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Abstract: In this article, a new higher-order convergence Laplace–Fourier method is devel-
oped to obtain the solutions of linear neutral delay differential equations. The proposed
method provides more accurate solutions than the ones provided by the pure Laplace
method and the original Laplace–Fourier method. We develop and show the crucial modi-
fications of the Laplace–Fourier method. As with the original Laplace–Fourier method, the
new method combines the Laplace transform method with Fourier series theory. All of the
beneficial features from the original Laplace–Fourier method are retained. The solution still
includes a component that accounts for the terms in the tail of the infinite series, allowing
one to obtain more accurate solutions. The Laplace–Fourier method requires us to approxi-
mate the formula for the residues with an asymptotic expansion. This is essential to enable
us to use the Fourier series results that enable us to account for the tail. The improvement is
achieved by deriving a new asymptotic expansion which minimizes the error between the
actual residues and those which are obtained from this asymptotic expansion. With both
the pure Laplace and improved Laplace–Fourier methods, increasing the number of terms
in the truncated series obviously increases the accuracy. However, with the pure Laplace
method, this improvement is small. As we shall show, with the improved higher-order
convergence Laplace–Fourier method, the improvement is significantly larger. We show
that the convergence rate of the new Laplace–Fourier solution has a remarkable order of
convergence. The validity of the new technique is corroborated by means of illustrative
examples. Comparisons of the solutions of the new method with those generated by the
pure Laplace method and the unmodified Laplace–Fourier approach are presented.

Keywords: new Laplace–Fourier method; neutral delay differential equations; Laplace
transform; Fourier series; Cauchy’s residue theorem

1. Introduction
Delay differential equations (DDEs) play an important role in many real-world pro-

cesses [1–7]. Mathematical models based on different types of DDEs have been used to
describe and study the dynamics of many infectious diseases [3,8–15]. Also, real-world
applications of DDEs appear in a variety of fields such as physics, epidemiology, and
engineering [2,7,16,17]. For example, NDDEs appear when modeling electrical circuits
that include delayed elements [18]. Interestingly, DDEs have been used in climate models
related to El Niño–Southern Oscillation (ENSO) [19]. In [20], an NDDE appears in the
Partial Element Equivalent Circuit formulation of Maxwell’s equations. In [21], an NDDE
was used to model the stick–slip problem related to the torsional motion of the drill. Finally,
in [22], a linear NDDE was used for a budget constraint related to physical capital in an

Math. Comput. Appl. 2025, 30, 37 https://doi.org/10.3390/mca30020037

https://doi.org/10.3390/mca30020037
https://doi.org/10.3390/mca30020037
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/mca
https://www.mdpi.com
https://orcid.org/0000-0002-4487-4346
https://orcid.org/0000-0001-5847-678X
https://doi.org/10.3390/mca30020037
https://www.mdpi.com/article/10.3390/mca30020037?type=check_update&version=1


Math. Comput. Appl. 2025, 30, 37 2 of 17

economic model. Thus, we can see that there are a variety of applications of NDDEs to real
world problems.

The complexity of DDEs is usually greater than those of ordinary differential equa-
tions (ODEs). The delays can cause a stable equilibrium to become unstable, and periodic
solutions can arise [10,23–28]. Recently, there has been an increasing interest in the devel-
opment of methods for finding and studying the solutions of a variety of DDEs, including
some of fractional order [29–36]. The classical method for solving DDEs is the method
of steps (MoS), which generates an analytical piecewise solution. This method is based
on a stepwise process that requires solving a differential equation in different time in-
tervals [7,37–40]. However, for many DDEs, the MoS encounters the phenomenon of
expression swell [37,40,41]. Thus, for many DDEs the MoS is not able to generate the
solution for the whole time domain. However, in some cases the MoS can be used to find a
closed-form solution [37,40,41].

There are numerous classifications for the DDEs, amongst which one important type
is represented by the neutral delay differential equations (NDDEs). In these equations,
the time delays appear in the state variable derivative [42–50]. NDDEs arise in numerous
mathematical models involving problems in engineering and science [51–54]. NDDEs have
been solved by a variety of methods [33,47,55,56].

