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Abstract: This paper investigates the existence of common attractors for generalized θ-
Hutchinson operators within the framework of partial metric spaces. Utilizing a finite
iterated function system composed of θ-contractive mappings, we establish theoretical
results on common attractors, generalizing numerous existing results in the literature.
Additionally, to enhance understanding, we present intuitive and easily comprehensible
examples in one-, two-, and three-dimensional Euclidean spaces. These examples are
accompanied by graphical representations of attractor images for various iterated function
systems. As a practical application, we demonstrate how our findings contribute to solving
a functional equation arising in a dynamical system, emphasizing the broader implications
of the proposed approach.

Keywords: common attractor; generalized θ-contraction; θ-Hutchinson operator; iterated
function system; partial metric spaces

1. Introduction and Preliminaries
The iterated function system (IFS) originates from the mathematical foundations laid

by Hutchinson, as cited in [1]. Hutchinson demonstrated that the operator, consisting
of a finite set of contraction mappings on Rn and referred to as the Hutchinson operator,
has a closed and bounded subset of Rn as its fixed point set. This fixed point is known
as the attractor [2]. In this context, fixed point theory plays a pivotal role in facilitating
the creation of fractals. Figure 1 are the two most common examples of such structures
mentioned in [2]:

Figure 1. Mandelbrot set and Serpinski triangle.
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Many significant results on attractors have been established in the literature. Recently,
Iqbal et al. in [3] studied the existence of common attractors for generalized Hutchin-
son–Wardowski contractive operators, proving that such systems admit a unique common
attractor for various classes of these operators. Additionally, Nazir et al. in [4] investigated
generalized F-iterated function systems in G-metric spaces, establishing several results on
common attractors using generalized F-Hutchinson operators. For a deeper understanding
of fractals and attractors, one may refer to [5–9], along with the references therein.

On the other hand, numerous generalizations of the Banach contraction principle
have been developed, as many authors have worked on extending this principle either
by modifying the underlying metric space or by generalizing the contraction condition
through different techniques. In this context, Jleli and Samet [10] introduced the concept of
θ-contraction and provided a generalization of the Banach contraction principle. Following
this remarkable extension, several researchers further advanced and expanded the results
within this framework. Notable contributions to θ-contractions can be found in [11–13].

In this paper, we combine the idea of θ-contraction as introduced by Jleli and Samet
in [10] with the Hutchinson operator and extends the results of common attractors as
derived in [14] for θ-contraction over partial metric space. So, in this regard, our results
generalized the concept of common attractors and so the results in [14,15] become the
special cases of our main results. Furthermore, we also justify our results with suitable
examples and provide their corresponding fractals images. Additionally, we summarize
our results by presenting an application derived from our main findings.

Considering a partial metric space (Υ, p), we shall denote by Cp(Υ) a collection of all
non-empty compact subsets of Υ. For any Ω,℧ ∈ Cp(Υ) and v ∈ Υ, we define

p(v, Ω) = inf{p(v, µ) : µ ∈ Ω}

and
δp(Ω,℧) = sup{p(v,℧) : v ∈ Ω}.

Thus,
Hp(Ω,℧) = max{δp(Ω,℧), δp(℧, Ω)}.

Proposition 1 ([16]). Consider a partial metric space (Υ, p). Then, for all Ω,℧, C ∈ Cp(Υ),

(i) Hp(Ω, Ω) ≤ Hp(Ω,℧).
(ii) Hp(Ω,℧) = Hp(℧, Ω).
(iii) Hp(Ω,℧) ≤ Hp(Ω, C) +Hp(C,℧)− infα∈C p(α, α).

Corollary 1 ([16]). Consider a partial metric space (Υ, p). Then, for any Ω,℧ ∈ Cp(Υ), we have

Hp(Ω,℧) = 0 implies Ω = ℧.

Thus, by following Proposition 1 and Corollary 1, we shall refer to the mapping Hp : Cp(Υ)×
Cp(Υ) → [0, ∞) as a partial Hausdorff metric induced by p.

Lemma 1 ([14]). Let (Υ, p) be a partial metric space. Then, for any Ω,℧, C, D ∈ Cp(Υ), the
following holds:

(i) If ℧ ⊂ C, then supa∈Ω p(a, C) ≤ supa∈Ω p(a,℧),
(ii) supt∈Ω∪℧ p(t, C) = max{supa∈Ω p(a, C), supb∈℧ p(b, C)},
(iii) Hp(Ω ∪℧, C ∪ D) ≤ max{Hp(Ω, C),Hp(℧, D)}.
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Definition 1. Consider Θ∗ to be the collection of all such functions θ : (0, ∞) → (1, ∞) which
satisfy the following:

(θ1) θ is non-decreasing.
(θ2) For any sequence {xn} ⊂ R+, lim

n→∞
Θ(xn) = 1 iff lim

n→∞
(xn) = 0.

(θ3) There exist 0 < h < 1 and l ∈ (0, ∞] such that limα→0+
θ(α)−1

αh = l.

Moreover, the class Θ is the collection of all such θ ∈ Θ∗ which are continuous as well.

In the next section, we present our key findings. The organization of this paper is as
follows: In Section 1, we provide a necessary literature review and preliminaries. Section 2
contains the main results of the article, where we establish the existence of a common
attractor in our generalized setting. Section 3 is dedicated to illustrating our main results
through examples in one-, two-, and three-dimensional Euclidean spaces. A particularly
interesting aspect of this section is the inclusion of graphical representations, which offer a
clearer understanding of our claims regarding common attractors. In Section 4, we discuss
an application from dynamical systems, demonstrating the relevance of our results in other
fields. Finally, we conclude this manuscript with the conclusion in Section 5.

2. Main Results
Definition 2. A pair of self-mappings (h, g) defined on a partial metric space (Υ, p) is said to be a
generalized θ-contraction if there exist θ ∈ Θ and k ∈ (0, 1) such that for all ϱ, ς ∈ Υ, we have

p(hϱ, gς) > 0 =⇒ θ (p(hϱ, gς)) ≤
(
θ(p(ϱ, ς))

)k.

Theorem 1. Consider a partial metric space (Υ, p) and h, g : Υ → Υ to be two self-mappings
which are continuous as well. If the pair (h, g) is a generalized θ-contraction on (Υ, p), then the
pair (h, g) is a generalized θ-contraction on (Cp(Υ),Hp), where for any Ω ∈ Cp(Υ), the mappings
h, g : Cp(Υ) → Cp(Υ) are defined as h(Ω) = {h(ϱ) : ϱ ∈ Ω} and g(Ω) = {g(ϱ) : ϱ ∈ Ω}.

