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Abstract

This study tackles a fourth-order inverse problem involving a cantilever beam with nonlocal
conditions to simultaneously calculate the beam’s displacement and an unknown time-
dependent coefficient. A finite difference approach is suggested to discretize the hyperbolic
fourth-order equation. A stability analysis for the proposed scheme is also provided. The
indirect problem is the minimization of the misfit function. The goal of the minimization
algorithm is to reduce the gap between the measured (noisy) data and the numerical com-
puted solution provided by the model. To achieve stable results, Tikhonov’s regularization
technique is employed, and two numerical test examples are shown to illustrate the sug-
gested scheme’s reliability. The unknown potential terms are successfully reconstructed,
and stability and accuracy are maintained even in the presence of noise following the
application of the Tikhonov regularization method. A trial-and-error strategy and the
L-curve method are employed to obtain the optimal value for the regularization parameter.

Keywords: finite difference method (FDM); Tikhonov’s regularization method; Von
Neumann stability; hyperbolic inverse problem; beam equation

1. Background

In mathematics, a partial differential equation (PDE) involves a multivariable function
and one or more of its partial derivatives. PDEs play a vital role in many science- and
knowledge-related applications, linking mathematics to other subjects such as physics,
chemistry, biology, etc. In the fields of engineering design, construction and medicine, for
example, high-speed computers have greatly influenced the development of numerical
methods for solving PDEs, allowing them to be advanced and modernized to a greater
extent than other analytical methods. PDE analyses primarily focus on the behavior and
characteristics of PDE solutions [1-4].

A direct problem (DP) is a mathematical or physical problem that involves calculating
results or outputs based on specific data or preliminary conditions; in other words, the
solution involves predicting the effects based on a complete description of their causes. This
concept is used in many fields, such as engineering, physics, and applied mathematics, in
which differential equations or other mathematical models are commonly used to describe
the relationship between inputs and results [5-7].

Inverse problems (IPs) occur in many aspects of human life, including biology,
medicine, mineral mining, seismology, and industrial product quality control, which are
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expressed in modern mathematical problems. Many of the aforementioned applications are
modeled with PDEs. It is possible to find solutions to determine the system’s behavior once
the values or conditions have been defined [8,9]. Some of the necessary input data include
boundary and initial conditions, the geometry of the solution domain, and forcing terms. It
will be impossible to determine the behavior of the physical systems based on incomplete
input data. Nevertheless, certain outputs can be quantified through experimental methods,
and this information can be employed to infer the absent input data alongside the known
input data. This is recognized as an IP. However, these are typically ill-posed and exhibit
instability. This suggests that even minor modifications to the input data can result in
significant variations in the output solution [10,11].

The fundamental theory and analysis of IPs were developed in the foundational
works of Tikhonov [12], Ivanov [13], Lavrentiev et al. [14], and others. Additionally, many
other authors have examined the hyperbolic equation under the overspecified general
integral type condition [15]. Hussein and Lesnic [16] examined the wave inverse problem
using the FDM with Tikhonov regularization. Using the separation of variables, in [17],
Shilan and other researchers used FDM to solve wave and hyperbolic equations under
different conditions. The authors examined an IP to determine an unknown term in
fourth-order PDEs, as shown in [18]. In ref. [19,20], the authors investigated IPs aimed at
determining unknown coefficients within second-order hyperbolic equations. The authors
established a time-domain FDM to simulate bending wave propagation in infinite beams
resting on an elastic foundation [21]. In ref. [22,23], approximate methods are proposed for
addressing direct and IPs associated with the inhomogeneous Bernoulli-Euler equation
that describes beam vibrations. In ref. [24,25], the authors solved an IP that involved
reconstructing the time-dependent coefficient in a one-dimensional hyperbolic equation. In
ref. [26], Anatoly and Alexander utilized the fast Fourier transform to address the wave
equation with integral data. In ref. [27], the anisotropic elastic half-space surface wave
propagation problem was solved using the Laplace domain boundary element method.
In ref. [28,29], researchers used FDM with the separation-of-variables approach to solve
wave and hyperbolic equations under various conditions. Mehraliyev and Huseynova [30]
investigated the solvability of the IP associated with the fourth-order pseudo-hyperbolic
equation, incorporating an uncertain time-dependent coefficient. In reference [31], the
conditions for unique solvability for the inverse problem solution were given for the
fourth-order hyperbolic equation in order to determine the lowest term coefficient.

Recently, this research area has attracted specific attention regarding a fourth-order
linear differential equation. It describes the transverse vibrations of a homogeneous beam
influenced by an external force and excludes rotational motion during bending [32,33]. In
Ref. [34], the researchers established the existence and uniqueness of the fourth order of
the inverse boundary value problem.

