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Abstract: In this work, interval type-2 and type-3 fuzzy systems were designed, of Mamdani and
Sugeno types, for time series prediction. The aggregation performed by the type-2 and type-3
fuzzy systems was carried out by using the results of an optimized ensemble neural network (ENN)
obtained with the particle swarm optimization algorithm. The time series data that were used were
of the Mexican stock exchange. The method finds the best prediction error. This method consists of
the aggregation of the responses of the ENN with type-2 and type-3 fuzzy systems. In this case, the
systems consist of five inputs and one output. Each input is made up of two membership functions
and there are 32 possible fuzzy if-then rules. The simulation results show that the approach with
type-2 and type-3 fuzzy systems provides a good prediction of the Mexican stock exchange. Statistical
tests of the comparison of type-1, type-2, and type-3 fuzzy systems are also presented.

Keywords: type-3 fuzzy system; prediction; ensemble neural networks

1. Introduction

Time series prediction is important as it allows us to prevent future events and take
preventive measures [1–4]. Fuzzy logic [5,6] has gained a lot of recognition due to the
diversity of its applications, which range from the control of industrial processes to the
design of automatic deduction devices, the construction of electronic devices for domestic
use and medical diagnostic systems, and time series prediction [7,8].

ENNs comprise a set of neural networks (NNs) that are used to solve complex prob-
lems [9–11]. The main idea of ENNs is that the outputs of multiple NNs can be combined
to enhance the final results [12–14].

In this paper, ENNs are used for time series prediction since, by combining multiple
results, a good prediction can be achieved. ENNs have already been applied in many
areas, such as medical diagnosis, image recognition, classification of seismic signals, and
prediction of time series for different problems [14–19].

Fuzzy logic (of type-1) has been booming in the area of industrial control and in other
areas, such as robotics and control [20–23]. Type-2 fuzzy systems have been able to surpass
type-1 fuzzy systems since they handle uncertainty and, in this way, better results can be
obtained when applying them in different areas [24–28]. Fuzzy systems can help solve
complex problems. For this reason, we proposed the design of type-2 and type-3 fuzzy
systems for enhancing prediction with respect to type 1 [29–33].

The contribution of this work is the design of type-3 fuzzy systems in ENN decision
making, as type-3 fuzzy logic could provide a better ability in handling the uncertainty
of combining the responses of the modules forming the ENN. In this case, this is done
for the prediction of the Mexican stock exchange [34]. A type-3 fuzzy system is proposed
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as a model for ENN aggregation to enhance time series prediction. In previous work,
we worked with type-1 and type-2 fuzzy systems. However, in this work, Mamdani and
Sugeno type-3 fuzzy systems are proposed for the first time in this application. The systems
are made up of five inputs and one output (called ‘prediction’) with 32 possible fuzzy rules.
Also, a type-2 fuzzy system was designed to compare the results and verify whether the
type-3 fuzzy systems can obtain better results for time series prediction.

The objective of this article is to design interval type-3 fuzzy inference systems for
aggregating the results of the ensemble neural network, which was optimized with the
PSO algorithm. In this work, type-3 Gaussian MFs are used in each input of the fuzzy
inference system (FIS), and the design of these MFs is based on varying their LowerScale
and LowerLag parameters in order to obtain the best prediction error for the Mexican stock
market. In future work, the type-3 FIS design proposed in this work can be applied to
other areas, such as the integration method applied to pattern recognition, edge detection
in images, and control problems.

The rest of the paper is structured as follows. Section 2 describes the basic concepts of
type-3 fuzzy systems. In Section 3, the methodology and model description are presented.
Section 4 describes the simulations and comparison of results, and Section 5 presents the
conclusions.

2. Type-3 Fuzzy Systems

Zadeh proposed fuzzy sets in 1965 [35,36], where an element partially belongs with
a specific membership grade with a crisp number between 0 and 1 to a set. Later, type-1
fuzzy logic (FL) was also proposed. An improvement of this FL was later put forward,
known as type-2 FL [25,27,37]. In type-2 FL, unlike type-1 FL, the elements do not have a
precise membership in [0, 1].

In type-2 FL, the membership function (MF) of an element is defined by a fuzzy set
(FS) in [0, 1]. A type-2 FS is defined as:

Ã = {((x, u), µÃ (x, u)) | ∀x ∈ X, ∀u ∈ Jx ⊆ [0, 1], µÃ(x, u) ∈ [0, 1]} (1)

where X represents the domain of the fuzzy variable. In this case, there is a primary and a
secondary membership. The first one is defined by Jx ⊆ [0, 1], and the second is a type-1
FS defined by µÃ(x, u). The footprint of uncertainty (FOU) is an uncertainty region. If
µÃ (x, u) = 1, ∀u∈ Jx ⊆ [0, 1], an interval type-2 FS is defined as:

Ã = {((x, u), 1) |∀x ∈ X, ∀u∈ Jx ⊆ [0, 1]} (2)

In type-3, we can potentially handle higher degrees of uncertainty with respect to
type-2 due to the nature of the membership functions [38–43]. A type-3 fuzzy set (T3
FS) [29], represented by the notation A(3), is the graph of a trivariate function named the
MF of A(3) in the Cartesian product defined by Equation (3), where the primary variable of
A(3) has a universe X, x. The MF of A(3) is defined by A(3) (x, u, v) and is a type-3 MF of the
T3 fuzzy set formulated by Equation (4):

A(3): X × [0, 1] × [0, 1] → [0, 1] (3)

A(3) =
{
(x, u(x), v(x, u), µA(3)(x, u, v)| x ∈ X, u ∈ U ⊆ [0, 1], v ∈ V ⊆ [0, 1]

}
(4)

where u is the secondary variable and has the universe U, and V is the universe for the
tertiary variable v.

3. Model Description

The method consists of using ENNs, where the results are taken from previous
work [23], and the outputs of these ENNs are combined with type-2 and type-3 fuzzy
systems. Figure 1 illustrates the architecture of the proposed method, where the results of
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the ENNs for the time series of the Mexican stock exchange (MSE) are aggregated with a
fuzzy system and, in this way, we obtain a final prediction to calculate the prediction error.
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Figure 1. Proposed model.

