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Abstract

Numerous engineering problems can be represented as minimax optimization problems,
including machine learning, classification, robust optimal control, signal processing, game
theory, and more. Typically, minimax problems are considered challenging, especially con-
strained ones. The recently introduced artificial rabbits optimization (ARO) is inspired by
the natural behaviour of rabbits. ARO exhibits robust effectiveness in tackling optimization
challenges. Despite its advantages, ARO converges early to local optima, especially in
complex or multi-modal optimization problems, and it struggles to balance exploration and
exploitation, often leading to premature convergence and reduced accuracy. In this paper,
we present a chaotic ARO that employs five maps exhibiting randomization behaviour
to refresh candidate solutions. We assess the performance of the suggested CARO by
applying it to 46 benchmark functions (25 unconstrained and 21 non-smooth minimax)
and 15 constrained test functions with diverse characteristics. We evaluate its performance
against six swarm intelligence algorithms. Also, we employ the chaotic maps to ARO
and the six compared algorithms, and we perform a non-parametric statistical test, the
Friedman test, on all outcomes. The findings show that the proposed algorithm can solve
both unconstrained and constrained minimax problems more effectively and efficiently
than other swarm intelligence methods.

Keywords: artificial rabbits optimization; chaos; metaheuristic; particle swarm optimization;
unconstrained and constrained minimax problems

1. Introduction

Minimax optimization problems are prevalent in diverse fields, including structural de-
sign [1], classification [2], game theory [3], machine learning, signal processing, finance [4],
discrete optimization [5], engineering design [6], robust combinatorial optimization [7],
and control theory [8,9]. Traditional deterministic methods for solving minimax problems
include algorithms based on smoothing techniques [10-12] and gradient-based approaches
like Sequential Quadratic Programming (SQP) [13-15]. These approaches have limitations:
smoothing methods can become ill-conditioned due to rapidly decreasing parameters;
SQP methods require exact second derivatives, making efficient implementation diffi-
cult; the quadratic programming component can be non-convex, complicating solution
procedures [16].

Math. Comput. Appl. 2026, 31, 83

https:/ /doi.org/10.3390/mca31030083


https://crossmark.crossref.org/dialog?doi=10.3390/mca31030083&domain=pdf&date_stamp=2026-05-21
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/mca
https://www.mdpi.com
https://orcid.org/0000-0002-1639-2120
https://doi.org/10.3390/mca31030083

Math. Comput. Appl. 2026, 31, 83

20f37

Artificial rabbits optimization (ARO) [17] is a novel metaheuristic algorithm intro-
duced in 2022, inspired by the survival strategies of rabbits in their natural environment.
ARO is designed and used to discover approximate solutions for a wide range of opti-
mization and search problems across domains such as engineering, finance, and machine
learning. The core concept of ARO is to emulate rabbits” behaviours in their quest for
survival, primarily through foraging and hiding strategies. These behaviours are translated
into specific algorithm operators that manipulate and evolve a population of candidate
solutions. The solutions, which represent potential answers to the target problem, are typi-
cally encoded as strings of numbers, characters, or more intricate data structures depending
on the problem’s nature. The ARO algorithm progressively improves these solutions
across multiple generations. Each generation entails applying the foraging strategy, which
explores the search space by generating new solutions based on the current best-known
solutions and a degree of randomness. This replicates a rabbit’s search for food. Simultane-
ously, the hiding strategy, which protects the best solutions from potential threats (such as
local optima), is implemented. This can involve techniques such as solution diversification
or local search around promising areas. The algorithm continues evolving the population
of solutions through these operators, generation after generation, until a solution that meets
the preset criteria (e.g., a minimum acceptable solution quality or a maximum number
of iterations) is found. However, the algorithm has serious issues that make it difficult
to balance exploration and exploitation when handling complex, multimodal challenges.
The iterative process of ARO is carried out by the rabbits choosing a burrow at random,
which can speed up convergence but also reduce solution diversity and confine the rabbits
in local optima. This is one of the main problems. The quality of the final answer may
also suffer since ARO lacks a guidance technique to steer towards favourable regions
during the iterative search. There is a great opportunity to improve by overcoming the
challenge of ensuring that the increased population reaches potential regions. Basically, the
old-fashioned ARO algorithm has to be made more effective.

The ARO algorithm has been successfully used in a number of fields, such as in-
dustrial engineering [18,19], sentiment analysis [20], allocation of solar photovoltaic (PV)
systems [21], predicting water productivity [22], finding the optimum values of uncertain
parameters for the proton exchange membrane fuel cell model [23], engineering prob-
lems [24], multi-level thresholding color image segmentation [25], feature selection in
high-dimensional data [26], and various applications and problems [27]. However, the
original ARO has several problems, including an imbalance between exploration and
exploitation, low population diversity, and premature convergence [28]. ARO is a newly
developed optimization algorithm with many benefits, such as simplicity, a limited number
of parameters, and being an intuitive idea, despite its disadvantages.

Multiple studies have proposed methods to enhance the performance of artificial
rabbits optimization (ARO). For instance, Mazloumi et al. (2023) [29] introduced enhanced
artificial rabbits optimization (EARO), which employs a nonlinear inertia-weight reduction
technique to mitigate premature convergence. Cao et al. (2023) [30] developed an improved
ARO variant, termed IARO, which accelerates convergence by adjusting the inertia weight
during the later algorithmic stages. Awadallah et al. (2023) [31] incorporated position-based
learning and the Lévy flight to enhance population diversity and achieve a balance between
exploration and exploitation; their approach demonstrated effectiveness in feature selection
for medical diagnostic data. Vellingiri et al. (2023) [32] proposed ARSCA, an ARO-based
method that integrates a sine—cosine optimizer to optimize host capacity control parameters
more effectively.

In order to reach equilibrium between exploration and exploitation, Kumar et al.
(2023) [33] suggested an enhanced form of ARO called LFCARO, which employs a tent
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chaos random distribution and a Lévy flight random walk. This method was effectively
used for resource scheduling in home energy systems. CHAOARO, an improved ARO,
was proposed by Wang et al. in 2022 [18]. They improved ARO’s exploring capabilities
by combining it with the Aquila optimizer. The adaptive switching mechanism and
chaotic opposition-based learning technique were used to balance its exploration and
exploitation capabilities. Alamir et al. (2023) [34] proposed QARO, an improved ARO that
successfully applies quantum mechanics based on the Monte Carlo method to improve
convergence accuracy in energy management optimization in microgrids. Wang et al.
(2022) [19] proposed an improved ARO called LARO. The Lévy flying technique is used
during the exploitation phase to improve the accuracy of ARO’s convergence. Using
the selection—opposition strategy improves the algorithm’s ability to evade local optima.
To greatly enhance the search capabilities and convergence accuracy of ARO, He et al.
(2025) [24] proposed an enhanced multi-strategy algorithm, termed MARO, by combining
several methods, including elite opposition-based learning, Levy flights, random walks,
and adaptive weight factors. In order to solve the QoS-aware web service composition
challenge, Sharif et al. (2025) [35] introduced an upgraded chaotic-based approach, named
ECARDQO, a hybrid artificial rabbit optimization and dandelion optimizer based on Singer
and Intermittency maps.

These ARO improvement studies offer valuable references for further improvement
investigations. There are still certain issues, even though the aforementioned researchers
have helped ARO operate more effectively. The loss of population variety, for example,
has not been resolved despite ARSCA increasing the pace of ARO convergence. The
poor convergence performance of EARO, QARO, and IARO is due to their disregard for
population diversity and the proper balance between exploration and exploitation.

The aim of this study is to balance the exploration and exploration capabilities of the
ARO algorithm while keeping the benefits of its straightforward principles and strong
operability. This is done while taking the aforementioned reason into account. To ac-
complish this, this article proposes a variant of ARO, called CARO, and employs chaotic
map-based randomization to enhance the exploration and exploitation behaviour of the
original ARO algorithm.

The following is a summary of this paper’s main contributions:

e Introduce a new version of ARO, called CARO, by combining CRO with five types of
chaotic maps: Chebyshev, circle, Gauss, logistic, and tent.

e Test the original ARO, Slime Mold Algorithm (SMA) [36], Egret Swarm Optimization
Algorithm (ESOA) [37], Hunger Games Search (HGS) [38], Marine Predators Algo-
rithm (MPA) [39], crystal structure algorithm (CSA) [40], and particle swarm optimiza-
tion (PSO) [41] by solving 46 benchmark unconstrained minimax problems (including
25 smooth and 21 non-smooth minimax functions) and 15 constrained minimax opti-
mization problems, demonstrating the effectiveness of the introduced method.

¢  Combine each chaotic map with ARO and with each compared algorithm (SMA,
ESOA, HGS, MPA, CSA, and PSO) to ensure fairness in comparisons.

e Conduct a non-parametric statistical test, the Friedman test, on the outcomes of
the proposed algorithm and the compared algorithms. The results show that the
proposed algorithm is more effective and faster than the compared algorithms for
both constrained and unconstrained minimax problems.

The rest of this paper follows this structure. The main structure and methods for
the original ARO are highlighted in Section 2, along with the design structures of the
proposed approaches. In Section 3, algorithmic implementations of the proposed methods
and numerical experiments are discussed, and six different algorithms for unconstrained
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and restricted minimax optimization problems are compared. The work’s results and
suggestions for additional research are presented in Section 4.

2. Enhanced Artificial Rabbits Optimization

The theory underlying artificial rabbits optimization (ARO) is first introduced in this
section. Next, we present the performance and behaviour of five distinct chaotic maps.
Lastly, we offer a thorough description of the suggested technique, known as Chaotic
Artificial Rabbits Optimization (CARO).

2.1. Artificial Rabbits Optimization (ARO)

Since rabbits are herbivores that primarily consume grass, forbs, and leafy weeds,
ARO was inspired by their natural survival strategies. Rabbits must adapt to survive, just
like all other organisms throughout our evolutionary history [42]. Rabbits always look for
food away from their nests, avoiding the grass close to their burrows to keep predators
from discovering their nest. Because of their exceptionally broad range of vision and the
fact that the majority of them are used for overhead scanning, rabbits can locate food over
a wide region with ease [43,44]. This is seen as the process of exploration.

Another survival strategy of rabbits is random concealment. Because they are skilled
at digging tunnels for their nests, rabbits will build numerous burrows around their nest
and select one at random to protect it from predators [45]. Rabbits run more quickly because
of their powerful muscles and tendons, short forelegs, and long hind legs. Rabbits can also
run in a zigzag pattern to avoid pursuit, stop abruptly while running, or turn sharply [46].
By using this survival tactic, rabbits can effectively raise their chances of surviving by
confusing their adversaries and evading detection.

2.2. Chaotic Map for ARO

Table 1 displays the five chaotic maps in their mathematical form. As seen in Figure 1,
the 10 chaotic maps exhibit random behaviour despite the absence of random variables. In
order to boost the algorithm’s unpredictable behaviour and help prevent local optima from
stagnating, we investigate how the five chaotic maps behave when they are invoked in the
suggested algorithm. A random integer between [0, 1] serves as the starting point for each
of the five chaotic maps. Because it was chosen in [47], we start with xy = 0:7.

T C1 (Chebyshev map) P C2 (Circle map) T c3 map)

0.8 08

0.6 06

0.4 | 04

0.2 0.2

0 50 100 150 200 0 50 100 150 200
Iterations Iterations lterations

C4 (Logistic map) Maps

0 50 100 150 200 [} 50 100 150 200
Iterations Iterations

Figure 1. Visualization of chaotic maps.
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Table 1. Chaotic maps.

No. Name Chaotic Map Range

Cl Chebyshev [48] xi11 = cos(icos™1(x;)) (-1,1)

C2 Circle [49] X1 =mod(x; +b— (5%) sin(27x;), 1), a =05, b = 0.2 (0,1)

C3  Gauss/mouse [50] . | = 1, x; =0, (0,1)
" xll mod(ax;, 1), otherwise

C4 Logistic [51] X1 =axi(1—x;), a=4 (0,1)

C5 Tent [52] Xipg = 07 x; <07, (0,1)
il 31—-x), x>07

2.3. Chaotic Maps for Increasing Randomization Behaviour in ARO

The fundamental behaviour of rabbits, such as guided detour foraging (exploration),
random hiding (exploitation), and energy shrink (transition from exploration to exploita-
tion), is the basis of the ARO algorithm. Through the use of strategies demonstrated in
Equations (3), (9) and (16), Nj in the detour foraging strategy is a guided factor in the ARO
algorithm. The algorithm produces a variety of solutions. They are subject to the normal
distribution N (0, 1) with mean = 0 and standard deviation = 1.

But in certain optimization situations, especially complex and high-dimensional ones,
the ARO method may become stuck in local optima, leading to an inmproper exploration—
exploitation balance. Search space solutions are not well covered by the algorithm since
each solution modifies its position according to the prior parameters. In order to overcome
these constraints, we have created a new iteration of the ARO algorithm that is more diverse
by replacing these parameters with others that rely on chaotic maps. The great majority
of values will fall roughly inside the range of (—3,3), even if Nj is subject to the normal
distribution of n N(0,1). The suggested approach converts the chaotic maps based on
alternative random values to the same range (—3,3), as illustrated in Equation (1):

Clno) = 3-1(no) no=1 )
—6-71(i)+3 no=2,3,4,5
where 7 is the chaotic map, and no is the number of the selected chaotic map in Table 1.
As demonstrated in Equation (2), two random strategies N (0, 1) and the transformed
chaos map C(n0) are combined to improve randomness and diversity in the search patterns,
thereby increasing the randomization behaviour of the interaction between the solutions
and the movement toward the overall best solution in the swarm:

C(no) p<05
N(0,1) otherwise

CR = ()

The complex and variable trajectories produced by the combination are clearly shown
in Figure 2, highlighting the algorithm’s potential to increase search efficiency and robust-
ness when tackling challenging optimization issues. A more comprehensive investigation
of the search space is made possible by this improved chaotic behaviour, which successfully
avoids convergence.

& SetCR = C
Generate chaotic Scale the generated Generate random
value n value to C in (-3,3) number p fromu(0,1) Yo

SetCR = N(0,1)

Figure 2. Randomization strategy used in CARO algorithm.
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2.4. The Proposed Algorithm CARO

The ARO algorithm has limitations similar to those of other swarm intelligence sys-
tems, such as sluggish convergence and trapping in local minima, even though it is com-
posed of three primary strategies: detour foraging (exploration), random hiding (exploita-
tion), and energy shrink (transition from exploration to exploitation). To get over these
two problems, we provide a swarm intelligence method in this study, CARO, or Chaotic
Artificial Rabbits Optimization, which is the name of the suggested algorithm. During
the exploration and exploitation phases of CARO, we replace a few random parameters
with the converted chaotic maps C(no). The following is a description of the mathematical
models of the three strategies:

2.4.1. Detour Foraging (Exploration)

ARO'’s detour foraging behaviour indicates that each search individual tends to add
a perturbation and update its position in relation to the other search individual selected
at random from the swarm. The following mathematical model of rabbit detour foraging
is suggested:

Vi(t+1) = x(t) + S - (x;(t) — xj(t)) + round(0.5 - (0.05 + 1)) - Ny, 3)

wherei,j=1,...,Nuandj # i
S=D-q @

D= (e—e(_lef) - sin(271r,) (5)

o {1, itk = g(1) ©

0, otherwise

fork=1,...,dand1 =1,...,|r3-d|. Here, ¢ = randperm(D) denotes a random permuta-
tion of the dimension indices {1,2,...,D}. Therefore, (k) = 1 is assigned to randomly
selected dimensions according to the permutation vector ¢, while (k) = 0 is assigned to
the remaining dimensions. Thus, the selected dimensions change randomly during the
search process:

g = randperm(d) (7)

N; ~ N(0,1) (8)

where V; is the candidate position; Nu is the size of a rabbit population; d is the dimension
of the problem; T is the maximal number of iterations; randperm returns a random per-
mutation of the integers from 1 to d; rq, 2 and r3 are three random numbers in (0,1), D
is the running length, which represents the movement pace when performing the detour
foraging, and Nj is subject to the standard normal distribution.

