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Abstract

This study examines the dynamical behavior of the dual-mode nonlinear Schrödinger
equation (d-mNLSE), which describes the interaction, amplification, and attenuation of
two coexisting wave modes in nonlinear media. The model incorporates key physical
parameters including the nonlinearity coefficient, interaction phase velocity, and dispersion
parameter, which significantly influence the evolution of nonlinear waves. By applying
the modified Sardar sub-equation method (mSS-EM), a wide spectrum of exact analytical
solutions is derived. These solutions include mixed trigonometric waves, shock-type struc-
tures, singular solutions, complex dark–bright solitons, multi-peak solitons, periodic and
mixed-periodic waves, as well as mixed hyperbolic structures. The analytical findings pro-
vide useful insight into nonlinear wave propagation phenomena arising in fluid mechanics,
water wave dynamics, ocean engineering, and related physical systems. Moreover, the
conservation laws of the d-mNLSE are established, which leads to the conserved quantities
of impulse power, momentum, and energy and describes the invariant characteristics of
the soliton solutions during their propagation. The bifurcation analysis of the reduced
dynamical model is carried out to explore the qualitative characteristics of the obtained
solutions. The equilibrium points of the considered model are calculated, and their stability
properties are analyzed systematically. To demonstrate the physical characteristics of the
obtained solutions, different kinds of two-dimensional, three-dimensional, and contour
plots are plotted using symbolic computations software. These findings confirm that the an-
alytical method used to obtain the soliton solutions can be used to obtain a variety of soliton
solutions of nonlinear evolution equations that appear in applied sciences and engineering.

Keywords: d-mNLSE; mSS-EM; solitons; conservation laws; nonlinear wave propagation;
bifurcation analysis
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1. Introduction
Nonlinear partial differential equations (NLPDEs) are in a central position in applied

mathematics and theoretical physics as they are basic models for a variety of complex phe-
nomena [1–3]. Nonlinear equations capture key characteristics including wave interaction,
energy transfer, self-focusing, and pattern generation, in contrast to linear systems [4,5].
Due to these characteristics, NLPDEs are essential for studying biological systems, con-
densed matter physics, optical communications, fluid dynamics, and plasma physics [6,7].
Specifically, localized structures that form and endure in dispersive media are described
by nonlinear wave equations, which provide information on both the qualitative and
quantitative aspects of physical processes. For technical and experimental applications, it
is therefore not only theoretically interesting but also practically relevant to comprehend
the behavior of their solutions [8,9]. Scientists remain highly interested in finding solu-
tions to these types of equations because of their importance in modeling real-life physical
phenomena. Due to their significance in describing a variety of physical phenomena and
their complex mathematical structure, it is natural that more and more emphasis has been
placed on the study of nonlinear PDEs in recent years. Substantial work has been con-
ducted in finding analytical tools for exact solutions and their qualitative analysis in recent
decades [10,11]. As a consequence, a variety of reliable tools are now available to find
exact solutions of nonlinear evolution equations, providing insight into their qualitative
behavior [12,13].

In the nonlinear sciences, dual-mode kind models have recently received a great deal
of interest. Because of the fact that novel interactions between the waves are analyzed by
the dual-mode equations in the current form, recently, the d-mNLSE received a great deal of
interest due to its application to nonlinear wave phenomena, especially in plasma physics
and optical fibers. To achieve the exact solutions for the d-mNLSE under various nonlinear
conditions, various analytical techniques were developed by the researchers. To describe
the possibility of exact and stable solitonic solutions for the d-mNLSE with a parabolic law
nonlinearity, analytical soliton solutions were derived for the d-mNLSE [14]. Moreover, the
bifurcation pattern and chaotic properties of the d-mNLSE with a power-law nonlinearity
were analyzed by Omar and Murad [15]. The authors in [16] obtained exact solutions and
studied the bifurcations of the dynamical system resulting from the d-mNLSE. Furthermore,
Lie symmetry analysis, group-invariant solutions, and conservation laws of the d-mNLSE
were examined in [17]. Moreover, the authors of [18] analyzed a novel extension of the NLSE
by utilizing dual-mode optical waves. Apart from the analysis of the effects of dual-mode
interactions and third-order dispersion effects, the authors demonstrated the propagation
characteristics of the dual-mode waves. In the study conducted by the researchers in [19],
the authors investigated the impact of various nonlinear interactions on the propagation of
solitons in a dual-mode resonant NLSE. According to the authors of [19], the study showed
the interaction of the phase velocity, nonlinearity, and other factors on the propagation of
optical solitons. Thus, all the papers discussed above provide a better knowledge of the
dual-mode nonlinear dynamics and the basic understandings of the complex wave systems
governed by the d-mNLSE.

Moreover, Biswas and other authors employed the tanh-coth expansion approach to
arrive at the dual-mode optical soliton solutions of the dual-mode type model in the study
conducted in [20]. Wazwaz [21] used a reduced version of Hirota’s approach to obtain
multiple kink results for the dual-mode Sharma–Tasso–Olver and fourth-order Burgers
models. The researchers in [22] used the exp(−ϕ)-expansion scheme to develop dual-wave
soliton results for dual-mode resonance NLSE. By utilizing the tanh-coth, the unified Riccati
equation, and the novel extended auxiliary equation methods, Zayed and Shohib [23] were
able to obtain several families of Jacobi elliptic results, dark, singular, solitary waves, and
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other wave results. The dual-mode Korteweg–de Vries equation is the subject of several
previous publications [24–26].

