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Abstract: In this work, a Thau observer is designed based on a nonlinear third-order
mathematical model described by ODEs, which captures the dynamics among insulin levels,
β-cells, and glucose concentration. The novelty of this research lies in its interdisciplinary
approach to understanding a complex biological system. The observer’s mathematical
validation is established using the Localization of Compact Invariant Sets to determine the
domain of attraction and global knowledge about the system’s dynamic bounds. These
bounds are used to compute the Lipschitz constant and the elements of the free gain matrix
that satisfy the constraints for designing a Thau observer, such as the stability matrix and
asymptotic stability. This analysis provides insights into how insulin levels evolve over time
at various glucose concentrations, an essential step toward hardware implementation due
to the system’s chaotic behavior. It also establishes a mathematical background that could
contribute to treatment planning in future Digital Twins studies. Numerical simulations
demonstrate that the observer can accurately track the dynamic behavior of the Diabetes
Mellitus model analyzed in this work through in silico methods.

Keywords: diabetes mellitus model; nonlinear analysis; Thau observer; insulin observation;
compact invariant sets

MSC: 93C10; 93C15; 93D05

1. Introduction
Diabetes Mellitus (DM) is one of the most common metabolic disorders, and it is

estimated that by the year 2045, the situation may be more alarming than previously
envisaged [1]. Recently, it has been reported that diabetes prediction can be achieved
by using supervised machine learning [2], leading to prediabetes surveillance [3], which,
according to the authors, represents a growing global burden.

The main reason why diabetes is dangerous over a prolonged period is the lack
of insulin produced by the pancreas in the presence of a high glucose concentration.
This condition can be inherited or caused by any factor related to health conditions of
the pancreas [4]. Insulin is a hormone secreted by β-cells located in response to glucose
concentrations. The primary function of insulin is to distribute glucose to all the cells
in the body via the bloodstream, where it is used as an energy source. Projections from
the years 2010 to 2030 estimate that 154 million people with diabetes will be located in
India and China alone [5], considering only population growth rates. Failing to take
preventive measures for diabetes can lead to severe and irreversible health damage. This
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is why technological advances have introduced new techniques for administering insulin
treatment, and one approach to studying DM is mathematical biology [6]. Developing
and personalizing a mathematical model that accurately represents an entire or partial
population is challenging when considering only factors such as insulin, glucose, β-cells,
and insulin treatments, including rapid-acting, short-acting, intermediate-acting, and long-
acting insulins. Nevertheless, these models further explain how each factor interacts with
the immune system [7]. This paper focuses on the mathematical analysis of nonlinear
dynamics described by ODEs [8], in which the design of a nonlinear observer is achieved by
computing a Lipschitz constant based on the compact invariant set method for localization
in open-loop scheme analysis. The purpose of our research is to continuously observe and
monitor a patient’s health state while minimizing additional costs and avoiding unnecessary
invasiveness [9].

One approach to studying Type 1 Diabetes Mellitus (DM1) involves numerical methods
and statistical techniques, which are commonly used to solve these models [10]. How-
ever, this approach is not entirely feasible for understanding biological processes due to
their chaotic behavior [11]. In 2011, Little et al. [12] established that every diabetes model
exhibits nonlinear properties and chaotic dynamics, even when designing a closed-loop
glucose controller using a linear model derived from clinical data. Although the literature
extensively covers the insulin–glucose relationship, previous research has overlooked the
implementation of a nonlinear ODE-based biological model with chaotic behavior. In
2013 [13], the first comparison between the Van der Pol oscillator and the dynamics of DM1
was made, proving that the biological model is nonlinear and highly sensitive to initial
conditions. This background allows us to discern a strategy for studying and analyzing
DM1 by implementing nonlinear control techniques to address its chaotic behavior. Fur-
thermore, a recent study [14] reported that the application of closed-loop blood glucose
regulation in patients with Type 1 diabetes could be achieved through an artificial pan-
creas, thus improving the effectiveness of postprandial blood glucose control by extending
the Bergman physiological model with a digestion kinetics equation. The ODE model of
interest was introduced in [15] and has been mathematically studied using an adaptive
controller [16] and a backstepping sliding mode controller [17]. The concept of Digital
Twins [18] has a significant impact on innovation in the context of DM1. However, design-
ing a nonlinear observer using the Lipschitz constant involves a mathematical estimation
technique that is used to infer unmeasured states of a system based on a nonlinear model
and limited observable data. Compared to Digital Twins, an observer is primarily used
in real-time systems, such as artificial pancreas technologies, to enhance the precision of
insulin delivery by estimating unmeasured physiological states. Digital Twins are broader,
predictive, and simulation-focused, while nonlinear Thau observers are narrower, real-time
estimation tools. Applying a Thau observer to a nonlinear model of DM1 provides a solid
mathematical foundation to support treatment planning and serves as the groundwork for
future Digital Twins research. As a result, our work makes a meaningful contribution to
the field of biomathematics.