The main aim of this paper is to present a new higher-order convergence Laplace–
Fourier method, which produces an essentially analytical solution that significantly reduces
the error. The Laplace–Fourier method is based on the combination of the Laplace trans-
form and Fourier series theory and can be used to obtain the solutions of linear NDDEs [57].
The solution is composed of a closed-form part and an infinite series [57]. The method
requires computing the poles of the Laplace transform equation and computing the residues
by Cauchy’s residue theorem. For the closed-form part however, one must use an approxi-
mate formula for the location of the poles. In this paper, a new formula developed by the
authors provides an improved approximate for the location of the poles. More importantly,
however, an improved formula for approximating the residues at the poles is also derived.
This new formula is then used to show that the new higher-order convergence Laplace–
Fourier method is significantly more accurate than the original Laplace–Fourier method.
To the best of our knowledge, there is no similar method close to the one developed in
this work besides the regular Laplace–Fourier method developed by the same authors [57].
There are a variety of methods to obtain numerical solutions, and some mathematical
software have implemented them [58,59]. For instance, Matlab has the built-in function
dde23, which generates numerical solutions for DDEs. It has been shown that analytical
solutions developed using Laplace and Laplace–Fourier methods are oftentimes more
accurate than the numerical ones [41,57,60].

The pure Laplace method has been used recently to solve fractional linear DDEs [61].
In [62], the Laplace method was applied to solve systems of linear retarded and neutral
delay differential equations. It was found that in some cases the solution asymptotically
approaches a limit cycle. In [57], it was shown that a previous Laplace–Fourier method
can improve the accuracy of the solution of linear DDEs. The Laplace–Fourier method
improves the pure Laplace method by taking into account the contribution of all the terms
in the pure Laplace solution (infinite series) for terms such that N > k. This is accomplished
by approximating the tail of the infinite series with a harmonic Fourier series. Then, in turn,
one determines an analytic formula for the series. This formula, which constitutes an
important component of the solution, is a piecewise continuous function that is composed
of polynomials. The Laplace–Fourier method has the versatility to modify the degree of
polynomials in order to improve the accuracy. The Laplace–Fourier method also requires us
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to approximate the formula for the residues with an asymptotic expansion. This is essential
to enable us to proceed and use the Fourier series results for solving linear NDDEs.

2. Definitions for NDDEs and Laplace Transform
To facilitate the introduction of the new Laplace–Fourier method, we will recap some

of the basic foundations (for more details, see [41,57]). Let us focus on the subclass of
NDDEs of the following form:

y′(t) = ay(t) + by′(t − τ) + cy(t − τ), t > 0, b ̸= 0. (1)

For the history function y(t) = H(t), t ∈ [−τ, 0]. The history function can be seen as an
initial condition. There are many admissible classes of history functions, and they play a
role in the computation of the the solution (see [53,57,63,64] for more details). For instance,
history functions can be polynomials or trigonometric functions [41,57]. We will see that,
depending on the history function, we can obtain a variety of solutions.

2.1. Applying of the Laplace Transform

Taking the Laplace transform of Equation (1) and solving for Y(s), one obtains

Y(s) =
N(s)

s − a − (bs + c) e−sτ
, (2)

where N(s) = H(0)− b H(−τ) + (bs + c) e−sτ
∫ 0
−τ H(v) e−svdv. Assuming that any sin-

gularities resulting from the integral term in N(s) are removable, the relevant poles are
determined by the roots of the equation

D(s) = s − a − (bs + c) e−sτ = 0. (3)

Note that N(s) and D(s) might have (very unlikely due to the four parameters a, b, c, and
τ) zeroes in common. In this case, these singularities are removable [41,60,62]. Regardless
of the zeroes in common, the Laplace–Fourier method can generate the solution by using
the Cauchy residue theorem [41,57]. The exact number of real roots can be at most three,
and this depends on the parameters a, b, c, and the time delay τ. It can be shown that the
real roots of the denominator D(s) are given by the intersection of the Lambert function
and a linear function. Thus, we can have at most three real roots. In the case of no real
poles, the Laplace–Fourier solution would be given only in terms of the complex poles. It
is important to remark that for the piecewise polynomial component of the higher-order
convergence Laplace–Fourier solution, only the complex poles play a role.

2.2. Complex Poles

Dividing the characteristic Equation (3) by s reveals that the approximate location of
the poles (for |s| large and Im(s) > 0) is given by

sk =
ln(b) + 2kπi

τ
, k ∈ N, (4)

when b > 0. For b < 0, we have a different formula, but it is similar to that in [41].
These formulas can be used as the initial guesses for determining the actual poles by some
numerical method to find zeroes, such as Newton’s method (details in [41]). Applying the
inverse Laplace transform to Equation (2) and Cauchy’s residue theorem, one can obtain the
solution y(t) of the NDDE (1). However, this requires finding the residues at the infinitely
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many poles. Applying L’Hopital’s rule, one obtains that the related residues at the poles
are given by

ck =
N(rk)

1 + (brkτ − b + cτ) e−rkτ
, (5)

where rk, k ∈ N are the sequence of complex poles above the imaginary axis. In order to
distinguish the actual poles from the approximates given by Equation (4), we shall use rk.
Once the poles have been determined, we can use the Cauchy residue theorem to determine
y(t). Without loss of generality and assuming that there is one real root (r0), then we can
write the solution as

y(t) = c0 er0t + 2
∞

∑
k=1

Re
(
ckerkt). (6)