2.4.2. Random Hiding (Exploitation)

In ARO, at each iteration, a rabbit always produces d burrows around it along each
dimension of the search space, and it always randomly chooses one from all burrows for
hiding to reduce the probability of being preyed on. The following equation is given in this
regard. The jth burrow of the ith rabbit is generated by

Bm,j(t):xi(t)—i—@-w«i(t), m=1,...,Nu, ]:1,,D (9)

(10)
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, 1, ifi=j
w(i) = =1,...,D (11)
0, otherwise

The D burrows are created in a rabbit’s vicinity along all dimensions using
Equation (9). Over the course of iterations, the hiding parameter, H, is linearly reduced
from 1 to 1/T using a random perturbation [53]. This characteristic indicates that these
burrows are first formed in a rabbit’s larger neighborhood. This neighborhood also shrinks
as the number of iterations rises. As previously stated, rabbits are frequently subjected to
predatory chase and attack. Rabbits need to locate a secure hiding spot in order to live.
They are therefore not allowed to choose a burrow at random for refuge in order to evade
detection. The following equations are suggested to quantitatively model this random

concealment strategy:

Vi (t+1) = xp(t) + - (r5 - Bug(t) —xm(t)), m=1,...,Nu (12)

1, ifn=|rs-D
y(n) = ifn=1lre-D}  _1 p (13)
0, otherwise

Big(t) = X (t) + O -y - X (1) (14)

Xon (1), fOan(t)) < f(Vi(t+1))

Xm(t+1) =
Viu(t+1), fOun(t) > f(Vi(t+1))

(15)

This equation denotes that if the fitness of the candidate position of the th rabbit is
better than that of the current one, the rabbit will abandon the current position and remain
at the candidate position produced by either Equation (3) or Equation (12).

2.4.3. Energy Shrink (Switch from Exploration to Exploitation)

When it comes to ARO, rabbits usually engage in detour foraging during the early
stages of iterations and random concealment during the later stages. This search mechanism
is the outcome of a rabbit’s energy, which gradually decreases over time. In order to
simulate the transition from exploration to exploitation, an energy factor is created. The
following is the definition of the energy factor in ARO:

K(t) = 4(1 - ;) ln% (16)

where 7 is the random number in (0,1). The energy factor K(t) shows a declining trend
towards zero during the iterations with the oscillation amplitude. A large value of the
energy factor represents that a rabbit has sufficient energy and physical strength for detour
foraging. In contrast, a small value of the energy factor indicates that a rabbit is less
physically active, so it relies on random hiding. We can summarize the steps of the
proposed algorithm (CARO) as follows. In Algorithm 1, the condition K(#) > 1 activates
the exploration phase, while K(t) < 1 activates the exploitation phase. This switching
rule follows the original ARO energy-based mechanism and allows the search process to
gradually move from global exploration to local exploitation as the number of iterations
increases. In Equation (3), transformed chaotic maps C(no) have been applied instead of
Nj to offer random interaction between solutions or progress toward the best solution.
Figure 3 represents the framework of the proposed algorithm CARO and shows that CARO
is avoids local minima through the solutions’ random movement. The proposed algorithm
CARO'’s primary phases are displayed in Algorithm 1.
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Algorithm 1 The steps of the proposed CARO algorithm

: Initialize the population X;, i = 1,2, ..., N;, randomly within the problem bounds.
: Evaluate fitness f(X;) for each rabbit.

: Assign Xpeq; as the current best solution.

: fort =1to T do

if K(t) > 1 then

10:

fori =1to N, do
Select j # i randomly

1
2
3
4
5: Compute energy factor from Equation (16)
6
7
8
9

Exploration: Detour Foraging

Compute S from Equation (4), with D in Equation (5).

Generate random variable RC based on transformed map C(no)
11: Update position from Equation (3)
12: end for
13: else
14: form =1to N, do Exploitation: Random Hiding
15: Generate D burrows By, 4(t) using Equation (14)
16: Select a burrow randomly
17: Compute candidate as in Equation (12)
18: Apply greedy selection:
19: if f(Vi(t4+1)) < f(xm(t)) then
20: xm(t+1) = Vpu(t+1)
21: else
22: Xm(t+1) = xm(t)
23: end if
24: end for
25: end if
26: Enforce bounds on all updated positions
27: Update X, if a better solution is found
28: end for

29: return Xpeq

| Start | Initialize population of N swarm rabbits
randomly within the search space

Evaluate the fitness function f(x) of
each rabbit, and assign the X pee;

!

Is the

| Update the best solution X, [

iteration
satisfied?

Yes

No Display the best
solution X;..; End

|Compute energy factor K|

Yes

Fori=1:N
Apply Detour Foraging as Exploration

No

Fori=1:N
Apply Random Hiding as Exploitation

Compute Dand Sfromeq:4 andeq: 5 |

Update the best solution X, o,

Generate burrows by Eq: 14, and select
abprrow randomly

l

i

Generate chaotic random variable RC
based on transformed map C(no)

l

Evaluate the fithess of all
solutions

t

| update the position from Eq: 3 |

| Compute candidate as Eq: 12 |

l

Apply greedy selection to
update the position as in Eq:15

Figure 3. Flowchart of the proposed Chaotic Artificial Rabbits Optimization (CARO).

Although formal convergence analysis is valuable, the present study follows the com-

mon evaluation framework used in metaheuristic optimization research, where newly
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proposed variants are mainly assessed through benchmark functions, convergence be-
haviour, statistical tests, and comparative performance against established algorithms.
Since CARO is designed as a derivative-free population-based optimizer for nonlinear,
non-smooth, and constrained minimax problems, its effectiveness is evaluated empirically
using extensive benchmark experiments. To claim a closed-form convergence guarantee,
the numerical results, convergence curves, statistical analysis, and computational time
comparison are used to demonstrate its practical optimization performance. The proposed
CARO algorithm preserves the bounded search-space structure of the original ARO algo-
rithm. At each iteration, candidate solutions are restricted within the predefined lower
and upper bounds. Moreover, the best-so-far solution is retained during the optimization
process. Therefore, for a minimization problem, the best objective value obtained up to
iteration t + 1 is not worse than the best objective value obtained up to iteration t. This
produces a non-increasing best-so-far objective sequence during the search process.

3. Numerical Experiments

This section examines the performance of the proposed algorithm on both uncon-
strained and constrained benchmark functions. The proposed algorithm was implemented
in MATLAB R2015a and executed on a personal computer equipped with an Intel(R)
Core(TM) i5 processor, running the Windows 11 operating system.

The proposed algorithm was compared with six swarm intelligence algorithms. The
parameter settings of the proposed algorithm and the comparative results against the other
swarm intelligence algorithms are presented in the following subsections.

The numerical results are organized according to the type of benchmark problem. In
each table, the lowest rank indicates the best-performing method.

3.1. Unconstrained Minimax Optimization Test Problems

In this subsection, we report the unconstrained minimax functions F;—F,5 and nons-
mooth unconstrained minimax functions Fs—Fug, as shown in Tables 2 and 3, respectively.

Table 2. Benchmark unconstrained minimax optimization test problems, their dimensions (N), and
known optimum objective values.

Problem Function N Optimum

R CB2 [54] 2 1.9522245

b WE [55] 2 0

F3 SPIRAL [55] 2 0

Ey EVD52 [56] 6 3.5997193

F5 Rosen-Suzuki [57] 4 —44

s Polak 6 [58] 4 —44

E PBC3 [59] 5 0.42021427 x 102
Fs Bard [60] 3 0.50816327 x 107!
Fy Kowalik—-Osborne [60] 4 0.80843684 x 1072
Fio Davidon 2 [60] 4 115.70644

Fi OETS5 [61] 4 0.2635735 x 102
Fin OET6 [61] 4 0.20160753 x 102
Fi3 GAMMA [62] 4 0.12041887 x 102
Fia EXP [63] 5 0.12237125 x 107!
Fi5 PBC1 [59] 6 0.22340496 x 107!
Fis EVD61 [56] 5 0.34904926 x 107!
Fi7 Filter [64] 9 0.61852848 x 1072
Fis Wong 1 [65] 7 680.63006

Fio Wong 2 [65] 10 24.306209

Fx Wong 3 [65] 20 133.72828

Fn Rosen-Suzuki [12] 4 —44

Fx U, [12] 2 2

P Polak 3 [58] 11 261.08258

Fos Watson [60] 20 0.14743027 x10~7
Frs Osborne 2 [60] 11 0.48027401 x 107!
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Table 3. Nonsmooth unconstrained minimax optimization test problems, their dimensions (N), and

known optimum objective values.

Problem Function N Optimum
Fog QL [66] 2 7.20
Fyy Crescent [66] 2 0

Frg CB2 [66] 2 1.9522245
Fyo CB3 [66] 2 2

F3p DEM [66] 2 -3

F5 LQ [66] 2 —1.4142136
F3, Mifflin 1 [66] 2 -1

F33 Mifflin 2 [66] 2 -1

Fs4 Shor [66] 5 22.600162
Fs5 Rosen-Suzuki [66] 4 —44
Fs¢ HS78 [67] 5 —2.9197004
F37 El-Attar [56] 6 0.5598131
Fss Gill [68] 10 9.7857721
F39 Maxq [66] 20 0

F40 Maxl [66] 20 0

Fn MAXHILB [68] 50 0

Fp Function 42 [12] 7 247
Fy3 L1HILB [68] 50 0

Fyy Function 44 [69] 2 0

Fys Function 45 [69] 10 0

Fye Function 46 [62] 2 0

3.2. Parameter Settings

In Table 4, we give the parameter settings of the proposed algorithm. We select the
number of population size according to the experimental test.

Table 4. Parameter settings of the proposed algorithm.

Parameter Description Value
N Population size 30
feount Maximum function evaluations 24,000
Max;y, Maximum number of iterations 800
€ Accepted error tolerance 10-°

3.3. The Performance of the Chaotic Maps for ARO Algorithm on Minimax Problems

In the proposed CARO algorithm, selected random variables in the original ARO
structure are replaced with the transformed chaotic parameter RC(no0), which is generated
from chaotic maps. This modification aims to improve the randomness and distribution of
the search process. To identify the most suitable chaotic map for the proposed algorithm,
the performance of five different chaotic maps was compared.

Using the five chaotic maps in the ARO algorithm, Figure 4 shows the average error
curves over 30 independent runs for representative minimax test problems. The selected
functions Fy, F3, Fip, Fi4, F29, F11, F44, and F44 were chosen because they represent different
optimization characteristics and allow the behaviour of the chaotic maps to be visually
compared under different search landscapes. The results show that the C5 map generally
provides faster convergence during the early iterations and reaches low error values with
stable convergence behaviour. Although C1 performs competitively on some functions,
such as Fy; and Fs4, C5 shows a more consistent balance between fast convergence, low
error values, and smooth decline across the selected problems. This suggests that the C5
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map can improve the search behaviour of ARO and is a suitable candidate for the proposed
CARO algorithm.

Heration

s
Heration

15
Heration

Heration

Figure 4.

Heration

F1a

102
Heration

Fa1

Heration

12
Heration

Performance of the five chaotic maps on the min-max test problems.

https://doi.org/10.3390/mca31030083


https://doi.org/10.3390/mca31030083

Math. Comput. Appl. 2026, 31, 83

12 of 37

The normal random variable N(0,1) was combined with the C5 chaotic map to form
the combined randomization parameter CR5. This hybrid structure was used to combine
the stochastic behaviour of the original random parameter with the deterministic irregu-
larity of the chaotic sequence as shown in Figure 5. The aim is to improve the diversity of
search patterns and reduce the probability of premature convergence in both smooth and
non-smooth minimax optimization problems.

Figure 6 compares the average error curves of three randomization structures: the
original random parameter R, the chaotic parameter C5, and the combined parameter CR5.
The results show that CR5 generally achieves lower error values and faster convergence
than using R or C5 alone. This indicates that combining the normal random variable with
the Tent chaotic map provides a more effective randomization structure for the proposed
algorithm. Therefore, CR5 was adopted in the final CARO framework.

The convergence behaviour shown in Figures 4 and 6 provides further insight into
the search behaviour of the proposed CARO variants. Compared with the original ran-
domization strategy, the chaotic-map-based variants generally show faster reduction in the
average error and more stable convergence trends. This behaviour indicates that the use
of chaotic maps improves the distribution of candidate solutions during the early search
stage, enhances exploration, and reduces the probability of premature convergence. As the
number of iterations increases, the search gradually shifts toward exploitation, allowing
the algorithm to refine the best solutions more effectively. Therefore, the convergence com-
parison supports the role of chaotic maps in improving the balance between exploration
and exploitation without changing the original structure of ARO.

For a fair computational comparison, all algorithms were executed under the same
experimental settings, including the same population size, dimensionality, number of
independent runs, and maximum number of iterations. No early stopping criterion was
applied during CPU time measurement. Table 5 reports the average CPU time and relative
overhead of the original ARO and the proposed CARO variants over both unconstrained
and constrained benchmark functions.

Map5

[ 50 100 150 200 0 50 100 150 200
Iterations Iterations

c between Maps and rand

0 50 100 150 200
Iterations

Figure 5. Visualization of chaotic maps and their combination. The third figure is the result of
combining the first two figures.
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Figure 6. Comparison between C5, R, and the combined randomization parameter CR5.

Table 5. Computational time comparison between ARO and CARO variants over unconstrained and
constrained benchmark functions under the fixed maximum-iteration condition.

Algorithm Unconstrained CPU Time (s) Unconstrained Overhead (%) Constrained CPU Time (s) Constrained Overhead (%)

ARO

ARO+C1
ARO+C2
ARO+C3
ARO+C4
ARO+C5

2.1241 + 1.8600 0.00 27.1146 £ 91.9227 0.00
2.4735 £ 2.0914 16.45 28.8847 + 96.7304 6.53
3.2783 £ 3.5206 54.34 33.1468 +£111.1213 22.25
2.0639 +1.8234 —2.83 26.7053 £ 90.7947 —1.51
2.0621 £ 1.8027 —2.92 39.3167 + 133.4694 45.00
2.1200 £ 1.8507 -0.19 32.8537 +110.8008 21.17

Note. CPU time is reported as mean =+ standard deviation. The overhead was calculated relative to the original
ARO algorithm. All algorithms preserve the same computational complexity order, O(N x T x D), where N is
the population size, T is the maximum number of iterations, and D is the problem dimension.

As shown in Table 5, all CARO variants preserve the same computational complexity
order as the original ARO algorithm, namely O(N x T x D), where N is the population
size, T is the maximum number of iterations, and D is the problem dimension. For the
unconstrained benchmark functions, the mean CPU time of the CARO variants remains
close to that of ARO, with some variants showing slightly lower average CPU time. For the
constrained benchmark functions, the CPU time values are higher because of the increased
difficulty and constraint-handling operations associated with these problems. However,
the chaotic-map-based modifications do not change the overall complexity class of the
algorithm. The functions Fy, F3, Fip, Fia, F29, F11, F14, and Fys were selected as representative
benchmark problems with different characteristics to analyze the behaviour of the tested
chaotic maps under different optimization landscapes. These functions were not used as
the only basis for selecting the final chaotic map. Instead, they were used to provide a
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focused behavioural comparison, while the average results over all benchmark functions
were also considered to evaluate the overall performance of each chaotic map. Based on the
representative behavioural analysis and the average results over all benchmark functions,
the Tent map (C5) achieved the best overall performance among the tested chaotic maps
under the adopted experimental setting. This behaviour can be attributed to its simple
piecewise linear chaotic structure and its ability to generate well-distributed values within
the interval (0,1). Such distribution improves the spread of candidate solutions during
the early search stage, enhances exploration, and reduces the probability of premature
convergence. As the iterations progress, this balanced perturbation behaviour supports
exploitation and helps refine the best solutions. Therefore, C5 was selected as the main
chaotic map in the proposed CARO algorithm. However, this conclusion is limited to
the experimental setting of the present study and does not imply that the Tent map is
universally superior for all optimization problems.