This paper presents a mathematical analysis of the complex interactions among insulin,
glucose, and β-cells in the dynamic evolution of DM1. Using the LCIS, the minimum and
maximum concentrations of each state variable in the system are determined, along with
their evolution over time, demonstrating the boundedness of the system even in the
presence of chaos. Additionally, conditions are established to support the design of the
Thau observer. Using the maximum concentrations, the Lipschitz constant is computed
to satisfy Thau’s inequality, ensuring that the observer is asymptotically stable. Finally,
a Thau observer is designed to accurately estimate insulin concentrations, even in the
presence of unforeseen disturbances. This observer is particularly helpful for biological
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systems where measurements are often affected by noise, sensor limitations, and external
perturbations. The proposed methodology ensures that the estimated insulin values remain
stable and reliable under different physiological conditions. To validate the performance
and robustness of the proposed observer, a series of in silico experiments are conducted,
simulating various dynamic scenarios, including both normal and pathological conditions.
These experiments demonstrate the observer’s ability to track insulin levels with high
precision and resilience against external perturbations. The results confirm that the Thau
observer can be an effective tool for monitoring and analyzing insulin–glucose dynamics,
contributing to the development of advanced control strategies for diabetes management.

The remainder of this paper is organized as follows. Section 2 presents the mathemati-
cal details of the model and how it describes the dynamical behavior of Diabetes Mellitus.
Section 3 introduces the mathematical preliminaries of the Localization of the Compact
Invariant Set method and its application to the model under study. Section 4 discusses
Thau’s observer preliminaries, its design, and the computation of the Lipschitz constant.
Simulations and experimental results are presented in Section 5. Finally, Sections 6 and 7
present the discussion and conclusions of this work.

2. ODE Model
ODE models of diabetes typically aim to simulate the interactions among insulin

secretion, glucose metabolism, and other physiological variables, such as insulin sensitivity
and insulin resistance [19]. These models can range from simple representations of glucose–
insulin dynamics to more complex systems incorporating multiple feedback loops, such
as the effect of β-cells function, meal intake, and physical activity [20]. By incorporating
both physiological principles and empirical data, ODE models offer valuable insights
into the mechanisms of diabetes, help predict patient-specific outcomes, and support the
development of therapeutic strategies.

The model under study describes the interaction of three population densities: insulin,
glucose, and β-cells [15]. The significance of this model lies in the inclusion of β-cells
as a regulatory agent, whereas the relationship between insulin and glucose exhibits
characteristics similar to the predator–prey dynamics in the Lotka–Volterra model, where
insulin acts as the predator and glucose as the prey. However, the presence of β-cells does
not alter the chaotic behavior associated with the Lotka–Volterra model [21], even when
β-cells are included. Therefore, the model is formulated using a set of nonlinear ordinary
differential equations, as follows:

dx1

dt
= −a1x1 + a2x1x2 + a3x2

2 + a4x3
2 + a5x3 + a6x2

3 + a7x3
3 + a20,

dx2

dt
= −a8x1x2 − a9x2

1 − a10x3
1 + a11x2(1 − x2)− a12x3 − a13x2

3 − a14x3
3 + a21,

dx3

dt
= a15x2 + a16x2

2 + a17x3
2 − a18x3 − a19x2x3,

(1)

where x1(t) is the population density of the predator (insulin), x2(t) is the population
density of the prey (glucose), and x3(t) is the population density of the β-cells. The
parameters a20 and a21 only have numerical values. If a20 and a21 are zero, the attractor
remains. The numerical values of the system’s parameters are presented below in Table 1.
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Table 1. Dimensionless parameters proposed in [15].