Thus, regardless of the number of real roots (at most three), we can always obtain a solution
in terms of an infinite non-harmonic series for the linear DDE (1) if H(t) ∈ C∞. In [41], it has
been shown that any singularities resulting from the integral term in N(s) are removable,
and all of the relevant poles are determined by the roots of the equation D(s) = 0. Moreover,
the solution is unique (see [63,64]). The solution of the NDDE (1) at some point would have
a discontinuous derivative [64]. The smoothing property is not valid for NDDEs, and the
solution y(t) is always as smooth as the history function H(t) (see [64]). For instance, if the
history function H(t) is discontinuous at some point t = t0, then the exact solution of the
NDDE (1) would be discontinuous at t = t0 + τ [65,66].

2.3. Laplace–Fourier Solution

The main shortcoming of the pure Laplace transform method, when utilized for
solving DDEs, is the slow convergence rate of the series solution in the vicinity of the
points t = mτ, m ∈ N [41]. The Laplace–Fourier is able to improve the convergence rate
without increasing the number of terms in the series [57]. For the Laplace–Fourier method,
we shall assume that H(t) ∈ C∞ in order to be able to guarantee the existence of the
Laplace–Fourier solution. Recall that the approximate locations of the poles (for |s| large,
b > 0, and Im(s) > 0) are given by Equation (4). Therefore, the tail of the series (for k ≥ N)
can be approximated by

ya(t) ≃ 2
∞

∑
k=N

Re

(
cke

[
ln(b)+2kπi

τ

]
t
)
≃ 2e

ln(b)
τ t

∞

∑
k=N

Re
(

cke
2kπi

τ t
)

. (7)

Observe that being able to remove the ln(b) term from inside of the sum leaves one with a
regular, harmonic Fourier series (inside the sum). Note that a more accurate location of the
poles that includes the parameters a and b would not allow us to write the approximated
solution ya(t) in terms of a regular, harmonic Fourier series. Thus, it is imperative that
one uses Equation (4) for the Laplace–Fourier method [57]. However, the actual complex
poles depend on a, b, c, and τ. Indeed, in Section 4, a more accurate formula for the location
of the poles is presented. It can be shown (we will verify this later in Section 3) that the
asymptotic expansion for the ck’s at k = ∞ is (typically) of the form

ca
k ≃

a2

( 2kπi
τ )2

+
a3

( 2kπi
τ )3

+ · · · , (8)

in which all the coefficients am are real. Hence, labeling αk =
2kπ

τ
, one obtains

ya(t) ≃ 2e
ln(b)

τ t
∞

∑
k=N

Re

([
−a2

α2
k

+
ia3

α3
k
+ · · ·

]
eαk it

)
, (9)
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or using Euler’s formula, one obtains

ya(t) ≃ 2e
ln(b)

τ t
∞

∑
k=N

[
−a2

α2
k

cos(αkt)− a3

α3
k

sin(αkt) + · · ·
]

. (10)

which can then be rewritten as

ya(t) ≃ 2e
ln(b)

τ t
∞
∑

k=1

[
−a2
α2

k
cos(αkt)− a3

α3
k

sin(αkt) + · · ·
]

−2e
ln(b)

τ t
N−1
∑

k=1

[
−a2
α2

k
cos(αkt)− a3

α3
k

sin(αkt) + · · ·
]

.

(11)

Observe that the infinite series in the sum which starts at k = 1 is, by design, an exact match
with the classical type harmonic Fourier Series [67,68]. Therefore, using the relevant Fourier
series formulas, enables us to replace this sum with a closed-form analytic expression in the
form of a piecewise continuous function.

2.4. Fourier Series Results

The results of the previous section were obtained by assuming that b > 0, where the
approximate location of the poles is given by Equation (4). For the sake of clarity, let us
retain this assumption in this section. For the case where b < 0, the formulas are similar
and can be found in [57]. Some of the following results can also be found in [57]. However,
we include them here for self-readability.

