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Abstract: The primary purpose of this work is to provide a new fractional boundary
element method (BEM) formulation to solve thermal stress wave propagation problems in
anisotropic materials. In the Laplace domain, the fundamental solutions to the governing
equations can be identified. Then, the boundary integral equations are constructed. The
Caputo fractional time derivative was used in the formulation of the considered heat
conduction equation. The three-block splitting (TBS) iteration approach was used to solve
the resulting BEM linear systems, resulting in fewer iterations and less CPU time. The new
TBS iteration method converges rapidly and does not involve complicated computations; it
performs better than the two-dimensional double successive projection method (2D-DSPM)
and modified symmetric successive overrelaxation (MSSOR) for solving the resultant BEM
linear system. We only studied a special case of our model to compare our findings to those
of other articles in the literature. Because the BEM results are so consistent with the finite
element method (FEM) findings, the numerical results demonstrate the validity, accuracy,
and efficiency of our proposed BEM formulation for solving three-dimensional thermal
stress wave propagation problems in anisotropic materials.

Keywords: boundary element method; fractional order; three-dimensional; thermal stress
wave propagation; anisotropic materials

1. Introduction
Within the discipline of continuum mechanics, thermoelasticity studies the relationship

between mechanical memory and thermodynamics in the behavior of solid bodies. There
are various options for doing this. The most general method is to try to put thermodynamic
constraints on the constitutive equations, with deformation and temperature as dependent
variables [1–3]. In some materials, these constraints are so specific that, among the infinite
ways of coupling mechanics and thermodynamics, certain closed sets of equations can be
obtained that characterize the unknown driving forces of the coupled field. The most typical
sets of linked equations appear to be very simplified versions of what can be obtained
using a more generic approach [4]. However, when a non-quadratic elastic energy function
is considered, the simplifying feature required to distinguish one theory from others may
not always be reduced to the property of meeting a set of equilibrium equations and a
temperature equation [5,6].

Fractional calculus is the study of the properties and results of the derivative of a
function of order a. It provides tools to understand phenomena and processes that evolve in
time in a more accurate way than those offered by classical integral and differential calculus,
considering long memories in their internal evolution [7,8]. Moreover, fractional calculus is
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naturally used to model processes with unique and non-local effects, which are considered
highly complex. Indeed, phenomena described by models based on non-integer order
integrals and derivatives have attracted the attention of the scientific community and have
been applied in several areas not only as mathematical models but also as theoretical tools
for the study of other physical phenomena [9–11]. The rapid development of computational
and theoretical techniques to efficiently deal with mathematical models based on fractional
calculus, as well as the success of these models in solving mathematical problems, has
naturally motivated several scientific researchers to investigate the potential of these models
in solving various engineering problems, with positive and significant complex effects.
Consequently, fractional calculus models began to spread into distinct traditional fields
of engineering like control and power systems, becoming a major topic of investigation
in all other fields. Fractional calculus is undoubtedly a very valuable tool for the study of
complex media and has a considerable impact in many different fields, both theoretical and
experimental. Nevertheless, the physico-mathematical aspect perceived in the theory of
rate-type constitutive models for the specific formulation of the stress tensor in linear and
nonlinear thermoelasticity cannot be completely established until the physical meaning of
the fractional order and the causality principle are well understood [12,13].

Another important topic in modern engineering is anisotropy. Anisotropic materials
comprise most materials in a solid-state body. Beams and plates in a cross-section can be,
and in some cases must be, modeled as anisotropic. It is difficult to define the category
of anisotropic materials in a convenient manner. However, this term is usually used to
describe materials that are neither isotropic nor transversely isotropic. Anisotropy occurs
in materials such as single crystals, rolled pentagonal structures, etc. Anisotropic materials
have 4 elastic constants, so there are 21 independent elastic constants for general materials.
The permissible anisotropic qualities are determined by the symmetry of the coefficients of
the elastic component in the formulation of the deformation equilibrium equation [14,15]. If
symmetry conditions on each component’s elastic coefficients are considered, then the strain
energy function can identify numerous types of anisotropy and their associations [16,17].

The concept of generalized thermoelasticity theories was introduced separately in
1972 and 1970. The reasons for generalizing the theory originated from the fact that the
mathematical opponent of the simple theory was faced while solving the problem of the
relative size of the thermal field and the premise upon which the theory was founded [18,19].
The mechanical portion of the thermodynamic surface of elastic materials, as well as the first
full set of thermodynamic balances that offer motion equations, extended Hooke’s law, the
energy equation, and other results, serves as the foundation for classical thermoelasticity
theory [20–22]. The thermal field enters only the second rank of the dissipation functional
through entropy and entropy balance, which is determined by the dissipation functional’s
local extreme. To address the issue, a full thermodynamic functional incorporating the
thermal field was constructed. The presence of the thermodynamic principle and the
entire thermodynamic functional in characterizing the thermal behavior of a solid has been
discussed [23,24].