In this paper, we present a numerical method to solve the fourth-order IP associ-
ated with the equation of forced vibrations of a cantilever beam subject to integral type
conditions and the Neumann condition, as described in Section 2. Section 3 presents the
investigated IPs discretized using the FDM to solve the (nonlocal) direct problem. An itera-
tive optimization algorithm based on the trust-region-reflective method encoded within
the Isgnonlin routine in MATLAB’s optimization toolbox [35] is employed to address the
IP and described in Section 4. The algorithm aims to reduce the discrepancy between
the model-generated result and the observed data. We employ Tikhonov’s regularization
methods to stabilize the solution of the IP. The numerical findings and reconstructions of
unknown coefficients are discussed in Section 5. Finally, the conclusions and suggestions
for future work are outlined in Section 6.
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2. Mathematical Setting of IP

Let Dr :={0 < x <1, 0 < T < T} be a rectangular domain. We examine the following
IP: identify a pair of functions (w(x, T), a( 7)) that fulfill the one-dimensional forced
vibration equation for a cantilever beam.

wr(X, T) + @ wx (X, T) =a( Dw(x, 7)+G(x, 1) (1)
under the assumption of nonlocal initial conditions,

1,

w(x,0)=¢0)+h(x), 0<xs< ®
w(x0)=¢(x) +Lx), 0=x=<1
where I, (x) = fOT po(T)u(x, T)dt, for o =1,2.
Neumann boundary conditions
wy(0, T) = wy(1, T) = wyy(0, 7) =0, 0 T<T, 3)
with nonlocal integral conditions
1
/ w(xT)dx =0, 0<t<T, 4)
0
and the extra data condition is given by
w(0, T) =h( 1), 0< T<T, o)

where « > 0 is a known number and is related to some of the physical properties of the
beam, such as the Young’s modulus and moment of inertia [34].

Equations (1)—(5) are called IPs. G, ¢, ¥, p;( T), (v =1,2) and (1) are the provided
functions. In physical applications, the term represents various phenomena. It might be
considered as a force or damping/amplifying force change with time. w (), T) represent
the wave transverse displacement of the beam at a specific position along its length and at
a specific time. The unique solvability of the aforementioned IP was investigated in [34].

In standard direct problemes, classical local initial conditions (as described in (2)) are
sufficient for a well-posed system. However, in the scope of inverse problems (IPs) where
source terms or coefficients like a(T) are unknown, classical initial conditions can lead to ill-
posedness or fail to guarantee a unique solvability of the IP. The nonlocal initial conditions,
which incorporate the integral terms I (x) and L (x) over the specific time interval, provide
a regularization/stabilization effect. They link the initial state to the temporal evolution
of the system, ensuring better stability and uniqueness when recovering the unknown
time-dependent parameter a(7) [4].

Physically, these conditions describe systems exhibiting “memory effects” or closed-
loop feedback mechanisms. For a cantilever beam, especially in smart structures (e.g.,
those equipped with piezoelectric sensors and actuators), the initial displacement and
velocity are not merely independent static states. Instead, they are influenced by a feedback
control system that monitors the beam’s vibration over the time period T. The integrals
I (x) and I (x) represent time-averaged observations. This models scenarios where precise
instantaneous initial measurements are impossible due to sensor latency, and the initial
state must instead be inferred from time-averaged sensor data weighted by the kernels
p1(7) and pa(7).

Condition (4) ensures that the net spatial average of the beam’s transverse displace-
ment is zero at any given time 7. Physically, this represents a structural or environmental
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constraint in which the area displaced in the positive direction is exactly equal to the area
displaced in the negative direction [33].

Definition 1. The classical solution to the inverse boundary value problem (1)—(5) involves the pair
{w(x, 7), a(t)} and the function w(x, 7)€ 64'2(DT) and a(t) € C[0, T| that satisfy Equation (1)
in D, condition (2) in [0,1], and conditions (3)—(5) in [0, T|, where

C*(Dr) = {w(x 7): w(x 7) € CAD) ,wyn(x T) € C(Dr) |-

Theorem 1. Assume that G(x, T) € C(DT) o(x), v(x) € C[0,1],p:(T) € C[0,T], (t =1,2),

h(T) € C?0,T], h(t)#0, fo T)dx = 0 for (0 < 7 < T), and the compatibility
conditions
1 1
| ewax=0 [ yinix=o, ©)
T T
0+ [ e@h@dr=h0), 9O+ [ p@r@dT=H0), @

hold. Then the following assertions are valid:

1. Each classical solution {w(x, 7),a(t)} to problems (1)-(5) is a solution to problems
(1)-@), (6), and (7).

2. Each solution {w(x, T),a(7)} to the problem (1)-(3), (6), (7) is a classical solution to
problems (1)-(5). If

T
(T2 lem + I (@llcor + 5 Il ) T <1 ®

Theorem 2. Let us assume that the data of inverse problem (1)—(3) and (6)—(7) satisfy the
following conditions:

L g(x) € CY0,1], " (x) € L2(0,1) and ¢'(0) = ¢/(1) = ¢" (0) = ¢ (1) =0.
2. #K)GCqOLwﬁﬂeLﬂQUﬁﬂwx) ¥'(1) =0.
3. G 1), Gx(x 1), Gix (X, T) € C(DT)/GXXX(X/ 7) € La(Dr), Gx(0,7) = Gy(1,7) =

0,(0<T<T).
4. w>0,p:(7) €Cl0,T](i =1,2),h(T) € C2[0,T],h(T) #0,(0< T<T),

and
(B(T)(A(T)+2)+C(T))(A(T)+2) < 1.
and
fo dX—O 0<T<T), fo cv( Jdx =0, fo x)dx =0
+fo p1(T)h(T)dT = () 0)+ fy p2(T)h(t )dT*h’()
Then, the problem (1)-(7) has a wunique classical solution in the ball

K= KR<HZ||E% <R<A(T)+ 2) of the space E3 only, where
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A(T) = A1(T) + Ax(T),
B(T) = B1(T) + Bo(T),
C(T) = C(T) + Co(T)

|

AUT) = 1000 1,01 + TIPGO l1a01) + TVTIG G Tlly(og) + V6|0 (1)