Proof. Since h, g are continuous mappings, for any Ω ∈ Cp(Υ), we have h(Ω), g(Ω) ∈
Cp(Υ). Let Ω,℧ ∈ Cp(Υ), and for all ϱ, ς ∈ Υ, there exists k ∈ (0, 1), such that

θ(p(h(ϱ), g(ς))) ≤ [θ(p(ϱ, ς))]k < θ(p(ϱ, ς)).

Since θ ∈ Θ is non-decreasing and p(ϱ, ς) ≥ 0, we obtain p(h(ϱ), g(ς)) < p(ϱ, ς).
Thus,

p(h(ϱ), g(℧)) = inf
ς∈℧

p(h(ϱ), g(ς)) < inf
ς∈℧

p(ϱ, ς) = p(ϱ,℧)

and
p(g(ς), h(Ω)) = inf

ϱ∈Ω
p(g(ς), h(ϱ)) < inf

ϱ∈Ω
p(ς, ϱ) = p(ς, Ω).

Hence,

Hp(h(Ω), g(℧)) = max{sup
ϱ∈Ω

p(h(ϱ), g(℧)), sup
ς∈℧

p(g(ς), h(Ω))}

< max{sup
ϱ∈Ω

p(ϱ,℧), sup
ς∈℧

p(ς, Ω)} = Hp(Ω,℧).

By applying any θ ∈ Θ on both sides, we obtain

θ(Hp(h(Ω), g(℧))) < θ(Hp(Ω,℧)),
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so, there exists k ∈ (0, 1) such that

θ(Hp(h(Ω), g(℧))) ≤ [θ(Hp(Ω,℧))]k.

Hence, (h, g) is a generalized θ-contraction on (Cp(Υ),Hp).

Theorem 2. Consider a partial metric space (Υ, p) and hi, gi : Υ → Υ for i = 1, 2, 3, · · · , r
are continuous and each pair (hi, gi) is a generalized θ-contraction with a contractive constant
ki ∈ (0, 1), respectively; then, for any Ω,℧ ∈ Cp(Υ), the mappings ψ, ϕ : Cp(Υ) → Cp(Υ)
defined as

ψ(Ω) = h1(Ω) ∪ h2(Ω)∪, . . . ,∪hr(Ω) = ∪r
i=1hi(Ω), (1)

ϕ(℧) = g1(℧) ∪ g2(℧)∪, . . . ,∪gr(℧) = ∪r
i=1gi(℧), (2)

satisfy
θ(Hp(ψ(Ω), ϕ(℧))) ≤ [θ(Hp(Ω,℧))]k̂, (3)

where k̂ = max{k1, k2, . . . , kr}. Moreover, the pair (ψ, ϕ) is called a generalized θ-contraction
on Cp(Υ).

Proof. For any Ω,℧ ∈ Cp(Υ), by using Lemma 1, we obtain the following for r = 2,

Hp(ψ(Ω), ϕ(℧)) = Hp
(
h1(Ω) ∪ h2(Ω), g1(℧) ∪ g2(℧)

)
≤ max{Hp(h1(Ω), g1(℧)),Hp(h2(Ω), g2(℧))},

since θ is non-decreasing; thus, by applying it on both sides, we obtain

θ
(
Hp(ψ(Ω), ϕ(℧))

)
≤ θ

(
max{Hp(h1(Ω), g1(℧)),Hp(h2(Ω), g2(℧))}

)
.

If max{Hp(h1(Ω), g1(℧)),Hp(h2(Ω), g2(℧))} = Hp(h1(Ω), g1(℧)), then we have

θ
(
Hp(ψ(Ω), ϕ(℧))

)
≤ θ

(
{Hp(h1(Ω), g1(℧))

)
≤ θ(Hp(Ω,℧))k1 ≤ θ(Hp(Ω,℧))max{k1,k2},

because θ : (0, ∞) → (1, ∞) and k,k2 ∈ (0, 1). Further, if

max{Hp(h1(Ω), g1(℧)),Hp(h2(Ω), g2(℧))} = Hp(h2(Ω), g2(℧)),

then we have

θ
(
Hp(ψ(Ω), ϕ(℧))

)
≤ θ(Hp(Ω,℧))k2 ≤ θ(Hp(Ω,℧))max{k1,k2}.

Now, for r = 3, by using the above expression for r = 2 and Lemma 1, we obtain

Hp(ψ3(Ω), ϕ3(℧)) = Hp
(
ψ2(Ω) ∪ h3(Ω), ϕ2(℧) ∪ g3(℧)

)
≤ max{Hp(ψ2(Ω), ϕ2(℧)),Hp(h3(Ω), g3(℧))}.

Here, we use the notation ψr(Ω) = ∪r
i=1hi(Ω) and ϕr(℧) = ∪r

i=1gi(℧); further, by
applying θ on both sides and considering both cases of maximum, we obtain

Hp(ψ3(Ω), ϕ3(℧)) ≤ θ(Hp(Ω,℧))max{k1,k2,k3}.
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Following a similar pattern, i.e., by using the result for r = 3, Lemma 1, and the fact
that θ is non-decreasing, we obtain the following result for r = 4:

Hp(ψ4(Ω), ϕ4(℧)) ≤ θ(Hp(Ω,℧))max{k1,k2,k3,k4}.

Consequently, following a similar pattern, we can obtain the required relation for any
1 ≤ i ≤ r.

Definition 3. A pair of mappings ψ, ϕ defined on Cp(Υ) is said to be a generalized Hutchinson
θ-contractive operator if there exists a constant k ∈ (0, 1) such that for any Ω,℧ ∈ Cp(Υ), the
following holds:

θ(Hp(ψ(Ω), ϕ(℧))) ≤ [θ(Mψ,ϕ(Ω,℧))]k, (4)

where

Mψ,ϕ(Ω,℧) = max
{
Hp(Ω,℧),Hp(Ω, ψ(Ω)),Hp(℧, ϕ(℧)),

Hp(Ω, ϕ(℧)) +Hp(℧, ψ(Ω))

2

}
. (5)

Definition 4. A pair of mappings ψ, ϕ defined on Cp(Υ) is said to be a generalized rational
Hutchinson θ-contractive operator if there exists a constant k ∈ (0, 1) such that for any Ω,℧ ∈
Cp(Υ), the following holds:

θ(Hp(ψ(Ω), ϕ(℧))) ≤ [θ(Rψ,ϕ(Ω,℧))]k, (6)

where

Rψ,ϕ(Ω,℧) = max
{Hp(Ω, ϕ(℧))(1 +Hp(Ω, ψ(Ω)))

2(1 +Hp(Ω,℧)) ,

Hp(℧, ϕ(℧))(1 +Hp(Ω, ψ(Ω))

1 +Hp(Ω,℧) ,
Hp(Ω,℧)(1 +Hp(Ω, ψ(Ω)))

1 +Hp(Ω,℧)

}
. (7)

Definition 5. If we consider (hi, gi), i = 1, 2, · · · r, to be a pair of continuous self-mappings
defined on a partial metric space Υ, where both mappings are generalized θ-contractions as well, then

{Υ; (hi, gi), i = 1, 2, 3, . . . , r}

is called a generalized θ-contractive iterative function system.