To address the first problem in the classical thermo-elasticity (CTE) theory proposed
by Duhamel [25] and Neumann [26], which predicts two occurrences that contradict
empirical facts, Biot [27] proposed the classical coupled thermo-elasticity (CCTE) theory.
Most methods for overcoming the classical theory’s unwanted prediction are based on the
non-Fourier effect. Lord and Shulman [28] proposed an extended thermoelasticity (ETE)
theory with a single relaxation time. Green and Lindsay [29] proposed the temperature
rate-dependent thermoelasticity (TRDTE) theory, which incorporates temperature rate as a
constitutive variable. Green and Naghdi [30,31] made substantial theoretical advances in
the field, developing three models for the generalized thermoelasticity of homogeneous
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isotropic materials. Chen and Gurtin [32] and Chen et al. [33,34] proposed heat conduction
theory based on conductive and thermodynamic temperatures. Quintanilla [35] conducted
extensive research on the two-temperature thermoelasticity theory. Youssef [36] introduced
the two-temperature generalized thermoelasticity theory, which has been applied to solve
several engineering problems [37–40].

The thermoelastic problem has been studied since the fundamental equations that
govern it were deduced. Problems involving a heating source and with or without external
forces have been the subject of many analyses. It is difficult to identify the analytical solu-
tion for such problems; thus, several numerical methods exist for estimating solutions to
these problems [41–45]. In recent years, new methods have proven to be useful when used
to thermoelasticity problems [46–49]. All these methods are based on solid mathematical
principles and can be automated; however, they often require software to achieve the result.
Because not all natural phenomena can be characterized by integer-order partial differential
equations, some are represented by fractional partial differential equations (FPDEs). Most
fractional differential equations do not have explicit analytical solutions; hence, several
researchers have devised numerical solution methodologies for time-fractional partial
differential equations (TFPDEs). The boundary element method (BEM) is a numerical
technique for solving partial differential equations (PDEs) with time-fractional order. This
technique combines boundary integral equations with numerical approximation of bound-
ary integrals. These equations can be obtained from the fundamental solutions to PDEs’
differential operators. The most significant advantage of the BEM is that the needed
discretization of the domain is one less than that of other numerical approaches. It has
significant advantages over traditional methods like the finite element method (FEM) and
the finite difference method (FDM). One of the key advantages of the BEM is that it is a
boundary-only approach, which means that only the issue’s boundary must be discretized,
resulting in a one-dimensional problem [50–52]. A two-dimensional problem, for exam-
ple, requires two dimensions of discretization in the FEM or FDM, whereas the BEM just
requires one. This is useful for boundary layer problems, which demand tighter grids in
locations with large gradients. The BEM has an even greater advantage for problems with
infinite or semi-infinite domains, as it is usually necessary to truncate the domain in the
FEM or FDM and introduce artificial boundaries with associated treatments such as adding
boundary conditions, whereas this is not the case with the BEM because only the boundary
is discretized. Domain discretization in the FEM or FDM also requires mesh production,
which can frequently be challenging and a time-consuming task [53–55]. This is especially
difficult for complex domains or problems whose domain geometry changes over time.
With recent computer improvements, numerical approaches based on boundary integral
equations have garnered significant attention due to their success in addressing a variety
of two-dimensional issues. The boundary element method (BEM) is a popular numerical
technique that has applications in a variety of engineering fields, including fluid mechanics,
magnetohydrodynamics, and electrodynamics. Recent advances in the BEM have made it
possible to apply this method to increasingly complex issues, such as multi-regions [56–58].

Although the boundary element method (BEM) is widely acknowledged for its best-
use scenario in tackling high-dimensional issues, one impediment remains to be overcome
to make it more accessible and easier to use [59–61]. This impediment is the need for
remedies for low-frequency situations in prospective issues; otherwise, numerical instability
will be introduced. In recent decades, several initiatives have been made to address this
issue, with most of them focused on the concept of transitioning from the original domains
to new ones [62–64]. However, those existing translation methods either rely on operator
solutions or generate several integral types for a single state variable. As a result, in practice,
they continue to make BEM deployment more challenging. As a result, it is important and
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meaningful to develop a transformation method that keeps the benefits of simple boundary-
type methods while addressing the numerical instability difficulties of low-frequency
instances [65–68]. The scaled coordinate transformation (SCT) is purely a mathematical
operation that, like the original coordinate transformation, requires only discretization
on the structure’s surface while remaining analytical in the radial direction, eliminating
the need for half-domain discretization and second derivative computations. The scaled
coordinate transformation boundary element method (SCTBEM) uses the same integral
types and operations on discretized boundary elements as the conventional BEM. However,
with the newly devised coordinate transformation, there is no need to be concerned about
low-frequency situations in prospective difficulties. Numerical findings demonstrate that
the SCTBEM is robust and accurate, even when dealing with very low wave numbers or
very huge structures. In addition, the SCTBEM provides a research topic that is not confined
to the BEM. Coordinate transformation is a purely mathematical technique that modifies
domain integrals in potential problems while leaving boundary integrals untouched. As a
result, the SCTBEM can be used for other domain-type methods that use integrals for state
variables that are comparable in form [68,69].

