMS
Reduction (%)

Worst RMS
Reduction (%)

90th Percentile
RMS (µm) CV (%)

Open Loop 173.84 --- ---- 265.74 51.61
PID 104.34 39 28.32 151.88 54.02
FOPID 52.56 68.28 42.42 78.86 46.56
GA-PID 15.6 89.51 82.97 18.19 17.8
GA-FOPID 12.29 91.83 85.73 14.81 21.35
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Figure 31 below presents the aggregate operational-sensitivity results based on the mean
RMS, the RMS at the 90th percentile, and the maximum RMS. For the open-loop case, the
statistical values are relatively high, meaning it is very sensitive when it comes to variation in
parameters. Among all cases, the GA-FOPID controller has the smallest mean RMS (12.29 µm)
and the smallest 90th-percentile RMS (14.81 µm), which demonstrates its effectiveness not
only on average but also under the more severe configurations. Having the lowest maximum
RMS confirms that it offers the best performance even in worst-case scenarios.

Figure 31. Aggregate statistics.

5. Discussion
In this work, for the proposed PID and FOPID controllers, the different parameters

are obtained using both conventional and Genetic Algorithms. Among the four tuned
controllers studied: PID, FOPID, GA-PID, GA-FOPID, time-domain results for vibration
attenuation show that both GA-optimized control approaches achieve better performance.
They are able to noticeably reduce undesired oscillations.

When analyzing time-domain responses, the largest amplitude-modulation chatter
vibrations come from the open-loop response, which corresponds to high oscillatory dis-
placements with RMS = 1.5058 × 10−4 m. The PID controller gives moderate reductions in
vibration amplitude, while residual oscillations remain throughout the entire cutting pro-
cess with RMS = 9.4251 × 10−5 m, ensuring a 37.41% decrease. The FOPID controller allows
a reduction of 73.70% (3.9610 × 10−5 m), while the optimized GA-PID controller provides a
distinguished reduction of 90.05% (1.4982 × 10−5 m). Moreover, the newly optimized GA-
FOPID controller provides an improved dynamic response with RMS = 1.0996 × 10−5 m,
resulting in a 92.7% decrease in the amplitude. Such improvement originates from the in-
creased flexibility of the dynamic response thanks to additional fractional-order parameters
combined with the genetic algorithm’s optimization abilities.

The fractional-order controller, combined with its extra tuning options, provides
greater precision in shaping the closed-loop dynamic characteristics. This leads to more
effective attenuation of regenerative vibrations and an improved level of robustness to
dynamic changes during the milling process.

Compared to the open-loop and PID system responses, the optimization achieved
using the proposed GA-FOPID strategy provides a much better response, with lower
levels of vibration (less oscillatory motion) and substantial reductions in chatter. This
shows a clear improvement in machining stability and effective damping characteristics.
Under the single-mode approximation, the computed critical depth of cut at 1500 rpm for
the uncontrolled system is 0.061 mm, while after applying a PID controller it increases
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to approximately 0.231 mm, giving about a 278.69% increase. The FOPID and GA-PID
controllers further increase the critical depth of cut to 0.324 mm and 0.346 mm, with
improvements of 431.15% and 467.21% respectively. On the other hand, by using the
optimized GA-FOPID controller, the critical depth of cut reaches almost 0.52 mm, giving an
approximate 752.46% increase over the uncontrolled system at the single-mode modeling
level, which offers a larger stability region for a large depth of cut. For the proposed
GA-FOPID controller, this enlarged predicted stability region would allow higher material-
removal rates while maintaining stable machining under the selected operating conditions,
according to the numerical model.

The improved performance of the GA-FOPID controller can be explained by its extra
fractional orders λ and µ, which allow better flexibility in establishing the response char-
acteristics of the respective control loop than the conventional PID controller. It is worth
noting that, contrary to the classical PID, where the integrations and differentiations are
fixed, the fractional-order formulation allows for much more flexibility in optimizing the
dynamic response over a wider frequency band. The additional degrees of freedom, in
combination with the genetic algorithm, lead to better disturbance rejection, a smoother
control effort, and improved vibration suppression.