3.4. The Performance of CARO Accelerated Artificial Rabbits Optimization on Unconstrained
Minimax Problems

Basic artificial rabbits optimization (ARO) [17], six Slime Mold Algorithms (SMA) [36],
the Egret Swarm Optimization Algorithm (ESOA) [37], Hunger Games Search (HGS) [38],
the Marine Predators Algorithm (MPA) [39], and the crystal structure algorithm (CSA) [40]
were all compared against the suggested algorithm. All algorithms employ the same
population size of 20 for fair comparison, and all algorithms are terminated when the
error gap is less than 10~° or the maximum function evaluation is reached. We provided
the standard deviation (std), the best solution (fbest), the worst solution (fworst), and
the average errors (mean) for each algorithm over a 30-run period. Each test problem’s
final row in Table 6 reports the Friedman rank test (Rank). To evaluate the statistical
significance of the variations in performance among the six algorithms, the Friedman rank
test is employed. The empirical results indicate CARO’s efficiency when compared to other
existing algorithms and show that it can get the optimum solutions for most test problems,
and this demonstrates its efficiency in comparison with other existing algorithms.

The results shown in Table 6 illustrates that for smooth unconstrained min-max
problems in Table 2, the average ranking of CARO is 2.16, ranking first, and it provides the
optimal value among all algorithms on 15 functions. For nonsmooth mim—-max problems,
CARO ranks the first with average rank 2.0952 and has the optimal value among all
algorithms on 15 functions of 21 test functions, as illustrated in Table 7. Therefore, it
can be shown that CARO is a reliable optimization method in terms of performance
when dealing with unconstrained min—-max problems, especially with respect to non-
smoothing problems.

For fair estimation, we applied the same chaotic map structure CR(5) all over the
compared hybrid algorithms instead of the random parameter in each algorithm. The
results of the average error over 30 runs for the algorithms are shown in Table 8. Table 9
shows that there is a considerable improvement for some algorithms’ behaviour after
applying the same randomization structure; however, the proposed algorithm is the most
promising algorithm among them.
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Table 6. Statistical results of the compared algorithms on unconstrained min-max optimiza-
tion problems.

Function ARO CARO MPA HGS CSA ESOA SMA PSO

2! mean  8.0855 x 1077  5.38751x 107  5.19541 x 1077 0.00022733 7.39264 x 102 0.005149456 7.39264 %1075 8.97719 x 10~
fbest 1.952224699 1.952225099 1.952224625 1.952228915 1.952225099 1.953548093 1.952225099 1.952225284
fworst 1.952225454 1.952225340 1.952225417 1.953308216 1.952659552 1.966085192 1.952659552 1.952649277
std 255427 x 1077 1.01954x 1077 2.77524 x 1077 0.000478865 0.000131524 0.00362169 0.000131524 0.000187381
Rank 25 2 1.75 7 4.625 8 4.625 5.5

F mean 593513 x 1077 421184 x10~7  7.82511x10~7  2.88309 x 107  4.50329 x10~7  3.88173x10~7  4.50329 x 107  5.86334 x 107

fbest 143824 x 1077 4.60148 x 108 3.92098 x 107 0.211826 x 1077 242291 x 10~8  1.41656 x 10~®  9.51924 x 108 2.3325 x 107
fworst  8.94337x 1077 879379 x 1077  9.92412x 1077  7.01652x 1077  8.56045 x 107 8.5993 x 107 8.56045 x 1077 9.1445 x 1077

std 269279 x 1077 2.66477 x 1077 2.25697 x 10~ 3.06056 x 10~ 2.6366 x 1077 2.67484 x 107 2.6366 x 1077 3.11501 x 1077
Rank 6.25 4 6.25 2.75 3.125 3 3.625 7
R mean 525708 x 1077 292663 x 1077 7.25917 x 1077 3.10245x 1077 3.12896 x 1077 3.56331x 107  3.12896 x 1077 6.46915 x 10~/

fbest 9.4757 x 1078 2692 x 1077 3.75586 x 1078 1.86309 x 107 6.60388 x 10710 2.83835x107%  6.60388 x 10710  4.07789 x 10~7
fworst  8.36415x 107  6.88592x 1077  9.98653 x 107  7.76567 x 1077  8.65113x 1077  9.81527 x 107  8.65113 x 107  8.48433 x 1077

std 3.01546 x 1077 243728 x 1077 3.10853 x 1077 4.13074 x 1077 3.1363 x 1077 2.8212 x 1077 3.1363 x 1077 1.69479 x 1077
Rank 5 2 6.75 3.75 4.25 5 4.25 5

Fy mean 5.66543 x 1077 7.08664 x 1077 6.75506 x 10~/ 0.000100758 3.03551 x 107> 0.008897717 3.03551 x 10~° 0.000342901
fbest 3.599719577 3.599719436 3.59971955 3.599725734 3.599720537 3.60318208 3.599720537 3.599720306
fworst 3.599720274 3.59972029 3.599720259 3.599985726 3.59978753 3.622820699 3.59978753 3.600873015
std 2.588 x 1077 2.4103 x 107 2.36139 x 107 9.9438 x 10~° 1.97927 x 107> 0.00451313 1.97927 x 10~° 0.000475793
Rank 225 225 15 6.25 4.75 8 4.75 6.25

F mean 284354 x 1075 6.11881 x 10~° 44.01083689 0.092863516 0.037876946 0.686962216 0.037876946 0.246850998
fbest —43.99999709 —43.99999919 —0.005539902 —43.98412221 —43.99771703 —43.7118434 —43.99771703 —43.99106257
fworst —43.99989241 —43.99966169 0.038538478 —43.794324 —43.78805096 —42.95857636 —43.78805096 —43.34610102
std 3.4061 x 107° 0.00010622 0.012007125 0.070948486 0.06431682 0.214071033 0.06431682 0.29802614
Rank 1.25 1.75 6.75 5 4 7 4 6.25

Fs mean 0.000467423 3.34697 x 105 43.99664906 0.608845349 0.019973117 0.565142462 0.019973117 11.14941939
fbest —43.99999981 —43.9999939 —0.026049879 —43.99309655 —43.99800987 —43.7507561 —43.99800987 —43.93667706
fworst —43.99629001 —43.99987486 0.010589015 —41.21362029 —43.94163075 —43.13386969 —43.94163075 —1.53872448
std 0.001148063 3.55632 x 10~° 0.010876145 1.219046127 0.020492185 0.158257878 0.020492185 17.94699498
Rank 1.75 1.25 6.75 6 3.75 5.75 3.75 7

F mean 0.000524089 0.000366949 0.000856512 0.013916059 0.003128819 0.001842749 0.003128819 0.001150918
fbest 0.004202969 0.004202666 0.004279669 0.006904545 0.004334541 0.004737592 0.004334541 0.004251341
fworst 0.005847265 0.006189797 0.006074155 0.036288561 0.026676251 0.006584101 0.026676251 0.006052085
std 0.000637871 0.000644253 0.000654694 0.013667752 0.006829752 0.000461722 0.006829752 0.000791611
Rank 1.75 225 3.5 8 6.25 45 6.25 3.5

Fg mean 0.023627036 0.027140917 0.023648876 1.002177477 0.613706671 0.036338868 0.613706671 0.034904975
fbest 0.074443363 0.074443363 0.074443605 0.390210687 0.172767094 0.07460135 0.172767094 0.074443363
fworst 0.074443363 0.10263802 0.074504195 2.064429305 1.278317118 0.102751202 1.278317118 0.102638402
std 1.14671 x 10~ 14 0.008942324 23341 x 107° 0.721844959 0.371983885 0.010327491 0.371983885 0.015442955
Rank 1.25 2.75 25 8 6.5 4.75 6.5 3.75

Fy mean 0.000706953 0.000876941 0.000416255 0.000543265 0.006819883 0.001103917 0.006819883 0.009629077
fbest 0.008285484 0.008308769 0.008037142 0.008057455 0.00955956 0.008096601 0.00955956 0.00808464
fworst 0.010821479 0.006368778 0.007189838 0.009710012 0.024751304 0.010408981 0.024751304 0.045994056
std 0.001023709 0.000929729 0.000374968 0.000767586 0.004575277 0.000489695 0.004575277 0.016008229
Rank 45 3.75 1.25 25 6.75 3.75 6.75 6.75

Fio mean 257104 x107° 170716 x 107> 5.82817 x 107 0.046864604 0.02000145 6.165494454 0.02000145 0.097213686
fbest 115.7064406 115.70644 115.7064399 115.7065202 115.7071287 117.1504288 115.7071287 115.7081525
fworst 115.7065763 115.7065909 115.706441 115.7825102 115.7559549 127.6368529 115.7559549 116.1325601
std 486475 x 107> 4.71155x 107> 3.19314 x 10~ 0.031130837 0.019263777 2.693184366 0.019263777 0.184062803
Rank 2.75 225 1 5.5 4.75 8 4.75 7

Fi mean 0.000770177 0.001072313 0.000378692 0.022311593 0.024782397 0.031676438 0.024782397 0.24341757
fbest 0.002740591 0.002801439 0.002679888 0.012273871 0.005123741 0.015677809 0.005123741 0.084818393
fworst 0.004891358 0.004960521 0.003418991 0.031118762 0.05869735 0.058900765 0.05869735 0.65111889
std 0.000816341 0.000848247 0.000316636 0.007916981 0.016636829 0.011546551 0.016636829 0.234520701
Rank 2 3 1 4.5 55 6.5 55 8

Fip mean 0.010202463 0.013178559 0.009400735 0.036534667 0.030794146 0.047094253 0.030794146 0.07283459
fbest 0.003457999 0.003409187 0.003189151 0.006711648 0.006924319 0.02857183 0.006924319 0.021220019
fworst 0.019447058 0.024343092 0.020518672 0.113822153 0.089720831 0.083496387 0.089720831 0.090227872
std 0.005573241 0.005730991 0.005277917 0.043833341 0.030418219 0.013910166 0.030418219 0.030034654
Rank 2 2.75 1.25 6.5 55 5.75 55 6.75

Fi3 mean 0.64787039 0.633565012 0.635195848 35.6381957 0.901679548 0.679111367 0.901679548 0.705750052
fbest 0.587307512 0.587307423 0.58892685 0.748568383 0.711952687 0.641529337 0.711952687 0.650932915
fworst 0.705504033 0.707279799 0.705699894 173.7755599 1.410756403 0.739611102 1.410756403 0.747678924
std 0.060011372 0.061262999 0.050051465 77.22096158 0.273584838 0.028467684 0.273584838 0.034933013
Rank 2.5 2.5 2.5 8 6.5 3.25 6.5 425
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Table 6. Cont.

Function ARO CARO MPA HGS CSA ESOA SMA PSO

Flq mean 0.034351426 0.034492406 0.032049482 0.037148309 0.036003423 0.053581048 0.036003423 0.149166561
fbest 0.034265319 0.034269076 0.01336734 0.034426482 0.032385823 0.04215037 0.032385823 0.03472876
fworst 0.034706928 0.034787896 0.034672893 0.045740372 0.039559366 0.156278197 0.039559366 0.386628162
std 0.000194703 0.000174903 0.006610273 0.004778618 0.00178304 0.025156651 0.00178304 0.161745341
Rank 25 3 225 5.75 3.75 7.25 3.75 7.75

Fis mean 0.31826946 0.193309964 0.129328268 0.467707887 0.146348366 0.371384253 0.146348366 0.654159657
fbest 0.010724931 0.029711643 0.023446562 0.02722811 0.028868546 0.140922208 0.028868546 0.570512541
fworst 0.641671148 0.641302496 0.638828522 0.729087603 0.718982647 0.567145296 0.718982647 0.725923998
std 0.327305339 0.303284193 0.258918582 0.315394034 0.288119401 0.114096417 0.288119401 0.062943343
Rank 45 475 2 6.25 425 4 425 6

Fie mean 0.049180922 0.119490784 0.061093815 0.241632529 0.322118837 0.321186396 0.322118837 0.56850712
fbest 0.034933143 0.038156093 0.055792394 0.053854421 0.238152249 0.146480384 0.238152249 0.562400283
fworst 0.26261027 0.517618099 0.145681833 0.466805579 0.410606877 0.607953639 0.410606877 0.620184129
std 0.072790288 0.14618043 0.033235354 0.196565706 0.049181788 0.113033457 0.049181788 0.024202756
Rank 2.25 45 225 5 5 5.75 5 6.25

Fiy mean 0.006057502 0.006047857 0.006068013 0.006044779 0.006039839 0.006036185 0.006039839 5.19425 x 107
fbest 0.000144359 0.000147824 0.000123671 0.000147828 0.000158996 0.000181428 0.000158996 0.00618565
fworst 0.000114927 0.000114827 0.000114362 0.000115853 0.000115271 0.000126707 0.000115271 0.006184599
std 1.36797 x107°  1.40979 x 107> 2.64688 x107¢  1.38125x 1075 112968 x 1075  1.31854x10°  1.12968 x 10>  4.27378 x 1077
Rank 45 475 3 55 425 5.25 425 45

Fig mean 0.231679861 0.260081304 0.0005936 0.654144305 0.254869706 13.70060705 0.254869706 1.180158444
fbest 680.6489118 680.64214 680.6302058 680.8281985 680.6888561 684.3732894 680.6888561 680.9086565
fworst 682.4575684 681.2467138 680.6321068 681.9642007 681.157529 704.0116037 681.157529 684.1382674
std 0.561398934 0.236716774 0.000562143 0.436126583 0.177446415 4.468397683 0.177446415 1.336588362
Rank 425 3.75 1 55 3.25 8 3.25 7

Fio mean 2.698240992 1.950053824 0.515491377 4998173212 1.303723346 81.78468332 1.303723346 6.215429479
fbest 24.64800358 24.61014884 24.39566119 25.08685427 24.65825494 62.37761647 24.65825494 2712776161
fworst 32.35350843 29.99977381 25.25690616 34.50926845 27.5434298 139.9483402 27.5434298 33.76574355
std 2.212345103 2.106921119 0.29523311 3.685373251 0.898693754 24.05342947 0.898693754 2.857244059
Rank 45 35 1 6.5 3 8 3 6.5

Fx mean 4261315176 46.51947898 19.12187023 53.16628189 42.69034782 732.8194709 42.69034782 55.28829846
fbest 101.1813297 93.15476406 138.5190109 104.5322223 117.4978287 523.3594364 117.4978287 133.7282801
fworst 84.03253841 83.20077047 99.03608798 230.7751823 85.24414889 1244.696415 85.24414889 254.7987264
std 5.762872582 3.362524602 21.57696286 57.87412626 9.447492304 206.8629965 9.447492304 44.16278239
Rank 2 2 45 55 3.75 8 3.75 6.5

P mean  9.91315x107°  9.03114 x 10~ 4400957572 0.10819175 0.008381767 0.534080349 0.008381767 0.0651652
fbest —43.99999914  —43.99999871  —0.004686067  —43.99990026  —43.99891819  —43.86057664  —43.99891819 —43.9992945
fworst  —43.99957266  —43.99960237 0.047726808 —43.67418123  —43.97389947 —43.1778196 —43.97389947  —43.81914336
std 0.00014016 0.000130695 0.015621326 0.132066869 0.008875777 0.186020974 0.008875777 0.070073203
Rank 1.75 1.25 7.25 55 4 7.25 4 5

Fn mean 649521 x 1077 6.64 x 1077 533376 x 1077 8.06471 x 1077 0.00010414 0.017645417 0.00010414 7.7356 x 1077
fbest 2.000000334 2.000000202 2.000000088 2.000000642 2.000001051 2.003252943 2.000001051 2.000000608
fworst 2.000000952 2.000000986 2.000000876 2.000000955 2.00029116 2.047319047 2.00029116 2.000000943
std 222188 x 1077 2.68658 x 1077 2.80501 x 10~7  1.31901 x 107  9.69529 x 10> 0.011933494 9.69529 x 107> 1.52724 x 10~7
Rank 2.75 35 2 3.75 6.5 8 6.5 3

Fx mean 257.377553 257.3779766 41267748565 1.0262 x 1076 256.3919631 257.3136354 256.3919631 65535
fbest 3.706157618 3.705642789 8109.291787 15.02643444 5.116659356 3.792206761 5.116659356 261.0825801
fworst 3.703542661 3.703860752 3.81519 x 101! 5.1305 x 1076 4498449568 3.74921382 4.498449568 65535
std 0.000927086 0.000652002 1.19941 x 101 65535 0.172311078 0.013976067 0.172311078 46,155.63
Rank 225 225 7.5 7.25 3.75 3 3.75 6.25

Py mean 0.45512054 0.452836465 0.506668437 0.466187393 0.541758734 1.804748845 0.541758734 3.091612298
fbest 0.425637975 0.407745341 0.336879372 0.456506024 0.464358176 0.475614995 0.464358176 0.675035728
fworst 0.485650706 0.47510754 0.699807746 0.493131983 0.774490054 3.839135048 0.774490054 7.808911191
std 0.024142324 0.02086195 0.121491575 0.01533101 0.113899329 1.21303491 0.113899329 2.739077835
Rank 25 1.5 3.75 2.75 5.25 7 5.25 8

Fxs mean 0.217882195 0.226574166 0.266177135 8.3388 x 10'15 0.751941073 0.300123 0.751941073 0.347914904
fbest 0.188443045 0.240472725 0.311222882 3.355167173 0.667673618 0.299391472 0.667673618 0.309702002
fworst 0.295724934 0.309672608 0.317940395 41694 x 10116 1.603812742 0.310854252 1.603812742 0.739
std 0.031014859 0.018427993 0.001896707 1.8646 x 1010 0.289542599 0.0147022 0.289542599 0.191775829
Rank 1.75 2.25 3.25 8 6.5 3 6.5 475
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Table 7. Statistical results of the compared algorithms on non-smooth unconstrained min-max

optimization problems.