7

LZ(O,l)
6
00,0+ Y S TIG 0 Doy
By(T) = ( f)T
6
Cu(T) = TA+VO)llor (Do + T(” f) le2(D) o,
-1 1" oo 1/2
Ar(T) = || ()] Ml o,z LI (r)—c;(o,r)||c[0ﬂ+(zk:1 ) H(p 0ot

VA, o)+ VaTI Gk (e Dl o)

Co(T) = | (D™ o (ki Ak‘z) 2T (wllor ()l cpomy + Valle2 (Pl )
Proof. See [34]. [

3. Discretization of the DP (1)-(4)

Consider that the direct (forward) problem includes the governing Equations (1)—(4)
and the desired output data (5). The only unknown quantity in this DP that needs to
be determined is w (), T), while all remaining quantities are provided. Equation (1) is
discretized using the following FDM form: choose two positive integer numbers M, N > 0
and define Ay = %, AT = % Also denote the w(xi, Tn) = win, G(Xi, Tn) = Gin,
d; = &(xi), ¥i = P(xi), where the space node is x; = Ay, and time node
T, =nAti =0,1,...,M,n = 0,1,2,...,N. Utilizing Crank-Nicolson FDM [36], Equa-
tion (1) is discretized as follows:

W 1~ 2We W 1

(A1)
- Wi2,n41 ~4Wip 1041 H0Wi 1 —4 Wi 1int1 W2 041
2(ap)* )
4 Did2a 74wi“’"+6wi’"474 Wit Wian | %[Can)i,n + Gin + App1wi i1
2(Ax)
+Gi,n+l]
w(x:,0) = d(xi) + I (xi) (10)
W1 — Wy,—1
wr(xi,0) = LZT =9(xi) + L(x:) (11)
Wy, — W_
WM+1,n — WM-1,n
1,t,) = : ~ =0 (13)
(1.t) -
n—2 nt2w_ n—W-2n __
Wy (0, tn) = =2 w]’2(A;cl)}3 i =, (14)

forv=0,1,....M. n=0,1,....,N.
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Furthermore, the integral condition described in (4) is approximated using the trape-
zoidal rule, yielding the following discrete form:

A M-1
TX wOn"‘an‘i‘zA win| =0,

t=1 (15)
n=20,1,...,N,
Also, the integrals in (7) and (8) are approximated as
AT N-1
Li(xi) = == Pr(®)wio + p1(Tn)win +2 Y p1(T)win ¢,
n=1
and
Ar N-1
L(xi) = 2{P2( To)wio + p2( TN)win +2 Zl p2( Tn)wm},
n=
fort =0,1,...., M.
Equation (9) can be regrouped in a difference equation of the form
%wifz,nJrl =20 wi 1+ 1+ A1) wing1 — 20 Wiy ng1 + %wi+2,n+1
= _%wifln + ZC Wi—1,n + (2 - An)wi,n + ZC Wi+1,n (16)
2
i w1+ (AZT) (Ging1 + Gl
where
2
“(AT) 3a(AT)?  (AT)?
é = T 4/ A}’l = 4 - 2 n,
(Ax) (Ax)

since the FDM scheme is two-time layer, we need to elaborate on the initial and boundary
conditions in order to handle some points located outside the computational domain, as
we will explain below.

For ¢ = 0 and n = 0, using conditions (11), (12), and (14) in Equation (16) will take the
following form:

(24 Ap)wo1 — 4L w11+ wy, .
=2- AO)WO,O +40 w10 — G Wy + (AZT) [GO,l + Go[o] + 2A Tl,b()(o) (17)
+2AT Iz (X())

For ¢ = M —1 and n = 0, using condition (14) in Equation (16), we have

gwM—a,l —2Cwpm_21+ (2 + A1+ %)wM—l,l =20 wpma
= —Swm_s0 +20 wp_o0+ (2 — A — %)wal,O + 20 wamp (18)
2
875 [Gm-1,1 + Gum—1,0] + 28T¢(xXpm—1) +2AT b(Xm-1)-
For ¢ = M and n = 0, we use the approximated version of the condition (4) via
Formula (15).

A more practical way to express Equations (16)—(18) can be represented in the

matrix form
Lo = E0© 4+ 7. (19)
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where L, E are matrices given by

2+ A —47 z 0 .. 0 0
20 2+5+A 20§ 0 0 0
¢ -2 2+4A -2 % 0 0
0 s 20 24+ A -2 5 0
L . . N ,
0 0 ¢ —20 24 A —27 ¢
0 0 ¢ —20 2+5+A -2
1 2 2 2 2 2 1 (M+1)x(M+1)
2— Ag a7 - 0 .. 0 0
20 2-5-Ay 24 -5 0 0 0
—4 27 2—Ay 2 —4 0 0
0 —4 20 2-Ay 2 —4 0
E_ . . . ’
0 0 —4 20 2- A 27 —4
0 0 0 -5 20 2-5-Ay 2
0 0 0 0 0 0 0 ) (st waisn)
2A T(x0) + 207 L(x0) + [601 + Goy]
28T p(x) + 2 T) [Gll + G1,0]
Z= : ,
20 TP (xm-2) + (Azr)z [Gm—2,1 + Gm—20]
20 TYP(xm-1) + 20T b(xm-1) + (AZT)Z [Gm-11 + Gm-10]
0 (M+1)x1
0 —

where v (U}O,O/wl,O/ cee .,wM,O),vl = (woll,wlll, ce er,l)'
In the same manner, for the rest of time, ¢ = 0 and is substituted forn = 1,2,....,N, so
in (16) we have the following equation:

(1+ A2)wour1 — 40 wing1 + Wy .
= (2= AD)won +40win — L way + B [Gonir + Goal  (20)

—wWo,n-1-

Also, for v = M — 1, we have

%wM—B,n+l =20 wy—2nt1 + (1 + A2)wp—1n41 — 20 Wit + %wM+1,n+1
= _%wa’jn +20 wr20 + (2 — A)ws—1,n + 20 Wty — %wM+1,n (21)
A
+( Gk [GM-1,n41 + GM-10] — WM-_1,n-1-

Finally, Equations (17) and (18) can be expressed in the following linear algebraic system:

Lot = 1,00 4 7, + ut=1), (22)
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1+ A, —47 e 0 e 0 0
20 1+5+A -2 ¢ 0 0 0
¢ 27 1+A -2 ¢ 0 0
0 ¢ 20 14+ A -2 ¢ 0
L = ’ N
0 0 ¢ —20 1+ Ay -2 ¢
0 0 0 ¢ —20 145+ A -2
1 2 2 A o = 1 (M+1)x (M+1)
2— A, 47 —C 0 . 0 0
20 2-5-4A, 2 —4 0 0 0
—4 27 2—A, 2 —4 0 0
0 -4 20 2-Ayn 2 -5 0
L=| ,
_& _ _&
0 0 3 2C 2— A, 20 3
: : : _.5 : ) 5._ :
0 0 0 3 27 2—-3—-A; 20
0 0 0 0 0 0 0 (M+1)x(M+1)
2
—won-1 (Azr) Z[GO,nH + Gon
—W1n-1 (AZT) [Gl,n+1 + Gl,n]
ui-1 = , 71 = . :
—WM-2,n-1 (AZT) [GM—2,n+1 + GM—2,1]
_ 2
wMgl'n71 (AZT) [GM-1,n+1 + GM—1,1]
(M+1)x1 0 (M+1)x1
It is worth mentioning that we solved the above system numerically using the Gauss
elimination method.
3.1. Stability Analysis for the Solution to the Direct Problem
We utilize the Von Neumann method [36-38] to show the stability of Scheme (16). Let
the solution to Equations (17) and (19) be denoted by w, while w is the solution of the
perturbed data.
Defining the error E = w — w, E, = Wy —w = (eon, €1, ---6Mn), 1€, €n =
Wiy —winm=01,..,Mn=0,1,....,N, and supposing the local constant a,, = a at
a known level in (16) where 7 = Max.¢o7) ‘a(’r) , we get
%em72,n+l —-27 em-1n+1 T (1 + A) em,n+1 — 27 em+1n+1 T %em+2,n+1.
~ (23)
= _%em—Z,n +27 em—1n + (2 - A> emn + 2¢ Cm+1n — %€m+2,m—€m,n71,
where,
- a(AT)? 5 3a(a )0 (A1)~
(Ax)* (Ax)* 2
Now, assume that
emn = s"e'™Ke (24)
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where 0§ = @ Ay is the phase angle, where @ = 2W” a, Ax is the space step length, and
K = +/—1 and s represent the amplification factor. Now, substituting the above Equa-
tion (24) into Equation (23), we get

%Sn+1eK9(m72) 07 g K1) 4 (1 4 Z)Snﬂemm — 2 st pKo(mt1)
_,’_%SnJrleKG(erZ)

N (25)
_ _%SneKG(m72) +27 g Ko(m—1) + (2 _ A)SnemKQ +27 g1 pKO(m+1)
_ %SneKe(mH)anemKe

Then, expanding on the terms in (25), after simple manipulation, we obtain

Bis” + Bos + B3 =0, (26)

where
(A7) ~
2 7

2
B2 = —Ccos26 +4fcos6 — 30 + 2+ @E,

B1 = Ccos20 —4CcosO +3C +1—

using the transformation s = %%Z in Equation (26), we require

(B1+ B2+ B3)9” +2(B1 — B3)q + (B — P2+ B3) =0 (27)

Now, according to the Routh-Hurwitz criteria, system (20) will be stable if the coeffi-
cients of (20) hold:
B1+pB2+B3>0,
,31 — 133 >0, (28)
B1—pB2+p3>0,

By reducing the terms and using the values of 31, 8>, and B3, we obtain

B1+pB2+pBs=4 (29)

2
B1 — B3 =20 (cosf — 1)> — (AZT) 7 >0 (30)
B1 — Ba+ B3 = 47 (cosf — 1) >0 (31)

It is shown by (29) that 81 4+ B2 + B3 > 0 and from (30) and (31), we get 1 — B3 > 0, if
4( (cosf — 1)2 > (A 1)2; B1 — B2+ B3 > 0. Then, the discretized system (23) is uncondi-
tionally stable.

Now, we must prove the convergent of the proposed scheme. Consider the Euclidean

norm of the perturbation error ||E, ||, = hY ;] ei,n|§ [39]. Therefore, we can write the
stability condition as follows:

[Enlly < [ En-1ll2 n=0,1,....,N, (32)
Equation (32) implies that || En Il < |l EO || »; therefore, Equation (16) can be rewritten as

Liw() = Law(u-1)

https://doi.org/10.3390/mca31040132
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and we have En = Ll_legn_l, by considering (32),
1L Lo Eyalla < [ Enca o (33)
and (29)—(31) is unconditionally stable and equivalently
L' Lo, < 1.