Figure 1 represents the proposed model, where we have first the historical data as
in [23]. Then, the results of the optimization algorithm based on swarms of particles
determine the number of modules of the ENNs, which can be from one to five modules,
as well as the number of layers that this module has, which could be from one to three
layers, and the number of neurons by layer, which could be from one to three neurons.
The responses of the ENN are combined by the aggregation method, where Mamdani
and Sugeno type-2 and type-3 fuzzy systems are applied. The input and output linguistic
variables of the fuzzy system have Gaussian MFs. The performance of the type-2 and type-3
fuzzy integrators was analyzed under different levels of the scale and lag parameters to
determine the best design of the MFs for the rules of the fuzzy system. For the type-2 and
type-3 fuzzy integrators, we used two MFs, which are called “low prediction” and “high
prediction”. MFs are of the Gaussian type, and we used different lag and scale parameters,
as shown in the results in the table headers, to obtain a better prediction of the time series.

If we consider five modules in the ENN, then the fuzzy system will have five input
linguistic variables and the rules used will be determined according to the possible combi-
nations according to the number of inputs and MFs of the fuzzy system. Considering that it
has five inputs and two MFs for each of the inputs, then there are 32 possible combinations
of fuzzy rules.

The following equation represents the objective function that we used with particle
swarm optimization to minimize the prediction error of the time series.

ERM = (
d

∑
i=1

|p i − x i |)/d

Prediction Error = (ERM 1 + ERM 2 + . . . + ERM N )/N (5)

where p represents the prediction of the data for each of the modules of the ensemble
recurrent network, X corresponds to the real data of the time series, d represents the
number of data points used by the time series, ERM is the prediction error determined by
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module of the ERNN, N corresponds to the number of modules determined by the GA,
and Predicion Error corresponds to the average prediction error achieved by the ERNN.

3.1. Time Series Prediction

The MSE is a financial institution that operates by a grant from the Department of
Finance and Public Credit, with the goal of following closely the Securities Market of Values
in Mexico.

Derived from the monitoring of global trends and changes that have occurred in
legislation, the MSE concluded with a conversion process, becoming a company whose
shares are likely to be traded on the market stock exchange, with the initial public offering
taking place on 13 June 2008 with its shares representing its capital [34].

In this work, two time periods were determined in order to evaluate the proposed
method. For the first period, 800 data points were used. The data used were from the
closing of the MSE and are daily data that correspond to the period from 9 November 2005
to 15 January 2009, where we plot on the x axis the historical data (in this case, the daily
data) and on the y axis the closing of the MSE (illustrated in Figure 2). In the experiments,
70% of the data was used for training the ensemble neural network and 30% was used to
test the network [34].
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Figure 2. Mexican stock exchange time period #1.

The second time period corresponds to the period from 8 April 2008 to 9 May 2011. In
Figure 3, the x axis shows the historical data (in days) and the y axis shows the closing of
the MSE. Both time periods allow us to test the performance of the method.
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3.2. Type-2 and Type-3 Fuzzy Systems

The Type-3 and Type-2 fuzzy systems that were used have five inputs (Prediction 1,
Prediction 2, Prediction 3, Prediction 4, and Prediction 5) and one output (Prediction(Pd)),
where the parameters range from 0 to 3.2 and the MFs are called “low” (Lw) and “high”
(Hh), as shown in Figure 4.
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As the fuzzy system has five inputs and two MFs in each input, there are 32 possible
fuzzy rules as shown in Figure 5. These rules were used for the type-2 and type-3 fuzzy
systems. The general parameters of the MFs are presented in Table 1, which shows the
center (m) and deviation (σ) of the particular linguistic values utilized in the variables.
The values of the scale and lag parameters were changed for each case and are given in
Section 4.
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Figure 5. Type-3 fuzzy rules for predicting the MSE.



Math. Comput. Appl. 2024, 29, 67 7 of 20

Table 1. Parameters of the MFs in the variables.

Variable MFs σ m

Input 1 Low 0.1768 3.03

Input 1 High 0.1744 3.47

Input 2 Low 0.1768 3.03

Input 2 High 0.1744 3.47

Input 3 Low 0.1768 3.03

Input 3 High 0.1744 3.47

Input 4 High 0.1744 3.03

Input 5 Low 0.1768 3.47

Input 5 High 0.1744 3.03

Output Low 0.1768 3.47

Output High 0.1744 3.03

4. Simulations and Comparison of Results

This section presents the results of experiments and comparisons for the Mexican stock
exchange with type-2 and type-3 fuzzy systems as the integration method. Comparisons
were made between the Mamdani type-2 and type-3 fuzzy systems for the two-time series
mentioned above. Also, comparisons were made between the Sugeno type-2 and type-3
fuzzy systems for the two-time series.

Table 2 shows the results of the optimization algorithm (PSO), for which 30 experi-
ments were performed. However, this table only shows the 10 best results. The best result
is shown in Row 7, where the prediction error is 0.0089454.

Table 2. Particle swarm results for the ENN.

No. Number of Modules Number of Layers Number of Neurons Duration Prediction Error

1 2 2 4, 16
6, 18

02:10:20 0.012822

2 5 2 10, 25
17, 15
3, 21
28, 5

27, 22

01:52:29 0.011105

3 2 2 11, 24
5, 10

02:28:23 0.0097645

4 2 3 14, 12, 13
6, 16, 25

03:19:40 0.012315

5 3 3 21, 13, 18
17, 15, 18
16, 21, 25

02:47:33 0.011532

6 2 2 17, 15
7, 25

02:13:08 0.012379

7 2 2 21, 16
21, 28

03:32:07 0.0089454

8 3 2 7, 22, 21
8, 5, 26

5, 14, 25

02:10:05 0.012167

9 2 2 8, 10
21, 7

02:25:09 0.011937

10 2 3 19, 23, 22
17, 13, 17

02:17:25 0.010537
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The aggregation results of the Mamdani type-1 fuzzy system are presented in Table 3
for the time series of the MSE for time period #1. Different values for scale and lag were
established for each ENN.

Table 3. Aggregation with the Mamdani type-1 fuzzy system for the MSE time series (time period #1).