On the interval 0 < x < τ, with αn =
2nπ

τ
, we have that

∞

∑
n=1

cos(αnx)
α2

n
=

3x2 − 3xτ + τ2/2
12

= p2(x). (12)

Subsequent results for polynomials of higher degree may be obtained via integration [57,68].
For example,

∞

∑
n=1

sin (αnx)
α3

n
=

x(x − τ/2)(x − τ)

12
= p3(x), (13)

and
∞

∑
n=1

cos (αnx)
α4

n
=

τ4

1440
− x2(x − τ)2

48
= p4(x). (14)

Therefore using these polynomials enables one to rewrite ya(t) as

ya(t)≃ 2e
ln(b)

τ t[−a2 p2(t)− a3 p3(t) + a4 p4(t)]

− 2e
ln(b)

τ t
N−1

∑
k=1

[
−a2

α2
k

cos(αkt)− a3

α3
k

sin(αkt)+
a4

α4
k

cos(αkt)

]
, 0 < t < τ. (15)

Therefore,

ya(t)≃ 2e
ln(b)

τ tPe(t)

− 2e
ln(b)

τ t
N−1

∑
k=1

[
−a2

α2
k

cos(αkt)− a3

α3
k

sin(αkt)+
a4

α4
k

cos(αkt)

]
, 0 < t < ∞. (16)
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where Pe(t) is the τ-periodic extension of the relevant polynomial on the basic interval:
0 < t < τ. Then, combining the above formula with Equation (6), one obtains

y(t) ≃ c0 er0t + 2e
ln(b)

τ tPe(t) + 2
N

∑
k=1

Re

(
ckerkt − ca

ke
[

ln(b)+2kπi
τ

]
t
)

. (17)

in which ca
k is given by Equation (8). We also note that it is possible to extend Equation (17)

by including polynomials of higher degrees.

2.5. Further Insight into the Laplace–Fourier Method

The pure truncated Laplace solution does not include the contribution of all the terms.
The most novel aspect of the Laplace Fourier solution is that it does account for these
excluded terms [57]. The Laplace–Fourier method is very accurate in the case where
ab + c = 0. This is due to the fact that the estimates (4) provide an exact formula for the
poles, since one obtains

D(sk) = sk− a − (bsk+ c) e−( ln(b)+2kπi
τ )τ = sk− a− 1

b
(bsk+c) = −

(
a+

c
b

)
. (18)

Thus, Equation (17) becomes

y(t) ≃ c0er0t + 2e
ln(b)

τ tPe(t) + 2e
ln(b)

τ t
N

∑
k=1

Re
(
[ck − ca

k]e
2kπi

τ t
)

(19)

Then, the series has an improved convergence rate, for the Nth partial sum, of the order

O

(
∞
∑

k=N+1
k−5

)
= O(N−4) [57]. This specific convergence rate assumes that the polynomi-

als in Pe(t) are of order four. The convergence rate can be further enhanced by including
additional polynomials of higher orders.

3. New Higher-Order Convergence Laplace–Fourier Method
For the solution of the NDDE (1), one obtains that the portion of y(t) related to these

complex poles is given by

y(t) = 2
∞

∑
k=1

Re
(
ck erkt), (20)

in which we recall that

ck(s) =
H(0)− bH(−τ) + (c + bs)e−sτ

∫ 0
−τ H(v)e−svdv

1 + (bsτ − b + cτ) e−sτ
. (21)

However, we also know that at each of the poles D(s). In which case,

e−sτ =
s − a
bs + c

. (22)

Thus, this enables us to rewrite the denominator in Equation (21) as

D′(s) = 1 + (bsτ − b + cτ)
s − a
bs + c

, (23)

providing s ∈ {rk, k ∈ N} = W. Now applying integration by parts to the integral in the
numerator of Equation (21), we find that

∫ 0

−τ
H(v)e−svdv=

H(−τ)esτ −H(0)
s

+
H′(−τ)esτ −H′(0)

s2 + O
(

s−3
)

. (24)
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Substituting the above expression into the numerator in Equation (21) and using
Equation (22) to replace all of the exponential terms, it can be shown that

N(s) =
1
s
[
cH(−τ) + aH(0) + bH′(−τ)− H′(0)

]
+ O

(
s−2
)

, s ∈ W. (25)

Therefore,

lim
s→∞

N(s)
D′(s)

=
1

τs2

[
cH(−τ) + aH(0) + bH′(−τ)− H′(0)

]
+ O

(
s−3
)

, s ∈ W. (26)

Recall, however, that the Fourier series results that are used require an asymptotic expansion
with respect to the frequencies as k → ∞. Therefore, substituting sk = ln(b)/τ + iαk into
the above equation, one obtains

ca
k = lim

k→∞

N(sk)

D′(sk)
=

−a2

α2
k

+ i
a3

α3
k
+ O

(
α−4

k

)
. (27)

where
a2 =

1
τ

[
cH(−τ) + aH(0) + bH′(−τ)− H′(0)

]
(28)

The analytic expressions for the subsequent coefficients (an) become progressively more com-
plicated. They can, however, be easily found using the series command with Maple software
(https://www.maplesoft.com/products/maple/).