Parameter Description Value

a1

Indicates the normal
decrease in concentration
of insulin without glucose

2.04

a2

Indicates the rate of
propagation of insulin with

existence of glucose
0.1

a3, a4

Indicate the increasing
insulin rate once the

concentration of glucose is
raised

1.09,−1.084

a5, a6, a7

Indicate the increasing
insulin level rate

independently excreted
from different components

by β-cells

0.03,−0.06, 2.01

a8
Indicates the insulin effect

on glucose 0.22

a9, a10

Indicate the rate of
decrease in glucose in

response to excretion of
insulin

−3.84,−1.2

a11

Indicates the normal
increase of glucose without

insulin
0.3

a12, a13, a14

Indicate the rate of
decreasing the

concentration of glucose
due to insulin excreted by

β-cells

1.37,−0.3, 0.22

a15, a16, a17

Represent the rate of
increase in β-cells caused
by the increase in glucose

concentration

0.3,−1.35, 0.5

a18, a19

Indicate the rate of
decreasing β-cells because

of its existing level
−0.42,−0.15

a20
Density rate of insulin

constant −0.19 ≤ a20 ≤ 0.03

a21
Density rate of glucose

constant −0.56 ≤ a21 ≤ 0.03

3. Materials and Methods
3.1. Mathematical Preliminaries

This section addresses general theorems used to determine the bounds of a system.
Starkov and Krishchenko outlined a general localization method for nonlinear systems
in their works [22,23]. The proposed methodology focuses on identifying and analyzing
compact invariant sets in nonlinear dynamical systems. These sets facilitate a localized
examination of the system’s behavior, reducing complexity while preserving essential
dynamics. Recent research has shown that the compact invariant set localization method
(LCIS) is valid and provides a deeper understanding of the nonlinear ODE model [24].

To understand the LCIS method, the methodology can be synthesized into the follow-
ing key steps:
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1. Define the nonlinear system. Represent the system with a set of ODEs in the
following form:

x = f (x), x ∈ Rn, (2)

where f (x) is a C∞-differental vector field.

2. Let h(x) be a C∞ differentiable function such that h is not the first integral of the system
(2); therefore, the function h(x) is used as a solution to the problem of localization
of all compact invariant sets and is called the localizing function. Let h |B be the
restriction of h to a set B ⊂ Rn.

3. If the localization is set and all compact invariant sets are considered inside the domain
U ⊂ Rn, then the localization set K(h) ∩ U is valid, with K(h) defined in Theorem 1.
Let Q be a subset of Rn. Then, the following theorem applies:

Theorem 1. Each compact invariant set Γ of (2) is contained in the localization set K(h) ={
hinf ≤ h(x) ≤ hsup

}
[22].

4. A refinement of the localization set K(U) is achieved with the help of the iterative
theorem, which is stated as follows:

Proposition 1. If Q ∩ S(h) = 0, then the system (2) has no compact invariant sets located
in Q [22].

5. The mathematical expression corresponds to the theorem defined in [25], known as
the iterative theorem, which is described as follows:

Theorem 2. Let hm(x), m = 1, 2, . . . be a sequence of function of C∞(Rn) [23], then

K0 = K(h0), Km = Km−1 ∩ Km−1,m, with m > 0,

and
Km−1,m = {x : hm,inf ≤ hm(x) ≤ hm,sup},
hm,sup = sup

Shm∩Km−1

hm(x),

hm,inf = inf
Shm∩Km−1

hm(x),

then, it contains any compact invariant set of the system (2) and K1 ⊇ K2 ⊇ · · · ⊇ Km ⊇
. . . .

The advantage of this methodology lies in the fact that it can generate upper or lower
bounds by combining several localizing functions. There is no limit to the number of
localizing functions that can be combined to obtain a higher upper bound or a smaller
lower bound. These criteria depend on the specific research; the key aspect of the
method is to obtain one upper or lower bound for each state variable that is part of
the nonlinear system.