It should nevertheless be recalled that, as discussed in Section 4.3, the GA-PID and
GA-FOPID search domains are not identical: the FOPID domain is wider and includes the
two additional fractional orders. The comparison, therefore, contrasts the best controllers
obtainable within their individually defined feasible domains, and part of the observed
performance difference may, in principle, reflect the dimensionality and bounds of the
search spaces rather than the controller structure alone.

The numerical model is based on various assumptions, such as linearized cutting-force
coefficients, Euler–Bernoulli beam theory, and neglected process damping. Although those
assumptions fit the conditions investigated in the analysis, they may need modification in
the case of highly non-linear machining regimes or very low spindle speeds.

The practical value of the proposed approach lies in the offline nature of the genetic-
algorithm tuning: the gains are optimized once for the nominal machining conditions and
then deployed without any additional online computation, making the proposed control
well suited to CNC applications. The axial depth of cut is the stability-limited variable that
the stability lobe diagram already characterizes explicitly, since Figures 20 and 21 report
the stability boundaries over the investigated spindle-speed range. The tool diameter, in
turn, is a process-design variable dictated by the type of milling operation, the workpiece
stiffness, the required material-removal rate and the workpiece material. A change in tool
diameter leads to changes in the cutting-force coefficients, tooth engagement, tooth-passing
frequency, and structural dynamics. However, the operational sensitivity analysis in
Section 4.7 indicates that the proposed controller maintains its effectiveness with moderate
changes in tool diameter without re-optimizing the controller gains. These variations can
be treated as perturbations about the nominal operating point. In contrast, major variations
in the machining configuration will define a considerably different machining system and
will require a controller re-optimization. Robustness is accordingly understood here as the
ability of the proposed controller to tolerate moderate uncertainties in the plant parameters
around the nominal operating point.

In this work, robustness refers to uncertainty in the parameters of the nominal ma-
chining system, such as moderate variations in the modal properties and cutting-force
coefficients. By contrast, changes in the workpiece material, structural geometry, or machin-
ing configuration define a different dynamic plant and therefore require a new optimization
of the controller parameters, rather than representing a robustness issue.
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The findings suggest that the optimized GA-FOPID controller exhibits a greater abil-
ity to mitigate chatter than the conventional PID controller, thereby achieving superior
mechanical stability during machining, reduced vibration levels, and improved dynamic ro-
bustness of the final product. Therefore, GA is considered a feasible optimization approach
for active vibration control for flexible beams, whether applied to classic or fractional-order
PID controllers, with a slight lead by GA-FOPID.

The reported actuator-voltage analysis indicates that a real-time implementation of
the GA-FOPID controller is potentially feasible with respect to the voltage limits of com-
mercial PZT driving amplifiers; direct industrial deployment, however, is not claimed
here, since the present model does not include power-amplifier dynamics, measurement
noise, quantization, communication delays, PZT hysteresis, temperature dependence, or a
discrete-time realization of the fractional-order controller. The fact that GA optimization
occurs offline is beneficial for industrial environments. The GA-FOPID controller’s pa-
rameters are determined once and then written directly to the CNC control system rather
than requiring computational processing while the CNC machine operates. The rational
approximations for fractional-order operators, which in this work are Oustaloup’s rational
function approximations, are easily discretized and can be implemented on generic digital
signal processors (DSPs). In addition, the fixed structure of the rational approximations al-
lows easy integration with existing control hardware. The sampling frequencies required at
the structural modes near 100 Hz are well within modern CNC controller capabilities. Most
modern CNC controllers operate at sampling rates that are several orders of magnitude
higher. In addition, the actuator voltage penalty integrated into the cost function ensures
that the optimized solution remains within the allowable operating range of commer-
cially available PZT driving amplifiers, suggesting that the transition from simulation to a
physical implementation is a realistic prospect, conditional on the experimental validation
identified as future work.