The original Laplace–Fourier method uses the Formula (4) for the poles sk and substi-
tutes them into Equation (21) right at the outset. As a consequence, all of the exponential
terms simplify to

e−skτ = e−(ln(b)/τ+iαk)τ =
1
b

, ∀k. (29)

With, as we observe, a zero imaginary part. Therefore, the term

sk e−skτ =
1
b

(
ln(b) + 2kπi

τ

)
(30)

However, the actual/exact pole rk is only relatively close to sk. Therefore, the term e−rkτ

has a relatively small non-zero imaginary part. Let us denote this imaginary part as ϵki.
Then, the formula for ϵk can be derived via the asymptotic expansion for s−a

bs+c , which is
given by 1

b (1 − (a + c/b)s−1 + O(s−2)). Thus, when multiplied by rk, one obtains

rke−rkτ =
1
b

(
ln(b) + 2kπi

τ
− (a + c/b)

)
+ O(k−1), (31)

for large k. Notice that this se−sτ term appears in both the numerator and the denominator
of Equation (21). Therefore, the expansion of ck in the original Laplace–Fourier method
is only exact when ab + c = 0. However, when the contribution from the a + c/b term
is significant, the original Laplace–Fourier method is oftentimes only marginally better
than the pure Laplace solution, and in some extreme cases, might be less accurate. In this
paper, we have developed a new higher-order convergence Laplace–Fourier method that
addresses this shortcoming. In the next section, we will analyze the convergence of the new
Laplace–Fourier method.

https://www.maplesoft.com/products/maple/
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4. Convergence Rate of the New Higher-Order Convergence
Laplace–Fourier Solution

In order to establish the convergence rate of the series in Equation (17), we shall need
an improved approximate for the location of the poles for large k. This can be obtained by
assuming that sk is of the form

sk =
ln(b) + 2kπi

τ
+

β

k2 + i
γ

k
, k ∈ N (32)

The constants β and γ, which depend on all the parameters a, b, c, and τ, can be determined
by substituting Equation (32) into Equation (22). Then, we equate the coefficients in the
respective asymptotic expansions for large k. For the term on the left, it can be shown that

e−skτ =
1
b

e−(
β

k2 +i γ
k )τ =

1
b
− i

γτ

bk
−

βτ + 1
2 γ2τ2

bk2 + O(k−3) (33)

and for the term on the right-hand side of Equation (22), one obtains

sk − a
bsk + c

=
1
b
+ i

(ab + c)τ
2b2πk

− τ(ab + c)(b ln(b) + cτ)

4b3π2k2 + O(k−3). (34)

Then, equating the relevant coefficients, one obtains the following system of equations

−γτ

b
=

(ab + c)τ
2b2π

(35)

and
βτ + 1

2 γ2τ2

b
=

τ(ab + c)(b ln(b) + cτ)

4b3π2 . (36)

Solving this system for β and γ, we find that

β =
(ab + c)(2b ln(b)− τ(ab − c))

8b2π2 , (37)

and

γ =
−(ab + c)

2bπ
. (38)

Remark 1. This improved approximate sk, which also accounts for the contributions from the
parameters a and c, can also be used as a more accurate initial guess in the subroutine where one
computes the actual poles rk.

These results can now be used to verify that the convergence rate of the new improved
Laplace–Fourier solution is O(N−3). In order to accomplish this, let us recall Equation (17):

y(t) ≃ c0er0t + 2e
ln(b)

τ tPe(t) + 2
N

∑
k=1

Re

(
ckerkt − ca

ke
[

ln(b)+2kπi
τ

]
t
)

(39)

and focus on the residues in the sum. Now, we know from Equation (26) that, for large s

ck(s) =
b2

s2 +
b3

s3 +
b4

s4 + O
(

s−5
)

, s ∈ W, (40)

in which
b2 =

1
τ

[
cH(−τ) + aH(0) + bH′(−τ)− H′(0)

]
. (41)
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As was the case with the an, analytic expressions for the subsequent bn can be readily found
using the series command in Maple. If we use the improved approximate sk in Equation (32)
as a surrogate for rk, then one obtains

ck(rk) =
−b2

α2
k

+ i
b3 − 2b2 ln(b)/τ

α3
k

+
3b2(ln(b)/τ)2 − 3b3 ln(b)/τ + b4 − b2(a + c/b)/π

α4
k

+ O
(

k−5
)

. (42)

However, recall that for the second residue in our sum, we must use the sk given by
Equation (4). In this case,

ca
k(sk) =

−b2

α2
k

+ i
b3 − 2b2 ln(b)/τ

α3
k

+
3b2(ln(b)/τ)2 − 3b3 ln(b)/τ + b4

α4
k

+ O
(

k−5
)

. (43)

Hence, for large k,

ckerkt − ca
ke
[

ln(b)+2kπi
τ

]
t ≃ (ck − ca

k)e
rkt =

(
− b2(a + c/b)/π

α4
k

+ O
(

k−5
))

erkt (44)

As a consequence, when ab + c ̸= 0, the convergence rate of the new Laplace–Fourier
solution has a remarkable order of convergence O(N−3). In the next section, we will present
some examples that numerically illustrate the theoretical results obtained in this work.