Extensive investigations have been carried out on bifurcation analysis and the con-
struction of exact wave results for NLPDEs. Chaos, a hallmark of nonlinear systems, is
widely observed across various scientific disciplines [27]. Conservation laws (CLs) also play
an essential role in characterizing the behavior of mechanical, electrical, optical, chemical,
biological, and atmospheric systems. Despite their differing physical origins, such systems
frequently display comparable qualitative and quantitative dynamics, often resulting from
the breakdown of periodic motion. Additionally, sensitivity analysis has become an essen-
tial tool to understand the effect of changes in the parameters on the output of the model
with increased accuracy and minimum prediction uncertainties [28–30].

In the present study, the mSS-EM is employed to find the analytical soliton solutions
to the d-mNLSE. This approach is more appropriate to solve nonlinear evolution equations
with both linear and nonlinear interactions. This allows us to find diverse exact solutions
with respect to other analytical techniques. Moreover, the conservation laws are obtained
to find the important invariants such as the power, momentum, and energy of the soliton
with respect to the d-mNLSE. In addition, bifurcation analysis is carried out to investigate
the qualitative behavior of the reduced dynamical system and the stability characteristics
of the equilibrium states.

This remaining paper is organized as follows: In Section 2, the theoretical background
of the mSS-EM method is given. Section 3 is focused on the derivation of the dynamical
model of the d-mNLSE. Then, the application of the presented method to the dynamical
model of the d-mNLSE for the derivation of the analytical soliton solutions is given in
Section 4. Section 5 is devoted to the derivation and discussion of the conservation laws
associated with the model. Moreover, the qualitative analysis of the dynamical model of
the d-mNLSE is given through the bifurcation analysis in Section 6. Then, the physical
interpretation of the obtained solutions is provided in Section 7. Finally, the main results of
the paper are summarized in Section 8.

2. Description of Method
The SS-EM is enhanced by incorporating additional terms and parameters into the

trial function, thereby extending its capability to handle a broader class of nonlinear partial
differential equations. This improved approach has been successfully applied to numerous
NLPDEs arising in mathematics and physics. Considering the general form of NLPDEs

F(Q, Qt, Qx, Qtt, Qtx, Qxx, . . .) = 0, (1)

where Q = Q(x, t) is real value function of x and t, the main stages of mSS-EM are
as follows.
Step 1: Consider the transformation of traveling wave as

Q(x, t) = U(ζ), ζ = αx − ωt + θ, (2)

where α and ω are wave number and frequency while θ is real constant. Inserting
Equations (2) into (1) yields a NLODE as

G
(

U,−ωU′, αU′, ω2U′′,−αωU′′, . . .
)
= 0. (3)

Step 2: Assume the general solution of above equation has the kind as
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U(ζ) =
N

∑
k=0

AkΨk(ζ), Ak ̸= 0, (4)

where Ψ promises the following ODE:(
Ψ′(ζ)

)2
= µ1 + µ2Ψ2(ζ) + µ3Ψ4(ζ), (5)

where µ1 ̸= 1, µ2, µ3 ̸= 0 are integers, constants Ak(k = 0,±1,±2, . . . ,±N) are real. Intiger
N is assessed by utilizing the balancing principle.
Step 3: After substitution, the subsequent polynomial is expressed in terms of powers of
ΨkΨ′ by combining Equations (4) and (5) into (3).
Step 4: An algebraic system is articulated for the unknown parameters Ak, β, µ1, µ2, µ3, ω,
etc., by setting to zero the coefficients of all distinct coefficients of Ψ.
Step 5: Finally, the parameter values are determined by solving the resulting algebraic
system with the aid of Mathematica. The achieved results are then incorporated into
Equation (4) to construct the results of Equation (1).

3. Governing Dynamical Model
In this article, the dual-mode equations are analyzed in detail. These structures

describe the simultaneous wave interactions between two distinct modes. The dual-mode
form of the Korteweg–de Vries equation is presented as follows [31]:

Qtt − c2Qxx +

(
∂

∂t
− λc

∂

∂x

)
QQx +

(
∂

∂t
− cϵ

∂

∂x

)
Qxxx = 0, (6)

where Q(x, t) denotes the complex field amplitude, x and t represent the spatial and
temporal variables, respectively. The parameter c ≥ 0 corresponds to the interaction phase
velocity, λ ≤ ±1 characterizes the nonlinearity, and ϵ ≤ ±1 denotes the dispersive effect.

Equation (6) represents the d-mKdV equation. It designates the interaction (collision)
of waves in the presence of different dispersive effects, similar to the Hirota–Satsuma
model [32].