Function ARO CARO MPA HGS CSA ESOA SMA PSO

Fa errors  7.22353x 1077 647088 x 1077  5.52722x 1077 0.001020641 0.000403424 0.021264817 0.000403424 0.004141632
fbest 7.200000141 7.200000164 7.200000215 7.200003283 7.200017845 7.200062746 7.200017845 7.200007038
fworst 7.200000958 7.20000097 7.200000784 7.203380052 7.202942002 7.257595585 7.202942002 7.210064305
std 2273871077 2.63655x 1077 1.91532 x 107 0.001495594 0.000896508 0.014873704 0.000896508 0.005257071
Rank 2 25 1.5 55 5 8 5 6.5

Foy mean 595892 x 107 554776 x10~7  8.61924 x10~7  4.5581 x 10~7  5.10881 x 10~7  4.43438 x10~7  5.10881 x 107  5.08463 x 107
fbest 511635 x107° 698972 x10~8 473853 x 107  1.31184x 1012 1.56735x 107  7.03791x10°%  1.56735x 1077  1.03173 x 107
fworst  9.95648 x 107 9.88921 x 1077  9.99987 x 1077  9.77107x 1077  9.9324 x 107  9.96473x 107  9.9324 x 1077  9.44712x 1077
std 296575x 1077 342353 x 1077 158669 x 1077  3.74411x 1077  259535x 1077  2.74746x 107  2.59535x 107  3.21436 x 1077
Rank 5 475 6.25 3.25 45 4 45 3.75

Fxg mean 451069 x 1077  6.1464 x 1077 6.13574 x 1077 0.000118072 8.08233 x 10~° 0.006737892 8.08233x10™°  8.15859 x 105
fbest 1.952224551 1.952224516 1.952224645 1.952224892 1.952225961 1.95242701 1.952225961 1.952229294
fworst 1.952225498 1.952225419 1.952225466 1.952507848 1.952500626 1.968185683 1.952500626 1.952488538
std 332798 x 1077 298679 x 1077  2.80883 x 107 0.000121893 9.63163 x 103 0.004450958 9.63163 x 1077 0.000105279
Rank 225 1.75 2 6.25 5 8 5 5.75

F mean  831726x1077  691413x1077  6.09761 x 1077 592093 x 107> 0.000159181 0.009454854 0.000159181 0.000959734
fbest 2.000000568 2.000000343 2.000000123 2.000000403 2.000020169 2.000858842 2.000020169 2.000002282
fworst 2.000000951 2.000000908 2.000000868 2.000273628 2.000433649 2.027374838 2.000433649 2.003305128
std 1.30625 x 1077 1.83203 x 1077 2.79345 x 1077 0.000120034 0.000141934 0.007752488 0.000141934 0.001331181
Rank 2.75 2 15 3.75 5.75 8 5.75 6.5

Fy mean  7.24925x 1077 4.89659 x 107 3.000247903 8.83266 x 1077 1.36058 x 10~° 0.030347141 1.36058 x 10°¢  7.40942 x 1077
fbest —2.999999846  —2.999999671  —0.001319007  —2.999999166  —2.999999644  —2.993186607  —2.999999644  —2.999999588
fworst  —2.999999031 —2.99999923 0.001343243 —2.99999905 —2.999992332  —2.937913681  —2.999992332  —2.999999023
std 2.78305x 1077 1.43259 x 107 0.000668538 4.72845x 1078 222585 x 1076 0.015603394 222585 %107 2.05768 x 1077
Rank 25 1.5 7.75 3.25 5 7.25 5 3.75

Fn mean 571403 x 107  7.40697 x 107 1.414237087 24424 x 107°  2.34573 x10°° 0.001324878 234573 % 1075 5.24618 x 10
fbest —1.41421342 —1.414213195  —7.51681x 107> —1.41421155 —1.414212922  —1.413839527  —1.414212922  —1.414211433
fworst  —1.414212701  —1.414212626 0.000152718 —1.414143736 ~ —1.414150201  —1.411256559  —1.414150201  —1.414103002
std 251464 %1077  191315x1077 642071 x107°  2.72122x107°  1.95591 x 10> 0.000798277 1.95591 x10°  4.89672x 107>
Rank 1.25 1.75 7.75 5 35 7.25 35 6

Fx mean 582597 x 1077  5.82776 x 1077 1.000029512 5.48981 1077 6.94835x 1077 0.001593752 6.94835x 1077 7.97848 x 1077
fbest —0.999999871  —0.999999905  —0.000231196  —0.999999914  —0.999999939  —0.999794565  —0.999999939  —0.999999441
fworst  —0.999999058  —0.999999002 0.000247222 —0.999999013  —0.999999007  —0.996308738  —0.999999007 —0.999999
std 3.01624 x 1077 324274 x 107 0.000123742 324186 x 1077 3.43269 x 107 0.0010056 3.43269 x 1077 2.06239 x 107
Rank 25 4 7.75 225 3.75 7.25 3.75 475

Fz3 mean 549501 x 107  7.70507 x 107 1.000129343 454042 1077 5.33243x 1077 0.001035064 5.33243x 1077 5.37615x 1077
fbest —0.999999773  —0.999999818  —0.000108694  —0.999999815  —0.999999834  —0.999757772  —0.999999834 —0.99999972
fworst  —0.999999158  —0.999999014 0.000508045 —0.999999233  —0.999999115  —0.997105342  —0.999999115  —0.999999161
std 221725%x 1077 2.50348 x 107 0.000200878 211524 x10~7 24772 x 1077 0.000670503 24772 x 1077 2.33797 x 1077
Rank 3.75 5.25 7.75 1.75 3.25 7.25 3.25 3.75

Fay mean 0.003330807 0.001432885 1.20241 x 10°° 0.066647095 0.050196119 2.013375127 0.050196119 0.064466293
fbest 22.60020311 22.60016672 22.60016256 22.6578775 22.60389669 23.39462771 22.60389669 22.61374764
fworst 22.61964753 22.60820978 22.60016403 22.67814948 22.79306043 25.80273822 22.79306043 22.7163607
std 0.005847667 0.002435636 5.68901 x 107 0.007267971 0.056264276 0.618335792 0.056264276 0.046766844
Rank 3 2 1 55 55 8 55 5.5

Fss mean 421367 x107°  7.34346 x 10~° 43.99842714 0.047706852 0.037749041 0.613282357 0.037749041 0.042552045
fbest —43.99999912  —43.99999921  —0.018998014  —43.99461474  —43.99806943  —43.66363491  —43.99806943  —43.99907598
fworst  —43.99982255  —43.99966851 0.015361582 —43.87743314  —43.80357683  —42.89296325  —43.80357683  —43.90956489
std 6.05429 x 107> 0.000117837 0.010641072 0.048591681 0.058428202 0.206726348 0.058428202 0.039630223
Rank 1.25 1.75 6.75 5.25 5 7.25 5 3.75

Fs6 mean 311,239,828.3 311,710,015.1 414.3068078 311,984,943.1 31,654,254.13 312,465,024.1 312,475,069.1  4.16517 x 1077
fbest —310,023,247.3  —310025090 —7.3295459 —310224910 —8,747,144.123  —312275090 —312474910 —2.919700407
fworst —312475090 —312475090 1903.790949 —312474910 —52,146,504.66  —312475090 —312475090 —2.919699536
std 1,202,330.763 1,077,072.595 648.0859878 987,687.2514 16,062,787.13 44,706.61521 56.92099788 6.23569 x 1077
Rank 4.625 4.375 5 475 5.75 3.875 3.375 425

F mean 1.681421109 1.517910026 1.143559538 2.638399549 2.604558257 2947513673 2.604558257 5.224224016
fbest 0.565136907 0.561530716 0.784822016 1.521393183 0.642094331 1.919580303 0.642094331 4.402027013
fworst  4.042335298 4090233326 2.56706509 3.650584622 3.949114149 5237287635 3.949114149 6.74294099
std 1.407400812 1.673072793 0.548818767 0.938122555 1.142671841 0.811655281 1.142671841 1.224561856
Rank 425 425 2 425 4 5.75 4 7.5

F3s mean 18.25034093 18.19329333 6.22604 x 10% 18.54753351 18.90925075 1.19859 x 10% 18.90925075 2.94623 x 10
fbest 27.87192662 27.69641836 7.49467 x 1012 28.31762556 28.47821866 28.33766435 28.47821866 2.06201 x 10%7
fworst 28.22616083 28.12083393 3.64735 x 1016 28.3559473 28.99917104 2.05451 x 10%8 28.99917104 1.28717 x 10%
std 0.105575391 0.143972638 1.24281 x 10'6 0.015535719 0.130389432 459998 x 107 0.130389432 5.6066 x 10%
Rank 2 2 6.25 25 45 6.25 45 8
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Table 7. Cont.
Function ARO CARO MPA HGS CSA ESOA SMA PSO
Fs9 mean 3.19545 x 107 2.83303 x 107 5.56757 x 10~7 1.50923 x 10~7 3.25992 x 107 2.175 x 1077 3.25992 x 107 6.1177 x 1077
fbest 7.81265 x 10710 8.03146 x 10~ 1.70997 x 108 0 19303 x 10710 1.35716 x10~11  1.9303 x 1010 1.89636 x 10~7
fworst 879728 x 107 83641 x 10~7 99833 x 107 397501 x 107 858568 x 107  7.7184 x 10~7 858568 x 10~7  9.99195 x 10~/
std 2.98302 x 1077 3.21788 x 1077 433664 x 1077 2.02161 x 1077 3.17251 x 1077 2.50442 x 1077 3.17251 x 107 3.3814 x 107
Rank 45 45 7.25 1 45 2 4.5 7.75
Fyo mean 42609 x 1077 1.80027 x 10~7 7.69959 x 1077 8.782 x 1078 417723 x 1077 2.38552 x 107 417723 x 1077 1.89386 x 1077
fbest 1.34452 x 10~° 5.66582 x 10~° 7.59801 x 10~8 0 1.8459 x 10~8 5.87142 x 1010 1.8459 x 10~8 5.91941 x 1010
fworst  9.73788x 1077 7.01077x10~7  9.97939x 10~7  1.63959 x 107  9.20547 x 10~7  9.77222x 10~7  9.20547 x 10~7  4.35852 x 10~
std 344292 x 1077 2.03153x10~7  3.1639 x 1077 7.84266 x 1078 343689 x 107  2.66474 x 107 343689 x 10~7  1.71844 x 10~/
Rank 6.25 3.25 7.25 1 5.75 4.25 5.75 2.5
Fu mean 116167 x107°  5.10412x 107 590589 x 10~7 152176 x10~>  2.7141 x 10~7 131446 x 107> 27141 x 107  6.5831 x 107
fbest 3.28339 x 1077 511802 x 10~8 7.29828 x 108 1.57578 x 10~7 5.31558 x 10~ 2.11677 x 1077 5.31558 x 10~° 483157 x 1078
fworst 5.6177 x 10°° 1.03204 x 10°¢ 1.00936 x 10~° 420225 x 107> 9.76255 x 107 0.000108385 9.76255 x 107 9.82432 x 1077
std 1.58324 x 10~¢ 3.93803 x 107 3.30232 x 107 1.71148 x 1075 342339 x 107 2.34033 x 10> 3.42339 x 107 3.89007 x 107
Rank 6.5 425 35 7 1.75 75 1.75 3.75
Fi mean 0.344381004 0.275970153 0.403020486 0.393685343 0.24430027 21.34319354 0.24430027 1.694505182
fbest 247.0147548 246.9137329 246.5973326 246.9991836 246.9809291 259.8272902 246.9809291 247.6714151
fworst  247.8045785 246.6060455 2465968829 2482910591 247.7905391 280.2332048 247.7905391 249.8710681
std 0.367604136 0.104310764 0.000137456 0.520070611 0.339793835 6.812484652 0.339793835 0.977131424
Rank 5 2.25 2.25 5.5 3 8 3 7
Fy3 mean 3.90135 x 10~ 5.64866 x 10~ 8.17287 x 1077 0.001467884 0.000271811 0.000559692 0.000271811 490213 x 1077
fbest 276287 x 1078 650721 x10~°  1.7129 x 108 1.8144 x 10~% 0 1.2879 x 107 0 2.0196 x 10~7
fworst  0.000100936  1.87863 x 107>  9.95462 x 107 0.005904487 0.001110857 0.002236417 0.001110857  9.99283 x 10~7
std 343599 x 1075 658166 x 1076 2.98776 x 10~7 0.00250822 0.000446041 0.000548994 0.000446041  3.04132 x 1077
Rank 45 3 2 7.25 4.5 7.25 4.5 3
Fyy mean 6.81637 x 107 6.06085 x 1077 8.75151 x 107 7.34891 x 1077 6.15326 x 10> 0.020132817 6.15326 x 10~° 5.29415 x 107
fbest 2.63416 x 107 2.28547 x 107 6.13749 x 107 5.55512 x 107 3.26941 x 10° 0.002890538 3.26941 x 10° 2.94074 x 107
fworst  9.88172x 1077 947416 x10~7  9.89203x 107  9.1327 x 1077 0.00013953 0.042531966 0.00013953 8.01766 x 10~7
std 240257 x 1077 2.64824x 1077 122757 x 1077 127972 x10~7 457757 x10~5  0.010513879 457757 x10~5  1.80812 x 10~
Rank 325 2.75 4 3 6.5 8 6.5 2
L5 mean 559936 x 107 7.13656 x 107 9.58392x 107 330979 x 107  4.89775x 107 493988 x 10~7  4.89775x10~7  0.058013748
fbest 1.77596 x 107 3.74503 x 1077 851176 x 1077 0 1.87521 x 107 6.51716 x 1078 1.87521 x 107 0.00966428
fworst 9.64326 x 107 9.47956 x 107 1.00308 x 10~° 6.84449 x 107 7.04142 x 1077 9.96457 x 107 7.04142 x 107 0.112866004
std 2.67222 x 107 1.93094 x 107 4.8023 x 108 3.06706 x 10~7 1.89948 x 10~7 3.01662 x 107 1.89948 x 1077 0.047436642
Rank 45 5 55 25 3 45 3 8
i mean 516551 x 1077 349904 x 107 6.65618 x 10~7 22216 x 1077 3.35613x 107  1.8994 x 1077  3.35613x 107  2.66498 x 10~/
fbest 333231 x 1078 205861 x 1078 2.54649 x 10~7 0 338636 x 1079 355392 x 10710 338636 x 10~  6.09846 x 1078
fworst  9.50431 x10~7  8.02878 x 1077 1.00113x107®  7.03967 x 10~7  7.82565x 107  7.35399 x 107  7.82565x 107  6.26746 x 107
std 341788 x 1077 2.60125 x 1077 2.69665 x 1077 3.1866 x 107 2.31254 x 1077 1.78967 x 107 2.31254 x 1077 2.20094 x 107
Rank 7 5.5 7.5 3 4 1.75 4 3.25
Table 8. Statistical results of the compared chaotic algorithms for unconstrained min-max optimiza-
tion problems.
Function CARO CMPA CHGS CCSA CESOA CSMA CPSO
F mean 538751 x 1077  7.14283 x 107 0.00014583 0.005649003 0.002798702  3.69435 x 107> 7.41892 x 10~°
fbest 1.952225099 1.952224899 1.952224808 1.954095308 1.953080935 1.952225066 1.952232943
fworst 1.95222534 1.952225469 1.953530969 1.966467446 1.957355916 1.952448857 1.952486434
std 1.01954 x 1077 1.91375 x 10=7  0.000305008 0.003944794 0.001548225 6.82603 x 107> 0.000106723
Rank 1.75 2 4 7 6 3 425
b mean 421184 x 1077  7.07151 x 10~7  9.98728 x 10~8  4.61258 x 10~7  4.53225 x 1077  4.3136 x 1077  7.35835 x 10~7
fbest 460148 x 10~%  3.00346 x 10~8 0 8.92756 x 1078 2.70018 x 10~7  1.04511 x 10~7  5.48846 x 10~7
fworst 879379 x 10~7  9.98012 x 107  7.85057 x 1077  8.62543 x 1077  7.79579 x 107  8.67232 x 10~7  9.73994 x 10~7
std 266477 x 1077 3.44201 x 1077 2.47386 x 1077 292343 x 1077  2.04009 x 10~7  2.6957 x 10~7  1.71185 x 107
Rank 3.5 5.5 1.75 45 3.25 425 5.25
F mean 296263 x 1077 7.3808 x 1077  2.84325x 1077 2.09132 x 1077  2.81391 x 107  3.10262 x 107  7.8592 x 10~7
fbest 2692 x 1079 1.84288 x 107 0 6.24957 x 1079 5.15856 x 1078  9.36534 x 1077  4.51295 x 107
fworst  6.88592 x 10~7  1.00077 x 10~®  8.61155 x 10~7  5.31538 x 10~7  6.8472 x 10~7 837202 x 107  9.15766 x 10~7
std 243728 x 1077 3.14387 x 107 2.7601 x 107 191117 x 1077  2.61045 x 10~7  3.41844 x 10~7  1.95601 x 107
Rank 3 6.25 35 15 3.25 5 55
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Table 8. Cont.