6. This section reviews valuable results from these works. First, it is assumed that all
state variables are positive and located in the positive orthant, R3

+ = { x1 > 0; x2 >

0; x3 > 0; }, giving biological meaning. Also, consider R3
+,0 as the closed set R3

+:

R3
+,0 = {x1 ≥ 0; x2 ≥ 0; x3 ≥ 0}.
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The solution to the problem of localizing the compact invariant sets is limited to the
positive invariant compact sets; therefore, the goal is to find the maximum densities
of each variable to define the region.

3.2. Analyzing the Nonlinear ODE Model of DM1

Since a20 and a21 are free constant parameters that represent the instantaneous dose of
insulin and glucose concentration, respectively, each depends on a specific moment of the
day. If we assume the condition a20 = a21 = 0, this represents a steady state where no food is
consumed, and, therefore, insulin inactivation is maintained. On the other hand, if a20 ≥ 0,
a21 ≥ 0, this implies that insulin is activated due to glucose consumption at a given initial
condition. In both cases, the system’s set of equations in (1) has an attractor and retains
its nonlinear properties. Therefore, nonlinear theory provides a broader understanding of
the complex behavior of these types of systems. In this context, the localization method is
applied. The system (1) is considered under the condition a20 ≥ 0, a21 ≥ 0, which ensures
that the system operates within a positive domain. Comparing with Equation (2), the
following localizing function is defined:

h1 = qx1 − x2, (3)

where q is a free positive parameter. Hence, considering β1, the expression defined by β1 =

(qa2 − a8)x1x2 + (qa3 − a11)x2
2 + qa4x3

2 + (qa5 − a12)x3 + (qa6 − a13)x2
3 + (qa7 − a14)x3

3 −
a10x3

1, and after applying the Lie derivative to the function (3), the set S(h1) is defined as

the set containing the Lie derivative, i.e., S(h1) =
{

L f h1(x) = 0
}

, which is represented by:

S(h1) =

{
−x2 =

1
a11

(
−β1 − (qa20 + a21)− a9x2

1 + qa1x1

)}
, (4)

now, substituting Equation (4) into Equation (3) results in the set h1 |S(h1)
, which is de-

fined as:

h1 |S(h1)
= qx1 −

β1

a11
− (qa20 − a21)

a11
−

a9x2
1

a11
+

qa1x1

a11
,

by grouping common terms with respect to x1 and performing algebraic manipulation,
h1 |S(h1)

can be expressed as:

h1 |S(h1)
= − a9

a11

(
x1 −

qa11

2a9

(
a1

a11
+ 1

))2
+

q2a11

4a9

(
a1

a11
+ 1

)2
− (qa20 − a21)

a11
− β1

a11
.

Therefore, the compact invariant set K1 is defined as follows:

K1(h1) =

{
h1 ≤ h1 |S(h1)

:=
q2a11

4a9

(
a1

a11
+ 1

)2
− (qa20 − a21)

a11

}
, (5)

giving as a result the maximum concentration of insulin and the minimum concentration
of glucose, which are defined as follows:

K1(h1) =

 x1 ≤ x1 max := qa11
4a9

(
a1
a11

+ 1
)2

− (qa20−a21)
qa11

x2 ≥ x2 inf := q2a11
4a9

(
a1
a11

+ 1
)2

− (qa20−a21)
a11

. (6)

Now, to establish an upper bound for the population density of glucose, consider a
second localization function, h2, defined as follows:

h2 = x2, (7)
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after applying the Lie derivative to h2, setting S(h2) =
{

L f h2(x) = 0
}

, and performing
some algebraic rearrangement, S(h2) is given by:

S(h2) =

{
x2 = 1 +

a21

a11x2
− a8

a11
x1 −

a9x2
1

a11x2
−

a10x3
1

a11x2
− a12x3

a11x2
−

a13x2
3

a11x2
−

a14x3
3

a11x2

}
,

this leads to the upper bound for the set K2(h2), given by:

K2(h2) =

{
h2 ≤ h2 |S(h2)

∩K1(h1) := 1 +
a21

a11x2 inf

}
, (8)

this allows the maximum concentration of glucose to be defined by the set K∗ = {K2(h2) ∩
K1(h1)}, as follows:

K∗ :=

x2 ≤ x2 max := 1 +
a21

q2a2
11

4a9

(
a1
a11

+ 1
)2

− (qa20 − a21)

. (9)

Therefore, the lower and upper bounds for the glucose concentration x2 are mathematically
defined by the set:

q2a11
4a9

(
a1
a11

+ 1
)2

− (qa20 − a21)

a11
≤ x2 ≤ 1 +

4a9a21

q2a2
1 + 2q2a1a11 + q2a2

11 − 4a9a20q + 4a9a21
. (10)

Finally, the last localization function, in order to define an upper bound for the β

cells, is:
h3 = x3, (11)

after applying the previous steps to the proposed localization function (11), we obtain the
set K3(h3), given by:

K3(h3) =

{
h3 ≤ h3 |S(h3)

∩K∗ :=
a15

a18
x2 max +

a16

a18
x2

2 max +
a17

a18
x3

2 max

}
, (12)

This allows the maximum concentration of β-cells to be defined as follows:

K3(h3) :=
{

x3 ≤ x3 max :=
a15

a18
x2 max +

a16

a18
x2

2 max +
a17

a18
x3

2 max

}
. (13)

As a result of the previous analysis, the following theorem can be stated:

Theorem 3. The model described by the set of equations in (1) contains all compact invariant sets
within the polytope if the free parameter q satisfies the condition given in (10) and if R3

+,0 is a closed
set, where R3

+ : R3
+,0 = {x1 ≥ 0; x2 ≥ 0; x3 ≥ 0}. Under these conditions, the compact invariant

set K is defined as:
K = x1max ∩ x2max ∩ x3max. (14)

Defining a non-empty set in diabetes models is a compelling topic due to the math-
ematical complexity involved in representing nonlinear systems. However, on the basis
of in silico experimentation, the results obtained are well-defined. Our findings contribute
to demonstrating that the behavior of DM1 is inherently nonlinear, warranting further
investigation from a mathematical perspective.

The work presented in [26] is particularly notable for introducing and evaluating
the use of computational models in clinical trial design, an emerging methodology at the
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time. The authors propose a mathematical model that simulates the systemic inflamma-
tory response in patients, allowing the prediction of therapeutic intervention outcomes
without the need for traditional clinical trials. This approach has the potential to optimize
clinical study designs, reduce costs, and improve patient safety by anticipating potential
adverse effects.

In alignment with these advancements, we propose a threshold value for q such that
q > 46.

4. Nonlinear Observer
The challenge of designing observers specifically tailored for nonlinear control sys-

tems was first introduced by Thau in his seminal work [27]. Over the past four decades,
the control systems literature has evolved significantly, leading to the development of
various methodologies for constructing observers that operate effectively in nonlinear
frameworks [28]. These nonlinear observers have been applied across diverse fields, ad-
dressing key challenges, such as state estimation, parameter estimation, fault detection
and isolation, disturbance estimation, and unknown input estimation. In 1998, a signif-
icant nonlinear observer was introduced to evaluate the validity of a biological model
focused on phytoplanktonic growth [29]. However, subsequent research by Gabriele un-
derscored the importance of parameter estimation in systems biology, highlighting its
crucial role in generating meaningful predictions from computational models designed to
represent biological systems accurately [30]. These insights have profound implications
for computational biology, providing powerful tools to analyze and understand complex
biological phenomena.

The use of state observers has also been explored in other biological processes, demon-
strating their effectiveness in estimating variables that are difficult to measure directly.
For instance, in [31], a robust observer was implemented to monitor ethanol fermentation
in real time, enabling accurate inferences about key process variables. This approach is
analogous to insulin and glucose estimation in this work, where the observer is used to
infer non-measurable states in the glycemic regulation system.