The proposed methodology was further positioned with respect to similar published
studies; this comparison is indicative only and does not constitute a validation, since the ref-
erenced studies employ different structures, actuators, cutting conditions and control archi-
tectures. Ding et al.’s work [13] on chatter suppression through integrated FOPID/Spindle
Speed Variation (SSV) provided an example of a study using FOPID controllers without
GA optimization or PZT actuation. They used process parameter modulation as a means
to achieve stability improvement rather than active structural control. Ali et al. [9] also
used FOPID controllers for vibration control of Euler–Bernoulli beams; however, they did
not include a regenerative milling force model or stability-lobe analysis as part of their
study. Kochtbene et al. [23] provided an example of experimental work that is close to
the present study, demonstrating active vibration control using state feedback; however,
Kochtbene used neither a FOPID controller nor an artificial intelligence (AI)-based opti-
mization algorithm, as did Soufi et al. [14]. In this paper, a hybrid Fractional-Order PID
with Active Disturbance Rejection Control (ADRC-FOPID) is proposed to suppress chatter
in half-immersion milling. A Timoshenko cantilever flexible workpiece is modeled to-
gether with a delay-dependent regenerative cutting-force model. The lumped disturbance
is canceled online by an Extended State Observer, and the five FOPID gains are tuned
offline using Particle Swarm Optimization with a ±27 N actuator-saturation constraint.
The RMS tip displacement is reduced by 68.5% by the ADRC-FOPID controller. Moreover,
it increases the minimum and maximum stable depth of cut from 1.00 mm to 2.67 mm and
from 23.17 mm to 37.67 mm, respectively. A robustness analysis over plant uncertainties
and the operating window, with 38 points, results in a low mean RMS of 4.2 µm. Compared
with classical controllers and robust controllers such as PID, LQR, H∞, and µ-synthesis,
ADRC-FOPID achieves the highest critical limiting depth (7.58 mm) and peak stable depth
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(49.52 mm) on the same benchmark. Thus, the proposed strategy is an effective, robust
candidate strategy for chatter suppression in milling [14]-incorporated FOPID regulation
with a metaheuristic (PSO) method and stability-lobe assessment in regenerative chatter
suppression and achieved a reduction in RMS by 68.5%; however, the study relies on an
electromagnetic proof-mass actuator rather than collocated PZT receiving and actuating
and does not place emphasis on actuator placement and piezoelectric coupling as that is
integral to this research. The 92.70% RMS vibration reduction and the increase in critical
depth of cut from 0.061 to 0.52 mm under the single-mode approximation shown by the
GA-FOPID framework used in this study are higher than the figures reported in these
previous studies, although the differences in structures, actuators and cutting conditions
prevent a strict quantitative comparison. The combination of all four elements: FOPID
control, GA optimization, PZT actuation, and SLD analysis represents a methodological
advancement relative to each of the other studies.

These results indicate that increased machining stability is achieved not simply by
an increase in feedback gain, but also through the improved ability of the fractional-order
controller, ensured via GA-tuned parameters, to dynamically respond to changes and
selectively shape the system’s response.

It should be noted that the study is presented in terms of a disturbance-rejection
problem where the disturbance considered is a particularly severe external one, such as
the regenerative cutting force, which is always present, nonlinear, multi-harmonic, and
time-delayed (Equations (1)–(9)). Moreover, controllers are never assessed in relation to the
nominal tracking of reference signals, but rather in terms of their capability to reject this
disturbance. This capability is measured through the RMS displacement and frequency
response functions, which provide an attenuation estimation for the entire frequency
band instead of a given excitation frequency, as well as by stability lobe diagrams that
demonstrate the closed-loop system’s response to the disturbance-inducing mechanism
for all spindle speeds. Thus, the results related to controller performance contained in
this study focus on the controller’s capability to reject the dominant physical disturbance
responsible for regenerative chatter rather than on its reference-tracking capability.

A dedicated operational sensitivity study (Section 4.7) evaluates the fixed-gain
controllers—tuned once at the nominal operating point and not re-tuned—under mul-
tiple variations in the machining parameters representative of realistic operating conditions.
The GA-FOPID controller maintained the lowest mean RMS displacement (12.29 µm),
the highest average suppression (91.83%), and the lowest 90th-percentile RMS (14.81 µm)
across all configurations (with the lowest coefficient of variation being achieved by the
GA-PID controller, cf. Table 15), demonstrating its low sensitivity to realistic operational
variations without re-tuning. Two structural properties of the design contribute to this
behavior: the fractional orders (λ, µ) provide additional phase-shaping flexibility, reduc-
ing the sensitivity of the closed-loop response to moderate loop-gain variations; and the
control-effort penalty EA in the objective function steers the genetic algorithm away from
fragile, high-authority solutions.