Function CARO CMPA CHGS CCSA CESOA CSMA CPsO

Fy mean  7.08664 x 1077  5.81653 x 1077 0.00026437 0.002238101 0.012789142 8.56765 x 107> 0.000465268
fbest 3.599719436 3.599719527 3.599720418 3.600301602 3.602290061 3.599720576 3.599723856
fworst 3.59972029 3.599720234 3.600890995 3.604426612 3.626374584 3.600028952 3.601528338
std 24103 x 1077 2.36042 x 1077 0.000354421 0.001416606 0.010057317 0.000125651 0.000759196
Rank 1.75 1.25 3.75 6 7 3.25 5

F mean  6.11881 x 1075 43.9987266 0.723446874 1.009613359 0.275321921 0.039488444 10.98895281
fbest —43.99999919  —0.027464345  —43.99818002  —43.58648329  —43.79489323  —43.99783521 = —43.99929257
fworst  —43.99966169 0.008391071 —40.88914458  —42.05145559  —43.66174489  —43.90219905 10.72783696
std 0.00010622 0.01214846 1.103804358 0.495257818 0.053956812 0.03379996 24.45088754
Rank 1 5.5 45 5 3.75 2.75 5.5

Fs errors  3.34697 x 1075 44.00041366 1.040475632 1.201437041 0.300665315 0.018438807 0.042579072
fbest —43.9999939 —0.042089004  —43.98973734  —43.59391219  —43.84299799  —43.99828116  —43.99740751
fworst ~ —43.99987486 0.054868868 —40.77008285  —40.36506661  —43.46794567 —43.9550762 —43.88975082
std 3.55632 x 1075 0.023930331 1.338941631 0.964676472 0.154743894 0.015995196 0.050989076
Rank 1 6 5.25 6 45 2 3.25

F mean 0.000366949 0.001301682 0.022015578 0.002206502 0.001853398 0.00157594 0.001356416
fbest 0.004202666 0.004378779 0.00449053 0.006049129 0.005192437 0.004235513 0.004512023
fworst 0.006189797 0.006074538 0.058584114 0.006834181 0.006809059 0.007051301 0.006108759
std 0.000644253 0.000686579 0.02065215 0.000271013 0.000709622 0.00085501 0.000706946
Rank 1.75 2.25 6.25 4.75 5 4.5 35

Fs mean 0.027140917 0.023629799 0.828885069 0.023649138 0.052027981 0.621547624 0.046182762
fbest 0.074443363 0.074443396 0.074453685 0.074446895 0.102773215 0.193535029 0.074443363
fworst 0.10263802 0.074455821 3.277071077 0.074490916 0.102921348 1.408419115 0.10263802
std 0.008942324 3.70591 x 107° 0.930228193 1.5923 x 107°  5.64019 x 10~° 0.400607168 0.012609034
Rank 3 15 6.5 2.5 475 6.25 3.5

F mean 0.000876941 0.000496538 0.004958025 0.002340727 0.001336771 0.003867294 0.011042038
fbest 0.008308769 0.008085209 0.007984701 0.00879402 0.008891923 0.008365966 0.008084259
fworst 0.006368778 0.007102396 0.023126362 0.012691622 0.009853089 0.022634829 0.032978979
std 0.000929729 0.000440792 0.004879288 0.001293908 0.000441087 0.004483383 0.01063425
Rank 2.5 1.75 4.75 4.5 3.75 5 5.75

Fio mean 170716 x 10~°  5.94021 x 1077 23.88299471 7.748322334 5.821704888 0.036767322 0.067649095
fbest 115.70644 115.70644 115.7315772 119.3715856 118.3841492 115.7070119 115.7219403
fworst 115.7065909 115.706441 188.1576578 129.5353189 129.3452568 115.7976902 115.8211833
std 471155 x 107°  4.23456 x 1077 30.6474368 3.101678423 4.511421387 0.02921009 0.040317492
Rank 1.875 1.125 6.5 6 5.5 3 4

Fip mean 0.001072313 0.000583758 0.022673024 0.029401473 0.024294557 0.015191323 0.295758047
fbest 0.002801439 0.002793727 0.004866354 0.006224864 0.021496618 0.002992509 0.00899142
fworst 0.004960521 0.004258267 0.139422368 0.068196684 0.032359633 0.079082487 0.836230379
std 0.000848247 0.000452432 0.029200358 0.019204716 0.004806382 0.022709036 0.334300107
Rank 2 1 5 4.75 45 4 6.75

Fip mean 0.013178559 0.011148483 0.085512165 0.082796006 0.05211516 0.04496574 0.093133472
fbest 0.003409187 0.002845389 0.014529718 0.060600424 0.035858108 0.008069687 0.088149228
fworst 0.024343092 0.024750703 0.294323316 0.108108709 0.066743185 0.103622614 0.112594014
std 0.005730991 0.006177717 0.066035212 0.017179291 0.015297903 0.034093585 0.010596333
Rank 15 1.5 6 5.25 4 4 5.75

Fi3 mean 0.633565012 0.648999649 2.244269155 0.714344783 0.715353578 0.972842471 0.703007413
fbest 0.587307423 0.588446272 0.721344764 0.705669572 0.672610432 0.678302447 0.595221119
fworst 0.707279799 0.705516102 13.7251546 0.74867196 0.741696098 1.749353879 0.747809432
std 0.061262999 0.055841667 3.039735533 0.012912105 0.027186279 0.361853243 0.063322768
Rank 2 2 7 4 3.5 5.75 3.75

Fiy mean 0.034492406 0.034164522 0.141119357 0.043354092 0.043991346 0.035757107 0.187015814
fbest 0.034269076 0.034164454 0.014856903 0.038664402 0.0401041 0.035255522 0.035804469
fworst 0.034787896 0.03466126 0.769172967 0.049540134 0.047481949 0.037218048 0.779130696
std 0.000174903 0.00013559 0.176485729 0.003511265 0.00346276 0.000588845 0.330944093
Rank 2.25 1.25 4.75 5 5 3.25 6.5
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Table 8. Cont.

Function CARO CMPA CHGS CCSA CESOA CSMA CPSO

Fi5 mean 0.193309964 0.192477763 0.265837295 0.36339102 0.014602557 0.136925702 0.612090153
fbest 0.029711643 0.01833368 0.023867629 0.208025062 0.025589039 0.023085935 0.579232516
fworst  0.641302496 0.641348377 0.739212217 0.814022224 0.053975488 0.731815646 0.694741518
std 0.303284193 0.303388762 0.315452973 0.17713241 0.011141499 0.282875763 0.051420646
Rank 4 3.25 5.25 55 1.75 3.25 5

Fie mean 0.119490784 0.106553778 0.318992222 0.454434765 0.120644735 0.260561798 0.367226214
fbest 0.038156093 0.074927343 0.074316171 0.257367287 0.093011891 0.052599824 0.300447029
fworst  0.517618099 0.270077938 0.455195344 0.653393123 0.239636455 0.432644833 0.554617822
std 0.14618043 0.051251482 0.123607675 0.119067535 0.053999427 0.136612101 0.126734707
Rank 3.75 2 4 5.75 2.75 3.75 6

Fiy mean 0.006047857 0.00605994 0.006041734 0.005863621 0.006057043 0.006050718  5.60101 x 1077
fbest 0.000147824 0.0001451 0.000228241 0.000476521 0.398 0.000149727 0.006185521
fworst  0.000114827 0.000115611 0.000116372 0.00018763 0.000117886 0.000115327 0.006184443
std 1.40979 x 1075 121148 x 107> 23362 x 107> 9.99269 x 107>  1.43603 x 105  1.63058 x 10~>  6.68041 x 10~
Rank 25 3.25 425 5 55 3.75 3.75

Fig mean 0.260081304 0.00086906 3.260897562 15.10546115 7.071571488 0.249887758 1.633530323
fbest 680.64214 680.6303727 681.6498183 689.8876404 685.5582458 680.7136705 680.8659307
fworst  681.2467138 680.6321409 692.2780644 702.0596913 692.9732558 681.0654712 684.9808858
std 0.236716774 0.000516235 2.631972375 3.82324189 2989872372 0.117490386 1.609756171
Rank 2.75 1 5 7 6 225 4

Fio mean 1.950053824 0.542249781 20.23085655 86.46552851 40.08636741 2.488919481 4.961931188
fbest 24.61014884 24.62081357 31.91599252 61.9551592 57.47457172 24.5855617 26.80375224
fworst  29.99977381 25.24380259 74.22473554 165.8240901 68.21112568 33.44901381 32.96361346
std 2.106921119 0.20342394 11.98229152 4.202877169 34.85104351 4.101987464 2.389477826
Rank 2 15 55 6.5 6 3 35

Fx mean 46.51947898 45.37035571 96.6204909 1468.212967 214.1504802 41.34856379 91.5158585
fbest 93.15476406 138.8184348 141.3350537 934.8617857 272.4836011 100.8808826 133.7282793
fworst  83.20077047 446.1472412 455.3378816 2559.989204 458.7265957 84.71707608 350.4200741
std 3.362524602 103.4854883 96.81403257 547.2640359 74.278359 6.051923449 84.15404052
Rank 15 4 5 7 5.25 1.75 35

By mean  9.03114 x 1075 44.00005745 0.150876129 0.41742391 0.425319587 0.015846543 0.045389712
fbest —43.99999871  —0.006756419  —43.99949083 —439157033  —43.76040654  —43.99909667  —43.99445824
fworst  —43.99960237 0.008868704 —4350143059  —42.96718915  —43.42052845  —43.94049744  —43.88649032
std 0.000130695 0.004861794 0.135085282 0.247839017 0.149382988 0.019767284 0.046475682
Rank 1 5.75 3.75 5.75 5.75 25 35

Ex» mean 6.64 x 1077 6.97525 x 10~7  7.70227 x 10~7 0.011551652 0.009235555 1.5821 x 1075 8.42845 x 1077
fbest 2.000000202 2.000000163 2.000000204 2.00480827 2.003938197 2.00000141 2.000000513
fworst  2.000000986 2.000000978 2.000001734 2.01834648 2.016000357 2.000069456 2.000001104
std 2.68658 x 1077 2.42496 x 107 3.27536 x 107 0.005189873 0.004366704 1.99123 x 105 2.11743 x 107
Rank 2 15 35 7 6 5 3

L3 mean 2573779766 2.80891 x 1020 65535 257.2947968 257.29042 256.5330153 58.91590467
fbest 3.705642789 591,770.7624 276.7384484 3.938646547 3.84565514 4726467484 261.0825799
fworst  3.703860752  2.18419 x 102 65535 3.729880599 3.761265462 4098143983 555.6621009
std 0.000652002  6.83118 x 10%° 46,144.56 0.058239558 0.032711248 0.212182586 131.7399668
Rank 2 7 6 3 25 35 4

Eou mean 0.452836465 0.435819038 0.484261213 0.416926452 0.501044608 0.472403389 6.307357298
fbest 0.407745341 0.282805885 0.422661578 0.370087408 0.493716377 0.457042632 3.140838783
fworst 0.47510754 0.629746901 0.637938449 0.462300307 0.515892349 0.496457679 10.11379523
std 0.02086195 0.139200642 0.052780563 0.028689999 0.008873783 0.012578066 2.638017308
Rank 2.75 35 5 2 425 35 7

Es mean 0.226574166 0267078093  5.46985 x 10%7 0.26374434 0.237679522 0.630637508 0.262079639
fbest 0.240472725 0.308045096 3.036096143 0.310461493 0.218702674 0.667343819 0.309672695
fworst  0.309672608 0.329669618 1.0808 x 10%° 0.31559779 0.310281641 0.688193957 0.310495052
std 0.018427993 0.007137032  2.41532 x 10%  0.001457676 0.0380889 0.008102636 0.000394696
Rank 225 4 7 3.75 2.75 55 2.75
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Table 9. Statistical results of the compared chaotic algorithms on non-smooth unconstrained min—max

optimization problems.