Three-block splitting (TBS) is an FFT-based iterative method for solving the three-
dimensional time–domain boundary integral equation of the wave equation that is formu-
lated with respect to the boundary magnetic field. In this equation, the time derivative of
the boundary magnetic field appears with minus sign, and thus, it has the time-delayed
exponential integrator (TDEI) type. The TBS approximately splits this boundary integral
equation into three blocks with respect to the wave number components. The convergence
of the TBS iteration depends on the value of the time step. For a large time step, the TBS
iteration does not converge. To overcome this difficulty, the TBS iteration is applied first
with a coarse time step for a few iterations, and then it is applied with the original time
step [70].

In the present paper, we investigated the fundamental solutions of fractional order
coupled with anisotropic thermoelasticity in the Laplace domain. The fractional boundary
element technique was then formulated using a suitable reciprocal connection to solve the
considered problem. The boundary was discretized at the collocation nodes. The original
problem’s boundary integral equations at these collocation points were then solved using
the point collocation method. Finally, we presented the results of the suggested BEM
model, which better explained our formulation for 3D thermal stress wave propagation in
anisotropic materials.

2. Formulation of the Problem
Based on Cattaneo [71] and Vernotte’s [72,73] heat conduction equation and defini-

tion of the Caputo derivative, Sherief et al. [74] proposed the following fractional heat
conduction equation:

−k∇T = q(x, τ) + τ
∂aq
∂τa , 0 < a < 1 (1)

In Cartesian coordinates, the governing equations for 3D thermal stress wave propa-
gation in anisotropic materials are [28]

Cijklekl + ρFi − γijT,i = ρ
..
ui, γij = Cijklαkl (2)

kT̄,kk = ρCe

( .
T + τ0

∂a

∂τa

.
T
)
+ γijT0

( .
e + τ0

∂a

∂τa
.
e
)

−ρCe

(
Q + τ0

∂a

∂τa Q
)

,
(3)

σij = Cijklekl − γijT, (4)
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where
Q = Q(x, τ) =

1 − R
x0

e(−
xa
x0
)J(τ), J(τ) =

J0τ

t2
1

e−
τ
t1 , a = 1, 2, 3 (5)

eij =
1
2
(
ui,j + uj,i

)
. (6)

ti = σijnj, (7)

Now, we assume the following conditions:

σijnj = pi0(x, τ) on C1, (8)

ui = ui0(x, τ) on C2, C1 ∪C2 = C,C1 ∩C2 = ϕ (9)

T = T0(x, τ) on C3, (10)

T,n = Tn0(x, τ) on C4, C3 ∪C4 = C,C3 ∩C4 = ϕ (11)

By applying Equation (4), the traction vector can be represented as follows:

ti(x, τ) =
[
Cijklekl − γijT

]
nj(x) (12)

3. Boundary Element Implementation
Function f (τ) has the following Laplace transform:

f̄ (t) =
+∞∫
0

e−tτ f (τ)dτ. (13)

Via the application of the Laplace transform to Equations (2)–(4), we obtain

Cijklεkl + ρF̄i − γijT̄,i = ρt2ūi, (14)

kT̄,kk = ρCet(1 + τ0tα)
(

T̄ +
γijT0
ρCe

ū,kk − Q̄
t

)
, (15)

σ̄ij = Cijklεkl − γijT̄. (16)

We now present the vectors of displacement and body force as follows:

ui = ϕ,i +ϵijkψk,j, (17)

ψi,i = 0, (18)

Fi = X,i + ϵijkYk,j, (19)

Yi,i = 0. (20)

To obtain the fundamental solutions in the Laplace transform domain, we consider
the following two cases:

3.1. Case 1: Q = Q(x, τ), Fi = 0

Based on [75], we obtain(
∇2 − k2

1

)(
∇2 − k2

2

)
ϕ̄′ = −m

ρCe

k
(1 + τ0tα)Q(x, τ), (21)
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where k2
1, k2

2 are the solutions of the following characteristic equation:

kv4 −
[
(ρCe + mak)t(1 + τ0tα) + tα+1 k

c2
1

]
v2

+tα+2ρCe
(1+τ0tα)

c2
1

= 0.
(22)

Equation (21) has the following solution:

ϕ̄′(x, t) = −mρCe
(1 + τ0tα)(

∇2 − k2
1
)(
∇2 − k2

2
)Q(x, τ). (23)

which can be written using the Helmholtz equation 1
(∇2−k2)

δ(r) = − 1
4πr e−kr as follows:

ϕ̄′(x, t) =
mρCe

4πk
(
k2

1 − k2
2
) (1 + τ0tα)

(
e−k1r − e−k2r

)
. (24)

Thus, Equations (17) and (24) yield

u′
i(x, t) = − ρCe

kr
m(1+τ0 pα)

4π(k2
1−k2

2)

[
e−k1r

(
1 + k1

r

)
− e−k2r

(
1 + k2

r

)]
r,i , (25)

and

T′
(x, t) = ρCe

kr
m(1+τ0tα)

4π(k2
1−k2

2)

[
e−k1r

(
k2

1 −
t2

c2
1

)
− e−k2r

(
k2

2 −
t2

c2
2

)]
. (26)

The Laplace transform was successfully applied to the traction vector to yield (see
Appendix A)

t′l(x, t) =
ρCe Cijkl

kr

{
nk

[
r,l r,k

(
g3 + 3 g1

r
) δlk

r

]
+nl

[
r,k r,k

(
g3 + 3 g1

r
)
− 3

r
]}

.
(27)