5. Illustrative Results of the New Higher-Order Convergence
Laplace–Fourier Method

In this section, we will present a comparison between the pure Laplace and the new
Laplace–Fourier methods by solving several NDDEs. We shall show that the developed
method improves the accuracy of the Laplace solution without increasing the number of
terms in the truncated series. In most of the examples, we will use the approximate formula
for the location of the poles as our initial guess for determining the actual poles. In all of
our examples, we include a graph of the analytic solution obtained via the MoS. In order to
have fair comparisons between the methods, we use the same number of terms in each of
the truncated series related to the methods. In addition, we include the error graphs for the
solutions generated by the pure Laplace solution and the new Laplace–Fourier methods.
The errors are obtained by computing the difference between the approximated solutions
and the analytical solution over some finite time interval. We used Maple to perform all the
required computations for the Laplace transform method, new Laplace–Fourier method,
and the MoS. We compute the coefficients in the asymptotic expansions using Maple’s
series command.

5.1. Example 1

Let us consider the following linear NDDE:

y′(t)=−2.1y(t)+0.9y′(t − 1)+2.12y(t − 1), H(t)=2 − 48t(1 + t), t ∈ [−1, 0]. (45)

We computed the solutions of NDDE (45) by the MoS (piecewise exact analytical solution),
pure Laplace, original Laplace–Fourier, and the new Laplace–Fourier methods using the
symbolic software Maple. For NDDE (45), there are two real poles: one negative (r0) and one
positive (r1). Figure 1 shows the (oscillatory) solution obtained via the MoS. The solution
may appear to approach a steady state, but it does not. It approaches c1 er1 t, where
r1 ≈ 0.009 and c1 ≈ 9.64. Therefore, the solution of NDDE (45) increases exponentially,
and there is no steady state. In Figure 2, the graphs of the absolute errors related to the
different methods are presented. It is clear that the solution given by the new Laplace–
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Fourier method is the most accurate. While, as expected, the solution produced by the
standard pure Laplace method is the least accurate. The accuracy can be further enhanced
by increasing the number of terms in the series and/or by including more (higher degree)
polynomials. The errors for all solutions decrease as the time increases, despite the fact
that the solution itself is increasing. This is an important feature of all the implemented
methods. For the absolute error plots, the peaks which occur at t = kτ are due to the nature
of the non-harmonic series form of all the solutions generated by these methods [41,57].
It is important to remark that for all these methods once the solution is obtained, we can
compute the solution for any time, even for a very large value of t, with a single calculation.
In this example, polynomials of degree eight were used. We note, however, that for this
particular example, the number of polynomials has a minimal effect in reducing the errors
once we go beyond p3(x).

Figure 1. Analytical solution obtained by the MoS. The NDDE is y′(t) =−2.1y(t)+0.9y′(t − 1)+
2.12y(t − 1), H(t)=2 − 48t(1 + t), t ∈ [−1, 0].

Figure 2. Errors of the solutions obtained by pure Laplace (left), original Laplace–Fourier (center), and
the new Laplace–Fourier (right) methods. The NDDE is y′(t) =−2.1y(t)+0.9y′(t − 1)+2.12y(t −
1), H(t)=2 − 48t(1 + t), t ∈ [−1, 0].

For the NNDE (45), we have that ab + c = 0.23. On the left-hand side of Figure 3, we
have plotted the relative errors of the real and imaginary parts computed using the correct
residues ck versus the approximate values ca

k, which were obtained from using the original
Laplace–Fourier method. In particular, we show the graphs of Re(ck − ca

k)/Re(ck) and
Im(ck − ca

k)/Im(ck) for k = 2 . . . 12. On the right-hand side of Figure 3, we have plotted the
analogous errors, which were obtained from using the new Laplace–Fourier approximate
values ca

k given by Equation (27).