Definition 6. Let Ω ⊆ Υ be a non-empty compact set. Then, Ω is said to be a common attractor of
a generalized θ-contractive iterative function system, if

(i) ψ(Ω) = Ω = ϕ(Ω).
(ii) There exists an open set O ⊆ Υ such that Ω ⊆ O and

lim
n→+∞

ψn(℧) = Ω = lim
n→+∞

ϕn(℧),

for any compact set ℧ ⊆ O.

Theorem 3. Let (Υ, p) be a complete partial metric space and

{Υ; (hi, gi), i = 1, 2, 3, . . . , r}
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be the a generalized θ-contractive IFS, and the pair (ψ, ϕ) is a generalized Hutchinson θ-contractive
operator; then, ψ and ϕ have a unique common attractor. Moreover, for any Ω0 ∈ Cp(Υ),
the sequence

{Ω0, ψ(Ω0), ϕψ(Ω0), ψϕψ(Ω0), . . .}

converges to the common attractor of ψ and ϕ.

Proof. Choose Ω0 ∈ Cp(Υ) and define a sequence (Ωi) in Cp(Υ) as follows:

Ω1 = ψ(Ω0), Ω3 = ψ(Ω2), . . . , Ω2i+1 = ψ(Ω2i),

Ω2 = ϕ(Ω1), Ω4 = ϕ(Ω3), . . . , Ω2i+2 = ϕ(Ω2i+1),

for i ∈ {0, 1, 2, . . . , }. Since each pair (hi, gi) is a generalized θ-contraction, thus (ψ, ϕ) is
a Hutchinson θ-contractive operator. Assuming that no three consecutive terms in the
sequence are identical, we have

θ(Hp(Ω2i+1, Ω2i+2)) ≤ [θ(Mψ,ϕ(Ω2i, Ω2i+1))]
k, (8)

where

Mψ,ϕ(Ω2i, Ω2i+1)) = max{Hp(Ω2i, Ω2i+1),Hp(Ω2i, ψ(Ω2i)),Hp(Ω2i+1, ϕ(Ω2i+1)),

Hp(Ω2i, ϕ(Ω2i+1)) +Hp(Ω2i+1, ψ(Ω2i))

2
},

= max{Hp(Ω2i, Ω2i+1),Hp(Ω2i+1, Ω2i+2),

Hp(Ω2i, Ω2i+2) +Hp(Ω2i+1, Ω2i+1)

2
}.

By triangular inequality and Lemma 1, we have

θ(Hp(Ω2i+1, Ω2i+2)) ≤ [θ(max{Hp(Ω2i, Ω2i+1),Hp(Ω2i+1, Ω2i+2)})]k. (9)

Since max{Hp(Ω2i, Ω2i+1),Hp(Ω2i+1, Ω2i+2)} = Hp(Ω2i+1, Ω2i+2) is not possible,
we have

θ(Hp(Ω2i+1, Ω2i+2)) ≤ [θ(Hp(Ω2i, Ω2i+1))]
k.

Also, again by definition of a generalized Hutchinson θ-contractive operator and
Lemma 1, we obtain

θ(Hp(Ω2i+2, Ω2i+3)) ≤ θ(Hp(Ω2i+1, Ω2i+2))
k.

Thus, for any i ∈ {0, 1, 2, . . .}, we have

θ(Hp(Ωi, Ωi+1)) ≤ θ(Hp(Ωi−1, Ωi))
k ≤ · · · ≤ θ(Hp(Ω0, Ω1))

ki
.

Hence,
θ(Hp(Ωi, Ωi+1)) ≤ θ(Hp(Ω0, Ω1))

ki
, (10)

by taking limit as i → ∞, ki → 0, so

lim
i→∞

θ(Hp(Ωi, Ωi+1)) ≤ 1,

and since the range of θ is (1, ∞),

lim
i→∞

θ(Hp(Ωi, Ωi+1)) = 1.
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By the θ2 condition, we have

lim
i→∞

(Hp(Ωi, Ωi+1)) = 0.

Also, from θ3, there exist 0 < h < 1 and l ∈ (0, ∞], such that

lim
i→∞

θ(Hp(Ωi, Ωi+1))− 1
(Hp(Ωi, Ωi+1))h = l.

So, when l < ∞, choose β = l
2 > 0. By the definition of the limit, there exists N1

such that ∣∣∣ θ(Hp(Ωi, Ωi+1))− 1
(Hp(Ωi, Ωi+1))h − l

∣∣∣ ≤ β, ∀i ≥ N1,

−β ≤
θ(Hp(Ωi, Ωi+1))− 1
(Hp(Ωi, Ωi+1))h − l ≤ β, ∀i ≥ N1,

or

β =
l
2
= l − β ≤

θ(Hp(Ωi, Ωi+1))− 1
(Hp(Ωi, Ωi+1))h , ∀i ≥ N1.

Thus,

(Hp(Ωi, Ωi+1))
h ≤ 1

β
[θ(Hp(Ωi, Ωi+1))− 1],

and by multiplying i on both sides and taking 1
β = α, we obtain

i[H(Ωi, Ωi+1)]
h ≤ iα[θ(Hp(Ωi, Ωi+1))− 1]. (11)

If l = ∞, let β > 0 be an arbitrary large number; thus, by the definition of the limit,
there exists N2 such that

θ(Hp(Ωi, Ωi+1)− 1
(Hp(Ωi, Ωi+1))h ≥ β, ∀i ≥ N2,

so
i[H(Ωi, Ωi+1)]

h ≤ 1
β

i [θ(Hp(Ωi, Ωi+1))− 1], ∀i ≥ N2. (12)

Moreover, for all i ≥ N = max{N1, N2} and by relations (10)–(12) and taking limi→∞,
we obtain

lim
i→∞

i[Hp(Ωi, Ωi+1)]
h ≤ lim

i→∞
αi[θ[Hp(Ωi, Ωi+1)]

ki − 1] = 0.

Hence,
lim
i→∞

i[Hp(Ωi, Ωi+1)]
h = 0,

and thus, by definition, there exists N∗, such that

Hp(Ωi, Ωi+1) ≤
1

i
1
h

, ∀ i ≥ N∗. (13)

Now, for any natural numbers m, n with m ≥ n ≥ N∗ and by following (13), we obtain

Hp(Ωn, Ωm) ≤
m−1

∑
i=n

1

i
1
h
≤

∞

∑
i=n

1

i
1
h

.
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Since h ∈ (0, 1), the series on right is convergent; thus, by taking the limits n, m → ∞,
we obtain

lim
n,m→∞

Hp(Ωn, Ωm) ≤ lim
n,m→∞

∞

∑
i=n

1

i
1
h
= 0.