Function CARO CMPA CHGS CCSA CESOA CSMA CPSO

Ex mean 647088 x 1077  6.23911 x 10~7  0.001934836 0.013353594 0.020828376 0.000242566 0.000287633
fbest 7.200000164 7.20000028 7200013672 7.203348616 7.201970083 7.20000328 7.200014551
fworst 7.20000097 7.200000964 7.206869938 7.22898782 7.247407882 7.200896444 7.201178359
std 2.63655 x 1077 2.52335 x 107 0.00209114 0.007827795 0.017060392 0.000313359 0.00050095
Rank 1.75 1.25 475 6.25 6.75 3 425

Ey mean 554776 x 1077 7.62391 x 1077 2.15265 x 1077  4.24982 x 10~7  3.87476 x 1077  3.32862 x 10~7  6.26946 x 10~
fbest 6.98972 x 1078 1.08588 x 107 0 57641 x 1078 8.63694 x 1078 4.41895 x 10~8  3.8369 x 107
fworst  9.88921 x 10~7  9.98728 x 1077  9.6025 x 10~7  9.87077 x 10~7  7.1248 x 10~7  8.79398 x 107  9.83671 x 10~7
std 342353 x 1077 3.13849 x 1077 351214 x 1077  2.70439 x 107 2.96562 x 10~7  2.81892 x 10~7  2.80734 x 107
Rank 5.25 6.25 3 3.25 3.25 2.25 4.75

Exg mean  6.1464 x 1077 6.46256 x 10~7  0.000176153 0.004340216 0.004529972  1.98237 x 107> 2.85269 x 1075
fbest 1.952224516 1.952224871 1.952225967 1.952384589 1.953750812 1.952225019 1.952225485
fworst  1.952225419 1.952225357 1.953943524 1.965041974 1.958775706 1.952270506 1.952298284
std 298679 x 1077 1.41134x 1077  0.000385209 0.003888722 0.002195026  1.89856 x 107>  3.32384 x 10~°
Rank 1.5 1.5 5 6.5 6.5 3 4

Foo mean 691413 x 1077 557204 x 1077 9.80587 x 105 0.005071849 0.006384286 0.000138949 0.000372607
fbest 2.000000343 2.000000056 2.000000567 2.00366318 2.001609606 2.000015677 2.000005201
fworst  2.000000908 2.000000939 2.001021653 2.007283928 2.010903981 2.000542849 2.001484421
std 1.83203 x 1077 3.11106 x 10~7  0.000225164 0.001387831 0.004127302 0.000172965 0.000628802
Rank 15 15 35 6.25 6.75 3.75 475

Fso mean  4.89659 x 1077 2.999996663  8.52883 x 107  0.014504372 0.054385296  7.41946 x 10~7  5.25516 x 1077
fbest —2.999999671 —0.00145289 —2.999999737  —2.996019411  —2.971296931  —2.999999968  —2.999999719
fworst  —2.99999923 0.001701064 —2.999999 —2.967146891  —2.918601976  —2.999998038 —2.99999912
std 1.43259 x 1077 0.000873473  1.65061 x 10~7  0.010318818 0.0248602 6.25078 x 1077 2.19364 x 10~7
Rank 1.75 6.5 2.75 5.25 6.25 3 25

F5 mean  7.40697 x 1077 1.41424644 332317 x 107> 0.000947636 0.001185311 1.55038 x 1075 1.32119 x 107>
fbest —1.414213195  —0.000498014  —1.414213192  —1.414070255 —1.413901679  —1.414213346 —1.41421307
fworst  —1.414212626 0.000708297 —1.413907771  —1.412351476  —1.412292175  —1.414163159  —1.414167284
std 191315 x 1077 0.000291703  7.28001 x 107> 0.000580011 0.000582965 1.38154 x 1075 1.90849 x 10>
Rank 1.25 6.5 3.75 5.25 6.25 225 2.75

Fy mean 582776 x 1077 0.999966079  6.01752 x 107 0.001337265 0.002038009  5.64455 x 10~7  6.89122 x 10~7
fbest —0.999999905  —0.000188457  —0.999999828  —0.999699987  —0.999225221  —0.999999979  —0.999999729
fworst  —0.999999002 0.000130463 —0.999999074  —0.996903377  —0.994917727  —0.999999089  —0.999999002
std 324274 x 1077 9.69537 x 1075 2.48517 x 10~7  0.001014753 0.001761718  3.17077 x 10~7  3.2836 x 107
Rank 2.62 6.5 2.25 5.25 6.25 1.25 3.88

E33 mean  7.70507 x 1077 1.000110279  6.39149 x 107 0.000568466 0.001603569 4475 x 1077 7.37197 x 1077
fbest —0.999999818  —9.28219 x 107>  —0.999999973 —0.99984269 —0.999426898  —0.999999894  —0.999999672
fworst  —0.999999014 0.000439811 —0.999999005  —0.998954999  —0.996905428  —0.999999203  —0.999999047
std 250348 x 10=7  0.000150816  2.96961 x 10~7  0.000227815 0.000937756  2.52226 x 10~7  2.53938 x 10~7
Rank 2.75 6.5 2.75 5.25 6.25 1.5 3

Fy mean 0.001432885 2.6884 x 107° 0.140513929 0.613484974 1.150166768 0.037955718 0.044683793
fbest 22.60016672 22.60016294 22.60572684 22.90469351 23.21537566 22.60831318 22.60961181
fworst  22.60820978 22.60016825 22.94116498 23.95208561 23.95859998 22.68706991 22.69628715
std 0.002435636 1.5884 x 10~ 0.086520015 0.339750006 0.303561282 0.025510415 0.034932318
Rank 2 1 45 6.25 6.75 3.25 425

Fs5 mean  7.34346 x 1075 43.99707748 0.176848532 0.307466997 0.323129862 0.012339789 0.039445656
fbest —43.99999921  —0.031085637  —43.98829423  —43.87992372  —43.78079017  —43.99808195  —43.98240169
fworst  —43.99966851 0.014268312 —4351179777  —43.41727907  —43.5489826 —43.96564957  —43.91788667
std 0.000117837 0.013090079 0.132436485 0.14581702 0.09335846 0.010450427 0.025597398
Rank 1 6 45 5.75 5.25 2 35

Fs mean 311,710,015.1 244.7918374 311,494,934.1 312,455,087.1 312,475,087.1 312,475,087.1  3.69689 x 107
fbest —310025090 4438210432 —310024910 —312275090 —312475090 —312475090 —2.919700344
fworst  —312475090 792.6594792 —312475090 —312475090 —312475090 —312475090 —2.919699726
std 1,077,072.595 352.2861283 1,231,434.262 63,245.5532 0 0 4.28523 x 1077
Rank 425 5 45 4 3.12 3.12 4
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Table 9. Cont.

Function CARO CMPA CHGS CCSA CESOA CSMA CPSO

Fs7 mean 1.517910026 1.050321898 2.592931024 4253931433 1.380571833 3.201080816 4.685452784
fbest 0.561530716 1.122262675 0.577715832 4.044930163 1.658188686 3.480930621 4.045841032
fworst  4.090233326 2.170755881 3.806903694 5.642668828 2.292305058 5.053951508 6.558539344
std 1.673072793 0.296284643 1.136689334 0.54812948 0.249956672 0.461356952 0.970592343
Rank 3.75 1.75 3.75 55 2.25 45 6.5

Fsg mean 18.19329333  3.05091 x 108 18.50764031 19,277,403.22 18.75806319 18.85680045  6.47241 x 1048
fbest 27.69641836  8.32775 x 1013 28.20843365 28.62930994 28.46159327 28.47299172  1.53728 x 1040
fworst ~ 28.12083393  2.99645 x 107 28.44975585 183,895,487 .4 28.68874088 28.78725035  2.82629 x 10%
std 0.143972638  9.45677 x 10" 0.054499359 57,907,075.62 0.097131404 0.089384687  1.23099 x 10%
Rank 1.75 6 1.75 5 3 35 7

Fso mean  2.83303 x 1077 522836 x 1077  1.46556 x 107  2.36084 x 10~7 245193 x 10~8 251866 x 10~7  2.25516 x 107
fbest 8.03146 x 10710 1.65617 x 10~7 0 3.69846 x 10710 459804 x 10710 1.8171 x 1072  5.50329 x 10~8
fworst 83641 x 1077 858848 x 1077  9.81303 x 1077 841524 x 1077  9.36972 x 1078 9.98795 x 10~7  4.26705 x 10~7
std 321788 x 1077 2.54909 x 1077  2.78541 x 10~7  3.08376 x 107  4.02632 x 1078  3.16427 x 10~7  1.69395 x 10~7
Rank 5 55 3.25 3.75 1.5 5.75 3.25

Fy mean  1.80027 x 1077 471893 x 10~7  1.2095 x 107  3.5801 x 107  1.29101 x 10~7  2.89406 x 107  2.42735 x 10~7
fbest 5.66582 x 1079 1.2081 x 108 0 268079 x 1072 153874 x 1078  8.08425 x 10~10  2.46291 x 10~8
fworst  7.01077 x 10~7  9.42115 x 1077  6.84703 x 10~7  9.35584 x 10~7  2.34688 x 10~7  9.70364 x 107  7.80151 x 10~7
std 2.03153 x 1077 3.39324 x 10~7  2.28669 x 107  3.74736 x 10~7  9.17163 x 10~8  3.34827 x 10~7  3.17512 x 10~7
Rank 3 6 1.75 5.25 25 475 4.75

Ey mean 510412 x 1077 656022 x 1077 652745 x 1075 4.06073 x 10~7  2.74857 x 10°¢  2.74074 x 10~7  5.99909 x 10~7
fbest 5.11802 x 1078 9.16828 x 10~8 0 451995 x 1078 5.41607 x 10~7 0 3.85153 x 1077
fworst  1.03204 x 107®  9.61697 x 10~7 0.00028935 9.63601 x 1077 1.1081 x 107°  9.78759 x 107  7.28576 x 10~7
std 393803 x 1077 2.79597 x 1077 821579 x 107> 354756 x 107  4.66161 x 107  3.8039 x 1077  1.34814 x 107
Rank 425 35 5.62 2.75 6.25 2.62 3

Ep mean 0.275970153 0.402891659 1.793192459 14.10972312 10.24504008 0.204343683 1.396572884
fbest 246.9137329 246.5977216 246.6742216 252.9489705 253.2395912 246.9227597 247.3900276
fworst  246.6060455 246.5968935 249.8639597 270.7641538 261.6365347 247.6145404 249.589436
std 0.104310764 0.000260016 0.768819176 5.856191661 3.195656626 0.262771829 0917562125
Rank 2.25 1.5 4 6.75 6.25 2.75 45

Fi3 mean  5.64866 x 1076 6.56235 x 107 0.002134379 5.5857 x 1077 536748 x 10~  0.000952038 5.1299 x 10~7
fbest 6.50721 x 1072 1.97451 x 107 0 523315 x 1078 1.38316 x 107 0 1.5417 x 1077
fworst 1.87863 x 107> 991841 x 10~7  0.009010185 951743 x 1077 8.84661 x 1077 0.003242083 9.31857 x 10~7
std 6.58166 x 107°  2.87604 x 10~7  0.003032703  3.22874 x 10~7  3.63181 x 107 0.00125296 3.48233 x 1077
Rank 45 4 5.62 3 3 488 3

Eu mean  6.06085 x 1077  8.86442 x 1077  9.61428 x 107 0.016011738 0.009181877  4.59186 x 107>  4.13237 x 10~7
fbest 228547 x 1077 6.42361 x 10~7  2.89548 x 10~7 0.006060033 0.002538855 6.13806 x 107°  2.33176 x 107
fworst  9.47416 x 10~7  9.99026 x 10~7  5.05836 x 10~®  0.028861152 0.015404274 0.00015747 5.31904 x 10~7
std 264824 x 1077 1.13672 x 1077 9.90092 x 107 0.007410015 0.00527114 426656 x 107> 1.11049 x 107
Rank 2 3 3.75 7 6 5 1.25

Ei5 mean  7.13656 x 1077 9.41708 x 10~7  2.59867 x 107  4.41072 x 10~7  6.10703 x 10~7 550888 x 10~7  0.131155634
fbest 3.74503 x 1077 7.3109 x 10~7 0 566149 x 1078  2.60821 x 107  8.8986 x 108 0.040369401
fworst  9.47956 x 10~7  9.99578 x 107  9.97411 x 10~7  9.53101 x 10~7  9.81058 x 10~7  8.81149 x 107 0.234388914
std 1.93094 x 10~7  8.30647 x 1078  3.10552 x 10~7  3.0713 x 107 3.25908 x 10~7  2.57606 x 10~7  0.070249757
Rank 35 475 3 2.75 45 25 7

Fi mean  3.49904 x 1077 6.24637 x 1077 2.09105x 107  3.073 x 1077 525883 x 107  2.22306 x 10~7  5.16971 x 1077
fbest 2.05861 x 1078 8.42913 x 1010 0 48668 x 1077 229211 x 10~7  6.3638 x 1072  2.97039 x 10~7
fworst  8.02878 x 10~7  9.3962 x 1077  8.3656 x 1077 853049 x 10~7  7.9883 x 10~7 822996 x 10~7  8.72759 x 10~7
std 260125 x 10~7  3.56919 x 10~7  2.90306 x 107  2.86256 x 10~7  2.57354 x 10~7  2.84232 x 10~7 2.17614 x 10~7
Rank 35 5.75 3 4 3.75 3.25 475

3.5. Constrained Minimax Optimization Test Problems

The aim of this experiment is to evaluate the performance of the proposed CARO
algorithm with constrained min-max test problems. We report the constrained minimax
functions Fy—Fj5. Table 10 contains problem dimensions and optimum function values.
For the constrained minimax test problems, the same constraint-handling mechanism was
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applied to CARO and all compared algorithms to ensure a fair comparison. First, boundary
control was performed after each position update. If any candidate solution exceeded the
predefined lower or upper bounds, it was corrected according to the corresponding bound.
This ensured that all search agents remained within the variable domain.

For the problem constraints, a penalty-based constraint handling strategy was used.
Any violation of inequality or equality constraints was added to the objective function as a
penalty term. Therefore, infeasible solutions received worse fitness values, while feasible
solutions were evaluated according to the original objective function. The results of the
proposed algorithm were compared with six algorithms before and after applying the
accelerating term. Table 11 displays the experimental results of the proposed algorithm
(CARO) and six algorithms including the original artificial rabbits optimization (ARO) over
constrained min-max optimization problems. We gave the average errors (mean), the best
solution (fbest), the worst solution (fworst), and standard deviation (std) for all algorithms
over 30 runs. The Friedman rank test (Rank) is reported in the last row of each test problem
in Table 11. The bold black content in the tables indicates the best mean after comparing
the six methods. The details of the constrained testing functions that were used in our
experiments are as follows:

Table 10. Problem dimensions and optimum function values.

No. Problem n Optimum Value
F MADI1 2 —0.38965952
b MAD2 2 —0.33035714
F MAD4 2 —0.44891079
Fy MAD5 2 —0.42928061
Fs PENTAGON 7 —1.85961870
Fe MAD6 7 0.10183089
F EQUIL 10 0
Fg Wong 2 10 24.306209
Fy Wong 3 10 133.78228
Fio MADS 20 0.50694799
Fip BP filter 20 0.27607734 x 1073
F» HS114 9 —1768.8070
Fi3 Dembo 3 7 1227.2260
Fiy Dembo 5 14 7049.2480
Fi5 Dembo 7 16 174.78699

Table 12 presents the average error from 30 independent runs for the chaotic map
structure CR(5) across the compared hybrid algorithms instead of the random parameter
in each algorithm. Table 12 shows that there is a considered improvement for some
algorithms” behaviour after applying the same randomization structure; however, the
proposed algorithm is the most promising algorithms among them. The results of the
Friedman rank test indicate that CARO is the most effective algorithm.
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Table 11. Statistical results of the compared algorithms for constrained min-max optimization problems.