3.2. Case 2: Q = 0, F̄(j)
i = δijδ(x − y)

By using the Helmholtz equation, we obtain (see Appendix B)

ϕ̄(j) =
1

4πc2
1

r,i

r2

δij(
k2

1 − k2
2
) [ 2

∑
n=1

(−1)n−1E(1 + knr)e−knr
]
+ δij

ri
r2

1
4πt2 (28)

E =

[
k2

n−
ρCet(1+τ0tα)

k

]
k2

n
, (29)

ψ̄
(j)
l = ϵijl

(
r,i

4πt2r2

)[(
1 + tr

c2

)
e−

tr
c2 − 1

]
, (30)

ū(j)
l =

U1δij
r +

U2r,i r,j
r , (31)

U1 =
1

4πt2

(
t2

c2
2
+

t
rc2

+
1
r2

)
e
−

tr
c2 +

2
∑

n=1
(−1)n−1 Bn

r2 (1 + knr)e−knr, (32)

U2 =

− 1
4πt2

(
t2

c2
2
+ 3

t
rc2

+ 3
1
r2

)
e
−

tr
c2

+
2
∑

n=1
(−1)n−1 Bn

r2

(
k2

n + 3
kn

r
+

3
r2

)
e−knr, (33)

Bn = 1
k2

nc2
1

1
(k2

1−k2
2)

(
k2

n −
ρCet(1+τ0tα)

k

)
. (34)
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In the absence of a heat source, we find

T̄(j) = G
2

∑
n=1

(−1)n−1e−knr(1 + knr)
r,i

r2 , (35)

where

G =
δij

4πc2
1

t(1 + τ0tα)(
k2

2 − k2
1
) .

Now, we establish that the temperature in Case 2 is proportional to the displacement
in Case 1 as follows:

T̄(j) =
ρtϵ
mγ

u′
j, (36)

where
ϵ =

mak
ρCe

.

The traction vector is then obtained in a manner like that used in Case 1

t̄(j)
l (x, t) = Cijkl nk

[(
ū(j)

l,k + ū(j)
k,l

)
+ nl

(
ū(j)

k,k − γijT̄(j)
)]

, (37)

where

ū(j)
i,k =

U1,k

r
δij −

U1δij

r2 +
U2,k

r2 r,ir,j −
U2

r2 r,ir,j r,k +
U2

r
r,ikr,j +

U2

r
r,ir,jk , (38)

U1,k =
2
∑

n=1
(−1)n−1Bne−knr r,k

r

[
−k2

n − 2
(1 + knr)

r2

]

+
r,k

4πt2 e

−tr
c2

[
− t3

c3
2
− 2

t
r2c2

− 2
r3 − t2

c2
2r

]
,

(39)

U2,k = −
r,k

4πt2 e

−tr
c2

[
− t3

c3
2
− 6

t
r2c2

− 6
r2 − 3

t2

c2
2r

]
+

2
∑

n=1
(−1)n−1Bne−knrr,k

[
−k2

n − 6
kn

r2 − 3
k2

n
r
− 6

r3

]
.

(40)

Sherief et al. [74] introduced the following reciprocal relation:

ρT0 p(1+τ0 pα)
k

∫
R

[
F̄(1)

i ū(2)
i − F̄(2)

i ū(1)
i

]
dR

− ρCe(1+τ0 pα)
k

∫
R

[
Q̄(1)T̄(2) − Q̄(2)T̄(1)

]
dR

=
∫
C3

[
T̄(1)T̄(2)

n − T̄(2)T̄,(1)n

]
dC

+
∫
C4

[
T̄(1)T̄(2)

n − T̄(2)T̄(1)
n

]
dC− T0 p(1+τ0 pα)

k

×
{∫
C1

[
σ̄
(1)
ij ū(2)

i − σ̄
(2)
ij ū(1)

i

]
nj dC

+
∫
C2

[
σ̄
(1)
ij ū(2)

i − σ̄
(2)
ij ū(1)

i

]
nj dC

}
.

(41)

To describe the displacement and temperature integral equation with respect to the
specified functions t̄i0, ūi0, T̄0, T̄n0, fundamental solutions ū′

i, T̄′, ū(j)
i , T̄(j) and their val-

ues ū′
i0, T̄′

0, ū(j)
i0 , T̄(j)

0 on C, we consider Case 1 (F̄i = 0 and Q̄ = δ(x − y)) and Case 2
(F̄i = δijδ(x − y) and Q̄ = 0) below.
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For case 1, Equation (41) becomes

(1 + τ0ta)∆(x)T̄(x, t)

= k
ρCe

{∫
C3

[T̄′
0T̄n − T̄0T̄′

n0]dC+
∫
C4

[
T̄′T̄n0 − T̄T̄′

,n
]
dC
}
− T0

ρCe
t(1 + τ0ta)

×
{∫
C1

[
ti0ū′

i − t̄′i0ūi
]
dC+

∫
C2

[
σ̄ijū′

i0 − σ̄′
ijūi0

]
njdC

}
− T0

Ce
(t + τ0tα)

∫
R

F̄iū′
idR+ (1 + τ0ta)