The operator L1 ! L, is a non-expansive.
Now, Equation (23) approximates the governing equation with local truncation error
R, at time T, satisfying
| Rall, = O( (A7) + (a0)*). (34)

Soif (R, — 0) that means R, tends to zero and Scheme (16) is consistent [36].
Now, define e, = w, — wy, where w, w are the exact and numerical solution, respec-
tively, then we have
Liey = Lye,—1 + Ry, (35)

Then, we multiply Equation (35) by L; ! and take the norm for the resulting equation; thus,
we obtain
lenll < 1L~ Lo en-allo + [ Li~ {12 ]| Rull (36)

since Ly ! Ly, is non-expansive, from Equation (36), we obtain

lenlly < Il en—1ll2 + IILa " [l 2l Rull2, (37)

Thus, by mathematical induction, we have
1 n
leall2 < || L7, X IRl (39)
k=1

So the inequality shows that if H L7t H ) for Equation (16) is bounded then the error
e, — 0, which means the proposed method is convergent.

3.2. Example for the DP

With T =1, « = 0.0001, p; = p2 = 0, we examine the direct problems (1)—(4), with the
following input data:

¢(x) = cos (2mx), $(x) = cos (2mx), x €1[0,1],
G(x, T) =€ (09 —-0.1%71) cos(mx), (x, 7)€ Qr,

And the potential term

1
a(t) = %, Te[0,T].

The perfect solution for this example is
w(x, T) = e‘cos y, (X, 1) €Qr
and the required data is
w(0, ) =h(t)=¢", T e[0T
By substituting it into the governing equation, the proposed solution can be verified.

The precise and numerical solution for w(y, 7), with grid size M = N = 60, is shown

https://doi.org/10.3390/mca31040132
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in Figure 1, with the absolute error graph showing very good precision of approximately
O(107%) magnitude (see the results in the right-side plot). Excellent agreement is also
found when comparing the computationally necessary data with the analytical information
for w (0, T) and for « = 0.0001 in Figure 2.

Exact solution Approximate solution Absolut Error
107?
3 a, 7,
2 2
1 1]

exact
.ﬁl
"‘M .
wiyT)
\'x
Absolut error

2 2
=] =]
b
1 1
1 1
05 as
05 05
x x
0 g t LA | t

Figure 1. Precise and estimated solutions for the transverse displacement w(x, T), together with the
absolute error with the grid size M = N = 60.
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T
Figure 2. The exact solution and computational curve for desired output w (0, 7).

4. Numerical Method for Solving the IP (1)-(5)

The objective of this section is to address the solution to the IP. To determine sta-
ble reconstructions for the unknown coefficient a(t) in conjunction with the transverse
displacement, w (), 7), such that Equations (1)—(5) are satisfied. Nevertheless, due to the
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ill-posed characteristics of the IP, the solution exhibits considerable sensitivity to noise; thus,
minor flaws in the input data may result in substantial errors in the solution. Consequently,
the Tikhonov regularization approach is used to provide an accurate and stable solution;
refer to [40,41] for further details. According to condition (5), the Tikhonov regularization
functional is formulated as follows:

K(a) = [[w(0, ) = h(7)|* +dlla( )|, (39)
and the approximate formula is given by

K(a) =Y | (w(0, T) — h( ) +9Y | 2, (40)

where ¥ > 0 is the regularization parameter. The MATLAB optimization toolbox function
Isqnonlin minimizes the objective function (39) from the initial guess, and we attempt to
solve the nonlinear least squares curve fitting problem using this method. The potential
term a(7) has lower and upper bounds of 10~2 and 102, respectively.

A numerical simulation of the noisy (perturbed) data is established as

|h° — h| < 6. (41)

The perturbation term ¢ is an independent normally distributed random variable
with a mean of zero and a standard deviation ¢. This standard deviation is defined
proportionally to the maximum amplitude of the exact data.

o=7pX h(T)|, 42
px max |h(7)] (42)
where p represents the designated noise level ratio. Computationally, the random noise
vector & = (Jy, ..., (5N)T is generated using MATLAB® R2023a normal random number
generator as follows:
0 =normrnd(0,c, N).

5. Numerical Outputs and Discussion

The root means square error (rmse) is anticipated to test the precise computational
outputs obtained by the Tikhonov regularization process, according to the following
expression:

1Y ical t( 1)
rmse(a) _ N 2 (anumenca (Tn) _ gexac (Tn)) (43)

n=1
Example 1: Recovery of Smooth Potential Term

Examine the IP (1)-(5) with T = 1 and & = 0.0001, along with the subsequent given
data.

p(x) = — S () = Sy e o,1],

G(x,7) = e V*Tcos(2my) | —0.155855 — : L T 4y Heos(4nT)|, (X, T) €Qr,
4( t+1)2
h(t) = —evVit T, Te[0,T].

The solution’s uniqueness is guaranteed by the fulfillment of the requirements outlined
in [34]. The precise solution for this example is provided below:

-1+ T

w(x, T) = —e cos (2mx) (x, 1)eQr, a(t)=cos(4mt), 7T€[0,T], (44

https://doi.org/10.3390/mca31040132
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The preliminary estimate was adopted as a(0) = 1.Itis straightforward to demonstrate
that the given information fulfills the conditions specified in [34], guaranteeing a unique
solution to IPs (1)—(5). The computational solution without noise is discussed for p = 0,
meaning that (42) has no noise. Table 1 shows that there is strong agreement between
the analytical and approximation solutions for the coefficient a(7) obtained with diverse
values of M and N. Figure 3 plots the associated results for this case, showing excellent
agreement. Figure 4 illustrates the objective function (40), and a decelerating convergence
is observed, as a stationary value of approximately O(10~!!) is obtained after no more
than 10 iterations.