Function ARO CARO MPA HGS CSA ESOA SMA PSO

B mean 6.8158 x 1077 6.19464 x 1077 0.3897 3.327 0.5556 0.0512 3.81 x 1076 6.38965952
fbest —0.389659218  —0.3896592 —1.10 x 1074 0.4457 0.1659 —0.3516 —0.3897 6
fworst —0.389658583  —0.389658578  1.65 x 10~* 6 0.1659 —0.3189 —0.3897 6
std 1.79481 x 1077 223359 x10°7  1.01 x 104 2.8434 1.70 x 1072 0.0139 2.16 x 10°° 0
rank 2 25 5.25 7.375 5.75 475 225 6.125

B mean 5.60752x 1077 7.17308 x 10~7 0.3304 3.523 0.2234 0.0045 4.02 x 1075 6.33035714
fbest —0.330357003  —0.33035711  —2.45x 10~* —0.3304 —0.1071 —0.3289 —0.3303 6
fworst —0.330356232  —0.330356177  1.39 x 10~* 6 —0.1065 —0.3197 —0.3303 6
std 3.09972 x 1077 3.23569 x 1077 1.48 x 104 2.967 211 x 1074 0.0037 3.92 x 1075 0
rank 1.75 225 6 5.875 55 5 35 6.125

F mean 2.68812 x 10¥ 73235 x 1077 0.5941 3.3315 2.69 x 104 2.69 x 104 0.5949 4054080976
fbest —2.68812 x 10 —0.448910466  —0.1374011 —2.69x10%  —2.69 x 10% —0.2552 3.605170186
fworst —2.68812 x 10%  —0.448909795 0.6973 3.1701 —269 %108 —2.69 x 10% —1.2375 3.605170186
std 521961 x 107 2.05308 x 1077 0.3473 0.3017 0 0 0.7108 0
rank 45 35 5 5.75 3.375 3.375 475 5.75

Ey mean 6.75369 x 10~7  6.04828 x 1077 0.4293 0.411 0.0708 0.0037 0.0934 0.410964971
fbest —0.429280241  —0.429280603  —4.09 x 1072 —0.0183 —0.3586 —0.4286 —0.3558 —0.018315639
fworst —0.429279745  —0.429279677  —4.09 x 10~ —0.0183 —0.3584 —0.4224 —0.3048 —0.018315639
std 1.79476 x 1077 3.09226 x 1077 1.88 x 10~ 0 5.70 x 103 0.0025 0.0203 3.65712 x 10718
rank 225 225 6.5 55 45 4 5.75 5.25

Fs mean 1.8596187 1.8596187 1.8596 1.8596 1.8596 0.313 0.0291 1.8596187
fbest 0 0 0 0 0 —1.5837 —1.8587 0
fworst 0 0 0 0 0 —1.4837 —1.7601 0
std 0 0 0 0 0 0.0423 0.0426 0
rank 5.375 5.375 4.625 4.625 4.625 3.25 2.75 5.375

Fs mean 0.061246613  5.57472 x 1077 0.0531 0.0321 0.0321 0.0321 0.0248 0.032116739
fbest 0.042195218 0.101830727 0.0592 0.1339 0.1339 0.1339 0.1207 0.133947629
fworst 0.040149616 0.101829912 0.0417 0.1339 0.1339 0.1339 0.1339 0.133947629
std 0.000650136  6.54428 x 1077 0.0075 0 0 0 0.0067 2.92569 x 10~
rank 4 3 475 4375 4375 4375 4.625 6.5

E mean 9.787830444 9.787830444 9.7878 9.7878 9.7878 9.7878 9.6753 9.787830444
fbest 9.787830444 9.787830444 9.9.7878 9.7878 9.7878 9.6753 9.787830444
fworst 9.787830444 9.787830444 9.7878 9.7878 9.7878 9.7878 9.6753 9.787830444
std 0 0 0 0 0 0 3.20 x 10715 0
rank 6.25 6.25 3.625 3.625 3.625 3.625 2.75 6.25

Fs mean 1.42110289 1.643180246 1.3303 728.6938 728.2372 26.1135 44913 728.693791
fbest 24.31667283 24.69646964 24.9892 753 752.5434 41.7565 24.4457 753
fworst 28.39550387 27.9660513 26.8698 753 752.5435 60.8446 39.353 753
std 1.506413943 1.223091629 0.7598 0 6.79 x 107° 7.85 6.1063 0
rank 3 3.25 25 6.125 5.25 5.75 425 5.875

F mean 32.56339963  1.83767 x 1076 28.9638 767.2717 763.711 171.0299 0.0037 767.27172
fbest 108.631473 133.7282801 138.3536 901 897.4332 255.6545 133.7272 901
fworst 95.65198934 133.7282934 197.7002 901 897.4454 385.2074 133.735 901
std 4560730911 42502 x 107° 38.8932 0 0.0053 53.6482 0.0048 0
rank 3 2.25 45 5.875 5.75 5.75 2.75 6.125

Fio mean 0.710778044 0.772661158 0.5609 1.63 x 10° 0.612 1.3482 0.6638 116.7404008
fbest 0.790525187 0.768111264 1.0573 9.6045 1.1186 1.5173 1.1443 42.08355303
fworst 2.048216758 1.634441429 1.0851 3450 1.1196 21917 1.1945 270.1711314
std 0.417046972 0.243556748 0.0105 1.72 x 10° 437 x 1074 0.2741 0.0231 77.67965763
rank 425 35 1.75 7.75 225 5.75 35 7.25

i mean 2985.025646 1.514171134 1.5809 108.6787 1.53 x 10° 1.03 x 10% 1.5197 108.6787126
fbest —2984.998919  1.508950881 1.5145 —107.9495 —1.50 x 10° —4.20 x 102 1.5091 —107.9494757
fworst —2984.998919  1.522736834 1.7686 —107.9495 —1.57 x 103 —2.52 % 10% 1.5307 —107.9494757
std 0 0.005373986 0.1057 1.59 x 1071 325815 1.09 x 10% 0.0215 299591 x 1014
rank 3 425 6.25 35 475 45 5.25 45

Fp mean 21,929.94388  27,931.59612 1.06 x 10° 1.94 x 101 9.80 x 108 1.94 x 10" 7.50 x 10* 1.936 x 10"
fbest 0.053096805 5.744874061 443.7118 1.94 x 10% 3.44 x 10%° 1.94 x 10%° 434 x 10* 1.936 x 10%°
fworst 40,304.23797  40,235.51617 456 x 10° 1.94 x 10% 1.91 x 10% 1.94 x 10" 1.30 x 10° 1.936 x 10%°
std 20,742.72405 18,055.26692 1.97 x 10° 0 9.50 x 108 0 3.56 x 10* 0
rank 225 225 45 5.375 5.75 5.375 4 6.5

Fi3 mean 10,634.66008  10,631.44642 1.06 x 10* 4.83 x 10° 7.91 x 10° 1.19 x 10 1.11 x 10 804,296.7668
fbest 11,845.73396  11,848.40236 1.18 x 10* 248 x 103 7.92 x 10° 1.28 x 10* 1.18 x 10* 805,523.9928
fworst 11,889.23667  11,888.89681 1.18 x 10* 8.06 x 10° 7.92 x 10° 1.38 x 10* 1.40 x 10* 805,523.9928
std 13.97960937 11.49060873 0.1061 4.40 x 10° 111.7257 394.9386 942.763 0
rank 3.25 3 15 55 6.25 5.25 5 6.25
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Table 11. Cont.
Function ARO CARO MPA HGS CSA ESOA SMA PSO
Fu mean 238.6789691 4153398428 100.311 1.35 x 10* 1.35 x 10* 3.66 x 10° 454.0792 13,506.30756
fbest 7109.290454 7204.467868 7.09 x 10° 2.06 x 10* 2.05 x 10* 1.03 x 10* 7.10 x 10° 20,555.55556
fworst 7633.103567 7664.703847 7.23 x 10° 2.06 x 10* 2.05 x 10* 1.11 x 10* 8.20 x 10° 20,555.55556
std 171.4456262 148.0226817 55.1803 0 1.94 x 107° 269.1566 504.6608 0
rank 325 375 175 6.125 525 55 45 5.875
Fis mean 40.96139301 35.9834694 7.0656 165.901 250.8601 96.5226 12.7394 253.3351123
fbest 181.6805665  186.0202521 175.492 318.8294 425.5349 253.4697 176.4632 428.1221023
fworst 297.098196 244.6687348 191.0398 428.1221 425.8848 287.925 209.0361 428.1221023
std 36.73343097 17.83682441 8.0221 48.8772 0.1374 12.7296 13.1497 5.99182 x 1014
rank 475 4 15 6.75 55 45 275 6.25
Average Rank 3.525 3.425 4 5.608333333 4.833333333 4.716666667 3.891666667 6
Table 12. Statistical results of the compared chaotic algorithms for constrained min—-max optimiza-
tion problems.
Function CARO CMPA CHGS CCSA CESOA CSMA CPSO
R mean 6.19464 x 107 0.3897 3.779 0.5556 0.0473 476 x 10°° 6.38965952
fbest —0.3896592 —144 x 1074 0.5273 0.1659 —0.3677 —0.3897 6
fworst —0.389658578 1.24 x 1074 6 0.1659 —0.3026 —0.3897 6
std 223359 x 107 112x 1074 2.4857 1.67 x 1075 0.0249 2.82x10°¢ 0
rank 1.75 425 6375 475 3.75 175 5.375
F mean 7.17308 x 1077 0.3303 3.4207 0.2235 0.0069 431 %1075 6.33035714
fbest —0.33035711 ~1.74x 1074 —0.3303 —0.1071 ~0.3295 —0.3304 6
fworst —0.330356177 240 x 10 6 —0.1065 —0.3206 —0.3302 6
std 3.23569 x 1077 1.68 x 1074 2.2966 271 x 1074 0.0035 5.55 x 1075 0
rank 15 5 5.625 4.5 4 2 5.375
F mean 7.3235 x 1077 0.5587 5.38 x 102 2.69 x 10% 2.69 x 10% 0.3184 4.054080976
fbest —0.448910466 —0.1499 —0.0058 —2.69 x 10% —2.69 x 10% —0.3344 3.605170186
fworst —0.448909795 0.4471 —2.69 x 10 —2.69 x 10% —2.69 x 10% 0.1757 3.605170186
std 2.05308 x 107 0.2621 1.20 x 10% 0 0 0.2474 0
rank 3 5 5 3 3 4 5
Fy mean 6.04828 x 1077 0.4293 0.411 0.0708 0.0032 0.088 0.410964971
fbest —0.429280603 —3.97 x 10730 —0.0183 —0.3586 —0.4287 —0.3655 —0.018315639
fworst —0.429279677 —3.97 x 10730 —0.0183 —0.3583 —0.4247 —0.3244 —0.018315639
std 3.09226 x 107 419x10°% 0 9.04 x10°° 0.0017 0.0182 3.65712 x 1018
rank 1.75 5.75 475 375 3 45 45
Fs mean 1.8596187 1.8596 1.8596 1.8596 0.2832 0.0301 1.8596187
fbest 0 0 0 0 —1.6656 —1.8505 0
fworst 0 0 0 0 —1.4822 —1.8186 0
std 0 0 0 0 0.0766 0.0132 0
rank 4.875 425 425 425 325 225 4.875
F mean 5.57472 x 107 0.0523 0.0321 0.0321 0.0321 0.0256 0.032116739
fbest 0.101830727 0.0653 0.1339 0.1339 0.1339 0.1144 0.133947629
fworst 0.101829912 0.0436 0.1339 0.1339 0.1339 0.1339 0.133947629
std 6.54428 x 1077 0.0089 0 0 0 0.0078 2.92569 x 10~Y7
rank 2.5 4 3.875 3.875 3.875 3.875 6
F mean 9.787830444 9.7878 9.7878 9.7878 9.7878 9.6753 9.787830444
fbest 9.787830444 9.7878 9.7878 9.7878 9.7878 9.6753 9.787830444
fworst 9.787830444 9.7878 9.7878 9.7878 9.7878 9.6753 9.787830444
std 0 0 0 0 0 8.88 x 10716 0
rank 5.75 3.5 3.5 3.5 3.5 2.5 5.75
Fg mean 1.643180246 0.6473 728.6938 728.2372 33.4299 5.0104 728.693791
fbest 24.69646964 24.6643 753 752.5434 49.1917 28.0629 753
fworst 27.9660513 25.3003 753 752.5435 61.9575 30.7746 753
std 1.223091629 0.258 0 7.56 x 1076 5.0214 1.3024 0
rank 275 175 5.375 45 475 375 5.125
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Table 12. Cont.

Function CARO CMPA CHGS CCSA CESOA CSMA CPSO

K mean 1.83767 x 10~° 20.6945 767.2717 763.7078 176.5539 0.0096 767.27172
fbest 133.7282801 134.1623 901 897.4315 260.0043 133.7281 901
fworst 133.7282934 186.773 901 897.4434 356.6973 133.7729 901
std 42502 x 1076 29.957 0 0.0051 36.5012 0.0202 0
rank 1.75 3.75 5.125 475 475 25 5375

Fio mean 0.772661158 0.585 2.79 x 10° 0.6126 1.1907 0.6652 290.1101596
fbest 0.768111264 1.0704 135.0962 1.1187 1.4133 1.1372 53.53434848
fworst 1.634441429 1.1077 3450 1.1211 2.1031 1.2015 370.3368243
std 0.243556748 0.0138 1.48 x 10° 9.41 x 10~4 0.282 0.0274 105.9438534
rank 3.25 15 7 2 5 3.25 6

Fn mean 1.514171134 1.6775 108.6787 1.40 x 103 4.76 x 10?8 1.5358 108.6787126
fbest 1508950881 1.5503 —107.9495 —~1.37 x 10° —9.26 x 101 15171 —107.9494757
fworst 1.522736834 2.0263 —107.9495 —1.42 x 10° —2.28 x 10% 1.5484 —107.9494757
std 0.005373986 0.1963 1.59 x 10714 17.9063 1.01 x 10% 0.0365 2.99591 x 10~ 14
rank 35 55 2.75 4 4 45 3.75

Fi» mean 27,931.59612 1.85 x 10° 1.94 x 101 2.70 x 1018 1.94 x 101 2.86 x 107 1.936 x 101
fbest 5.744874061 1.13 x 103 1.94 x 101 7.15 x 106 1.94 x 10 452 x 10* 1.936 x 10
fworst 40,235.51617 7.95 x 10° 1.94 x 10" 7.10 x 1018 1.94 x 10 141 x 108 1.936 x 10
std 18,055.26692 3.43 x 10° 0 2.95 x 1018 0 6.30 x 107 0
rank 1.75 2.75 4625 4.75 4.625 3.75 5.75

Fis mean 10,631.44642 1.06 x 10* 1.62 x 10° 7.91 x 105 1.18 x 10% 1.13 x 10* 804,296.7668
fbest 11,848.40236 1.18 x 10* 248 x 103 7.92 x 10 1.30 x 10% 1.18 x 10* 805,523.9928
fworst 11,888.89681 1.18 x 10* 8.06 x 10° 7.93 x 10° 1.31 x 10* 1.41 x 10* 805,523.9928
std 11.49060873 0.0885 3.59 x 10° 164.3454 48.2991 975.447 0
rank 2.75 1.625 475 55 4 3.875 55

Fia mean 415.3398428 101.5633 1.35 x 10* 1.35 x 10* 4.86 x 10° 480.9608 13,506.30756
fbest 7204.467868 7.08 x 103 2.06 x 10* 2.05 x 10 1.06 x 10* 7.10 x 103 20,555.55556
fworst 7664.703847 7.23 x 103 2.06 x 10* 2.05 x 10 1.44 x 10* 8.13 x 103 20,555.55556
std 148.0226817 60.5302 0 8.07 x 1075 1.69 x 103 374.1022 0
rank 3 1.75 5375 45 475 35 5.125

Fis mean 35.9834694 4.3006 187.7595 250.8515 80.6844 9.9617 2533351123
fbest 186.0202521 176.9216 318.8294 425.4479 236.9263 180.0427 428.1221023
fworst 244.6687348 181.6842 428.1221 425.8082 270.2795 191.0587 428.1221023
std 17.83682441 2.0392 59.8621 0.159 12.378 4.6278 599182 x 1014
rank 3.75 15 5.75 4.75 425 25 55
ﬁ;’ﬁfge 2.908333333 3.458333333 4.941666667 4.158333333 4.033333333 3.233333333 5.266666667

4. Conclusions

This work introduced a chaotic variant of artificial rabbits optimization (CARO) for
solving minimax optimization problems. By embedding five chaotic maps into the ran-
domization components of ARO, CARO strengthens the exploration-exploitation balance
and mitigates premature convergence. Comprehensive experiments on 46 benchmark
functions (25 unconstrained smooth and 21 nonsmooth) and 15 constrained minimax
tests—each evaluated over 30 independent runs—demonstrate that CARO attains the best
overall performance. For the unconstrained suite, CARO achieves the top average ranks
and reaches the optimal value on the majority of functions; similar gains persist on the
nonsmooth set. On constrained problems, CARO outperforms six competitors (includ-
ing the original ARO) in terms of mean error, with Friedman ranks consistently favoring
CARO. A fair-comparison study, where all hybrid baselines adopt the same chaotic CR(5)
scheme, confirms that the benefits are not due to the added randomness but due to the
proposed design.