No. Prediction Error with the Type-1 Fuzzy System

1 0.1709

2 0.1768

3 0.4786

4 0.4441

5 0.1458

6 0.1799

7 0.3935

8 0.1582

9 0.4705

10 0.3970

The aggregation results of the Mamdani type-2 fuzzy system are presented in Table 4
for the time series of the MSE for time period #1. The different values for scale and lag that
were established for each ENN are shown as well as the time of each experiment.

Table 4. Aggregation with the Mamdani type-2 fuzzy system for the MSE time series (time period #1).

No. Scale 0.9,
Lag 0.1

Scale 0.9,
Lag 0.9

Scale 0.7,
Lag 0.3

Scale 0.3,
Lag 0.7

Scale 0.3,
Lag 0.4

Scale 0.4,
Lag 0.3

Scale 0.6,
Lag 0.4

Scale 0.4,
Lag 0.6

Scale 0.3,
Lag 0.3

Scale 0.4,
Lag 0.4

Scale 0.5,
Lag 0.5

1
0.3354 0.3358 0.3359 0.3350 0.3350 0.3353 0.3352 0.3351 0.3352 0.3353 0.3352

00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:01 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00

2
0.3388 0.3352 0.3391 0.3361 0.3338 0.3337 0.3390 0.3372 0.3385 03385 0.3383

00:00:01 00:00:01 00:00:01 00:00:01 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00

3
0.3376 0.3378 0.3372 0.33442 0.3538 0.3471 0.3384 0.3542 0.3520 0.3453 0.34111

00:00:01 00:00:01 00:00:01 00:00:01 00:00:01 00:00:01 00:00:01 00:00:01 00:00:01 00:00:01 00:00:01

4
0.3323 0.3352 0.3333 0.3344 0.3327 0.3321 0.3332 0.3336 0.3328 0.3322 0.3325

00:00:01 00:00:00 00:00:00 00:00:00 00:00:04 00:00:01 00:00:01 00:00:01 00:00:01 00:00:01 00:00:01

5
0.3384 0.3361 0.3387 0.3389 0.3380 0.3386 0.3391 0.3392 0.3378 0.3388 0.3392

00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00

6
0.5031 0.5921 0.5901 0.5903 0.5734 0.5546 0.5674 0.5879 0.5583 0.5711 0.5813

00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00

7
0.4835 0.5921 0.5400 0.5920 0.5731 0.5495 0.5661 0.5906 0.5539 0.5704 0.5836

00:00:00 00:00:00 00:00:03 00:00:01 00:00:01 00:00:01 00:00:01 00:00:01 00:00:01 00:00:01 00:00:01

8
0.3266 0.3349 0.3320 0.3300 0.3273 0.3267 0.3262 0.3282 0.3270 0.3288 0.3269

00:00:00 00:00:01 00:0:01 00:000 00:00:00 00:00:00 00:00:01 00:00:01 00:00:00 00:00:00 00:00:00

9
0.3348 0.3352 0.3347 0.3348 0.3347 0.3357 0.3346 0.3342 0.3341 0.3345 0.3343

00:00:0. 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00

10
0.3369 0.3385 0.3392 0.3394 0.3386 0.3389 0.3394 0.3368 0.3376 0.3384 0.3396

00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00

The aggregation results of the Sugeno type-2 fuzzy system are presented in Table 5 for
the time series of the MSE for time period #1. The different values for scale and lag that
were established for each ENN are shown as well as the time of each experiment.
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Table 5. Aggregation with the Sugeno type-2 fuzzy system for the MSE time series (time period #1).

No Scale 0.9,
Lag 0.1

Scale 0.9,
Lag 0.9

Scale 0.7,
Lag 0.3

Scale 0.3,
Lag 0.7

Scale 0.3,
Lag 0.4

Scale 0.4,
Lag 0.3

Scale 0.6,
Lag 0.4

Scale 0.4,
Lag 0.6

Scale 0.3,
Lag 0.3

Scale 0.4,
Lag 0.4

Scale 0.5,
Lag 0.5

1
0.5829 0.8406 0.6399 0.8208 0.7622 0.6931 0.6997 0.7978 0.7227 0.7374 0.7575

00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00

2
0.2976 0.3265 0.3250 0.3256 0.3275 0.3280 0.3278 0.3276 0.3277 0.3288 0.3282

00:00:01 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00

3
0.5517 0.3278 0.4550 0.3418 0.4035 0.4390 0.4439 0.3916 0.4201 0.4211 0.4178

00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00

4
0.5778 0.3276 0.4693 0.3280 0.3546 0.4121 0.3987 0.3317 0.3863 0.3694 0.3502

00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00

5
0.5245 0.3280 0.4562 0.3517 0.3818 0.4139 0.4220 0.3748 0.3934 0.3984 0.3975

00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00

6
0.5929 0.8421 0.6139 0.8259 0.7240 0.6595 0.6458 0.7813 0.6907 0.6895 0.7078

00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00

7
0.5030 0.8400 0.5588 0.7723 0.6817 0.6120 0.6075 0.7160 0.6466 0.6484 0.6617

00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00

8
0.5814 0.3276 0.4807 0.3347 0.3784 0.4327 0.4326 0.3568 0.4058 0.4058 0.3900

00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00

9
0.5858 0.3276 0.5410 0.3321 0.4566 0.5137 0.5055 0.3756 0.4944 0.4799 0.4518

00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00

10
0.5220 0.3305 0.3639 0.3649 0.4035 0.4390 0.4439 0.3578 0.4201 0.4211 0.4178

00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00

The aggregation results of the Mamdani type-3 fuzzy system are presented in Table 6
for the time series of the MSE for time period #1. The different values for scale and lag that
were established for each ENN are shown as well as the time of each experiment.

Table 6. Aggregation with the Mamdani type-3 fuzzy system for the MSE time series (time period #1).