Thus, {Ωn} is a Cauchy sequence in Cp(Υ). Since (Cp(Υ),Hp) is complete, there exists
£ ∈ Cp(Υ) such that limi→∞ Ωi = £, that is,

lim
i→∞

Hp(Ωi, £) = lim
i→∞

Hp(Ωi, Ωi+1) = Hp(£, £),

so we have
lim
i→∞

Hp(Ωn, £) = 0 and Hp(£, £) = 0.

Now, to show that ψ(£) = £, we assume ψ(£) ̸= £ and Hp(ψ(£), £) ̸= 0; thus, by using
the fact that (ψ, ϕ) is a generalized Hutchinson θ-contractive operator and θ is continuous,
we obtain

θ(Hp(ψ(£), £)) = θ( lim
i→∞

Hp(ψ(£), Ω2i+2)),

= lim
i→∞

θ(Hp(ψ(£), ϕ(Ω2i+1)))

≤ lim
i→∞

[θ(Mψ,ϕ(£, Ω2i+1))]
k,

where

Mψ,ϕ(£, Ω2i+1) = max{Hp(£, Ω2i+1),Hp(£, ψ(£)),Hp(Ω2i+1, ϕ(Ω2i+1)),

Hp(£, ϕ(Ω2i+1)) +Hp(Ω2i+1, ψ(£))
2

}.

If Mψ,ϕ(£, Ω2i+1) = Hp(£, Ω2i+1), then

θ(Hp(ψ(£), £)) ≤ lim
i→∞

[θ(Hp(£, Ω2i+1))]
k

= [θ( lim
i→∞

Hp(£, Ω2i+1))]
k

= θ(Hp(£, £))k < θ(Hp(£, £)),

which is a contradiction, because by Lemma 1, we have Hp(£, £) ≤ Hp(ψ(£), £), and θ is
non-decreasing.

If Mψ,ϕ(£, Ω2i+1) = Hp(£, ψ(£)), then θ(Hp(ψ(£), £)) < θ(Hp(£, ψ(£))), which is
again a contradiction.

If Mψ,ϕ(£, Ω2i+1) = Hp(Ω2i+1, ϕ(Ω2i+1)), then θ(Hp(ψ(£), £)) < θ(Hp(£, £)),
which is a contradiction.

If

Mψ,ϕ(£, Ω2i+1) =
Hp(£, ϕ(Ω2i+1)) +Hp(Ω2i+1, ψ(£))

2
,

then

θ(Hp(ψ(£), £)) ≤ lim
i→∞

[
θ

(
(Hp(£, ϕ(Ω2i+1))) +Hp(Ω2i+1, ψ(£))

2

)]k

≤ [θ(Hp(£, ψ(£)))]k < θ(Hp(£, ψ(£)),

which gives a contradiction.



Math. Comput. Appl. 2025, 30, 27 9 of 21

Consequently, in all the cases above, we get a contradiction; thus,

Hp(ψ(£), £) = 0 =⇒ £ = ψ(£).

Also, to show that ϕ(£) = £, for the sake of contradiction, we assume that
Hp(£, ϕ(£)) ̸= 0; then, we have

θ(Hp(£, ϕ(£))) = θ( lim
i→∞

Hp(Ω2i+1, ϕ(£)))

= lim
i→∞

θ(Hp(ψ(Ω2i), ϕ(£)))

≤ lim
i→∞

[θ(Mψ,ϕ(Ω2i, £))]k, (14)

where

Mψ,ϕ(Ω2i, £) =max
{
Hp(Ω2i, £),Hp(Ω2i, ψ(Ω2i)),Hp(£, ϕ(£)),

Hp(Ω2i, ϕ(£)) +Hp(£, ψ(Ω2i))

2

}
,

=max
{
Hp(Ω2i, £),Hp(Ω2i, Ω2i+1),Hp(£, ϕ(£)),

Hp(Ω2i, ϕ(£)) +Hp(£, Ω2i+1)

2

}
.

Now, we discuss the following possible cases:
If Mψ,ϕ(Ω2i, £) = Hp(Ω2i, £), then, from (14), we have

θ(Hp(£, ϕ(£))) ≤ lim
i→∞

[θ(Hp(Ω2i, £))]k

= [θ( lim
i→∞

Hp(Ω2i, £))]k,

= θ(Hp(£, £))k < θ(Hp(£, £)),

which is a contradiction because θ is non-decreasing.
If Mψ,ϕ(Ω2i, £) = Hp(Ω2i, Ω2i+1), then from (14), we obtain θ(Hp(£, ϕ(£))) < θ(Hp(£, £)),

thus presenting a contradiction.
If Mψ,ϕ(Ω2i, £) = Hp(£, ϕ(£)), then from (14), we obtain θ(Hp(£, ϕ(£))) < θ(Hp(£, ϕ(£))),

a contradiction.
If

Mψ,ϕ(Ω2i, £) =
Hp(Ω2i, ϕ(£)) +Hp(£, Ω2i+1)

2
,

then from (14), we obtain

θ(Hp(£, ϕ(£))) ≤ lim
i→∞

[
θ(Hp(Ω2i, ϕ(£))) +Hp(£, Ω2i+1)

2

]k

,

≤ [θ(Hp(£, ϕ(£))]k < θ(Hp(£, ϕ(£)).

a contradiction.
Hence, from all the above cases, we conclude that

Hp(£, ϕ(£)) = 0 =⇒ £ = ϕ(£);
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thus, ψ(£) = £ = ϕ(£). Hence, £ is the common attractor for ψ and ϕ. Now, to show that £
is unique for the sake of contradiction, we suppose that V is another common attractor for
ψ and ϕ, so we have

θ(Hp(£, V)) = θ(Hp(ψ(£), ϕ(V))) ≤ [θ(Mψ,ϕ(£, V))]k < θ(Hp(£, V)),

a contradiction.

Remark 1. If we take metric space (Υ, d) instead of a partial metric and hi = gi for all
i = 1, 2, 3, · · · r, in a θ-generalized IFS, then Theorem 2.7 of [15] becomes special cases of our
main result Theorem 3.