Furthermore, mathematical modeling of glucose supply has been addressed in [32],
where incomplete functions were used to describe system dynamics. This approach pro-
vides a relevant mathematical framework for formulating the model in this work, enhancing
the accuracy of insulin and glucose estimation through the integration of observer tech-
niques. These contributions underscore the growing role of control theory in computational
biology, reinforcing the importance of state observers in developing reliable models for
physiological processes.

In recent years, computational biology has turned to control theory to tackle the
issue of parameter estimation, particularly through the use of state observers. Initially
formulated for state estimation tasks, these algorithms aim to deduce the time evolution
of unobserved components within a dynamical system. The existing literature on control
theory in this context is extensive, with several classical techniques, such as Luenberger-like
observers [33], being employed in biological or biochemical systems. A key advancement
in nonlinear observer design for population biology models came with the application
of Sundarapandian’s theorem to the Lotka–Volterra model, which describes two-species
competition with stable coexistence [34].

Despite the variety of available observer designs, Thau’s observer has emerged as a
particularly robust method. Its strength lies in its reliability in providing sufficient informa-
tion about a system’s trajectory over time, primarily due to its incorporation of a Lipschitz
constant. This constant plays a crucial role in characterizing system behavior within chaotic
regimes. In this context, it is possible to define a domain that encompasses the system’s
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trajectories, often represented as an ellipsoid, thus facilitating the determination of the
Lipschitz constant. This approach not only enhances the understanding of trajectory behav-
ior but also strengthens the robustness of observer design in managing the complexities
inherent in nonlinear dynamics.

Thau Observer

Based on the set of equations from system (1), the following conditions must be
satisfied for the observer design. First, the pair (C, A) must be observable. Second, the
nonlinear function f (x) must be continuously differentiable and locally Lipschitz. If these
two conditions are met, a nonlinear Thau observer can be constructed as:

ż(t) = Az + Bu(t) + F(z(t)) + kC(x(t)− z(t)). (15)

Then, there exists a matrix A0 = A − kC that is symmetric and stable, with eigenvalues
in the negative plane. In addition, there exists a positive matrix Q that is defined from a
matrix P, which is determined by the Lyapunov equation as:

AT
0 P + PA0 = −2Q, (16)

hance, if k is chosen such that A0 satisfies Equation (16), let γ be the Lipschitz constant
expressed in the following inequality:

γ <
λminQ
∥P∥ ,

where the Lipschitz constant must satisfy the following inequality:

∥ f (x1)− f2(x2)∥ ≤ γ∥x1 − x2∥,

for all x1 and x2, the error of the Thau observer will be globally asymptotically stable. By
applying the theorem in [35], the observer can be obtained by satisfying the inequality:

∥P∥ ≤ ∥A0∥n−1

|det(A0)|
≤ 2

γ
. (17)

Since the matrix A0 is defined by the linear values of the equations in (1), and considering
the state variables of the glucose and β cells as potential variables needed to track the
dynamical behavior of the observer over time, and to satisfy the symmetric restriction of
A0, the parameters of the matrix k are chosen as k1 = 0, k3 = 0.3, k4 = 0.03, k5 = −1.37;
with k2 = 1 and k6 = 100 for a stable A0. Hence, the extended form of A0 is given by:

A0 =

 −a1 0 a5

0 a11 −a12

0 a15 −a18

−


 k1

k2

k3

[ 0 1 0
]
+

 k4

k5

k6

[ 0 0 1
], (18)

Meanwhile, the nonlinear terms of system (1) are expressed as follows:

f ’(x1, x2, x3) =

 a2x1x2 + a3x2
2 + a4x3

2 + a5x3 + a6x2
3 + a7x3

3
−a8x1x2 − a9x2

1 − a10x3
1 − a11x2

2 − a13x2
3 − a14x3

3
a16x2

2 + a17x3
2 − a19x2x3

. (19)
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Now, to satisfy inequality (17), the Frobenius norm is computed over the ellipsoidal domain
where |x1| ≤ 1.4, |x2| ≤ 3.0 and |x3| ≤ 2.0. The numerical solution for the Frobenius
norm gives: ∥∥∥ f

′
(x1, x2, x3)

∥∥∥
θ
= 34. 243,

meanwhile, solving the inequality (17) numerically yields:

1. 434 6 × 10−2 =
∥A0∥n−1

|det(A0)|
≤ 2∥∥ f ′(x, y, z)

∥∥
θ

= 5. 840 6 × 10−2.