No. Scale 0.9,
Lag 0.1

Scale 0.9,
Lag 0.9

Scale 0.7,
Lag 0.3

Scale 0.3,
Lag 0.7

Scale 0.3,
Lag 0.4

Scale 0.4,
Lag 0.3

Scale 0.6,
Lag0.4

Scale 0.4,
Lag 0.6

Scale 0.3,
Lag 0.3

Scale 0.4,
Lag 0.4

Scale 0.5,
Lag 0.5

1
0.3489 0.3524 0.3508 0.3521 0.3517 0.3511 0.3514 0.3508 0.3513 0.3513 0.3509

00:02:15 00:01:23 00:01:50 00:01:34 00:01:43 00:01:48 00:01:39 00:01:45 00:01:48 00:01:55 00:01:59

2
0.31333 0.3136 0.3133 00:3134 0.3134 0.3134 0.3133 0.3134 0.3134 0.3134 0.3134

00:09:45 00:05:24 00:07:58 00:06:14 00:07:31 00:07:58 00:07:46 00:06:53 00:08:06 00:08:56 00:08:05

3
0.4234 0.4073 0.4248 0.4206 0.4233 0.4240 0.4247 0.4228 0.4234 0.4239 0.4241

00:57:04 00:47:51 00:01:52 00:01:38 00:01:52 00:01:56 00:01:50 00:01:41 00:01:45 00:01:49 00:01:36

4
0.3684 0.3544 0.3689 0.3643 0.3683 0.3690 0.3680 0.3659 0.3690 0.3682 0.3670

00:01:34 00:00:49 00:01:12 00:00:57 00:01:10 00:01:15 00:01:03 00:01:10 00:01:22 00:01:36 00:00:40

5
0.2951 0.2836 0.2915 0.2861 0.2900 0.2916 0.2900 0.2874 0.2915 0.2900 0.2887

00:01:38 00:01:49 00:02:12 00:01:58 00:01:25 00:01:18 00:01:55 00:01:12 00:01:26 00:01:31 00:00:43

6
0.7373 0.7269 0.7276 0.7245 0.7255 0.7267 0.7246 0.7259 0.7264 0.7256 0.7250

00:00:36 00:00:36 00:36:36 00:00:55 00:00:55 00:00:54 00:00:54 00:00:53 00:00:54 00:00:51 00:00:53

7
0.7092 0.6945 0.6965 0.6900 0.6940 0.6963 0.6936 0.6904 0.6963 0.6938 0.6917

00:00:56 00:00:42 00:00:50 00:00:44 00:00:49 00:00:51 00:00:49 00:00:47 00:00:48 00:00:44 00:00:52

8
0.3084 0.3075 0.3096 0.3093 0.3092 0.3094 0.3096 0.3093 0.3093 0.3094 0.3095

00:46:28 00:400:08 00:45:19 00:41: 00:44:34 00:43:44 00:00:49 00:42:38 00:44:48 00:49:44 00:42:43
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Table 6. Cont.

No. Scale 0.9,
Lag 0.1

Scale 0.9,
Lag 0.9

Scale 0.7,
Lag 0.3

Scale 0.3,
Lag 0.7

Scale 0.3,
Lag 0.4

Scale 0.4,
Lag 0.3

Scale 0.6,
Lag0.4

Scale 0.4,
Lag 0.6

Scale 0.3,
Lag 0.3

Scale 0.4,
Lag 0.4

Scale 0.5,
Lag 0.5

9
0.3595 0.3539 0.3588 0.3570 0.3588 0.3591 0.3582 0.3573 0.3593 0.3586 0.3577

00:01:41 00:00:59 00:01:25 00:01:07 00:01:22 00:01:27 00:01:22 00:01:11 00:01:36 00:01:38 00:01:25

10
0.3335 0.3426 0.3349 0.3386 0.3374 0.3361 0.3352 0.3317 0.3368 0.3365 0.3358

00:01:30 00:01:08 00:01:22 00:01:13 00:01:21 00:01:25 00:01:20 00:01:15 00:01:22 00:01:26 00:01:33

The aggregation results of the Sugeno type-3 fuzzy system are presented in Table 7 for
the time series of the MSE for time period #1. The different values for scale and lag that
were established for each ENN are shown as well as the time of each experiment.

Table 7. Aggregation with the Sugeno type-3 fuzzy system for the MSE time series (time period #1).

No. Scale 0.9,
Lag 0.1

Scale 0.9,
Lag 0.9

Scale 0.7,
Lag 0.3

Scale 0.3,
Lag 0.7

Scale 0.3,
Lag 0.4

Scale 0.4,
Lag 0.3

Scale 0.6,
Lag 0.4

Scale 0.4,
Lag 0.6

Scale 0.3,
Lag 0.3

Scale 0.4,
Lag 0.4

Scale 0.5,
Lag 0.5

1
0.8817 0.8598 0.8802 0.8270 0.8764 0.8786 0.8790 0.8752 0.8776 0.8776 0.8774

00:00:03 00:00:09 00:00:02 00:00:03 00:00:03 00:00:03 00:00:03 00:00:03 00:00:03 00:00:03 00:00:03

2
0.2750 0.3267 0.2778 0.3137 0.3006 0.2895 0.2844 0.3033 0.2963 0.2939 0.2931

00:00:05 00:00:06 00:00:05 00:00:06 00:00:05 00:00:05 00:00:05 00:00:06 00:00:06 00:00:05 00:00:05

3
0.3604 0.3512 0.3607 0.3581 0.3595 0.3602 0.3605 0.3594 0.3597 0.3600 0.3602

00:00:03 00:00:04 00:00:03 00:00:03 00:00:03 00:00:03 00:00:22 00:00:03 00:00:05 00:00:04 00:00:04

4
0.3455 0.3578 0.3550 0.3639 0.3605 0.3579 0.3620 0.3666 0.3583 0.3600 0.3602

00:00:07 00:00:04 00:00:03 00:00:03 00:00:03 00:00:04 00:00:04 00:00:04 00:00:04 00:00:04 00:00:04

5
0.2966 0.2870 0.2939 0.2885 0.2908 0.2922 0.2927 0.2900 0.2915 0.2915 0.2914

00:00:04 00:00:00 00:00:00 00:00:04 00:00:04 00:00:04 00:00:05 00:00:04 00:00:04 00:00:04 00:00:04