The simulations are indeed performed in a noise-free environment: no noise-rejection
claim is made. However, the implemented control law is structurally favorable in this
respect: the noise-to-actuator transfer function C(s)S(s) is band-limited by construction,
since the differentiation order is fractional (µ = 0.71 < 1), and the Oustaloup realization
saturates the derivative gain above ωh = 105 rad/s, which is expected to reduce high-
frequency noise amplification compared with an ideal integer-order derivative.

However, some limitations should be taken into account. The results presented in this
study are based on numerical simulations and therefore should be interpreted as suggestive
evidence rather than definitive experimental validation. Experimental implementation
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under realistic machining conditions will constitute the next stage of this research. Overall,
the findings suggest that using a GA-FOPID controller is a good way to reduce vibra-
tions caused by chatter in a milling system with unknown variables and regenerative
delay effects.

6. Conclusions
This study presents an active vibration control strategy via an optimized FOPID

controller using a Genetic Algorithm for a milling process of a flexible workpiece. The
construction of the machining system is accomplished through an Euler–Bernoulli beam
theory representation of the workpiece, with a regenerative, delay-dependent cutting
force during a milling operation. By taking advantage of the additional tuning flexibility
afforded by the fractional-order PID controller, it is possible to provide new opportunities
for enhancing the closed-loop stability and improving robustness against regenerative
vibrations as well as process dynamic uncertainties.

It also details the use of a Genetic Algorithm (GA) to fine-tune a PID and a FOPID
controller for active vibration control (AVC) of flexible beams during machining operations.
The research began with an initial dynamic model describing the cutting process and
eventually generated a structural model that was used as a plant for implementing both
classic and fractional-order PID controllers. The AVC was used to reduce undesirable
oscillations of the structure while increasing machining stability. The performance of both
controllers was then compared.

The results of the numerical simulations showed that the GA-FOPID controller outper-
formed the classic PID, FOPID and GA-PID in terms of vibration damping. The proposed
GA-FOPID controller exhibited considerably lower vibration amplitudes and resulted in
better dynamic stability of the milling system. The results of the stability-lobe analysis
also indicated that the stable machining area had increased substantially, thereby clearly
indicating that there was an increase in both the critical depth of cut and machining stability
limits. At the representative spindle speed of 1500 rpm, two modeling levels are reported
and must be distinguished. Under the single-mode approximation, adopted throughout
this study and used for the like-for-like comparison of the five configurations, the critical
axial depth of cut increases from 0.061 mm in open loop to 0.52 mm under GA-FOPID
control. Using the three-mode structural model, the same boundary moves from 0.023 mm
to 0.57 mm. Inclusion of the second and third bending modes thus lowers the uncontrolled
boundary appreciably at this operating point while raising the controlled one slightly. The
single-mode result quoted above is therefore a conservative estimate of the benefit of the
controller and should not be read as a modeling-independent result; the three-mode values
are the ones that describe the full structural model at this operating point. Therefore, it
can be concluded that the proposed GA-FOPID controller improves the predicted chatter
suppression and dynamic stability of the milling process, which could ultimately benefit its
overall production capability, although productivity itself was not evaluated in this study.

Results from this research indicated that using a GA to derive a FOPID controller offers
a new and effective means of reducing chatter in milling systems subject to regenerative in-
stability. The proposed controller offers greater potential than the other controllers studied.

It is important to note that all results presented here are based on numerical simulations
performed using the developed analytical model and should be interpreted as numerical
predictions. While the obtained results demonstrate the effectiveness of the proposed
control approach, experimental validation is required to determine its applicability under
real milling conditions. Therefore, the primary objective of future work is to implement
the proposed methodology on an instrumented milling testbed and directly compare
the simulated and experimental results. From an industrial perspective, it should be
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noted that the GA-FOPID method provides a systematic and reproducible framework for
tuning active vibration control in flexible milling processes, which is especially relevant
to aerospace and high-precision manufacturing, as effective chatter suppression leads to
surface quality improvement.