Equation (6) reduces to the standard KdV model by setting c = 0. Furthermore,
integrating with respect to t yields

Qt + QQx + Qxxx = 0. (7)

Let us consider the below equation:

Qt + N(Q, Qx, ...) + L(Qxx, Qxxx, ...) = 0, (8)

where the second and third terms represent the linear and nonlinear operators, respectively,
which are extended to obtain the dual-mode version as follows:

Qtt − c2Qxx +

(
∂

∂t
− λc

∂

∂x

)
N(Q, Qx, ...) +

(
∂

∂t
− cϵ

∂

∂x

)
L(Qxx, Qxxx, ...) = 0. (9)

We consider the NLSE as
iQt +

Qxx

2
+ F

(
|Q|2

)
Q = 0, (10)

where F and Q denote the functions of envelope and the classical form of the nonlinear,
respectively. Utilizing Equations (8) and (9), the d-mNLSE is attained as follows [33]:

i
(

Qtt − c2Qxx

)
+

(
∂

∂t
− cλ

∂

∂x

)(
F
(
|Q|2

)
Q
)
+

(
∂

∂t
− cϵ

∂

∂x

)
Qxx

2
= 0. (11)
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4. Soliton Formation
We now apply the mSS-EM to the d-mNLSE with a cubic nonlinearity. Under the cubic

law, F(Q) = Q, and consequently Equation (11), reduces to the following form:

i
(

Qtt − c2Qxx

)
+

(
∂

∂t
− cλ

∂

∂x

)(
|Q|2Q

)
+

(
∂

∂t
− cϵ

∂

∂x

)
Qxx

2
= 0. (12)

Since Equation (12) is a complex-valued equation, we introduce the following traveling-
wave transformation:

Q(x, t) = Ψ(ζ)eiκ , ζ = αx − ωt + θ, κ = βx − νt, (13)

where α, β and ν, ω are wave numbers and frequencies of waves, respectively. Deputizing
Equations (13) into (12) and splitting the real and imaginary segments, we obtain the
bellowing NLODEs as(

α2ν + 2αβω + 2α2c2 + 3α2βcϵ − 2ω2
)

Ψ′′ +
(

2ν2 − β2ν − 2β2c2 − β3cϵ
)

Ψ + 2(βcλ + ν)Ψ3 = 0. (14)

and

−α2(αcϵ + ω)Ψ′′′ +
(

2αβν + β2ω + 4αβc2 + 3αβ2cϵ − 4νω − 6(αcλ + ω)Ψ2
)

Ψ′ = 0. (15)

Integrating the above Equation (15) with respect to ζ and setting the constant of integration
to zero yields

α2(αcϵ + ω)Ψ′′ −
(

2αβν + β2ω + 4αβc2 + 3αβ2cϵ − 4νω
)

Ψ + 2(αcλ + ω)Ψ3 = 0. (16)

As Equations (14) and (16) are similar, the relationships between the coefficients are ob-
tained as

λ = ϵ = − ω

αc
, ν =

β
(

βω − 2αc2)
αβ − 2ω

. (17)

Utilizing the homogeneous balancing principle to Equation (14) gives N = 1, and we
assume the solution of Equation (14) in the form

Ψ(ζ) =
A−1

Ψ(ζ)
+ A0 + A1Ψ(ζ). (18)

Putting Equations (18) along with (5) into Equation (14) and equating to zero the coeffi-
cients of ΨiΨ(j), we obtain a system of equations for the parameters A−1, A0, A1, µ1, µ2, µ3,
α, β, ω, ν, θ, λ, c and ϵ. This system of equations is solved via Mathematica 10.3, and the
below sets of solution are obtained:

A−1 = 0, A0 = 0, A1 =

√
−2αµ3ω

β
, c =

√
α2βµ2ω − 2αµ2ω2 + β3ω√

2αβ
. (19)

Using the solution set given in Equation (19), we derive the families of wave results
as follows.
Family 1: If µ1 = 0, µ2 > 0 and µ3 ̸= 0, then

Q1
1(x, t) =

√
2αµ2ω

β
sech(

√
µ2(ζ + ζ0))eiκ . (20)
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Figure 1 exhibits graphical representation of the solution in Equation (20).

Q2
1(x, t) =

√
2αµ2ω

β
csch(

√
µ2(ζ + ζ0))eiκ . (21)

(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 1. Diverse wave structures corresponding to solution in Equation (20) are depicted at α = 2,
β = 4, µ2 = µ3 = 0.5, ν = −1.5, τ = 1, ω = −0.5 as (a) bright soliton, (b,c) breather-type wave
structures with corresponding contourplots (CPs) (d–f) and two-dimensional (2D) surface views (g–i).

Family 2: For constants k1 and k2, let µ1 = 0, µ2 > 0 and µ3 = 4k1k2, then

Q1
2(x, t) =

√
−8αk1k2µ2ω√

β(k1 − k2)
(
sinh

(√
µ2(ζ + ζ0)

)
+ cosh

(√
µ2(ζ + ζ0)

)) eiκ . (22)

Family 3: For constants E1 and E2, let µ1 =
µ2

2
4µ3

, µ2 < 0 and µ3 > 0, then

Q1
3(x, t) =

√
αµ2ω

β
tanh

(√−µ2(ζ + ζ0)√
2

)
eiκ . (23)
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Figure 2 exhibits graphical representation of the solution in Equation (23).