Figure 3. Relative errors of the imaginary (solid lines) and real (dashed lines) parts using the correct
residues ck versus the approximate values ca

k for the original Laplace–Fourier (left) and for the
new Laplace–Fourier method (right). The NDDE is y′(t) = −2.1y(t)+0.9y′(t − 1)+2.12y(t − 1),
H(t)=2 − 48t(1 + t), t ∈ [−1, 0].
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5.2. Example 2

Let us consider the following linear NDDE:

y′(t)=−2.1y(t)+
7

11
y′(t − 2)−2y(t − 2), H(t)=1+

3
2
(t + 2)(0.5 + t), t ∈ [−2, 0]. (46)

We computed the solutions of NDDE (46) by the MoS (piecewise exact analytical so-
lution), pure Laplace, original Laplace–Fourier, and the new Laplace–Fourier methods.
For NDDE (46), there are no real poles. In Figure 4, we show the solution computed by
the MoS. In Figure 5, the graphs of the absolute errors related to the different methods are
presented. Again, it is clear that the solution given by the new Laplace–Fourier method is
the most accurate. In this example however, the solution produced by the original Laplace–
Fourier method is slightly less accurate. This is due to the fact that there is a significant
error in the asymptotic expansion for the residues ck. However, the solution generated
by the new Laplace–Fourier method is highly accurate due to the improvement in the
computation of the residues, which is one of the main results of this paper. As usual, more
accuracy can be obtained if the number of terms in the solutions are increased and/or more
polynomials are included. The errors for all solutions decrease as time increases [41,57].
In this example, polynomials of degree eight were used.

Figure 4. Analytical solution obtained by the MoS. The NDDE is y′(t)=−2.1y(t)+ 7
11 y′(t − 2)−2y(t −

2), H(t)=1+ 3
2 (t + 2)(0.5 + t), t ∈ [−2, 0].

Figure 5. Errors of the solutions obtained by pure Laplace (left), original Laplace–Fourier (center), and
the new Laplace–Fourier (right) methods. The NDDE is y′(t) =−2.1y(t)+ 7

11 y′(t − 2)−2y(t −
2), H(t)=1+ 3

2 (t + 2)(0.5 + t), t ∈ [−2, 0].

For NNDE (46), we have that ab+ c = −367/110. On the left-hand side of Figure 6, we
have plotted the relative errors of the real and imaginary parts computed using the correct
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residues ck versus the approximate values ca
k which were obtained from using the original

Laplace–Fourier method. In particular, we show the graphs of Re(ck − ca
k)/Re(ck) and

Im(ck − ca
k)/Im(ck) for k = 2 . . . 12. On the right-hand side of Figure 6, we have plotted the

analogous errors which were obtained from using the new Laplace–Fourier approximate
values ca

k given by Equation (27).

Figure 6. Relative errors of the imaginary (solid lines) and real (dashed lines) parts using the correct
residues ck versus the approximate values ca

k for the original Laplace–Fourier (left) and for the new
Laplace–Fourier method (right). The NDDE is y′(t)=−2.1y(t)+0.9y′(t − 1)+2.12y(t − 1), H(t)=
2 − 48t(1 + t), t ∈ [−1, 0].

5.3. Example 3

The last NDDE that we consider includes a periodic history function and also considers
a coefficient b < 0. Recall that for this particular case, the formulas for the approximate
poles, frequencies, polynomials, etc., are different [57]. The NDDE is the following:

y′(t)=
14
33

y(t)− 8
9

y′(t − 1)− 1
3

y(t − 1), H(t)=3 − 2 cos 14t, t ∈ [−1, 0]. (47)

We computed the analytical solution of NDDE (47) in order to compare it with the solutions
provided by the pure Laplace and the new Laplace–Fourier methods. For NDDE (47),
there is one real pole (positive). Figure 7 shows the analytical solution given by the MoS.
In Figure 8, the graphs of the absolute errors related to the pure Laplace and the new
Laplace–Fourier methods are presented. It can be seen that the solution given by the new
Laplace–Fourier method is significantly more accurate. This result is expected due to the
fact that the new Laplace–Fourier method incorporates the improved asymptotic expansion
for the residues.

In this example, we also show an important feature of the new Laplace–Fourier
method. In Figure 9, we have plotted the error graphs for the pure Laplace and the new
Laplace–Fourier solutions, but in this case, we increased the number of terms for the
approximated solution (19) to N = 250. Notice that the improvement in the new Laplace–
Fourier method is considerably larger than the one of the pure Laplace method. We also note
that Figures 8 and 9 provide corroboration that the convergence rate for the new improved
Laplace–Fourier method is O(N−3). We know the pure Laplace convergence rate is O(N−1).
And we increased the number of terms in the series by a factor of 5. If we measure the
corresponding error reduction based on the y-axis scales, we have an error reduction factor
for the pure Laplace at ≈ 0.02/0.004 = 5. However, the analogous error reduction factor
for the improved Fourier–Laplace came out to ≈ 0.000012/(9.6 × 10−8) = 125. In Table 1,
we present the maximum errors of the pure Laplace and the Laplace–Fourier methods. We
have also, however, included the error for N = 500. It is clear that the Laplace–Fourier
method has a much better convergence rate than the pure Laplace method. In this example,
polynomials of degree seven were used. And, although not included here, similar results
were also observed for the NDDEs (45) and (46). Notice that once the Laplace–Fourier
solution is obtained, it can be evaluated at any value of t with a very low computational
time, which is a main advantage in comparison with numerical methods.
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Figure 7. Analytical solution obtained by the MoS. The NDDE is y′(t)=14
33 y(t)− 8

9 y′(t − 1)− 1
3 y(t −

1), H(t)=3 − 2 cos 14t, t ∈ [−1, 0].