Remark 2. Let Sp(Υ) be the collection of all singleton subsets of a partial metric space (Υ, p); then,
Sp(Υ) ⊆ Cp(Υ). Moreover, if we consider hk = h and gk = g for every k, then the pair of operators
(ψ, ϕ) becomes

(ψ({ϱ1}), ϕ({ϱ2})) = (h(ϱ1), g(ϱ2)))

Thus, with these settings, we can obtain the following result:

Corollary 2. Let (Υ, p) be a complete partial metric space, and

{Υ; (hk, gk), k = 1, 2, . . . , r}

is a generalized IFS, and define a pair of mappings h, g : Υ → Υ as in Remark 2. If some k ∈ [0, 1)
and θ ∈ Θ exist such that for any ϱ1, ϱ2 ∈ Υ, the following condition holds:

θ(p(h(ϱ1), g(ϱ2)) ≤ θ(Zh,g(ϱ1, ϱ2))
k,

where

Zh,g(ϱ1, ϱ2) = max{p(ϱ1, ϱ2), p(ϱ1, h(ϱ1)), p(ϱ2, g(ϱ2)),

p(ϱ1, g(ϱ2)) + p(ϱ2, h(ϱ1))

2
}.

Then, h and g have a unique common fixed point u0 ∈ Υ. Furthermore, for any u ∈ Υ, the
sequence {u0, hu0, ghu0, hghu0, . . .} converges to the common fixed point of h and g.

Theorem 4. Let (Υ, p) be a complete partial metric space and

{Υ; (hi, gi), i = 1, 2, · · · , r}

be the generalized θ-contractive IFS, and the pair (ψ, ϕ) is a generalized rational Hutchinson θ-
contractive operator; then, ψ and ϕ have a unique common attractor. Moreover, for any Ω0 ∈ Cp(Υ),
the sequence

{Ω0, ψ(Ω0), ϕψ(Ω0), . . . , }

converges to the common attractor of ψ and ϕ.

Proof. Choose Ω0 ∈ Cp(Υ) and define a sequence as follows:

Ω1 = ψ(Ω0), Ω3 = ψ(Ω2), . . . , Ω2i+1 = ψ(Ω2i),

Ω2 = ϕ(Ω1), Ω4 = ϕ(Ω3), . . . , Ω2i+2 = ψ(Ω2i+1),
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for any i ∈ {0, 1, 2, 3, . . . , }. Assuming that no three consecutive terms in the sequence
are identical, then by using the fact that (ψ, ϕ) is a generalized rational Hutchinson θ-
contractive operator, we have

θ(Hp(Ω2i+1, Ω2i)) ≤ [θ(Rψ,ϕ(Ω2i, Ω2i+1))]
k,

where

Rψ,ϕ(Ω2i, Ω2i+1) = max
{Hp(Ω2i, ϕ(Ω2i+1))[1 +Hp(Ω2i, ψ(Ω2i))]

2(1 +Hp(Ω2i, Ω2i+1))
,

Hp(Ω2i+1, ϕ(Ω2i+1))[1 +Hp(Ω2i, ψ(Ω2i)]

1 +Hp(Ω2i, Ω2i+1)
,

Hp(Ω2i, Ω2i+1)[1 +Hp(Ω2i, ψ(Ω2i)]

1 +Hp(Ω2i, Ω2i+1)

}
= max

{Hp(Ω2i, Ω2i+2)

2
,Hp(Ω2i+1, Ω2i+2),Hp(Ω2i, Ω2i+1)

}
≤ max

{
Hp(Ω2i, Ω2i+1),Hp(Ω2i+1, Ω2i+2)

}
,

and since max{Hp(Ω2i, Ω2i+1),Hp(Ω2i+1, Ω2i+2)} = Hp(Ω2i+1, Ω2i+2) is not possible,
we have

θ(Hp(Ω2i+1, Ω2i+2)) ≤ [θ(Hp(Ω2i, Ω2i+1))]
k,

and similarly
θ(Hp(Ω2i, Ω2i+1)) ≤ [θ(Hp(Ω2i−1, Ω2i)]

k.

Thus, for any i ∈ {0, 1, 2, 3, . . .}, we have

θ(Hp(Ωi, Ωi+1)) ≤ [θ(Hp(Ωi−1, Ωi))]
k.

Furthermore,
θ(Hp(Ωi, Ωi+1)) ≤ [θ(Hp(Ω0, Ω1))]

ki
. (15)

By taking limit i → ∞ on both sides, we obtain

lim
i→∞

θ(Hp(Ωi, Ωi+1)) = 1,

so, by θ2 condition, we obtain

lim
i→∞

Hp(Ωi, Ωi+1) = 0.

Moreover, by θ3 condition, there exists h ∈ (0, 1) such that

lim
i→∞

iHp(Ωi, Ωi+1)
h = 0.

By the definition of the limit, there exists N1, such that

Hp(Ωi, Ωi+1) ≤
1

i
1
h

, ∀i ≥ N1.

Now, for natural numbers n, m with m > n ≥ N1, we have

lim
n,m→∞

Hp(Ωn, Ωm) ≤ lim
n,m→∞

m−1

∑
i=n

1

i
1
h
= 0
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Therefore, {Ωi} is a Cauchy sequence. Since (Cp(Υ),Hp) is complete, there exists
£ ∈ Cp(Υ) such that (Ωi) converges to £. Thus,

lim
i→+∞

Hp(Ωi, £) = lim
i→+∞

Hp(Ωi, Ωi+1) = Hp(£, £), (16)

and thus,
lim

i→+∞
Hp(Ωi, £) = 0 and Hp(£, £) = 0.

Now, first we show that ψ(£) = £; for this, we let Hp(ψ(£), £) ̸= 0. Now, by using
the fact that (ψ, ϕ) is a generalized rational Hutchinson θ-contractive operator and θ is
continuous, we have

θ(Hp(ψ(£), £)) = lim
i→∞

θ(Hp(ψ(£), ϕ(Ω2i+1))) ≤ lim
i→∞

[θ(Rψ,ϕ(£, Ω2i+1))]
k, (17)

where

Rψ,ϕ(£, Ω2i+1) = max
{Hp(£, ϕ(Ω2i+1))[1 +Hp(£, ψ(£))]

2(1 +Hp(£, Ω2i+1))
,

Hp(Ω2i+1, ϕ(Ω2i+1))[1 +Hp(£, ψ(£))]
1 +Hp(£, Ω2i+1)

,

Hp(£, Ω2i+1)[1 +Hp(£, ψ(£))]
1 +Hp(£, Ω2i+1)

}
= max

{Hp(£, Ω2i+2)[1 +Hp(£, ψ(£))]
2(1 +Hp(£, Ω2i+1))

,

Hp(Ω2i+1, Ω2i+2)[1 +Hp(£, ψ(£))]
1 +Hp(£, Ω2i+1)

,

Hp(£, Ω2i+1)[1 +Hp(£, ψ(£))]
1 +Hp(£, Ω2i+1)

}
.