Q2
3(x, t) =

√
αµ2ω

β
coth

(√−µ2(ζ + ζ0)√
2

)
eiκ . (24)

Q3
3(x, t) =

√
αµ2ω

β

(
tanh

(√−µ2(ζ + ζ0)√
2

)
+ isech

(√
−2µ2(ζ + ζ0)

))
eiκ . (25)

Figure 3 exhibits graphical representation of the solution in Equation (25).

Q4
3(x, t) =

√
αµ2ω

4β

(
tanh

(√−µ2(ζ + ζ0)

2
√

2

)
+ coth

(√−µ2(ζ + ζ0)

2
√

2

))
eiκ . (26)

Q5
3(x, t) =

√
αµ2ω

β cosh
(√

−2µ2(ζ + ζ0)
)

sinh
(√

−2µ2(ζ + ζ0)
)
+ i

eiκ . (27)

(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 2. Illustration of the solution in Equation (23) in diverse forms at α = 2, µ2 = −0.5, µ3 = 0.5,
β = 4, θ = −1, ν = −1.5, τ = 1, ω = −0.5 as (a) dark soliton, (b,c) dark-type periodic wave structures
with corresponding CPs (d–f) and 2D surface views (g–i).
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 3. Diverse wave structures corresponding to solution in Equation (25) are depicted at α = 2,
β = 4, θ = −1, µ2 = −0.5, µ3 = 0.5, ν = −1.5, τ = 1, ω = −0.5 as (a) W-shape soliton, (b,c) periodic
wave structures with corresponding CPs (d–f) and 2D surface views (g–i).

Family 4: Let µ1 = 0, µ2 < 0 and µ3 = 0, then

Q1
4(x, t) =

√
2αµ2ω

β
sec
(√

−µ2(ζ + ζ0)
)
eiκ . (28)

Figure 4 exhibits graphical representation of the solution in Equation (28).

Q2
4(x, t) =

√
2αµ2ω

β
csc
(√

−µ2(ζ + ζ0)
)
eiκ . (29)

Family 5: Let µ1 =
µ2

2
4µ3

, µ2 > 0 and µ3 > 0 and E2
1 − E2

2 > 0, then

Q1
5(x, t) =

√
αµ2ω

β
tan
(√

µ2(ζ + ζ0)√
2

)
eiκ . (30)

Figure 5 exhibits graphical representation of the solution in Equation (30).

Q2
5(x, t) = −

√
αµ2ω

β
cot
(√

µ2(ζ + ζ0)√
2

)
eiκ . (31)
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Q3
5(x, t) =

√
αµ2ω

β

(
sec
(√

2µ2(ζ + ζ0)
)
− tan

(√
2µ2(ζ + ζ0)

))
eiκ . (32)

Q4
5(x, t) =

√
αµ2ω

4β

(
tan
(√

µ2(ζ + ζ0)

2
√

2

)
− cot

(√
µ2(ζ + ζ0)

2
√

2

))
eiκ . (33)

Q5
5(x, t) =

√
αµ2ω

β

(√
E2

1 − E2
2 − E1 cos

(√
2µ2(ζ + ζ0)

))
E1 sin

(√
2µ2(ζ + ζ0)

)
+ E2

eiκ . (34)

Q6
5(x, t) =

√
αµ2ω

β

cos
(√

2µ2(ζ + ζ0)
)

sin
(√

2µ2(ζ + ζ0)
)
− 1

eiκ . (35)

Family 6: Let µ1 = 0 and µ2 > 0, then

Q1
6(x, t) =

√
−2αµ3ω

β

(
4µ2e

√
µ2(ζ+ζ0)

)
e2
√

µ2(ζ+ζ0) − 4µ2µ3
eiκ . (36)

Q2
6(x, t) =

√
−2αµ3ω

β

4µ2e
√

µ2(ζ+ζ0)

1 − 4µ2µ3e2
√

µ2(ζ+ζ0)
eiκ . (37)

Family 7: Let µ1 = 0, µ2 = 0 and µ3 > 0, then

Q1
7(x, t) =

√
−2αω

β

1
ζ + ζ0

eiκ . (38)

Q2
7(x, t) =

√
2αω√

β(ξ + τ)
eiκ . (39)

(a) (b) (c)

(d) (e) (f)

Figure 4. Cont.
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(g) (h) (i)

Figure 4. Illustration of the solution in Equation (28) in diverse forms at α = 2, β = 4, ω = µ2 = −0.5,
µ3 = 0.5, θ = ν = −1.5, τ = 1 as (a) Multi-peak solitons of diverse amplitudes, (b,c) breather-type
interactional wave structures with corresponding CPs (d–f) and 2D surface views (g–i).

(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 5. Illustration of the solution in Equation (30) in diverse forms at α = 2, β = 4, µ2 = µ3 = 0.5,
ν = −1.5, θ = τ = 1, ω = −0.5 as (a) periodic multi-peak solitons of diverse amplitudes,
(b,c) breather-type wave structures with corresponding CPs (d–f) and 2D surface views (g–i).