∫
R

Q̄′T̄′dR

(42)

where ∫
R

δ(x − y)dR(y) = ∆(x) =


1, x ∈ R

0, x /∈ (R∪C)
1
2 , x ∈ C

,

For Case II, Equation (41) can be expressed as

p(1 + τ0 pα)∆(x)ūj(x, p) = k
ρT0

{∫
C3

[
T̄0T̄(j)

,n − T̄(j)
0 T̄,n

]
dC

+
∫
C4

[
T̄T̄(j)

n0 − T̄(j)T̄n0

]
dC
}
+ 1

ρ p(1 + τ0 pα)

{∫
C1

[
p̄i0ū(j)

i − p̄(j)
i0 ūi0

]
dC

+
∫
C2

[
σ̄il ū

(j)
i0 − σ̄

(j)
il ūi0

]
njdC

}
− p(1 + τ0 pα)

∫
R

F̄iū
(j)
i dR− Ce

T0
(1 + τ0 pα)

∫
R

Q̄T̄(j)dR

(43)

Equation (42) can be solved by using the inverse Laplace transform as follows:

L−1(F̄1(t)F̄2(t)) =
t∫

0

F1(τ)F2(τ)dτ,

we arrive at

∆(x)
[

T(x, τ) + τ0
∂a

∂τa T(x, τ)

]
= M1(x, τ), (44)

where

M1(x, τ) = k
ρCe

τ∫
0

{∫
C3

[
T′

0(y, τ − τ)T,n(y, x, τ)− T0(y, x, τ)T′
,n(y, τ − τ)

]
dC

+
∫
C4

[T′(y, τ − τ)Tn0(y, x, τ)− T(y, x, τ)T′
n0(y, τ − τ)]dC

}
dτ

+ T0
ρCe

τ∫
0

{∫
C1

[
pi0(y, x, τ)

(
∂

∂τ + τ0
∂a+1

∂τa+1

)
u′

i(y, τ − τ)
]
dC

×
∫
C2

[
σij(y, τ − τ)

(
∂

∂τ + τ0
∂a+1

∂τa+1

)
u′

i0(y, x, τ)
]
dC
}

dτ

− T0
ρCe

τ∫
0

{∫
C1

ui(y, x, τ)
(

∂
∂τ + τ0

∂a+1

∂τa+1

)
p′i0(y, τ − τ)dC

+
∫
C2

ui0(y, τ − τ)
(

∂
∂τ + τ0

∂a+1

∂τa+1

)
σ′

ij(y, x, τ)dC
}

dτ

+ T0
Ce

τ∫
0

∫
R

Fi(y, τ − τ)
(

∂
∂τ + ∂a+1

∂τa+1

)
u′

i(y, x, τ)dRdτ

+
τ∫
0

∫
R

Q(y, τ − τ)
(

1 + ∂a

∂τa

)
T′(y, x, τ)dRdτ.

(45)
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The solution of (44) yields

T(x, τ) =
1

∆xτ0

 τ∫
0

Eα,α

(
− 1

τ0
τa
)

M1(x, τ − τ)dτ

, (46)

Where Mittag–Leffler function Eα,α(z) is defined as follows [76]:

Eα,β(z) =
∞

∑
k=0

zk

Γ(αk + β)
. (47)

Similarly, from Equation (43), we obtain

∆(x)
[

uj(x, τ) + τ0
∂α

∂tα
uj(x, τ)

]
= M2(x, τ), (48)

where

M2(x, τ) = k
ρT0

τ∫
0

{∫
C3

[
T0(y, x, τ)

∂u′
j(y,τ−τ)

∂n − u′
j(y, τ − τ)

∂T(y,x,τ)
∂n

]
dC

+
∫
C4

[
T(y, x, τ)

∂u′
j(y,τ−τ)

∂n − u′
j(y, τ − τ)Tn0(y, x, τ)

]
dC
}

dτ

− u′
j(y, τ − τ)Tn0(y, x, τ)

]
dC
}

dτ + 1
ρ

τ∫
0

{∫
C1

[
pi0(y, x, τ)

(
1 + τ0

∂a

∂τa

)
u(j)

i (y, τ − τ)dC
]

+
∫
C2

[
σil(y, τ − τ)

(
1 + τ0

∂a

∂τa

)
u(j)

i0 (y, x, τ)nldC
]}

dτ

− 1
ρ

{
τ∫
0

∫
C1

ui(y, x, τ)
(

1 + ∂a

∂τa

)
p(j)

i0 (y, τ − τ)dC

+
∫
C2

ui0(y, τ − τ)
(

1 + ∂a

∂τa

)
σ
(j)
il (y, x, τ)nldC

}
dτ

+
∫
R

Fi(y, τ − τ)
(

1 + τ0
∂a

∂τa

)
u(j)

i (y, x, τ − τ)dRdτ

−
τ∫
0

∫
R Q(y, τ − τ)

(
1 + τ0

∂a

∂τa

)
u′

j(y, x, τ − τ)dRdτ

(49)

By solving Equation (48), we obtain

uj(x, τ) =
1

∆xτ0

[∫ τ

0
Eα,α

(
− 1

τ0
τα

)
M2(x, τ − τ)dτ

]
(50)

Consider the lim
x→ξ

T(x, τ) of (46) and lim
x→ξ

uj(x, τ) of (50). Thus, we have

T(ξ, τ) = 2
τ0

[
τ∫
0

Eα,α

(
− 1

τ0
τα
)

M1(ξ, τ − τ)dτ

]
, ξ ∈ C (51)

uj(ξ, τ) = 2
τ0

[
τ∫
0

Eα,α

(
− 1

τ0
τα
)

M2(ξ, τ − τ)dτ

]
.ξ ∈ C (52)

The resulting linear systems were solved using the iteration approach of three-block
splitting (TBS) [77].