Therefore, based on Equation (15), the Thau observer for the system (1) is defined as follows: ż1

ż2

ż3

 =

 −1. 08z3
2 + 1. 09z2

2 + 0.1z1z2 + 2. 01z3
3 − 0.06z2

3 + 0.03x3 − 2. 04z1

1. 2z3
1 + 3. 84z2

1 − 0.22z1z2 − 0.3z2
2 − 0.7z2 − 0.22z3

3 + 0.3z2
3 + x2 − 1. 37x3

0.5z3
2 − 1. 35z2

2 + 0.15z3z2 + 0.3x2 + 100.0x3 − 99. 58z3

. (20)

5. Numerical Simulation and Results
The Thau observer estimates the system’s state variables based on the model’s equa-

tions and the measured output. When simulated alongside the actual system, it allows
us to validate that the observer accurately tracks the states and assesses the convergence
of the estimated states to the actual states over time, as shown in Figure 1, considering
the parameters in Table 1. Figure 1 also presents the phase plane comparison for each
state variable.

Perturbations in the system, such as carbohydrate intake, have been extensively
studied in the literature [36]. These perturbations are incorporated to simulate realistic
scenarios in diabetic patients, where external factors significantly affect the dynamics of
glucose and insulin. In this study, a nonlinear observer is used to estimate the system’s
states under these conditions by adjusting the population density by a finite factor at
specific time intervals. The observer’s estimation accuracy is demonstrated in Figure 2,
which compares the system’s actual states with those estimated by the Thau observer.
The perturbations introduced in the initial stage are shown in Figure 3, which illustrates
how the observer minimizes the estimation error and confirms its stability and robustness
under various initial conditions or disturbances. Additionally, Figure 4 displays the error
dynamics for each state variable, showing that all errors asymptotically converge to zero
within a few seconds, even in the presence of perturbations.

The simulations were performed using the ode45 function in MATLAB® R2023b (The
MathWorks, Inc., Natick, MA, USA), with a maximum step size of 0.001 [37]. This solver,
which utilizes a fourth- and fifth-order Runge–Kutta algorithm, was employed to validate
the derived conditions mathematically. In this research, direct comparisons with real-world
measurements are not initially conducted, as the primary focus is to analyze the biological
dynamic behavior of this type of model over time through mathematical modeling. Future
work will compare these results with real-world conditions documented in the literature.
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Figure 1. Comparison between the system (1) and Thau observer estimation in the absence of
perturbations, with X0 = [0.53, 1.31, 1.03] and Z0 = [0.3, 0.2, 0.5]. This comparison ensures the Thau
observer is correctly implemented and performs as expected under given conditions. In (a), the phase
planes x1(t) vs. x2(t) and z1(t) vs. z2(t) are depicted. In (b), the phase planes x1(t) vs. x3(t) and
z1(t) vs. z3(t) are shown. In (c), the phase planes x2(t) vs. x3(t) and z2(t) vs. z3(t) are illustrated.
Finally, in (d), the chaotic behavior is demonstrated.
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0 10 20 30 40 50 60 70 80 90 100

0
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Figure 2. Comparison between the system (1) and the Thau observer. Solid lines indicate actual
state trajectories, while dashed lines indicate estimated state trajectories from the observer. Perturba-
tions are introduced prior to t = 10; nevertheless, the observer’s trajectories consistently track the
system’s patterns.
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Figure 3. Comparison between the system (1) and the Thau observer. Perturbations are applied to the
insulin population density, with values of +0.2 and −0.3 at t = 4 and t = 7, respectively. Similarly,
perturbations of +0.3 and −0.25 are applied to the glucose population density at t = 2.5 and t = 8,
respectively.
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-0.2
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0.2

error dynamics zero reference
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0
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1

0 5 10 15
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0

0.5

Figure 4. Error dynamics. Accurate estimation enhances control efficiency, robustness to disturbances,
and overall system reliability, making error minimization essential for effective observer performance.
As presented in this figure, at 10.5 seconds, the estimated error can be considered almost zero for
z1(t), and z2(t) follows the dynamics of (1). Similarly, at 0.6 seconds, the state z3(t) also aligns with
the system’s dynamics.