5. Conservation Laws
In this section, we present a detailed analysis of the CLs associated with the d-mNLSE

described in Equation (12). CLs play an important role in understanding the physical
properties and invariant quantities of nonlinear wave systems. They provide insight
into how key quantities remain preserved during the evolution of the wave field. By
deriving these conserved quantities, we highlight important structural characteristics of
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the governing equation and its dynamical behavior. These results also help explain the
stability and propagation features of nonlinear waves described by the model.

5.1. First CL

To derive the first CL for Equation (12), we perform a direct calculation.

i
(

Qtt − c2Qxx

)
+

(
∂

∂t
− λc

∂

∂x

)(
(|Q|)2Q

)
+

(
∂

∂t
− ϵc

∂

∂x

)
Qxx

2
= 0. (40)

We expand the differential operator in the above equation and then write the resulting
equation in total derivative form as

i
∂

∂t
Qt − ic2 ∂

∂x
Qx +

∂

∂t

(
|Q|2Q

)
− λc

∂

∂x

(
|Q|2Q

)
+

∂

∂t

(
Qxx

2

)
− ϵc

∂

∂x

(
Qxx

2

)
= 0. (41)

The above can also be written as

i
∂

∂t

(
iQt + |Q|2Q +

Qxx

2

)
− ∂

∂x

(
ic2Qx + λc|Q|2Q + ϵc

Qxx

2

)
= 0. (42)

The above Equation (42) can be rewritten in the form of a CL as follows:

∂T
∂t

+
∂J
∂x

= 0, (43)

here, T and J are as

T = iQt + (|Q|)2Q +
Qxx

2
),

and J = ic2Qx + λc
(
(|Q|)2Q

)
+ ϵc

Qxx

2
.

From Equation (43), the corresponding conserved quantity can be obtained and written
as follows:

P =
∫ ∞

−∞
Tdx =

∫ ∞

−∞

(
iQt + (|Q|)2Q +

Qxx

2

)
dx. (44)

The above conservative quantity represents the impulse power of the solitons. This con-
served quantity proves that the impulse energy of the derived solitons is invariant during
their transmission in the nonlinear dispersive environment.

5.2. Second Conservation Law

We multiply Equation (12) by Q∗ and conjugate it by Q, then adding yield as

i(Q∗Qtt − QQ∗
tt) + ic2(QQ∗

xx − Q∗Qxx) + Q∗ ∂

∂t

(
|Q|2Q

)
+ Q

∂

∂t

(
|Q|2Q∗

)
− cλ

(
Q∗ ∂

∂x

(
|Q|2Q

)
+ Q

∂

∂x

(
|Q|2Q∗

))
+

1
2
(Q∗Qxxt + QQ∗

xxt)−
cϵ

2
(Q∗Qxxx + QQ∗

xxx) = 0. (45)

By using the identity, the above equation can be written as

i
∂

∂t
(Q∗Qt − QQ∗

t ) + ic2 ∂

∂x
(QQ∗

x − Q∗Qx) +
3
2

∂|Q|4
∂t

− 3cλ

2
∂|Q|4

∂x
+

1
2

∂

∂t
(Q∗Qxx + QQ∗

xx)

− 1
2

∂

∂x
(Q∗

t Qx + QtQ∗
x)−

1
2

∂

∂t

(
|Qx|2

)
− cϵ

2
∂

∂x
(Q∗Qxx + QQ∗

xx) +
cϵ

4
∂

∂x

(
|Qx|2

)
= 0. (46)
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The above equation can be written in conservation law form as

∂T
∂t

+
∂J
∂x

= 0, (47)

where T and J take the form

T = i(Q∗Qt − QQ∗
t ) +

3
2
|Q|4 + 1

2
(Q∗Qxx + QQ∗

xx) +
1
2
|Qx|2,

and J = ic2(QQ∗
x − Q∗Qx)−

3cλ

2
|Q|4 − 1

2
(Q∗

t Qx + QtQ∗
x)−

cϵ

2
(Q∗Qxx + QQ∗

xx) +
cϵ

4
|Qx|2.

The conserved quantity of momentum is attained as

M =
∫ ∞

−∞

(
i(Q∗Qt − QQ∗

t ) +
3
2
|Q|4 + 1

2
(Q∗Qxx + QQ∗

xx) +
1
2
|Qx|2

)
dx = cons, (48)

which is corresponding to momentum of solitons. The conservation of momentum shows
that the wave profile is stable and consistent when subjected to dual-mode interactions.