For all three possible cases of Rψ,ϕ(£, Ω2i+1), we obtain θ(Hp(ψ(£), £)) < θ(0), but
since θ is non-decreasing, we have Hp(ψ(£), £) < 0, which is not possible. Hence, we reach
a contradiction. So our supposition is wrong, and thus, we have Hp(ψ(£), £) = 0; hence,
ψ(£) = £. In a similar way, to show that ϕ(£) = £, for the sake of contradiction, we assume
that Hp(£, ϕ(£)) ̸= 0, so by continuity of θ, we have

θ(Hp(£, ϕ(£)) = lim
i→∞

θ(Hp(ψ(Ω2i), ϕ(£))) ≤ lim
i→∞

[θ(Rψ,ϕ(Ω2i, £))]k, (18)

where

Rψ,ϕ(Ω2i, £) = max
{Hp(Ω2i, ϕ(£))[1 +Hp(Ω2i, Ω2i+1)]

2(1 +Hp(Ω2i, £))
,

Hp(£, ϕ(£))[1 +Hp(Ω2i, Ω2i+1)]

1 +Hp(Ω2i, £)
,

Hp(Ω2i, £)[1 +Hp(Ω2i, Ω2i+1)]

1 +Hp(Ω2i, £)

}
.

Now, we discuss all possible cases for Rψ,ϕ.
If

Rψ,ϕ(Ω2i, £)) =
Hp(Ω2i, ϕ(£))[1 +Hp(Ω2i, Ω2i+1)]

2(1 +Hp(Ω2i, £))
,
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or

Rψ,ϕ(Ω2i, £) =
Hp(Ω2i, £)[1 +Hp(Ω2i, Ω2i+1)]

1 +Hp(Ω2i, £)
,

then we have θ(Hp(£, ϕ(£))) < θ(0), which is not possible. Moreover, if

Rψ,ϕ(Ω2i, £)) =
Hp(£, ϕ(£))[1 +Hp(Ω2i, Ω2i+1)]

1 +Hp(Ω2i, £)
,

then by (18), we obtain θ(Hp(£, ϕ(£))) < θ(Hp(£, ϕ(£))), which is again not possible.
Hence, in all the possible cases, we get a contradiction, so our supposition is wrong; thus,
we have Hp(£, ϕ(£)) = 0, and hence, ϕ(£) = £. Consequently, we have ψ(£) = £ = ϕ(£),
and hence, £ is the common attractor for ψ and ϕ. Now, we show that £ is unique. For this,
for the sake of contradiction, assume that V is another common attractor for ψ and ϕ. Thus,

θ(Hp(£, V)) = θ(Hp(ψ(£), ϕ(V))) ≤ [θ(Rψ,ϕ(£, V))]k < Hp(£, V),

a contradiction.

Remark 3. Since the function θ(t) = e
√

t satisfies all the required conditions to be part of the class
Θ, it follows that for this particular choice of θ in Θ, Theorems 3.1 and 3.7 of [14] are special cases
of our Theorem 3 and Theorem 4, respectively.

3. Examples
Example 1. Let (Υ, p) be a partial metric space with Υ = [0, 1], and for any ϱ, ς ∈ Υ, p : Υ×Υ →
R is defined as follows:

p(ϱ, ς) = max{ϱ, ς}.

Moreover, we define hi, gi : Υ → Υ, i = 1, 2, 3, as follows:

h1(ϱ) =
ϱ

2
, h2(ϱ) =

ϱ

3
, h3(ϱ) =

ϱ

5
, g1(ϱ) =

ϱ

4
, g2(ϱ) =

ϱ

6
, g3(ϱ) =

ϱ

10
.

Thus, for θ(t) = et, we have θ((p(h1(ϱ), g1(ς))) = e(p(h1(ϱ),g1(ς))) = emax{ ϱ
2 , ς

4 } =

(emax{ϱ, ς
2 })

1
2 ≤ (emax{ϱ,ς})

1
2 = θ(p(ϱ, ς))

1
2 . Moreover, θ(p(h2(ϱ), g2(ς))) ≤ θ(p(ϱ, ς))

1
3 and

θ(p(h3(ϱ), g3(ς))) ≤ θ(p(ϱ, ς))
1
5 . Hence, (hi, gi) is a pair of generalized θ-contractive mappings;

thus, by Theorem 2, for any Ω,℧ ∈ Cp(Υ), we have

θ(H(ψ(Ω), ϕ(℧))) ≤ θ(H(Ω,℧))k

where ψ(Ω) = h1(Ω) ∪ h2(Ω) ∪ h3(Ω), ϕ(℧) = g1(℧) ∪ g2(℧) ∪ g3(℧), and
k = max{1/2, 1/3, 1/5} = 1/2. Since θ is non-decreasing, we have
θ(H(Ω,℧)) ≤ θ(Mψ,ϕ(Ω,℧)). Thus, we have

θ(H(ψ(Ω), ϕ(℧))) ≤ θ(Mψ,ϕ(Ω,℧))k.

Hence, (ψ, ϕ) is a generalized θ-contractive Hutchinson operator, so by Theorem 3, ψ, ϕ have
a unique common attractor, which is actually at £ = {0}. In Figure 2, Figure 2a–c represent
the values of hi(Ω), i = 1, 2, 3 for different iterations. The first horizontal line corresponds to
Ω = [0, 1], and the second, third, and fourth lines parallel to the horizontal axis represent the images
of h2

i (Ω), h3
i (Ω), and h4

i (Ω), respectively. Moreover, the parallel lines in Figure 2d correspond
to Ω, ψ(Ω), ψ2(Ω), ψ3(Ω), and ψ4(Ω), respectively. Also, in Figure 3, Figure 3a–c represent
the values of gi(Ω), i = 1, 2, 3 for different iterations. The first horizontal line corresponds to
Ω = [0, 1], and the second, third, and fourth lines parallel to the horizontal axis represent the images
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of g2
i (Ω), g3

i (Ω), and g4
i (Ω), respectively. Moreover, the parallel lines in Figure 3d correspond to

Ω, ϕ(Ω), ϕ2(Ω), ϕ3(Ω), and ϕ4(Ω), respectively.

Example 2. Let Υ = [0, 1] × [0, 1] with a partial metric p : Υ × Υ → R be defined for any
ϱ = (ϱ1, ς1), ς = (ϱ2, ς2) ∈ Υ as follows:

p(ϱ, ς) =
√
(ϱ1 − ϱ2)2 + (ς1 − ς2)2 + b,

where b ≥ 0. Let hi, gi : Υ → Υ, f or i = 1, 2, be self-mappings defined as

h1(ϱ, ς) =

(
sinϱ

1 + sinϱ
,

1
1 + ς

)
, g1(ϱ, ς) =

(
ϱ

1 + ϱ
,

1
1 + ς

)
and

h2(ϱ, ς) =

(
sinϱ

1 + sinϱ
,

1
1 + sinς

)
, g2(ϱ, ς) =

(
ϱ

1 + ϱ
,

1
1 + sinς

)
.