Figure 1 shows the proposed BEM algorithm flowchart.
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4. Numerical Results and Discussion
To exemplify the numerical findings provided by the proposed methodology, an

anisotropic alumina (Al2O3) was studied, which had the following properties [14]:
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Anisotropic elasticity tensor

C =



576.985 75.162 132.224 47.259 −37.651 −1.616
75.162 583373 57.046 −29.680 −32.710 83.907

132.224 57.046 519.778 −12.175 85.817 −54.890
47.259 −29.680 −12.175 113.191 −33.962 −20.906
−37.651 −32.710 85.817 −33.962 240.907 51.386
−1.616 83.907 −54.890 −20.906 51.386 188.834


(53)

Thermal moduli

γ11 = 2.143(Pa/◦C), γ22 = 4.049(Pa/◦C)

γ33 = 4.072(Pa/◦C),
γ12 = −0.414(Pa/◦C), γ13 = −0.024(Pa/◦C)

(54)

Figure 3 shows the distribution of thermal stress σ11 wave propagation throughout the
x-axis for various fractional parameter values (a = 0.25, 0.50, 0.75, and 1.00). The figure
shows that the thermal stress σ11 waves grow nonlinearly at 0 ≤ x ≤ 1.5, then decline
linearly and quickly converge to zero at x = 3. It is also recognized that when fractional
parame a increases, so does σ11. This figure depicts the way the fractional parameter affects
the propagation of the thermal stress σ12 wave in anisotropic materials.
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Figure 3. The distribution of thermal stress σ11 wave propagation throughout the x-axis for various
fractional parameter values.

Figure 4 shows the distribution of thermal stress σ12 wave propagation throughout the
x-axis for various fractional parameter values (a = 0.25, 0.50, 0.75, and 1.00). The image
shows that all curves begin at x = 0 and rise nonlinearly until they reach a maximum
at 0.25 ≤ x ≤ 0.50. The function reduces nonlinearly until it reaches a minimal value at
1.0 ≤ x ≤ 1.5. The curves then expand linearly until they meet at approximately x = 3.
It is also noted that σ12 diminishes with an increase in fractional parameter a. The figure
depicts the way the fractional parameter affects the propagation of the thermal stress σ12

wave in anisotropic materials.



Math. Comput. Appl. 2025, 30, 6 12 of 21
Math. Comput. Appl. 2025, 30, x FOR PEER REVIEW 13 of 23 
 

 

 

Figure 4. The distribution of thermal stress 𝜎ଵଶ wave propagation throughout the 𝑥-axis for vari-
ous fractional parameter values. 

Figure 5 shows the distribution of thermal stress 𝜎ଶଶ wave propagation throughout 
the x-axis for various fractional parameter values  (𝑎 = 0.25, 0.50, 0.75, and 1.00) . This 
graphic shows that all curves begin at 𝑥 = 0  and subsequently drop nonlinearly until 
they reach a minimum at 𝑥 = 0.55 . Then, they increase nonlinearly until they meet at 
around 𝑥 = 3. It is also noted that when the fractional parameter grows, so does 𝜎ଶଶ. This 
figure depicts the way the fractional parameter affects the propagation of the thermal 
stress 𝜎ଶଶ wave in anisotropic materials. 

 

Figure 5. The distribution of thermal stress 𝜎ଶଶ wave propagation throughout the 𝑥-axis for vari-
ous fractional parameter values. 

Figure 4. The distribution of thermal stress σ12 wave propagation throughout the x-axis for various
fractional parameter values.

Figure 5 shows the distribution of thermal stress σ22 wave propagation throughout the
x-axis for various fractional parameter values (a = 0.25, 0.50, 0.75, and 1.00). This graphic
shows that all curves begin at x = 0 and subsequently drop nonlinearly until they reach
a minimum at x = 0.55. Then, they increase nonlinearly until they meet at around x = 3.
It is also noted that when the fractional parameter grows, so does σ22. This figure depicts
the way the fractional parameter affects the propagation of the thermal stress σ22 wave in
anisotropic materials.
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Figure 5. The distribution of thermal stress σ22 wave propagation throughout the x-axis for various
fractional parameter values.

Figure 6 shows the distribution of thermal stress σ13 wave propagation throughout
the x-axis for various fractional parameter values (a = 0.25, 0.50, 0.75, and 1.00). This
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graphic shows that all curves begin with a maximum value at x = 0, and as the distance
increases, these values decrease to practically zero at x = 3. Additionally, as the fractional
parameter grows, so does σ13. This figure depicts the way the fractional parameter affects
the propagation of the thermal stress σ13 wave in anisotropic materials.
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Figure 6. The distribution of thermal stress σ13 wave propagation throughout the x-axis for various
fractional parameter values.