In summary, CARO is a reliable and efficient optimizer for both unconstrained and
constrained minimax problems, providing improved accuracy and faster convergence
relative to state-of-the-art swarm methods. Future work will examine (i) sensitivity and
self-adaptation of chaos parameters, (ii) scalability to very high dimensions and large-scale
constraints, (iii) hybridization with local solvers for tightened optimality on nonsmooth
landscapes, and (iv) theoretical analysis of convergence under chaotic perturbations.
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Although the present study focuses mainly on mathematical benchmark optimization
problems, the proposed CARO algorithm may also be useful for practical engineering opti-
mization tasks that require robust parameter tuning. Examples include controller parameter
optimization, system design optimization, scheduling, and constrained engineering design
problems. In such applications, the improved balance between exploration and exploitation
may help the algorithm search more effectively in nonlinear and complex solution spaces.
Future work may investigate the application of CARO to real-world engineering systems,
including robotic control and other physical Al-related optimization problems.

Problem 1 (MAD1 [70]).
F(x) = max fi(x),
AE) =2+ +xx -1,
fa(x) =sinxy,
Problem 2 (MAD2 [70]).
F(x) = max fi(x),
f3(x) = —cos xz,
cq(x) =x14+x-05>0
=1, % =2
Problem 3 (MAD4 [70]).
F(x) = max fi(x),
fi(x) = —exp(x1 — x2),
fa(x) =sinh(1 —x) — 1,
f3(x) = —log(x2),
c1(x) =0.05x1 —x, +05 >0,
% =100, =001

Problem 4 (MADS [70]).
F(x) = max fi(x),
fi(x) as in Problem 3,
c1(x) = =09x; +x, -1 >0,
=-1, =3
Problem 5 (PENTAGON [71]).

H@=@%ﬂm

fix) = = /(1 =12+ (12— )2,
fa(x) = —\/(xa —x5)% + (x4 — x6)%,
f3(x) = —\/(x5 —x1)? + (x6 — x2)%,
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27 27
X; cos(?) + X1 sin(?) <1,

i=1,35 j=01234

Problem 6 (MADG6 [70]).
F(x) = max_fi(x),

1<i<163
fi(x) = 1,2 3 cos(2mx;sind;), 1<i<163
A CR Y ST, LSS 0%
% = —(85+i05), 1<i<163
T A A

c(x) = —x1+x > 04,
c3(x) = —xp+x3 > 04,
ci(x) = —x3+2x4 > 04,

(x)
(x)
(x)
(x)
c5(x) = —x4 + x5 > 04,
(x)
(x)
(x)
(x)

X1 =05 x , X3 =15, ix3=20,

X5 = , X =23.0, xy=235
Problem 7 (EQUIL [72]).
F(x) = )
(x) = max fi(x)
aji Yy wixy
fl(x) = b 8 1-b ji | s
FFUN X Lkt 4%

3 01 01 01 01 01 0.1
01 10 01 01 5 01 0.1
W= [wy] = [01 01 10 0.1 01 7
01 01 01 01 3 01 0.1
01 01 01 01 01 1 01

i~

1 1 1 1 1 1 1
A=la;]= |12 08 1.2 12 06 0.1
2 12 08 12 12 01 1

b=[b]=[05 12 08 20 15]

% =0125 1<i<S8.
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Problem 8 (Wong 2 [65]).

Fx) = ma fil%),

fi(x) = x3 4+ 23 + x1x0 — 14x1 — 1622 + (x3 — 10)? + 4(x4 — 5)% + (x5 — 3)?
+2(x6 — 1)? +5x% + 7(xg — 11)% + 2(xg — 10)% + (x19 — 7)* + 45,

fo(x) = fi(x) +10(3(x; —2)% +4(x2 — 3)% +2x3 — 7x4 — 120),
f3(x) = fi(x) +10(5xF + 8x + (x3 — 6)* — 2x4 — 40),

fa(x) = fi(x) +10(0.5(x; — 8)% +2(xp — 4)* +3x2 — x5 — 30),
f5(x) = fi(x) +10(xF +2(x — 2)% — 2%y % + 14xs5 — 6%4),
fo(x) = fi(x) +10(=3x1 + 622 + 12(xg — 8)% — 7x19),

c1(x) = 4x1 4+ 5xp — 3x7 + 9xg < 105,

ca(x) = 10x1; — 8xp — 17x7 + 2xg < 0,

c3(x) = —8x1 + 2x5 + 5x9 — 2x19 < 12,

321:2, J?2:3/ X3:51 X4:5, x5:1/ x6:2/

Problem 9 (Wong 3 [65]).
F(x) = max fi(x),

1<i<11

fi(x) = x} + 3 + x12x0 — 14x1 — 1627 + (x3 — 10)? + 4(x4 — 5)% + (x5 — 3)?
+2(x6 — 1)* + 535 + 7(xs — 11)* +2(x9 — 10)* + (x19 — 7)* + (x11 — 9)?

+10(x12 — 1)* +5(x13 — 7)% + 4(x14 — 14)* 4 3(x15 — 1)* + xf¢ + (x17 — 2)*
+13(x13 — 2)* + fa(x) + 95,
falx) = f1(x) +10(3(x1 — 2)* +4(x2 — 3)% +2x3 — 7x4 — 120),
fa(x) = f1(x) +10(5x% + 8xp + (x3 — 6)> — 2x4 — 40),
fa(x) = f1(x) +10(0.5(x; — 8)% +2(xa — 4)% +3x2 — x4 — 30),
f5(x) = fi(x) +10(xF +2(xp — 2)* — 2%y x5 + 14x5 — 6%4),
fo(x) = fi(x) +10(=3x; + 613 + 12(x9 — 8)% — 7x19),
f7(x) = fi(x) +10(4xq + 5x2 — 3xy + 9xg — 105),
fa(x) = f1(x) +10(xq + 2xp + 4x11 — 8x9 + 30),
fo(x) = fi(x) +10(6xF + 5x + 3x12 — 19),
fio(x) = f1(x) +10(5x2 4 5x5 + 7x9 — 30x19),
fi1(x) = fi(x) +10(11x3 + 11x15 — 6x16 — 54),
f2(x) = f1(x) +10(5x% 4 2x5 + 9x4 — xg — 68),
fi13(x) = fi(x) +10(4x3 — 19 + 2x7 — 20x9 + 19),
fa(x) = f1(x) +10(7x3 4 5x5 + 7x9 — 30x29),
c1(x) = 4x1 4+ 5x3 — 3x7 + 9xg < 105,
ca(x) = 10x17 — 8xp — 17x7 + 2xg < 0,
c3(x) = —8x1 + 2x + 5x9 — 2x19 < 12,
cq(x) = x1 + 2x4 + 2x17 — 2x12 <0,
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X1 =2, X=23, X3=5, Xy4=25, =1 X¢=2,
Xy, =7, Xg=23, X9 =6, X0=10, X1 =2, Xpp =2,
T13=6, Iu=15 x5=1, Te=2, Xy=3, Xig=2,
X19 =1, Xy =23.

Problem 10 (MADS [70]).
F(x) = (x)],
() = max | fi(x)]

20
fl(x) =-1 —i—x% + ;Xj,
]:

20
filx) = —1+cxg+ Y x, 1<i<38,

j=1
ik
19
f38(x) =-1 +X%O + EX]',
j=
)
k:IJ; =1, i=24,...,36
41
k:”; =2, i=35,...,37,

% =100, 1<;<20.

Problem 11 (BP filter).
F(x) = ;
(x) = max fi(x),

fi(x) = @(x, ty) — x9 +a,
frj(x) = @(x,tj) —x9, 1<j<61,
fojr1(x) = x9 —@(x,t;), 1<j<é6l,
(x)

4
p(x,t) = % Zlog((xl%r4 —12)? ¢ tzxiz) —4log(x), a=3.0164,

to = 0.967320, t; = 0.987423,

ti=t1+(—D(ta —t), 1<j<61,
te = 1.012577, tey — 1.032680,

ci(x) = x;,4—10000x; <0, 1<i<4,

%3 = 0.103-1073,
%o = 0.968,
%9 = —11.6.

T = 0.968 - 1074,
x5 = 1.010,
%g = 0.981,

%1 = 03981071,
%, =0.389-1071,
%7 = 1.030,
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Problem 12 (HS114 [67]).

Fx) = ma filx),

f1(x) = 5.04x7 + 0.035x; + 10x3 + 3.36x5 — 0.063x4x7,

1
fo(x) = f1(x) + 500 (1.12x1 +0.13167x; x5 — 0.00667x1 x5 — x4),

fa(x) = f1(x) — 500 1. 12x1 +0.13167x1x5 — 0. 00667x1x8 — ax4>

1

fa(x) = f1(x) + 500 (1 0985 — 0.03823 + 0.325x5 — —x7+57. 425>
folx) = —500(1.098x5 — 0.038xF + 0.325%; — ax; +57.425),

9800013

500 ,

fo(x) = <x4x9 +10000x3 6)

9800023

500

fo(x) = <x4x9 +10000x; 6)’
falx) = +500<x2+x5 )

fo(x) = fi(x) — 500<xz;x5 - Xs),

0.222x19 + —x9 > 35.82,

(x)

() = :
c3(x) = 3xy — axyg > 133,

(x)

(x)

1
e 3X7 - Exlo S 133,

1.22.JC4 — X1 — X5 = 0,

a=0.99, b=0.90,

1075 < x; <2000, ¥ = 1745,
107° < x, < 16000, X, = 12000,
1075 < x3 <120, i3 = 110,
107° < x4 <5000, x4 = 3048,
107° < x5 < 2000, X5 = 1974,
85 < xg < 93, %5 =892,

90 < x7 <95, Iy =928,
3<xg <12, g =80,
12<x <4, X9=36

145 < x99 <162, X9 = 145.
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Problem 13 (Dembo 3 [73]).

F(x) = max fi(x),

fi(x) 1X1 + aA2X1Xe + A3X3 + 44X + a5 + A6X3X5,

fo(x) = f1(x) + 10° (a7x6 +agxixy Lxs 4 agxg — 1)

fg(x) f1 (x) + 10° (a10x1x3 + a11x1x3 x6 + a12x1x3 x6 1)
fa(x) = fi(x) +10° (a13x6 + a14X5 + a15X4 + A16X6 — 1)

fs(x) = fi(x) +10° (0117365 + a18x5 'x6 + A19%ax5 | + axoxs 'xe — 1>,
fo(x) = fi(x) +10° (0121957 + axnx3x; Txg + ﬂzsxzxg X7 — 1),
f7(x) = fi(x) +10° (‘124x7 + agsxpx3 Lyt + agexpxy Txg !t — 1),
fe(x) = fi(x) +10° (a27x5 + axgx; —1),

fo(x) = f1(x) + 10° (a29x3 +azox, 1x3 1x4 1 l),
flo(x) f1 (X) + 105 (a31x4 x4 X7 1)/

11X 1(X a32X4X5 x7 ’
fun(x) = fi(x) +10° -1
fio(x) = fi(x) + 10°(as3x1x6 + azaxe — 1),
f13(x) = f1(x) +10° (agox1x3 + ag3x1 + agaxe — 1),

c1(x) = axxs + azpxy < 1,

c2(x) = azx3 +axnx; <1,

i aj; i aj; i a;

1 1.715 16 0.19120592 x 10~! 31 0.000061000

2 0.035 17 0.56850750 x 10> 32 —0.0005

3 4.0565 18 1.08702000 33 0.81967200

4 10.0 19 0.32175000 34 0.81967200

5 3000.0 20 —0.03762000 35 24500.0

6 —0.063 21 0.00619800 36 —250.0

7 059553571 x 1072 22 0.24623121 x 10* 37 0.10204082 x 10!
8 0.88392857 23 —0.25125634 x 10> 38 0.12244898 x 10~*
9 —0.11756250 24 0.16118996 x 103 39 0.00006250

10 1.10880000 25 5000.0 40 0.00006250

11 0.13035330 26 —0.48951000 x 10° 41 —0.00007625
12 —0.00660330 27 0.14433333 x 10> 42 1.22

13 0.66173269 x 1073 28 0.33000000 43 1.0

14 017239878 x 10°1 29 0.02256000 44 -1.0

15 —0.56595559 x 1072 30 —0.00759500
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1<x; <2000, x = 1745,
1<x <120, % =110,
1< x3 <5000, x3=3048,
85 <x, <93, x4 =89,
90 < x5 <95, X5 =92,
3<x<12, =38,
145 < x; < 162, %, = 145,

Problem 14 (Dembo 5 [73]).

F(x) = max fi(x),

1<i<4
fi(x) = x1 4+ x2 + x3,
f(x) = Ai(x) +10° (aXf1x4xgl +100x; " + by T - 1),
f3(x) = f(x) +10° (x4x7_1 +1250(x5 — x4)x; a5 1 — 1),
fa(x) = fi(x) +10° (Cx';lxgl + x5x5 1 — 2500x3x5xg | — 1),

c1(x) = 0.0025(x4 + x6) < 1,
ca(x) = 0.0025(x5 + x7 — x4) < 1,
c3(x) = 0.01(xg — x5) <1,

a=833.33252, b= —83333.333, ¢ = 1250000.0.
100 < x; < 10000, % = 5000,
1000 < x, < 10000, % = 5000,
1000 < x3 < 10000, %3 = 5000,
10 < x4 <1000, %4 = 200,
10 < x5 < 1000, %5 = 350,
10 < x < 1000, % = 150,
10 < x7 < 1000, % = 225,
10 < xg < 1000, g = 425.

Problem 15 (Dembo 7 [73]).

F(x) = max fi(x),

1<i<19

(x)

fo(x) = filx) +10* (cxyxg !+ 100dx; — dxbxg — 1),
(x) = fi(x) +10° (cxzx;1 +100dx; — dxdx; ! — 1),
(x)

= fi(x) +10° (cxsxg 1 4 100dx3 — dx3xg ' — 1),
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C1 (x) = 0.002([){11 - xlz) <1,

a =1.262626, b= —1.231060, c¢ = 0.034750, d = 0.009750.

01<x <09, i =080,
01<x <09, =083
0.1<x3<09, x3=085,
0.1<x4 <09, x4=087,
09 < x5 <10, x5=0.90,
1074 < x5 <01, % =0.10,
01<x;,<09, x;=012,
0.1<x5<09, x5=0.19,
0.1 <x9<09, xg=0.25
0.1 <x9<09, 10=0.29,
1< xy1 <1000, X7 =512,
1070 < x3p <500, Xqp = 13.1,
1< x13 <500, %13="718,
500 < x14 < 1000, %14 = 640,
500 < x15 < 1000, X15 = 650,
1070 < x36 < 500, %16 = 5.7.
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