Thus,

p(h1(ϱ), g1(ς)) = p(h1(ϱ1, ς1), g1(ϱ2, ς2))

=

√(
sinϱ1

1 + sinϱ1
− ϱ2

1 + ϱ2

)2
+

(
1

1 + sinς1
− 1

1 + ς2

)2
+ b

=

√
(sinϱ1 − ϱ2)2

(1 + sinϱ1)2(1 + ϱ2)2 +
(ς1 − ς2)2

(1 + ς2)2(1 + sinς1)2 + b

<
√
(sinϱ1 − ϱ2)2 + (ς1 − ς2)2 + b

≤
√
(ϱ1 − ϱ2)2 + (ς1 − ς2)2 + b = p(ϱ, ς).

Similarly, p(h2(ϱ), g2(ς)) < p(ϱ, ς); hence, for any θ ∈ Θ and i = 1, 2, we have
θ(p(hi(ϱ), gi(ς))) < θ(p(ϱ, ς)), so there exist ki such that θ(p(hi(ϱ), gi(ς))) ≤ θ(p(ϱ, ς))ki ,
and thus (hi, gi) is a generalized θ-contraction. Thus, by Theorem 2, (ψ, ϕ) is a generalized θ-
contractive Hutchinson operator, so by Theorem 3, ψ and ϕ have a unique common attractor, which
is actually at £ = {(0, 0)}. Figures 4 and 5 show the images for different iterations of h1, h2, ψ and
g1, g2, ϕ, respectively.

Example 3. Let Υ = [0, 1]× [0, 1]× [0, 1] with a partial metric p : Υ × Υ → R be defined for any
ϱ = (ϱ1, ς1, z1), ς = (ϱ2, ς2, z2) ∈ Υ as follows:

p(ϱ, ς) =
√
(ϱ1 − ϱ2)2 + (ς1 − ς2)2 + (z1 − z2)2 + b,

where b ≥ 0. Let h, g : Υ → Υ be self-mappings defined as h(ϱ1, ς1, z1) = ( ϱ1
6 , ς1

27 , z1
12 ) and

g(ϱ2, ς2, z2) = ( ϱ2
18 , ς2

9 , z2
36 ); then,

p(h(ϱ), g(ς)) =

√(ϱ1

6
− ϱ2

18

)2
+

( ς1

27
− ς2

9

)2
+

( z1

12
− z2

36

)2
+ b

≤ 1
6

√(
ϱ1 −

ϱ2

3

)2
+

(
ς1 −

ς2

3

)2
+

(
z1 −

z2

3

)2
+ b

≤
√
(ϱ1 − ϱ2)

2 + (ς1 − ς2)
2 + (z1 − z2)

2 + b = p(ϱ, ς).
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Thus, for any θ ∈ Θ, we have θ(p(h(ϱ), g(ς))) ≤ θ(ϱ, ς); hence, (h, g) is a generalized
θ-contractive mapping, and thus, by Theorem 2, (ψ, ϕ) is a generalized θ-Hutchinson contractive
operator. Here, for any Ω,℧ ∈ Cp(Υ), ψ(Ω) = h(Ω) = {h(ϱ); ϱ ∈ Ω} and ϕ(℧) = g(℧) =
{g(ϱ); ϱ ∈ ℧}. Hence, by Theorem 3, ψ and ϕ have a unique common fixed attractor, which is
actually at {(0, 0, 0)}. In Figure 6, the images show different iterations for ψ, while the images
for different iterations of ϕ are similar as shown in Figure 6, so that is why we show the different
iterations of ϕ under the influence of ψ in Figure 7; furthermore, Figure 8 provides the different
iterations as in the previous two figures for the settings of the common attractors for ψ and ϕ.

(a) h1(Ω) = {h1(ϱ) : ϱ ∈ Ω} (b) h2(Ω) = {h2(ϱ) : ϱ ∈ Ω}

(c) h3(Ω) = {h3(ϱ) : ϱ ∈ Ω} (d) ψ(Ω) = h1(Ω) ∪ h2(Ω) ∪ h3(Ω)

Figure 2. Iterations for ψ.

(a) g1(Ω) = {g1(ϱ) : ϱ ∈ Ω} (b) g2(Ω) = {g2(ϱ) : ϱ ∈ Ω}

(c) g3(Ω) = {g3(ϱ) : ϱ ∈ Ω} (d) ϕ(Ω) = g1(Ω) ∪ g2(Ω) ∪ g3(Ω)

Figure 3. Iterations for ϕ.
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Figure 4. Iterations for ψ.

Figure 5. Iterations for ϕ.
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Figure 6. Iterations for ψ.

Figure 7. Iterations for ϕ under influence of ψ.

Figure 8. Iterations for understanding of common attractor.
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4. Application to Functional Equation
In this section, we present an application of our main result by solving a functional

equation that arises in dynamic programming. For a deeper understanding of functional
equations in dynamic programming, one may refer to [17,18] and the references therein.
Consider W1, W2 to be Banach spaces with V1, V2 as their sub spaces, respectively. Suppose
k : V1 ×V2 → V1, g1, g2 : V1 ×V2 → R, and h1, h2 : V1 ×V2 × R → R. If we consider V1 and
V2 as the state and decision spaces, respectively, then the problem of dynamic programming
reduces to the problem of solving the functional equations:

q1(ϱ) = sup
ς∈V2

{g1(ϱ, ς) + h1(ϱ, ς, q1(k(ϱ, ς)))}, ϱ ∈ V1,

q2(ϱ) = sup
ς∈V2

{g1(ϱ, ς) + h2(ϱ, ς, q2(k(ϱ, ς)))}, ϱ ∈ V1.

The above equations can be reformulated as

q1(ϱ) = sup
ς∈V2

{g2(ϱ, ς) + h1(ϱ, ς, q1(k(ϱ, ς)))} − b, ϱ ∈ V1, (19)

q2(ϱ) = sup
ς∈V2

{g2(ϱ, ς) + h2(ϱ, ς, q2(k(ϱ, ς)))} − b, ϱ ∈ V1, (20)

where b > 0. Let ℧(V1) be the collection of bounded real valued functions which are
defined on V1, and for any τ ∈ ℧(V1), the norm ∥.∥ on ℧(V1) is defined as follows:

∥τ∥ = sup
t∈V1

|τ(t)|.