As future work, the proposed control strategy will be experimentally validated on
the flexible milling testbed. A comprehensive Monte Carlo analysis will be employed to
determine the robustness of the proposed controller under the investigated machining
conditions and cutting-force coefficients, as well as to investigate sensor-noise effects. Such
analyses will give a statistical comparison of the controller performance under realistic
parameter changes and emphasize its industrial applicability. In addition, hybrid opti-
mization methods combining Genetic Algorithm and machine learning will be explored to
reduce the computational burden without losing robustness. For instance, an artificial neu-
ral network can be trained by GA-optimized solutions to rapidly tune the controller, while
reinforcement learning can help adjust the controller gains in real time under changing
milling conditions.
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Abbreviations
The following abbreviations are used in this manuscript.

ap Depth of cut
ap_max Maximum critical depth
ap_min Minimum critical depth
αyy averaged directional milling coefficient
Cs Capacitance per unit area of the PZT sensor
C(s) controller transfer function
d31 Piezoelectric strain constant
δ Dirac function
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EA PZT actuator’s Young’s modulus
ξi Damping coefficient
FOPID Fractional-order Proportional-Integral-Derivative controller
gj engagement function
fs Frequency of samples
fz Feed per tooth
Fc Cutting forces
Frj Radial cutting force
Ftj Tangential cutting force
Fy Tangential force
Fxx effect of x vibration on force in x direction
Fxy effect of y vibration on force in x direction
Fyx effect of x vibration on force in y direction
Fyy effect of y vibration on force in y direction
FC

reg regenerative cutting force
Φst Immersion angles at entry
Φex Immersion angles at exit
Φj Radial immersion
Φi(x) Normalized orthogonal mode shape
Φi(xF) ith mode shape at the beam tip
GA Genetic algorithm

GA-PID
Proportional integrator derivative controller tuned with genetic
algorithm

GA-FOPID
Fractional-order Proportional integrator derivative controller tuned with
genetic algorithm

Gd(s) Actuator-voltage-to-sensor-voltage transfer function
Gf(s) Cutting-force-to-sensor-voltage transfer function
Gy(s) open-loop mechanical disturbance receptance
GyA(s) actuation receptance
Gy,CL(s) closed-loop mechanical receptance
hj Chip thickness
Hs(s) sensor transfer function
IB Beam’s moment of inertia
Ieq Equivalent moment of inertia of both the beam and the PZT patches
KA Constant related to the actuator
kre, kte Edge constants
Krc Radial cutting coefficient
Ktc Tangential cutting coefficient
KS Constant related to the sensor
Kp Proportional gain
KI Integral gain
KD Derivative gain
λ fractional order of the integrator
µ fractional order of the differentiator
MA Bending moment
N Spindle speed
Ns Number of samples

ηi(t)
Generalized displacement related to the normalized orthogonal mode
shape

PID Proportional-integral-derivative
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VA Actuator voltage
VD Desired sensor voltage
σ Transient growth rate
S(s) Sensitivity function
T(s) Complementary sensitivity function
T Signal spectral duration
τ time delay
w(x,t) Beam’s transverse displacement
w1 Weight assigned to ITAE
w2 Weight assigned to ISE
w3 Weight assigned to actuator effort
Ωi Natural frequency related to the ith mode
xF Milling force application position
Z Number of cutter teeth

Appendix A

Table A1. Comparison of the present study with representative prior works on active suppression of
regenerative chatter in milling.