5.3. Third CL

To derive the third CL, multiplying Equation (12) by Q∗
t and its complex conjugate by

Qt, and subtracting the subsequent phrases, we get

i(Q∗
t Qtt + QtQ∗

tt)− ic2(Q∗
t Qxx + QtQ∗

xx) + Q∗
t

∂

∂t

(
|Q|2Q

)
− Qt

∂

∂t

(
|Q|2Q∗

)
− cλ

(
Q∗

t
∂

∂x

(
|Q|2Q

)
− Qt

∂

∂x

(
|Q|2Q∗

))
+

1
2
(Q∗

t Qxxt − QtQ∗
xxt)−

cϵ

2
(Q∗

t Qxxx − QtQ∗
xxx) = 0. (49)

By using the identities, the above equation can be represented as

i
∂

∂t
|Qt|2 − ic2 ∂

∂x
(Q∗

t Qx + QtQ∗
x) + ic2 ∂

∂t
|Qx|2 +

1
2

(
∂

∂t
(Q∗

t Qxx − QtQ∗
xx)− (Q∗

ttQxx − QttQ∗
xx)

)
+ (Q∗

t Q − QtQ∗)
∂

∂t
|Q|2 − cλ

(
2|Q|2(Q∗

t Qx − QtQ∗
x) + Q2Q∗

t Q∗
x − (Q∗)2QtQx

)
− cϵ

2

(
∂

∂x
(Q∗

t Qxx − QtQ∗
xx)− (Q∗

txQxx − QtxQ∗
xx)

)
= 0. (50)

The above equation can be written in the conservation law form

∂T
∂t

+
∂J
∂x

= 0, (51)

where T and J are as

T =i|Qt|2 + ic2|Qx|2 + (Q∗
t Q − QtQ∗)|Q|2 + 1

2
(Q∗

t Qxx − QtQ∗
xx),

and J =− ic2(Q∗
t Qx + QtQ∗

x)− cλ
(

2|Q|2(Q∗
t Qx − QtQ∗

x) + Q2Q∗
t Q∗

x − (Q∗)2QtQx

)
− cϵ

2
(Q∗

t Qxx − QtQ∗
xx).

Therefore, the conservative quantity from the above equation is written as

H =
∫ ∞

−∞

(
i|Qt|2 + ic2|Qx|2 + (Q∗

t Q − QtQ∗)|Q|2 + 1
2
(Q∗

t Qxx − QtQ∗
xx)

)
dx, (52)
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This expression demonstrates the Hamiltonian or conservation of energy for the soliton
solutions. The conservation of Hamiltonian proves the physical consistency and stability of
the derived solitons.

5.4. Conserved Quantities

From outcome (20), we attained the succeeding conserved quantities as

P =
4ω

√
µ2

β

(
ν +

β2

2

)
,

M =
2
√

µ2 ω

3β2

(
12αµ2ω − 3β3 − β(α2µ2 + 12ν)

)
,

H =
2
√

µ2 ω

3β2

(
3β2(ν2 + c2β2) + 3α2µ2(ν

2 + c2β2)− 6β2ναµ2ω
)

.

These conserved quantities prove the physical validity of the obtained soliton solutions and
show that the waves possess key dynamical characteristics while propagating in nonlinear
dispersive mediums.

6. Bifurcation Analysis
We investigate the bifurcation analysis of the d-mNLSE in this segment. The bifurca-

tion theory explores how small changes in the parameters of the system affect the nature of
the solutions, leading to the formation of new equilibrium states or periodic solutions [28].
The stability and diversity of solutions in nonlinear dynamical systems are better under-
stood as a result of this analysis. The second-order ordinary differential equation given in
Equation (14) can be written as:

A Ψ′′ + B Ψ + C Ψ3 = 0, (53)

with coefficients

A = α2ν + 2αβω + 2α2c2 + 3α2βcϵ − 2ω2,

B = 2ν2 − β2ν − 2β2c2 − β3cϵ,

C = 2(βcλ + ν).

The real part provides a first integral that determines the allowed integration constant; it
does not affect the fixed-point structure of (53). Introducing the parameters

p = − B
A

, q = −C
A

,

we obtain the standard Duffing-type oscillator

Ψ′′ = p Ψ + q Ψ3. (54)

All subsequent bifurcation analysis is performed on (54), treating p and q as bifurca-
tion parameters.

Equation (54) is rewritten as the first-order systemΨ′ = y,

y′ = p Ψ + q Ψ3.

Fixed points satisfy y = 0 and p Ψ + q Ψ3 = 0.
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• Trivial fixed point: Ψ0 = 0 always exists. Linearization gives the Jacobian matrix

J(0, 0) =

(
0 1
p 0

)
,

with eigenvalues λ = ±√
p.

– If p < 0: eigenvalues are purely imaginary → centre (stable in the linear sense).
– If p > 0: eigenvalues are real of opposite sign → saddle (unstable).
– If p = 0: degenerate (non-hyperbolic).

• Nontrivial fixed points: When p/q < 0, two additional fixed points appear at

Ψ± = ±
√
− p

q
.

Linearization around ϕ± yields

J =

(
0 1

p + 3qΨ2
± 0

)
=

(
0 1

−2p 0

)
,

because p + 3qΨ2
± = p + 3q(−p/q) = −2p.

– If p < 0: −2p > 0 → real eigenvalues → saddle.
– If p > 0: −2p < 0 → purely imaginary eigenvalues → centre.

The existence and stability of the nontrivial points depend on the sign of q:

q > 0 p < 0 Ψ± exist and are saddles; Ψ0 is a centre.
p > 0 no nontrivial points; Ψ0 is a saddle.

q < 0 p < 0 no nontrivial points; Ψ0 is a centre.
p > 0 Ψ± exist and are centres; Ψ0 is a saddle.