Figure 7 shows the distribution of thermal stress σ23 wave propagation throughout
the x-axis for various fractional parameter values (a = 0.25, 0.50, 0.75, and 1.00). This
image shows that all curves decrease nonlinearly until they reach a minimal value at
0.45 ≤ x ≤ 0.65, after which, σ23 climbs nonlinearly to approach zero at x = 3. Additionally,
as the fractional parameter increases, σ23 diminishes. The fractional parameter has a
substantial impact on thermal stress σ23 wave propagation in thermoelastic materials, as
illustrated in this figure.
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Figure 8 shows the distribution of thermal stress σ33 wave propagation throughout the
x-axis for various fractional parameter values (a = 0.25, 0.50, 0.75, and 1.00). This image
shows that the curves begin with separate values at x = 0, then change and coincide until
they reach zero at x = 3. It is also noted that when the fractional parameter grows, so does
σ33. This graphic illustrates how the fractional parameter affects thermal stress σ33 wave
propagation in thermoelastic materials.
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For validation, we used a particular example of our model and compared our BEM
results to Marin et al.’s FEM results [78] and Sharifi’s analytical results [79].

Figures 9–11 depict the distributions of thermal stress σ11, σ12 and σ22 waves prop-
agating throughout the x-axis using BEM, FEM [78] and analytical [79] models. These
figures show that the BEM is in excellent agreement with the FEM and analytical methods
demonstrating the validity and accuracy of our proposed technique. Matlab R2022a was
utilized to generate the computation results for the problem at hand. The proposed frac-
tional boundary element technique in this study is applicable to a wide range of thermal
stress wave propagation problems in thermoelastic materials.
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Table 1 displays the CPU time and iteration count for the two-dimensional double
successive projection method (2D-DSPM) of Jing and Huang [80], modified symmetric
successive overrelaxation (MSSOR) of Darvishi and Hessari [81] and three-block splitting
(TBS) of Li et al. [77] iterative methods at each discretization level, with equation numbers
in brackets. This table demonstrates that the TBS strategy exceeds both the 2D-DSPM and
MSSOR methods.

Table 2 compares the computational requirements for modeling thermal stress wave
propagation problems in anisotropic materials using current BEM and FEM approaches [78].
This table demonstrates the efficacy of our proposed BEM approach.
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Table 1. CPU timings and iterations for different iterative methods.

Discretization
Level

Preconditioning
Level

2D-DSPM MSSOR TBS

CPU Time Iteration
Number Error CPU Time Iteration

Number Error CPU Time Iteration
Number Error

1 (36) 0 0.07 8 0.0099 0.08 8 0.0098 0.05 8 0.0098

2 (72) 0 0.19 9 0.0098 0.23 9 0.0097 0.16 8 0.0094
1 0.16 7 0.0097 0.19 7 0.0096 0.11 7 0.0090

3 (144)
0 0.52 10 0.0095 0.62 11 0.0091 0.42 10 0.0085
1 0.47 8 0.0092 0.52 9 0.0087 0.34 6 0.0080
2 0.44 6 0.0088 0.48 7 0.0084 0.30 4 0.0078

4 (288)

0 2.42 13 0.0090 2.52 17 0.0086 1.88 11 0.0084
1 1.90 11 0.0084 2.10 15 0.0080 1.58 7 0.0078
2 1.62 7 0.0080 1.82 11 0.0078 1.42 5 0.0076
3 1.42 5 0.0078 1.52 7 0.0076 1.38 3 0.0074

5 (576)

0 9.98 15 0.0088 12.04 19 0.0084 7.84 13 0.0082
1 9.12 11 0.0084 10.12 17 0.0082 6.82 9 0.0080
2 8.20 9 0.0082 9.32 15 0.0076 6.12 7 0.0075
3 7.26 7 0.0080 8.48 11 0.0074 5.84 5 0.0073
4 6.46 5 0.0078 7.01 7 0.0072 5.20 3 0.0070

6 (1152)

0 40.4 19 0.0086 46.6 21 0.0082 34.4 15 0.0080
1 36.3 17 0.0084 43.0 19 0.0080 32.6 11 0.0078
2 33.9 15 0.0082 41.0 17 0.0078 30.8 9 0.0076
3 29.0 11 0.0080 34.9 13 0.0076 29.0 7 0.0074
4 26.8 9 0.0076 32.8 11 0.0074 22.9 5 0.0072
5 24.9 7 0.0074 29.0 9 0.0072 21.1 3 0.0070

Table 2. Study of computational power requirements for modeling thermal stress wave propagation
problems in anisotropic materials utilizing current BEM and FEM.