Reference Controller
Type

Optimization/
Tuning Method

Application/
Machining Model

Regenerative
Delay
Included

Verification/
Validation
Method

Key Findings

[6] LQR ANFIS
(neuro-fuzzy) milling chatter Yes experimental

Chatter suppression is improved
with intelligent tuning compared
to manual LQR

[7] µ-synthesis Model-based
(H∞-type) Milling chatter Yes Experimental Robust suppression under varying

machining conditions

[8] PD/PID +
Type-2 Fuzzy

Fuzzy-logic
compensation Milling chatter Yes Experimental

PID performance is improved
under nonlinearities with Fuzzy
compensation

[9] FOPID Manual/
analytical

Euler–Bernoulli
beam vibration No Numerical FOPID improves attenuation

better than integer-order PID

[12] Time-delay
feedback N/A Milling chatter Yes Numerical/

Experimental
Delayed feedback reduces the
regenerative effect explicitly

[13]
FOPID-type +
spindle
variation

Manual Turning chatter Yes Numerical Combined speed variation and FO
control improves stability

[14] ADRC-FOPID PSO
Milling chatter
(electromagnetic
actuator)

Yes Numerical 68.5% RMS reduction; enlarged
SLD boundaries

[15] FOPID Jellyfish Search
Optimizer

Paper-machine
headbox
(non-machining)

No Numerical Metaheuristic tuning outperforms
conventional FOPID tuning

[18] LQR Manual
Wind turbine
blade (PZT
actuated)

No Numerical
PZT associated with LQR reduces
transverse vibration and bending
deformation

Present
study PID & FOPID Genetic

Algorithm

Milling chatter,
flexible cantilever
workpiece,
collocated PZT

Yes Numerical

GA-FOPID reduces RMS by
92.7% and increases ap,crit(1500)
from 0.061 to 0.52 mm under the
single-mode approximation;
0.023 → 0.57 mm with the
three-mode model
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Appendix B Algorithmic Summary of the Numerical Framework

Algorithm A1: Closed-loop time-domain simulation (Sections 2 and 4.1)

(1) Inputs: modal parameters (Section 2.3), machining parameters (Table 3), beam and
PZT data (Tables 4 and 5), controller structure and gains (Tables 6 and 10).

(2) Initialize all modal states to rest and fill the regenerative delay buffer (length τ/Ts)
with zeros.

(3) At every fixed step Ts = 10−6 s: compute the angular position of each tooth
(Equation (5)) and its engagement (Equation (4)); evaluate the instantaneous chip
thickness from the feed per tooth and the regenerative term y(t) − y(t − τ)
(Equation (6)); assemble the cutting force (Equations (8)–(10) and (15)); evaluate
the controller output from the sensor voltage (Equation (31) or Equation (39) with
the Oustaloup realization of Equation (66)) and apply the ±200 V actuator
saturation; advance the modal equations (Equation (22)) with the fixed-step ode4
solver; update the sensor voltage (Equation (27)); push y(t) into the delay buffer.

(4) After 10 s of simulated time, compute the performance metrics: steady-state RMS
displacement (first 2 s excluded), actuator-voltage statistics (Table 11), FFT and
FRF (Section 4.4).

Algorithm A2: Genetic-algorithm optimization (Section 3.3.2)

(1) Set the GA parameters of Table 7 and the search bounds of Table 9.
(2) For every chromosome [KP, KI, KD, λ, µ]: realize the fractional operators using the

fifth-order Oustaloup approximation (Equation (66)); run Algorithm A1; evaluate
the composite objective function of Equations (62)–(64) in the dimensionally
explicit form of Equation (65).

(3) Apply stochastic-uniform selection, scattered crossover (fraction 0.8),
adaptive-feasible mutation and elitism (3 individuals).

(4) Stop after 25 generations or 10 stall generations; return the best chromosome.
(5) Repeat for 10 fixed seeds and report the statistics of Table 8.

Algorithm A3: Stability-lobe construction (Section 4.5)

Follow Steps 1–6 of Section 4.5:

• average the directional milling coefficients over the engagement arc (Step 1);
• sweep the chatter frequency around the dominant mode with a 0.01 Hz increment

(Step 2);
• for every admissible chatter frequency, compute the candidate depth of cut from

Equation (16), in which the averaged directional coefficient αyy = 0.182 is included
and the spindle speeds from Equation (17) for lobe numbers k = 0–24 (Step 3);

• discard non-positive depths (Step 4);
• construct the lower envelope on a 1 rpm grid (Step 5);
• repeat identically for every controller configuration (Step 6).
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