Table 1. The numerical and precise values for the intended output a(7) compared at different time
nodes with grid sizes M = N = {10, 20,40,60,80}, with® = 0,p = 0.

T 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
M=N=10 03130 —-0.7649 —0.8153 0.3395 0.9961 03260 —0.8125 —0.8046 0.3193
M=N=20 03504 —-0.7730 —-0.7974 03143 1.0075 0.3148 —0.8060 —0.8025 0.3122
M =N =40 03438 —0.7941 —-0.8003 0.3139 1.0024 03138 —0.8068 —0.8074 0.3108
M =N =60 0.3320 —0.8022 —0.8087  0.3129 1.0039 03096 —0.8051 —0.8073 0.3081
M=N =280 0.3090 —0.8090 —0.8090  0.3090 1.000 0.3090 —0.8090 —0.8090 —0.3090

Exact 0.3090 —0.8090 —-0.8090  0.3090 1.000 0.3090 —0.8090 —0.8090 0.3090

15
—exact
—s— M=N=10

-1.5 ' ' ' ' :

0 0.2 0.4 0.6 0.8 1
T
Figure 3. Accurate and numerical outcomes for the prospective term a(7) when M = N =

{10,20, 40, 60,80} for Example 1.
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1078

Objective function
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MNumber of lterations

]

0

Figure 4. The objective function (40) without regularized & = 0, and p = 0 noise mesh sizes
M = N = {10,20,40, 60,80} for Example 1.

Now, we investigate the reconstruction of potential term a(t) without regularization
(i.e., ¥ = 0) and with measurement noise of magnitude p = 1% in input data (5) added as
shown in (41). The obtained results are presented in Figures 5 and 6. The numerical and
precise answers for the potential term a(7) are compared in Figure 5. Due to the problem’s ill-
posedness, the numerical results exhibit significant deviations and pronounced oscillations,
which are indicative of instability and limited accuracy. Figure 6 plots the objective function
related to this case. Despite the objective function decreasing monotonically and reaching
a relatively small value (about 10~3) in the initial iterations, the corresponding solution
remains unstable and inaccurate.

100 =
L] Q exact
80+ —e— numerical
60

|

E;Eﬂ | | “/H\

N
o

@
o
—

!
[o2]
o

T

_‘I OD 1 1 I 1 |
0 0.2 0.4 0.6 0.8 1

t

Figure 5. Accurate and numerical results for the smooth potential term a(7) without regularization,
ie, ¥ =0,and p = 1% noise for Example 1.
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Objective function

0 5 10 15 20 25
MNumber of lterations

10

Figure 6. The objective function (40) without regularized % = 0 and p = 1% noise for Example 1.

The exact and reconstructed results for a(t) for diverse values of regularization pa-
rameters ¥ and noise levels are shown in Figures 7-10, with 1% noise, ¥ € {107, 1075,
10~*}. Figures 7 and 8 show that bigger 9 values provide smoother but more biased results,
whereas smaller & values produce solutions that are closer to the correct curve but have
more oscillations because of noise sensitivity. When very small values of 9 (e.g., 107°)
are used, the objective function in Figure 8 significantly decreases. However, for p = 0.1%
noise (8 € {1072, 1078, 10~7}), such small 9 values cause large oscillations because of
noise amplification.

Figure 7. Accurate and numerical results for the smooth potential term a(t) with regularized
de {10_6, 10_5,10_4} and p = 1% noise for Example 1.
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Figure 8. The objective function (40) with regularization parameters § € {107¢, 1075,10*} and

p = 1% noise for Example 1.
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Figure 9. The L-curve plot with various amounts of regularization when p = 1% noise for Example 1.
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Figure 10. Accurate and numerical results for the smooth potential term a(7) with regularized
de {10_9, 10_8,10_7} and p = 0.1% noise for Example 1.
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In Figures 9 and 10, greater 9 = 10~ reduces these oscillations, producing smoother
but less detailed solutions. With very small differences in 9 values, the corresponding
objective function curves (see Figure 10) converge quickly and stabilize after approximately
three iterations, indicating that & has a greater impact on reconstruction accuracy than on
convergence speed. Tables 2 and 3 present the numerical outputs, including the number of
iterations, the number of function evaluations, the final value of the convergent objective
function (40), and the root mean square error (rmse) for Example 1. The results reveal
that an acceptable range of data can be achieved with a minimal rmse(a) value. These
tables show that, in all cases, the computational time exceeded 160 s. at the smallest
rmse(a) value.