6
0.8772 0.8708 0.8806 0.8805 0.8806 0.88004 0.8814 0.8816 0.8814 0.8815 0.8814

00:00:05 00:00:04 00:00:04 00:00:04 00:00:04 00:00:04 00:00:04 00:00:05 00:00:05 00:00:05 00:00:05

7
0.8631 0.8622 0.8631 0.8805 0.8806 0.8804 0.8675 0.8684 0.8727 0.8729 0.8730

00:00:05 00:00:05 00:00:04 00:00:04 00:00:05 00:00:04 00:00:04 00:00:04 00:00:05 00:00:05 00:00:05

8
0.2925 0.2713 0.2775 0.2644 0.2685 0.2732 0.2727 0.2650 0.2970 0.2963 0.2952

00:00:06 00:00:06 00:00:06 00:00:06 00:00:06 00:00:06 00:00:09 00:00:08 00:00:04 00:00:04 00:00:04

9
0.3292 0.3372 0.3374 0.3428 0.3421 0.3402 0.3409 0.3437 0.3630 0.3641 0.3653

00:00:05 00:00:04 00:00:04 00:00:04 00:00:05 00:00:04 00:00:04 00:00:04 00:00:04 00:00:04 00:00:04

10
0.3232 0.3396 0.3330 0.3426 0.3403 0.3372 0.3376 0.34524 0.3624 0.3634 0.3645

00:00:04 00:00:04 00:00:04 00:00:04 00:00:04 00:00:04 00:00:04 00:00:06 00:00:06 00:00:06 00:00:06

Table 8 shows the results of the PSO algorithm, for which 30 experiments were per-
formed. This table only shows the best 10 results, where the best result is shown in Row 9
and the prediction error is 0.0079875.

Table 8. PSO results for the ensemble neural network of the MSE for time series #2.

No. Number of Modules Number of Layers Number of Neurons Duration Prediction Error

1 2 1 25
4 01:42:04 0.0091663

2 2 2 24, 14
15, 16 03:34:29 0.010287

3 2 2 25, 3
7, 9 02:19:37 0.010775
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Table 8. Cont.

No. Number of Modules Number of Layers Number of Neurons Duration Prediction Error

4 2 2 26, 22
29, 9 02:50:23 0.010387

5 5 1

22
16
10
23
21

01:56:09 0.0092708

6 2 2 17, 13
15, 14 02:10:15 0.0095233

7 3 3
13, 22, 23
16, 24, 11
12, 15, 27

02:31:09 0.010413

8 2 1 18
25 01:40:06 0.0081367

9 2 2 12, 11
6, 18 01:39:23 0.0079875

10 3 1
19
8
28

02:49:11 0.01007

The aggregation results of the Mamdani type-1 fuzzy system are presented in Table 9
for the time series of the MSE for time period #2. Different values for scale and lag were
established for each ENN.

Table 9. Aggregation with the Mamdani type-1 fuzzy system for the MSE time series (time period #2).

No. Prediction Error with the Type-1 Fuzzy System

1 0.8726

2 0.8552

3 0.8565

4 0.4554

5 0.6590

6 0.3870

7 0.5470

8 0.8494

9 0.3826

10 0.5400

The aggregation results of the Mamdani type-2 fuzzy system are presented in Table 10
for the time series of the MSE for time period #2. The different values for scale and lag that
were established for each ENN are shown as well as the time of each experiment.

The aggregation results of the Sugeno type-2 fuzzy system are presented in Table 11
for the time series of the MSE for time period #2. The different values for scale and lag that
were established for each ENN are shown as well as the time of each experiment.

The aggregation results of the Mamdani type-3 fuzzy system are presented in Table 12
for the time series of the MSE for time period #2. The different values for scale and lag that
were established for each ENN are shown as well as the time of each experiment.

The aggregation results of the Sugeno type-3 fuzzy system are presented in Table 13
for the time series of the MSE for time period #2. The different values for scale and lag that
were established for each ENN are shown as well as the time of each experiment.
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Table 10. Aggregation with the Mamdani type-2 fuzzy system for the MSE time series (time period #2).

No. Scale 0.9,
Lag 0.1

Scale 0.9,
Lag 0.9

Scale 0.7,
Lag 0.3

Scale 0.3,
Lag 0.7

Scale 0.3,
Lag 0.4

Scale 0.4,
Lag 0.3

Scale 0.6,
Lag 0.4

Scale 0.4,
Lag 0.6

Scale 0.3,
Lag 0.3

Scale 0.4,
Lag 0.4

Scale 0.5,
Lag 0.5

1 0.4921 0.4921 0.4921 0.4921 0.3885 0.4921 0.4921 0.4921 0.4921 0.4921 0.4921

00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00

2 0.4893 0.4905 0.4831 0.4921 0.4674 0.4921 0.4661 0.4771 0.4921 0.4921 0.471

00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00

3 0.4655 0.4665 0.4829 0.4880 0.4852 0.4835 0.4848 0.4869 0.4837 0.4850 0.4858

00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00

4 0.3752 0.3808 0.3792 0.3744 0.3778 0.3763 0.3783 0.3748 0.3770 0.3771 0.3763

00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00

5 0.5921 0.5447 0.5358 0.5914 0.5672 0.5435 0.5603 0.5891 0.5472 0.5644 0.5796

00:00:01 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00

6 0.3870 0.3639 0.3832 0.3832 0.3787 0.3759 0.3784 0.3815 0.3762 0.3817 0.3801

00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00

7 0.4835 0.5921 0.5400 0.5920 0.5713 0.5495 0.5988 0.5566 0.5539 0.5704 0.5836

00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00

8 0.4915 0.4912 0.4909 0.4908 0.4909 0.4904 0.3542 0.3566 0.3548 0.3542 0.4909

00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00

9 0.3791 0.3793 0.3789 0.3715 0.3781 0.3727 0.3774 0.3806 0.3733 0.3778 0.3806

00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00

10
0.5421 0.5736 0.5480 0.5733 0.5414 0.5739 0.5426 0.5426 0.5435 0.5410 0.5392

00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00

Table 11. Aggregation with the Sugeno type-2 fuzzy system for the MSE time series (time period #2).