At p = 0, the trivial fixed point changes stability. The number of fixed points changes
from one to three when crossing p = 0 (provided q ̸= 0). This is a pitchfork bifurcation.

• For q > 0: when p increases through 0, two saddle points annihilate at the origin and
the origin turns from a centre into a saddle → subcritical pitchfork.

• For q < 0: when p increases through 0, two centres appear and the origin changes
from a centre to a saddle → supercritical pitchfork.

Figure 6 illustrates the fixed-point branches as functions of p for both cases. Panel (a)
shows the subcritical case (q > 0), where two nontrivial branches exist for p < 0 and
disappear for p > 0. Panel (b) shows the supercritical case (q < 0), where two nontrivial
branches appear for p > 0. The solid line represents the trivial branch Ψ = 0, while dashed
lines represent the nontrivial branches Ψ±.

The system derived from the traveling wave reduction is Hamiltonian, with the
Hamiltonian function given by

H(Ψ, y) =
1
2

y2 − p
2

Ψ2 − q
4

Ψ4.

Trajectories in the phase plane (Ψ, y) lie on level curves of H. The corresponding potential
energy is

V(Ψ) = − p
2

Ψ2 − q
4

Ψ4.

The nature of the fixed points and the global dynamics depend on the signs of p
and q. Figures 7 and 8 illustrate the four characteristic regimes and their associated
potential landscapes.
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(a) (b)
Figure 6. Bifurcation diagrams for the d-mNLSE reduction: fixed points ϕ versus parameter p
for fixed q. (a) Subcritical pitchfork bifurcation (q > 0): two saddle points annihilate at p = 0.
(b) Supercritical pitchfork bifurcation (q < 0): two centres emerge from p = 0.

The bifurcation analysis indicates that the d-mNLSE has an associated pitchfork
bifurcation under traveling wave reductions which depend on the parameter p. In addition,
the determination of whether the bifurcation is supercritical or subcritical is carried out by
the sign of q. This is consistent with conservative systems which represent nonlinearly as
cubic (i.e., the type of behavior shown in this analysis). The Python 3.13 code allows visual
exploration of the phase space and the bifurcation structure.

In a physical context, the parameters p and q are related to the wave speed, wave
number, frequency, and the intrinsic coefficients λ, ϵ. By varying these physical quantities,
one can observe the transition from single-peak to multi-peak wave structures or the
appearance of periodic waves.

(a) (b)

(c) (d)
Figure 7. Phase portraits of the system Ψ′′ = pΨ + qΨ3 for the four distinct regimes determined by
the signs of p and q. Red dots indicate saddle points, green dots indicate centres. (a) Phase portrait
for p < 0, q > 0: centre at ϕ = 0, saddles at Ψ = ±

√
−p/q. (b) Phase portrait for p > 0, q > 0:

saddle at Ψ = 0, no nontrivial fixed points. (c) Phase portrait for p < 0, q < 0: centre at Ψ = 0, no
nontrivial fixed points. (d) Phase portrait for p > 0, q < 0: saddle at ϕ = 0, centres at Ψ = ±

√
−p/q.
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(a) (b) (c)
Figure 8. Representative potential landscapes corresponding to different parameter regimes. The
potential V(Ψ) = − p

2 Ψ2 − q
4 Ψ4 determines the stability of fixed points: minima correspond to

centres, maxima to saddles. (a) Potential V(Ψ) for p < 0, q > 0. (b) Potential V(Ψ) for p > 0, q > 0.
(c) Potential V(Ψ) for p > 0, q < 0.

7. Physical Insight and Interpretation of the Obtained Results
The analytical solutions attained in this study reveal important physical characteristics

of nonlinear wave propagation governed by the d-mNLSE. The hyperbolic and trigono-
metric solutions represent localized and periodic wave structures arising from the balance
among nonlinearity dispersion. In particular, the bright soliton solutions as well as the dark
soliton solutions represent the stable localized wave packets that maintain their shapes
while propagating through the nonlinear dispersive media. The multi-peak wave solutions
as well as the mixed wave solutions imply the possible complex interactions between the
dual wave modes. The periodic solutions as well as the mixed periodic solutions imply
the possible oscillating wave behavior under certain parameter conditions. In addition to
this, the derived CLs for the impulse power, impulse momentum, as well as the impulse
energy offer additional physical implications that the derived soliton solutions maintain
the fundamental physical properties. The bifurcation analysis again demonstrates the
various wave patterns that emerge as the parameters change, showing stability transi-
tions between stable and unstable regimes as well as the creation of additional solution
branches through pitchfork bifurcations. The obtained solutions are summarized in Table 1.
Therefore, these results influence innate theoretical comprehension of non-linear wave
dynamics with potential applications in fluid mechanics, nonlinear optics, plasma physics,
and ocean engineering.