Table 2. Computational information obtained from Lsqnonlin routine output during minimization
processes for Example 1 with p = 1% noise contaminated in (5) via (41).

p= 1%

9=10"7 9=10""° 9=10"5 9=10"% 9=10"3 9=10"2 9=10"1

Count of iterations
No. of evaluations
Objective function

rmse(a)

Computational time (s)

11 8 18 5 4 4 3
744 588 1178 372 310 310 248
0.00096 0.00010 0.00106 0.00109 0.00110 0.001108 0.001109
2.7341 0.7753 0.6782 0.7027 0.7064 0.7070 0.7071
78.5 59.25 124.78 39.55 33.95 33.74 25.67

Table 3. Computational information obtained from Lsqnonlin routine output during minimization
processes for Example 1 with p = 0.1% noise contaminated in (5) via (41).

p=01% #=10"° #=10"8 #=10"" #=10"° #=10"° #=10"% #=10"° #=10"% ¢=10"
Count of iterations 10 10 9 8 23 6 4 11 3
No. evaluations 682 682 620 558 1488 434 310 744 248
Objective function 623 x 107® 623 x 107 12 x 107> 283 x 107 846 x 107>  0.00013 0.00015 0.00016 0.00016
rmse(a) 2.7341 2.7341 0.3087 0.3133 0.5292 0.6769 0.7034 0.7067 0.7071
C"nt‘if;r‘l‘:’(tsl)‘ml 74.17 72.38 65.69 63.64 159.12 45.99 3222 78.88 25.76

The L-curve plot is an effective instrument for selecting the appropriate regularization
parameter for the specified data in the regularization process. The L-curve is derived from a
log-log plot of the residual norm || w (0, T) — h(7)|| against the corresponding regularized
solution norm || a| . It is a suitable graphical tool for illustrating the trade-off between the
size of a regularization’s solution and the fit of the provided data [42,43]. Figure 11 depicts
the distinctive L-shaped behavior of the curve. The vertical branch pertains to rather
substantial regularization parameters, resulting in excessively smoothed solutions. Con-
versely, the horizontal branch is associated with extremely small regularization parameters,
resulting in unstable solutions that are highly susceptible to noise. Consequently, a perfect
regularization parameter is chosen at the vertex of the L-curve, as this position signifies the
optimal balance between reducing the residual norm and preserving the stability of the
solution. According to Figure 12, the values

9= {10—6,10—7}

are situated at the curve’s intersection and offer appropriate regularized solutions. Nonethe-
less, the value 9 = 107 is the most suitable option as it is nearest to the inflection point of
the L-curve.
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Figure 11. The L-curve plot with various regularization when p = 0.1% noise for Example 1.
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Figure 12. The minimized objective functional (40), with & € {10*9, 1078, 10*7} and p = 0.1% noise
amount percentage for Example 1.

Figure 13 represents the plot of transverse displacement distribution for the case (a)

9 =105, p=1%b)d = 1077, p = 0.1%. This figure shows that there outstanding
retrievals for w(x, T) are obtained with a magnitude of O(1072) — O(10~*) of maximum
error (see the third column in Figure 13).
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Figure 13. Accurate and approximate solutions for the transverse displacement of the w(x, T) with
(@ p=1%9=10"2,(b) p=0.1%and 9 = 10~7.

Example 2: Non-smooth Potential Term

In this example, we examine the non-smooth potential coefficient a(7) and solve IPs
(1)-(4) with T = 1 and & = 0.0001, with the next input data

w(x,0) =cos(2ty ) , wr(x,0)= —cos(2tx) x €[0,1],
G(x, ) =e Tcos(2mx)[ 1.14585—| T —05|] (x, 7) € Qr,

whereas the exact potential term is
a(t) =001+ |7—-05|, Tel0,T], (45)
and the precise solution is given by

w(x, T) =e "cos(2mx),  (x,7)eQr, (46)

https:/ /doi.org/10.3390/mca31040132
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and the overdetermination condition is

w(0,7) =h(t)=¢T, T€e[0,T].

Now, a(0) = 0.51 is used as the preliminary estimate. For p = 0%, the recovery of an
unknown term without noise is examined. The corresponding results for the given case are
plotted in Figure 14, showing strong agreement. Figure 15 shows the objective function
(40), with speed convergence to extremely low values of order O(10~!2) in no more than
seven iterations. It should be reported that minimization processes stop when either the
solution or objective function accuracy are achieved. Figure 14 and Table 4 show that as
M = N increases, the accuracy also improves, revealing mesh independence. Therefore,
we take M = N = 60 as the affixed mesh size.

06

exact

0.5 Tug,

0 0.2 0.4 0.6 0.8 1

Figure 14. Accurate and approximate results for the non-smooth potential term a(7) when M = N =
{10,20, 40, 60,80} for Example 2.

Table 4. The precise numerical values for the intended output a(7) compared at different time nodes
with grid sizes. M = N = {10, 20,40,60,80} with® =0, p = 0%.

T 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
M=N=10 04281 03669 02447 0.1498  0.0554 0.1448 0.2590 0.3396  0.4679
M=N=20 04392 03329 02324 01360 0.0396 0.1360 02314 0.3339  0.4319
M =N =40 04219 03222 0.2223 0.1218 0.0284 0.1222  0.2226  0.3220  0.4208
M =N =60 0.4180 03179 02178  0.1198  0.0339  0.1198  0.2173  0.3186  0.4176
M=N =280 04160 03160 0.2158  0.1178  0.0272  0.1178 02153  0.3417  0.4151

Exact 0.4100 03100 0.2100  0.1100  0.0100  0.1100  0.2100  0.3350  0.4100
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Objective function

MNumber of lterations

Figure 15. The objective function (40), without regularized % = 0, and p = 0 noisefor Example 2 at
various mesh sizes M = N = {10, 20, 40, 60, 80}.