No. Scale 0.9,
Lag 0.1

Scale 0.9,
Lag 0.9

Scale 0.7,
Lag 0.3

Scale 0.3,
Lag 0.7

Scale 0.3,
Lag 0.4

Scale 0.4,
Lag 0.3

Scale 0.6,
Lag 0.4

Scale 0.4,
Lag 0.6

Scale 0.3,
Lag 0.3

Scale 0.4,
Lag 0.4

Scale 0.5,
Lag 0.5

1
0.5829 0.8406 0.6399 0.8208 0.7622 0.6931 0.6997 0.7879 0.7227 0.7473 0.7475

00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00

2
0.5016 0.8421 0.5890 0.8134 0.7098 0.6334 0.6517 0.7646 0.6621 0.6840 0.7101

00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00

3
0.5686 0.8402 0.6302 0.8266 0.7707 0.6931 0.6987 0.8052 0.7278 0.7430 0.7649

00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00

4
0.5882 0.3282 0.5126 0.3549 0.4284 0.4814 0.4749 0.3916 0.4598 0.4492 0.4332

00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00

5
0.5709 0.8391 0.6350 0.8186 0.7586 0.6828 0.7026 0.7952 0.7119 0.7351 0.7576

00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00

6
0.5765 0.3277 0.4946 0.3486 0.4004 0.4492 0.4531 0.3768 0.4234 0.4225 0.4133

00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00

7
0.5467 0.8491 0.6710 0.8043 0.7605 0.7143 0.7068 0.7753 0.7395 0.7379 0.7316

00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00

8
1.018 0.8421 0.8481 0.8421 0.8422 0.8443 0.8424 0.8421 0.8434 0.8423 0.8434

00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00

9
0.5858 0.3276 0.5410 0.3321 0.4566 0.5137 0.5055 0.3756 0.4944 0.4799 0.4518

00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00

10
0.6199 0.6236 0.6155 0.8420 0.7115 0.6683 0.6803 0.7831 0.6994 0.71.5 0.7330

00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00 00:00:00
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Table 12. Aggregation with the Mamdani Type-3 fuzzy system for the MSE time series (time period #2).

No. Scale 0.9,
Lag 0.1

Scale 0.9,
Lag 0.9

Scale 0.7,
Lag 0.3

Scale 0.3,
Lag 0.7

Scale 0.3,
Lag 0.4

Scale 0.4,
Lag 0.3

Scale 0.6,
Lag 0.4

Scale 0.4,
Lag 0.6

Scale 0.3,
Lag 0.3

Scale 0.4,
Lag 0.4.

Scale 0.5,
Lag 0.5

1
0.4219 0.4400 0.4210 0.4265 0.4237 0.4225 0.4212 0.4236 0.4233 0.4227 0.4220

00:06:14 00:04:28 00:05:50 00:05:03 00:5:40 00:05:57 00:05:35 00:05:17 00:05:56 00:05:44 00:05:32

2
0.1755 0.2109 0.1820 0.1952 0.1869 0.1834 0.1846 0.1908 0.1841 0.1860 0.1875

00:06:07 00:03:40 00:05:11 00:04:12 00:05:04 00:05:17 00:05:02 00:04:33 00:05:23 00:05:01 00:04:41

3
0.1718 01898 0.1708 0.1771 0.1725 0.1715 0.1714 0.1743 0.1719 0.1721 0.1726

00:08:07 00:04:53 00:06:53 00:05:34 00:06:38 00:07:01 00:06:35 00:05:53 00:07:01 00:06:37 00:06:15

4
0.4273 0.4461 0.4253 0.4305 0.4292 0.4279 0.4250 0.427 0.4292 0.4275 0.4256

00:05:38 00:03:57 00:05:05 00:04:22 00:04:59 00:05:10 00:04:55 00:04:33 00:05:11 00:04:55 00:04:44

5
0.2942 0.3082 0.2977 0.3041 0.2993 0.2977 0.2993 0.3025 0.2076 0.2994 0.3010

00:05:40 00:03:24 00:04:44 00:03:46 00:04:27 16:35:04 00:04:33 00:05:27 00:04:41 00:04:25 00:04:16

6
0.1602 0.1730 0.1594 0.1645 0.1609 0.1600 0.1601 0.1626 0.1603 0.1606 0.1611

00:03:42 00:02:22 00:03:19 00:02:42 00:03:08 00:03:25 00:03:05 00:02:47 00:03:25 00:03:09 00:06:44

7
0.1649 0.1930 0.1678 0.1783 0.1717 0.1689 0.1699 0.1747 0.1695 0.1709 0.1719

00:06:37 00:02:50 00:04:36 00:03:30 00:04:29 00:04:48 00:04:17 00:03:39 00:04:41 00:04:25 00:03:59

8
0.3513 0.3432 0.3537 0.3536 0.3513 0.3515 0.3550 0.3554 0.3504 0.3528 0.3521

00:01:23 00:01:21 00:01:21 00:01:21 00:01:22 00:01:22 00:01:22 00:01:22 00:01:22 00:01:22 00:01:22

9
0.3513 0.3432 0.3537 0.3536 0.3513 0.3515 0.3550 0.3554 0.3504 0.3528 0.3521

00:01:23 00:01:21 00:01:21 00:01:21 00:01:22 00:01:22 00:01:22 00:01:22 00:01:22 00:01:22 00:01:22

10
0.1755 0.2061 0.1782 0.1897 0.1824 0.1798 0.1800 0.1854 0.1801 00:18:14 0.1823

00:04:53 00:02:48 00:09:30 00:06:32 00:03:56 00:04:19 00:04:03 00:03:33 00:04:10 00:03:55 00:03:45

Table 13. Aggregation with the Sugeno Type-3 fuzzy system for the MSE time series (time period #2).