BEM FEM

Number of nodes 54 56,000

Number of elements 18 9000

CPU time [min] 2 200

Memory [Mbyte] 1 140

Disk space [Mbyte] 0 260

Accuracy of results [%] 1.0 2.3

5. Conclusions
The primary goal of this paper was to present a novel fractional boundary element

method (BEM) formulation for solving thermal stress wave propagation problems in
anisotropic materials. In the Laplace domain, the fundamental solutions to the governing
equations could be found. The boundary integral equations were then built. The heat
conduction equation under consideration was formulated using the Caputo fractional time
derivative. The resulting BEM linear systems were solved using the three-block splitting
(TBS) iteration strategy, which required fewer iterations and consumed less CPU time. The
new TBS iteration approach converged quickly and did not require complex computations.
It outperformed the two-dimensional double successive projection method (2D-DSPM)
and modified symmetric successive overrelaxation (MSSOR) in solving the resultant BEM
linear system. We only looked at one specific scenario of our model to compare our
results to those of other publications in the literature. Because the BEM results were so
compatible with the finite element method (FEM) and analytical findings, the numerical
results showed that our proposed BEM formulation was valid, accurate, and efficient
in handling three-dimensional thermal stress wave propagation problems in anisotropic
materials. The current research has several applications, including nuclear physical science,
biophysics, geothermal engineering, pressure vessels, econophysics, biochemistry, robotics
and control theory, food engineering, signal and image processing, aviation, electronics,
and many more.
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Nomenclature

αkl Coefficients of thermal expansion
γij = Cijklαkl thermal moduli
δij Kronecker delta
eij Strains
σij Stress
τ Time
a Fractional-order parameter
Cijkl Elastic constants
Ce Specific heat at constant strain
C = C1 ∪C2 = C3 ∪C4 boundary
e = ekk dilatation
Fi Body force vector
J(τ) Non-Gaussian temporal profile
J0 Total energy intensity
k Thermal conductivity
nj Outward normal components
Q(x, τ) Heat source intensity
R Irradiated surface absorptivity
r =

√
(xi − yi)(xi − yi) radial distance

r,i = (xi−yi)
r

T Temperature
T̄(j) Temperature fundamental solutions
T0 Reference temperature
t1 Laser pulse time characteristic
uj Displacement vector

ū(j)
i Displacement fundamental solutions

x = (x1, x2, x3)

Appendix A. Laplace Transform Implementation
The traction vector on C can be expressed as

ti(x, τ) =
[
Cijklekl − γijT

]
nj(x) (A1)

The Laplace transform was successfully applied to the traction vector (A1) to yield

t̄i(x, τ) =
[
Cijklekl − γijT̄

]
ni(x). (A2)

u′
i(x, t) = − ρCe

kr
m(1+τ0 pα)

4π(k2
1−k2

2)

[
e−k1r

(
1 + k1

r

)
− e−k2r

(
1 + k2

r

)]
r,i, (A3)
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The derivative of Equation (A3) gives

ū′
i,j = −ρCe

k

[
r,i

r
g1,j −

(
r,j r,i g1 − r r,ijg1

)
r2

]
, (A4)

where
g1 = m(1+τ0tα)

4π(k2
1−k2

2)

[
e−k1r

(
1 + k1

r

)
− e−k2r

(
1 + k2

r

)]
, (A5)

and
g1,j =

m(1+τ0tα)

4π(k2
1−k2

2)

[
−k1e−k1rr,j

(
1 + 1

r2

)
−k2

1e−k1r r,j
r + k2e−k2rr,j

(
1 + 1

r2

)
−k2

2e−k2r r,j
r

]
.

(A6)

Equation (A4) may be expressed as

ū′
i,j =

m(1+τ0tα)

4π(k2
1−k2

2)

[
r,ir,j

g3
r − 1

r2

(
δij − 3r,i r,j

)
g1

]
, (A7)

where

g3 =
(1 + τ0tα)

4π
(
k2

1 − k2
2
) [k2

1e−k1r − k2
2e−k2r

]
, (A8)

Thus, using Equations (A2) and (A7), we obtain

t′l(x, t) =
ρCe Cijkl

kr

{
nk

[
r,l r,k

(
g3 + 3 g1

r
) δlk

r

]
+nl

[
r,k r,k

(
g3 + 3 g1

r
)
− 3

r
]}

.
(A9)

Appendix B. Helmholtz Theorem Implementation

The Helmholtz theorem is applied to vectors u(j)
i and F(j)

i to obtain

ū(j)
i = ϕ̄

(j)
,i + ϵilkψ̄

(j)
l,k , (A10)

F̄(j)
i = P̄(j)

,i + ϵilkR̄(j)
l,k . (A11)

where the potentials ϕ̄(j), P̄(j), ψ̄
(j)
l , and R̄(j)

i satisfy the following relations:

(
∇2 − k2

1
)(
∇2 − k2

2
)
ϕ̄(j) = − 1

c2
1

[
∇2 − ρCe

k t(1 + τ0tα)
]

P̄(j), (A12)

θ̄(j) = 1
m

[(
∇2 − t2

c2
1

)
ϕ̄(j) + P̄(j)

c2
1

]
, (A13)(

∇2 − t2

c2
1

)
ψ̄
(j)
l = − 1

c2
2

R̄(j)
i , (A14)

The Helmholtz decomposition theorem is used to determine

P̄(j) = − 1
4π

(
δij

r

)
,i
, (A15)

R̄(j)
l =

1
4π

ϵilk

(
δij

r

)
,k

. (A16)
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