Some studies have investigated the d-mNLSE utilizing diverse analytical schemes to
attain soliton and wave results. The authors in [20,23] applied the tanh–coth expansion
method, the unified Riccati equation method, the modified simple equation method, and
the new extended auxiliary equation method to the dual-mode nonlinear Schrödinger
equation with Kerr-law nonlinearity in order to derive optical soliton solutions describing
solitary wave propagation in dual-mode optical fibers. The authors in [26] used the
extended (G′/G)-expansion method to derive optical soliton molecules of the d-NLSE in
cubic-law media. In addition, the authors in [16] applied the new extended direct algebraic
method to the d-mNLSE to construct exact solutions. Lie symmetry analysis, group-
invariant solutions, and conservation laws for the d-mNLSE were studied in [17]. Therefore,
compared with previous studies that mainly focused on a limited class of soliton or periodic
wave solutions, the present work provides a broader spectrum of analytical solutions and
offers a deeper understanding of nonlinear wave dynamics through bifurcation and phase-
portrait analysis.

The graphical visualizations (see Figures 1–7), presented through contourplots two-
and three-dimensional, and contour plots, further illustrate the propagation characteristics
of the obtained solutions. These structures show the amplitude changes, the localization
of the wave structures, as well as their evolution in the space. Graphical analysis is an
important tool in relating the analytical results to their physical meaning.

https://doi.org/10.3390/mca31030097

https://doi.org/10.3390/mca31030097


Math. Comput. Appl. 2026, 31, 97 17 of 19

Table 1. Comprehensive Classification of Analytical Solutions of the d-mNLSE.

Solution in
Equation

Mathematical
Form Wave Profile Physical Interpretation Potential Applications

(20) sech(·) Bright soliton Localized pulse with decaying tails Optical fibers, nonlinear optics

(21) csch(·) Singular soliton Strong localized spike, Wave with
central singularity Plasma waves, nonlinear media

(22) sinh+ cosh Shock/kink wave Rapid transition wave profile Fluid dynamics, shallow water
waves

(23) tanh(·) Dark soliton Intensity dip on background Bose–Einstein condensates, optics

(24) coth(·) Singular dark wave Dark structure with singularity Plasma physics

(25) tanh+i sech Dark–bright
composite soliton Dual wave interaction Optical soliton interactions

(26) tanh+ coth Mixed hyperbolic Combined localized structures Nonlinear dispersive systems

(27) Hyperbolic
ratio W-shape soliton Multi-peak localized wave and

Energy redistribution among peaks Pulse shaping

(28) sec(·) Periodic singular Oscillatory singular wave Ocean waves

(29) csc(·) Periodic singular
waves Spatial wave resonance Surface Water waves

(30) tan(·) Periodic wave Nonlinear oscillation and Energy
exchange between wave modes Nonlinear optics, waveguides

(31) cot(·) Periodic singular
wave

Periodic wave with Phase-shift
oscillation

Waveguide systems, Wave resonance
problems

(32) sec− tan Mixed periodic wave Interaction of periodic components Nonlinear oscillatory media

(33) tan− cot Combined periodic
waves Multi-mode oscillatory interaction Optical resonators

(34) Trigonometric
combination

Periodic modulated
wave

Modulated wave envelope
interaction Nonlinear signal propagation

(35) cos / sin Oscillatory wave Harmonic nonlinear propagation and
wave envelope modulation Ocean engineering

(36) Exponential
form Solitary pulse Localized nonlinear pulse Optical pulse transmission

(37) Rational-
exponential Decaying soliton Asymmetric soliton decay Plasma wave propagation

(38) 1/(ζ + ζ0)
Rational singular
solution

Algebraic decay and Strong localized
nonlinear interaction Nonlinear dispersive media

(39) 1/
√

ζ + ζ0 Algebraic wave Slowly decay with Long-range
nonlinear interaction

Fluid mechanics, nonlinear
hydrodynamics

8. Conclusions
In the current work, the d-mNLSE is successfully analyzed to understand the dynamics

of nonlinear wave interactions during wave propagation in dispersive media. By using the
mSS-EM, a wide variety of exact analytical solutions is obtained. The solutions obtained
include hyperbolic, trigonometric, periodic, singular, and complex dark–bright soliton
structures with multi-peak and mixed wave patterns. These analytical solutions greatly
enhance the solution set of the nonlinear model under consideration and provide a deeper
understanding of the interaction and evolution of dual-mode wave structures. The achieved
solutions may have potential applications in fluid mechanics, nonlinear optics, plasma
physics, and ocean engineering, among others, as wave interactions of this kind occur quite
frequently in these fields. In addition, the CLs are established for this equation, which
lead to the invariant properties such as the impulse power, momentum, and energy of the
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soliton structures. These conserved quantities play a critical role in the physical stability of
the soliton structures. Furthermore, the qualitative behavior of the mathematical model
is analyzed using the bifurcation method for the reduced dynamical system. Equilibrium
points are obtained, and the nature of the stability is analyzed, revealing the conditions for
the formation of different wave structures. To demonstrate the physical interpretation of the
results, graphical representations such as two-dimensional, three-dimensional, and contour
plots are obtained, revealing the different propagation characteristics of the obtained wave
structures. Moreover, the results demonstrate the efficiency of the suggested analytical
method for the construction of soliton solutions for the given nonlinear wave equation.
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