Due to noise, the solution is extremely oscillatory and unstable when no regularization
is applied, as explained in Figure 16. Stability can be restored by adding a regularization
term (see Figures 17 and 18). Larger 9 values reduce oscillations with little deviation, while
smaller ¥ values increase accuracy but introduce more noise. The solutions are near to the
exact curve when noise levels are reduced. Figure 17 shows that suitable regularization
parameters guarantee accurate and consistent results.
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%o 4
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0 0.2 0.4 0.6 0.8 1
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Figure 16. Accurate and approximate results for the non-smooth potential term a(7) without regular-
ized ¢ = 0, and p = 1% noise for Example 2.
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Figure 17. Accurate and approximate results for the non-smooth potential term a(7) with regularized
de {10_6, 1075, 10_4} and p = 1% noise for Example 2.

Figure 18. Accurate and approximate solution for the non-smooth potential term a(7) with
9 e {10_7, 10_6,10_5} and p = 0.1% noise for Example 2.

The misfit function without regularization (3 = 0) under 1% noise is shown in Fig-
ure 19, where the function rapidly declines and stationary values are achieved after 20 itera-
tions. The stationary value is reached at O (10~2). Figure 20 illustrates the effect of various
regularization values (9 € {10_6, 1079, 10_4}), where large ¥ values increase stability but
decrease accuracy, whereas small ¥ values do not provide sufficient stabilization. The objec-
tive function minimization converges at each selection for § and achieves the minimum
value. Also, in this case, the L-curve criterion has failed to spot the optimal value of 9, and
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there are two potential reasons for this: the nonlinearity of the IP and the non-smoothness
of the recovered term. Hence, we omit the plot of the L-curve.

10774

Objective function

0 10 20 30 40 50 60 70
MNumber of lterations

Figure 19. The misfit function (40), without regularized ¢ = 0, and p = 1% noise for Example 2.

<1073

—e—9-10"°

55

Objective function

4 -

10° 10! 102
Number of Iterations

Figure 20. The misfit function (40), with ¢ € {10*6, 1079, 10*4} and 1% noise amount contaminated
in (5) via (41) for Example 2.

Figure 21 shows that the function converges rapidly to smaller values (10~* or less) in
the case of lower noise (p = 0.1%). Table 5 presents some numerical information, with the
smallest rmse(a) exhibiting the best retrieval. Figure 22 reveals that the best regularization
value according to the L-curve method is located at corner of the L-shaped curve, and this
value is 8 € [107%,107%]. As demonstrated in Example 1, the transverse displacement
profile was not affected by the inclusion of noise, as plotted in Figure 23.
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Figure 21. The regularized misfit function (40) with regularization parameter ¢ € {10_7, 1079, 10_5}
and p = 0.1% noise contaminated in (5) via (41) for Example 2.
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Figure 22. The L-curve plot with various levels of regularization when p = 0.1% noise for Example 2.
Table 5. Computational information obtained from Isqnonlin routine output during minimization

processes for Example 2. The noise contamination percentage pe{1%, 0.1%} is depicted in (5) via (41)
with various regularization parameter values.

p=1% 9=10"7 9=10"° =105 9=10* 9=10°% 9=102 H9=10"
Count of iterations 67 27 6 9 4 20 17
No. of function 4216 1736 434 1240 310 1302 1116

evaluations
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Table 5. Cont.
p=1% 9=10"7 9=10"° =105 9=10* =102 9=102 H9=10"
Objective function 0.00378 0.00732 0.00784 0.00877 0.0118 0.03318 0.10947
rmse(a) 58.4103 2.1327 0.6205 0.2911 0.2045 0.2102 0.2489
Computational time g 190.68 4839 133.009 34.202 148.127 120.74
(second)
p=0.1% 9=10"7 9=10"° =105 9=10* 9=102% 9=102 9=10"
Count of iterations 9 6 5 21 15 20 15
No. of final 620 434 372 1364 992 1302 992
evaluations
Objective function ~ 6.50 x 107  7.73 x 1075 0.000115 0.00040 0.00294 0.0241 0.1006
rmse(a) 0.9075 0.2470 0.1620 0.1859 0.2041 0.2105 0.2489
Computational time 4 1, 51.162 42,560 149.32 121.101 141.96 112.6
(seconds)
Exact solution Approximate solution Error graph
%107
1. 1 7
6
05 0.5 5
5] 2
05 /

(@)

Exact solution Approximate solution Error graph

%1073
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25
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Figure 23. Accurate and approximate solutions for the transverse displacement of the w (x, T) with
(@p=1%and ¥ =103, (b) p = 0.1% and & = 10~*.
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6. Conclusions

A numerical solution was obtained for inverse forced vibrations of a cantilever beam.
Our aim was to find the transverse displacement w (), 7) and time-dependent potential
coefficient a(7) in a fourth-order hyperbolic equation derived from supplementary mea-
surements. The direct issue was discretized via the Crank-Nicolson FDM. To overcome
the inherent ill-posed nature of the IP—which lacks continuous dependence on the input
data—the Tikhonov regularization/stabilization approach was applied to provide the
necessary stabilization. The inverse issue is resolved by the stabilization provided by the
Tikhonov regularization approach.

e Consistent and accurate estimates for the time-dependent coefficient a(7) were suc-
cessfully reconstructed.

e  The regularization method proved robust and effective for ¢ € {107°,1077).

e  The accuracy of the retrievals was maintained even in the presence of noise, and was
specifically validated at noise levels of p% € {1%,0.1%}.

e  The proposed numerical solution and stabilization method performed reliably across
smooth and non-smooth tests.

We have not attempted to extend our work to include multi-dimensional problems or
more complex conditions; this will be addressed in future studies, since further theoretical
and numerical investigation is needed.
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