Thus, ℧(V1) along with the above norm is a Banach space. Moreover, the following is
the partial metric on ℧(V1):

p℧(τ, ξ) = sup
t∈V1

| τ(t)− ξ(t) | +b,

where τ, ξ ∈ ℧(V1) and b ≥ 0. Assume that

(C1) g1, g2, h1, and h2 are bounded and continuous.
(C2) For ϱ ∈ V1, τ ∈ ℧(V1) and b > 0, take ϑ, ϕ : ℧(V1) → ℧(V1) as

ϑτ(ϱ) = sup
ς∈V2

{g2(ϱ, ς) + h1(ϱ, ς, τ(k(ϱ, ς)))} − b, ϱ ∈ V1 (21)

ϕτ(ϱ) = sup
ς∈V2

{g2(ϱ, ς) + h2(ϱ, ς, τ(k(ϱ, ς)))} − b, ϱ ∈ V1. (22)

Moreover, for every (ϱ, ς) ∈ V1 × V2, τ, ξ ∈ ℧(V1) and t ∈ V1, the following is implied:

θ(p(h1(τ), h2(ϑ)) + b) ≤ θ(Zϑ,ϕ(τ(t),ξ(t)))
k, (23)

where

Zϑ,ϕ(τ(t),ξ(t)) = max{p℧(τ(t), ξ(t)), p℧(τ(t), ϑτ(t)), p℧(ξ(t), ϕ(ξ(t)),

p℧(τ(t), ϕξ(t)) + p℧(ξ(t), ϑτ(t))
2

}. (24)

Theorem 5. Assume that the conditions (C1) and (C2) hold. Then, the functional equations

q1(ϱ) = sup
ς∈V2

{g2(ϱ, ς) + h1(ϱ, ς, q1(k(ϱ, ς)))} − b, ϱ ∈ V1,
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q2(ϱ) = sup
ς∈V2

{g2(ϱ, ς) + h2(ϱ, ς, q2(k(ϱ, ς)))} − b, ϱ ∈ V1,

have a unique common and bounded solution in ℧(V1).

Proof. Since (℧(V1), p℧) is a complete partial metric space, by (C1) condition, ϑ and ϕ are
self-mappings of ℧(V1). Moreover, by the definition of the supremum and the C2 condition,
it follows that for any τ, ξ ∈ ℧(V1) and b > 0, we can choose ϱ ∈ V1 and ς1, ς2 ∈ V2

such that
ϑτ < g2(ϱ, ς1) + h1(ϱ, ς1, τ(k(ϱ, ς1))) (25)

ϕξ < g2(ϱ, ς2) + h2(ϱ, ς2, τ(k(ϱ, ς2))), (26)

which further implies that

ϑτ ≥ g2(ϱ, ς2) + h1(ϱ, ς2, τ(k(ϱ, ς2)))− b, (27)

ϕξ ≥ g2(ϱ, ς1) + h2(ϱ, ς1, τ(k(ϱ, ς1)))− b. (28)

From (25) and (28), we obtain

ϑτ(t)− ϕξ(t) < h1(ϱ, ς1, τ(k(ϱ, ς1)))− h2(ϱ, ς1), ξ(k(ϱ, ς1)) + b

≤| h1(ϱ, ς1, τ(k(ϱ, ς1)))− h2(ϱ, ς1), ξ(k(ϱ, ς1)) | +b

= p(h1(τ), h2(ϑ)). (29)

From (26) and (27), we obtain

ϑτ(t)− ϕξ(t) < h2(ϱ, ς2, ξ(k(ϱ, ς2)))− h1(ϱ, ς2), τ(k(ϱ, ς2)) + b

≤| h1(ϱ, ς2, τ(k(ϱ, ς2)))− h2(ϱ, ς2), ξ(k(ϱ, ς2)) | +b

= p(h1(τ), h2(ϑ)). (30)

From (29) and (30), we obtain

−p(h1(τ), h2(ϑ)) ≤ ϑτ(t)− ϕξ(t) ≤ p(h1(τ), h2(ϑ)).

Hence,
| ϑτ(t)− ϕξ(t) |≤ p(h1(τ), h2(ϑ)),

or
| ϑτ(t)− ϕξ(t) | +b ≤ p(h1(τ), h2(ϑ)) + b,

and thus
p(ϑτ , ϕξ) ≤ p(h1(τ), h2(ϑ)) + b.

Since θ is non-decreasing, we have

θ(p(ϑτ , ϕξ)) ≤ θ(p(h1(τ), h2(ϑ)) + b).

Hence, by applying C2, we obtain

θ(p(ϑτ , ϕξ)) ≤ θ(p(h1(τ), h2(ϑ)) + b) ≤ θ(Zϑ,ϕ(τ(t), ξ(t))k,

where Zϑ,ϕ(τ(t),ξ(t)) is the same as defined in (24). Thus, all requirements of Corollary 2 are
satisfied. Hence, there exists a common fixed point of ϑ and ϕ that is τ∗ ∈ ℧(V1), where
τ∗(t) is a common solution of functional Equations (19) and (20).
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5. Conclusions
This work focuses on a generalized framework for the study of attractors, which are

among the most fascinating aspects of mathematics due to their intricate and visually ap-
pealing patterns. The primary results of this study are Theorems 3 and 4. In Theorem 3, we
investigate the existence and uniqueness of common attractors for generalized Hutchinson
θ-contractive operators. In Theorem 4, we extend these results to a more generalized setting
by considering cases where the Hausdorff metric appears in the denominator. Specifically,
we establish the existence and uniqueness of common attractors for generalized rational
Hutchinson θ-contractive operators. Consequently, our findings generalize numerous
existing results in the literature, as highlighted in Remarks 2 and 3.

A particularly interesting aspect of this work is the illustration of these theoreti-
cal results with intuitive and easily comprehensible examples in one-, two-, and three-
dimensional Euclidean spaces. We not only justify our theoretical claims but also provide
graphical representations of these examples in R, R2, and R3. The attractors manifest
as lines in the one-dimensional case, strips in the two-dimensional case, and cubes in
the three-dimensional case. Through iterative computations, we verify the existence
of common attractors in each scenario, distinguishing them using different colors for
better visualization.

In the final section of this manuscript, we further validate our main results by applying
them to a problem in dynamical systems. Specifically, we demonstrate the effectiveness
of our approach by solving a functional equation arising in dynamic programming. This
application reinforces the practical significance and broad applicability of our findings.

For future research, this framework can be extended by exploring different types of
contraction mappings and visualizing their effects on attractor formation. Additionally,
instead of relying solely on metric structures, one can investigate more generalized topo-
logical or algebraic frameworks to analyze the validity of such results. Another promising
direction is the construction of more complex and innovative examples, as this study
primarily focuses on cases that are easily understandable for readers. Furthermore, the
applicability of these theoretical findings in other mathematical fields can be explored,
leading to new results and deeper insights.

Overall, this study contributes to a deeper understanding of attractors and their
mathematical properties, providing both theoretical advancements and practical insights
into their structure and behavior.
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