No. Scale 0.9,
Lag 0.1

Scale 0.9,
Lag 0.9

Scale 0.7,
Lag 0.3

Scale 0.3,
Lag 0.7

Scale 0.3,
Lag 0.4

Scale 0.4,
Lag 0.3

Scale 0.6,
Lag 0.4

Scale 0.4,
Lag 0.6

Scale 0.3,
Lag 0.3

Scale 0.4,
Lag 0.4

Scale 0.5,
Lag 0.5

1
0.8817 0.8598 0.8818 0.8720 0.8764 0.8786 0.8790 0.8752 0.8776 0.8776 0.8774

00:00:03 00:00:03 00:00:03 00:00:03 00:00:03 00:00:03 00:00:03 00:00:03 00:00:03 00:00:03 00:00:03

2
0.8766 0.8545 0.8745 0.8644 0.8692 0.8720 0.8725 0.8676 0.8707 0.8706 0.8702

00:00:03 00:00:03 00:00:03 00:00:03 00:00:03 00:00:03 00:00:03 00:00:03 00:00:03 00:00:03 00:00:03

3
0.8811 0.8606 0.8794 0.8717 0.8759 0.8780 0.8782 0.8746 0.8771 0.8769 0.8767

00:00:02 00:00:03 00:00:03 00:00:03 00:00:03 00:00:03 00:00:03 00:00:03 00:00:03 00:00:03 00:00:03

4
0.3518 0.3505 0.3595 0.3617 0.3626 0.3615 0.3626 0.3638 0.3618 0.3629 0.3641

00:00:03 00:00:03 00:00:03 00:00:03 00:00:03 00:00:03 00:00:03 00:00:03 00:00:18 00:00:03 00:00:03

5
0.6581 0.8419 0.7462 0.8268 0.8156 0.7926 0.8218 0.8189 0.8063 0.8059 0.8068

00:00:08 00:00:15 00:00:08 00:00:09 00:00:09 00:00:09 00:00:09 00:00:09 00:00:09 00:00:09 00:00:09

6
0.3484 0.3599 0.3587 0.3670 0.3640 0.3614 0.3630 0.3672 0.3600 0.3639 0.3660

00:00:03 00:00:03 00:00:03 00:00:03 00:00:06 00:00:03 00:00:03 00:00:03 00:00:03 00:00:03 00:00:03

7
0.5350 0.6907 0.5466 0.6031 0.5734 0.5557 0.5580 0.5838 0.5642 0.5657 0.5681

00:00:05 00:00:05 00:00:04 00:00:05 00:00:05 00:00:05 00:00:05 00:00:05 00:00:05 00:00:03 00:00:03

8
0.9292 0.8716 0.9201 0.8933 0.9048 0.9124 0.9139 0.9006 0.9087 0.9085 0.9073

00:00:03 00:00:03 00:00:02 00:00:02 00:00:03 00:00:03 00:00:03 00:00:06 00:00:03 00:00:03 00:00:03

9
0.3592 0.3498 0.3612 0.3625 0.3634 0.3629 0.3639 0.3648 0.3630 0.3641 0.3653

00:00:03 00:00:03 00:00:03 00:00:03 00:00:03 00:00:03 00:00:03 00:00:03 00:00:03 00:00:03 00:00:03

10
0.5404 0.6897 0.5730 0.5786 0.5512 0.5422 0.5389 0.5577 0.5467 0.5450 0.5425

00:00:05 00:00:05 00:00:04 00:00:05 00:00:05 00:00:05 00:00:05 00:00:05 00:00:05 00:00:03 00:00:05
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4.1. Comparison of Results

This subsection shows the comparison of the results of the type-2 and type-3 fuzzy
systems using Student’s t statistical test. In this case, we compare type-2 fuzzy systems
against type-3 systems for the Mamdani model and type-2 systems against type-3 systems
for the Sugeno model for the two-time series considered in this paper.

4.1.1. Type-2 and Type-3 Mamdani Fuzzy Systems for the First Time Period

To compare the two fuzzy systems for MSE Series 1, the t statistical test was used.
The results show that the type-3 system has better results on average, but there is not
a sufficient statistical difference. The number of samples was 29, and a 95% confidence
interval was used. This produced a p value of 0.6331 and a T value of 0.48. Table 14 shows
the comparison of results between the Mamdani type-2 and type-3 systems for the first
time period.

Table 14. T statistical test for MSE Series 1 for the Mamdani model.

Type of Fuzzy System N Mean Standard Deviation

Mamdani type-2 29 0.3667 0.00660

Mamdani type-3 29 0.3510 0.10200

4.1.2. Type-2 and Type-3 Sugeno Fuzzy Systems for the First Time Period

To compare the two fuzzy systems for MSE Series 1, the t statistical test was used. We
can conclude that there is a significant difference between the Sugeno type-2 fuzzy system
and the type-3 Sugeno fuzzy system. In other words, it can be said that the type-2 Sugeno
fuzzy system is slightly better, but not significantly better. The number of samples was 29,
and a 95% confidence interval was used. This produced a p value of 0.772 and a T value
of −0.29. Table 15 shows the results for the Sugeno type-2 and type-3 systems for the first
time period.

Table 15. T statistical test for MSE Series 1 for the Sugeno model.

Type of Fuzzy System N Mean Standard Deviation

Sugeno type-2 29 0.3960 0.1150

Sugeno type-3 29 0.4080 0.1850

4.1.3. Type-2 and Type-3 Mamdani Fuzzy Systems for the Second Time Period

To compare the two fuzzy systems for MSE Series 2, the t statistical test was used.
We can conclude that, in this case, there is a significant difference between the Mamdani
type-2 and type-3 fuzzy systems. In other words, it can be said that the Mamdani type-3
fuzzy system is better. The number of samples was 29, and a 95% confidence interval was
used. This produced a p value of 0.000 and T value of 6.04. Table 16 shows the comparison
of results between the type-2 and type-3 systems for MSE Series 2. We also illustrate in
Figure 6 a plot with a comparison of the values obtained with type-2 and type-3 fuzzy
aggregation, where it is clearly shown how the type 3 values are lower than those of type-2.

Table 16. T statistical test for MSE Series 2 for the Mamdani model.