Figure 8. Errors of the solutions obtained by pure Laplace (left) and the new Laplace–Fourier
(right) methods. The NDDE is y′(t)=14

33 y(t)− 8
9 y′(t − 1)− 1

3 y(t − 1), H(t)=3 − 2 cos 14t, t ∈ [−1, 0].
The number of terms used to compute the approximated solution (19) is N = 50.

Figure 9. Relative errors of the imaginary (left) and real (right) parts using the correct residues
ck versus the approximate values ca

k for the original Laplace–Fourier (solid lines) and for the new
Laplace–Fourier method (dashed lines). The NDDE is y′(t)=14

33 y(t)− 8
9 y′(t − 1)− 1

3 y(t − 1), H(t)=
3 − 2 cos 14t, t ∈ [−1, 0]. The number of terms used to compute the approximated solution (19) is
N = 250.
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Table 1. Maximum errors of the pure Laplace and the Laplace–Fourier methods for different values
of terms N. Also, the convergence rates for each of the methods are shown.

Error

N Pure Laplace Convergence New Laplace–Fourier Convergence

50 ≈0.02 O(N−1) ≈1.2 × 10−5 O(N−3)

250 ≈0.004 O(N−1) ≈9.6 × 10−8 O(N−3)

500 ≈0.002 O(N−1) ≈1.2 × 10−8 O(N−3)

6. Conclusions
In this article, we have developed a new higher-order convergence Laplace–Fourier

method to obtain solutions of linear NDDEs. This new method still combines the Laplace
transform and Fourier series theory to obtain the solutions. However, by deriving and
implementing an improved formula for the asymptotic expansion, for the residues, we were
able to obtain more accurate solutions. The newly developed higher-order convergence
Laplace–Fourier method generates more accurate solutions than the ones generated by
the pure Laplace method and the original Laplace–Fourier method. We have shown
that the convergence rate of the new Laplace–Fourier solution has a remarkable order
of convergence at O(N−3). Examples and different comparisons with other methods
have illustrated the accuracy of the new developed method. We have implemented the
new method using the well-known Maple computer algebra software, but it can also be
implemented with other available symbolic software such as Mathematica or Maxima.
An improved approximate for the location of the complex poles that depends on all
the parameters of the NDDEs was also derived. However, despite this more accurate
approximation of the location of the poles, this cannot be used for the Laplace–Fourier
methods. Nevertheless, we have shown that using the formula for the approximated
location of poles that only depends on b and the time delay τ still produces a convergence
rate of O(N−3). For particular NDDEs where b is very small in comparison with a and
c, we can then use more terms in the Laplace–Fourier solution, and the accuracy of the
analytical Laplace–Fourier solution can be increased.

We have shown that the solutions generated by the new higher-order convergence
Laplace–Fourier method were very close to the analytical ones, with impressively small
errors. Moreover, the errors effectively become negligible as t increases. It is important to
remark that all of the advantageous features from the original Laplace–Fourier method
are retained. For instance, the solution still accounts for the terms in the tail of the series,
but now in a much more effective manner. And the accuracy of the solution can be
increased by increasing the number of terms in the series and/or increasing the degree
of the polynomials in the piecewise function. Furthermore, the Laplace–Fourier method
generates a solution over the entire time domain, thus enabling one to compute the solution
at any time with a single calculation. This is a main advantage in comparison with methods
that generate numerical solutions. There are a variety of methods to obtain numerical
solutions, and some mathematical specialized software have implemented them [58,59]. It
has been shown in previous works that analytical solutions developed using the Laplace
and the regular Laplace–Fourier methods are oftentimes more accurate than the numerical
ones [41,57,60]. Since the higher-order convergence Laplace–Fourier method produces
even more accurate solutions, we have obtained a large improvement regarding accuracy,
which is a main contribution of this paper.
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Finally, the solution given by the new higher-order convergence Laplace–Fourier
method improves at a much larger rate than the one of the pure Laplace method. This is
an excellent additional advantage of the new Laplace–Fourier method. The validity of the
technique is corroborated by means of various illustrative examples. In summary, the new
Laplace–Fourier method is a highly efficient method for solving linear NDDEs.
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