6. Discussion
Designing a Thau observer for model (1) focuses on nonlinear DM1 systems, enabling

the management of complex nonlinear behaviors and leading to more accurate trajectory
tracking in nonlinear models [38], as shown in Figures 1 and 2. The dimensionless pa-
rameters in Table 1 exhibit chaotic behavior if and only if parameters a20 and a21 are less
than or equal to 0.03. Other values of those parameters must be studied and analyzed
for deeper biological implications. For example, in [39], computational and mathematical
modeling approaches for drug development are discussed as advantageous due to their
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fast predictive capability and cost-effectiveness features. In future research, we will exploit
the feasibility of implementing a comparative analysis considering our results with the
Digital Twins predictions [40] to explore deeper biological implications. In addition, we
will study the design of a nonlinear controller based on the designed observer, contributing
to the approach of the implementation of new technology [41]. The LCIS method remains a
key mathematical strategy for analyzing nonlinear ODE models with biological implica-
tions [24]. Therefore, the importance of nonlinear control theory applied in biomathematics
can significantly enhance results. The Thau observer for the nonlinear DM model that
considers β-cell dynamics allows accurate estimation of insulin levels, even under im-
paired β-cell functionality. It integrates the nonlinear interactions between glucose and
insulin while reducing reliance on invasive measurements. The observer provides real-time
insights into β-cell contributions, improving personalized diabetes management and treat-
ment strategies. For instance, in Figure 3, the observer effectively manages uncertainties
and disturbances in the system, ensuring reliable insulin level predictions. In Figure 4,
the performance of the Thau observer is critical for ensuring accurate state estimation,
system stability, and precise trajectory tracking. Significant errors can lead to unreliable
state feedback, degraded control performance, and deviations from desired behavior.

7. Conclusions
This paper presents a Thau observer for a Diabetes Mellitus model that describes

the dynamic interaction among insulin, glucose, and β-cells. The observer can estimate
insulin levels by measuring the glucose and population of β-cells. However, designing
a Thau observer is not easy; this type of observer requires certain conditions that must
be satisfied, such as the Lipschitz constant γ and the stability matrix A0. Therefore, there
are established conditions for the free feedback matrix k such that all eigenvalues of the
stability matrix defined by A0 = A − KC have a negative real part. Next, LCIS analysis is
applied to determine the sets containing the dynamical behaviors of each state variable,
defined by (14) considering the dimensionless parameters described in Table 1, to guaran-
tee the stability condition established by inequality (17), needed to ensure the observer’s
asymptotic stability. Furthermore, the observer’s performance and asymptotic stability are
verified through MATLAB® simulations. Future work will focus on closed-loop control
analysis and mathematical validation of the entire system, along with its implementation
on a digital platform to develop a Digital Twin system. Both the conceptual Digital Twin
and the closed-loop control system will enable the exploration of complex scenarios that
would be dangerous or infeasible in real-life experiments due to validated treatment pro-
tocols. In addition, this approach will allow the study of perturbed cases influenced by
factors such as caloric intake, exercise routines, and sleep patterns, facilitating the design
of personalized treatment protocols. By integrating patient-specific data and real-time
monitoring, the Digital Twin system has the potential to serve as an advanced simulation
tool for predicting glucose–insulin dynamics under various physiological and pathological
conditions. This will provide clinicians with a deeper understanding of the metabolic re-
sponse of individuals, allowing for more precise treatment adjustments. Beyond individual
treatment optimization, the implementation of a Digital Twin system could contribute to
broader diabetes research by simulating large-scale population dynamics and testing novel
therapeutic strategies before clinical trials. This would reduce the risks and costs associated
with experimental treatments while improving the reliability of medical interventions.
Ultimately, this research aims to improve the management of diabetes by offering a robust
and patient-specific approach that minimizes the risks associated with hyperglycemia and
hypoglycemia.
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