Type of Fuzzy System N Mean Standard Deviation

Mamdani Type 2 29 0.4307 0.0680

Mamdani Type 3 29 0.2740 0.1120
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4.1.4. Type-2 and Type-3 Sugeno Fuzzy Systems for the Second Time Period

To compare the two fuzzy systems for MSE Series 2, the t statistical test was used.
The results show that the type 3 system provides better results, but there is not a sufficient
statistical difference. The number of samples was 29, and a 95% confidence interval was
used. This produced a p value of 0.511 and a T value of 0.66. Table 17 shows the comparison
of results between the Sugeno type-2 and type-3 systems for the second time period. We
also illustrate in Figure 7 a plot with a comparison of the values obtained with type-2 and
type-3 fuzzy aggregation for the Sugeno model (first time period), where it is clearly shown
how the type-3 values are lower than those of type 2. Figure 8 shows the comparison for the
Mamdani models for second time period. Figure 9 shows the comparison for the Sugeno
models for the second time period.
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Table 17. T statistical test for MSE Series 2 for the Sugeno model.

Type of Fuzzy System N Mean Standard Deviation

Sugeno Type 2 29 0.5170 0.1580

Sugeno Type 3 29 0.4860 0.1940
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Table 18 shows the best 10 prediction errors for the ensemble neural network, the
prediction error with type-1 fuzzy aggregation, and the prediction error with type-2 fuzzy
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aggregation and type-3 fuzzy aggregation for time period #1. The average obtained from
30 experiments on the Mamdani type-1 system was 0.55153, that obtained from 30 experi-
ments on the Mandami type-2 system was 0.3666, that obtained from 30 experiments on
the Sugeno type-2 system was 0.3962, that obtained from 30 experiments on the Mamdani
type-3 system was 0.3557, and that obtained from 30 experiments on the Sugeno type-3
system was 0.4080.

Table 18. Results of the MSE for the time series (time period #1).

No. Mamdani
Type 1

Mamdani
Type 2 Sugeno Type 2 Mamdani

Type 3 Sugeno Type 3

1 0.8709 0.3354 0.5829 0.3489 0.8270

2 0.3768 0.3337 0.2976 0.3133 0.2750

3 0.4786 0.3442 0.3278 0.4073 0.3512

4 0.4441 0.3321 0.3276 0.3544 0.3455

5 0.3458 0.3361 0.3280 0.2836 0.2870

6 0.8799 0.5031 0.59290 0.7245 0.8708

7 0.8935 0.4835 0.5030 0.6900 0.8631

8 0.3582 0.3262 0.3276 0.3075 0.2644

9 0.4705 0.3341 0.3276 0.3579 0.3292

10 0.3970 0.3369 0.3305 0.3317 0.3232

Table 19 shows the results of the prediction error for the ensemble neural network, the
prediction error with type-1 fuzzy aggregation, and the prediction error with type-2 fuzzy
aggregation and type-3 fuzzy aggregation for time period #2. The average obtained from
30 experiments for the Mamdani type-1 system was 0.64047, that obtained from 30 experi-
ments for the Mamdani type-2 system was 0.4307, that obtained from 30 experiments for
the Sugeno type-2 system was 0.5171, that obtained from 30 experiments for the Mamdani
type-3 system was 0.2736, and that obtained from 30 experiments for the Sugeno type-3
system was 0.4864.

Table 19. Results of the MSE for the time series (time period #2).

No. Mamdani
Type-1

Mamdani
Type-2

Sugeno
Type-2

Mamdani
Type-3

Sugeno
Type-3

1 0.8726 0.3885 0.5829 0.4210 0.8817

2 0.8552 0.4674 0.5016 0.1755 0.8545

3 0.8565 0.4655 0.5686 0.1708 0.8606

4 0.4554 0.3744 0.3282 0.4250 0.3505

5 0.6590 0.5358 0.5709 0.2076 0.6581

6 0.3870 0.3639 0.3768 0.1594 0.3484

7 0.5470 0.4835 0.5467 0.1649 0.5350

8 0.8494 0.3542 0.8421 0.3432 0.8716

9 0.3826 0.3715 0.3276 0.3432 0.3498

10 0.5400 0.5410 0.6155 0.1755 0.5404

4.2. Discussion of Results

In summary, we have considered four cases for the experiments because two periods
of time were considered and two types of fuzzy models. The goal was to compare the
performance of type-3 versus type-2 in the four cases. Based on the results, we can state that



Math. Comput. Appl. 2024, 29, 67 18 of 20

in three cases type-3 was able to surpass type-2, although the advantage was statistically
significant in only one case. On the other hand, type-2 exhibited slightly better results, but
not statistically significant results, in only one case. Finally, based on these results, we can
say that type-3 fuzzy logic has potential in handling the uncertainty in prediction.

We have to mention that the proposed method has two extra parameters that make
it more difficult to parameterize than type-2. However, at the same time, it has a higher
capability for modeling real-world uncertainty because of the geometry of the footprint
of uncertainty. Also, it requires a bit more computation, but it has been shown that the
computational complexity remains linear, so it is actually not a significant increase in
computation. Having said that, the main idea of type-3 is having the potential to handle
higher levels of uncertainty (that some complex problems could require), but this has the
disadvantage of higher computational complexity. In addition, in the design process of
type-3 fuzzy systems, additional effort is required in order to find the parameter values,
so this is what causes a greater degree of variation in the results. However, at the end, for
practical applications, we would be required to use only one of the type-3 designs (the best
one), and then we can achieve the best prediction. The utilization of the averages is to be
able to establish whether, statistically speaking, we can say that type-3 is better (in general)
and, in this sense, the greater degree of variation in type-3 does not affect the applicability
of the proposed method.

5. Conclusions

In this paper, we considered Mamdani and Sugeno type-2 and type-3 fuzzy systems to
integrate responses of the ENN to predict the time series of the Mexican stock exchange in
two time periods. We were able to achieve good results, and we can say that the Mamdani
type-3 systems produced good results in the prediction error for this case, but the response
time is longer than that of the Sugeno type-3 fuzzy systems. In conclusion, the utilization
of ENNs with type-3 fuzzy integration could be a good option to predict complex time
series. In the future, the optimization of type-2 and type-3 (Mamdani and Sugeno) fuzzy
system aggregators with other metaheuristics could be undertaken to possibly obtain an
even better prediction error value. Type-2 and type-3 fuzzy systems could be optimized in
terms of the parameter values of the MFs, the type of MF, and the number of rules.
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