Mathematical
and Computational
Applications

Article

Fuzzy Bipolar Hypersoft Sets: A Novel Approach for
Decision-Making Applications

Baravan A. Asaad %*(, Sagvan Y. Musa 3

check for
updates

Citation: Asaad, B.A.; Musa, S.Y.;
Ameen, Z.A. Fuzzy Bipolar Hypersoft
Sets: A Novel Approach for
Decision-Making Applications. Math.
Comput. Appl. 2024, 29, 50. https://
doi.org/10.3390/mca29040050

Received: 18 May 2024
Revised: 12 June 2024
Accepted: 1 July 2024
Published: 2 July 2024

Copyright: © 2024 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

and Zanyar A. Ameen *

Department of Computer Science, College of Science, Cihan University-Duhok, Duhok 42001, Iraq
Department of Mathematics, College of Science, University of Zakho, Zakho 42002, Iraq

Department of Mathematics, College of Education, University of Zakho, Zakho 42002, Iraq;
sagvan.musa@uoz.edu.krd

Department of Mathematics, College of Science, University of Duhok, Duhok 42001, Iraq; zanyar@uod.ac
*  Correspondence: baravan.asaad@uoz.edu.krd

Abstract: This article presents a pioneering mathematical model, fuzzy bipolar hypersoft (FBHS)
sets, which combines the bipolarity of parameters with the fuzziness of data. Motivated by the
need for a comprehensive framework capable of addressing uncertainty and variability in complex
phenomena, our approach introduces a novel method for representing both the presence and absence
of parameters through FBHS sets. By employing two mappings to estimate positive and negative
fuzziness levels, we bridge the gap between bipolarity, fuzziness, and parameterization, allowing
for more realistic simulations of multifaceted scenarios. Compared to existing models like bipolar
fuzzy hypersoft (BFHS) sets, FBHS sets offer a more intuitive and user-friendly approach to modeling
phenomena involving bipolarity, fuzziness, and parameterization. This advantage is underscored
by a detailed comparison and a practical example illustrating FBHS sets’ superiority in modeling
such phenomena. Additionally, this paper provides an in-depth exploration of fundamental FBHS
set operations, highlighting their robustness and applicability in various contexts. Finally, we
demonstrate the practical utility of FBHS sets in problem-solving and introduce an algorithm for
optimal object selection based on available information sets, further emphasizing the advantages of
our proposed framework.

Keywords: fuzzy bipolar hypersoft sets; hypersoft sets; fuzzy sets; decision-making; algorithms

1. Introduction

Uncertainty is a prevalent issue in various fields, including social sciences, economics,
engineering, medical sciences, and others, which cannot be tackled using traditional math-
ematical approaches. The traditional mathematical model relies on the assumption that
decision-makers have complete knowledge, which is often not the case in reality, making
the model highly complex and making it difficult to obtain an accurate solution. To over-
come this challenge, scholars have been developing new methodologies and mathematical
theories that can address data uncertainty, such as fuzzy set theory [1] and rough set
theory [2]. Despite partial success in problem-solving, these theories have only partially
bridged the gap between conventional mathematical concepts and real-world data.

Fuzzy set theory, developed by Zadeh, characterizes fuzzy data mathematically. How-
ever, finding the membership function in fuzzy sets can sometimes be challenging. There-
fore, Molodtsov [3] introduced the soft set (S-set) theory as a novel approach to tackling
uncertainty modeling, thereby eliminating the difficulty in identifying the membership
function. This theory relies on an approximate description of an object as its starting point
and the selection of appropriate parameters, making it a practical and user-friendly tech-
nique in real-world applications. Maji et al. [4] utilized S-set theory in a decision-making
problem, while Cagman et al. [5] introduced the idea of fuzzy soft set theory. Maji et al. [6]
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established a range of operations on S-sets, and Ali et al. [7] proposed various novel opera-
tions. Building upon some of Maji et al.’s earlier work, researchers have developed new
types of operators (see, for example, [8-11]).

In 2018, Smarandache [12] developed a more flexible and adaptable version of the
S-set called the hypersoft (HS) set. To achieve this, the function F was substituted with a
multi-argument function defined over the Cartesian product of n distinct parameter sets.
The HS set is more appropriate for decision-making problems than the S-set and has been
explored for possible expansions in different mathematical fields. Musa et al. [13] presented
the notion of N-HS sets, which surpass HS sets in terms of comprehensiveness. These
sets offer a broader framework by incorporating parametric descriptions of objects using a
finite set of ordered grades. Smarandache [14,15] also introduced the IndetermSoft Set and
IndetermHyperSoft Set as further extensions of S-set theory and HS set theory, respectively,
to handle operations with varying degrees of uncertainty due to inaccuracies in the world.
Several properties, operations, and laws of HS set theory are discussed in various sources
(see, for example, [16-21]).

Bipolarity [22] is essential in mathematical modeling for specific problems because it
considers both the positive and negative aspects of data. By considering the existence of
both positive and negative information, a more accurate representation of decision-making
processes can be achieved. Positive data indicate what is possible, while negative data
emphasize the impossibility. The underlying concept of bipolar information is that human
decision-making relies on bipolar judgmental cognition. Bipolarity is a tool that can be used
to create various models. Bipolar fuzzy sets, an expansion of fuzzy sets, were proposed by
Zhang [23]. Lee [24] examined bipolar fuzzy sets and compared them with intuitionistic
fuzzy sets and interval-valued fuzzy sets. Shabir and Naz [25] introduced bipolar soft (BS)
sets and their applications to decision-making problems. Naz and Shabir [26] contributed
to the algebraic framework of fuzzy bipolar soft (FBS) sets. Ali and Ansari [27], on the
other hand, presented a new hybrid model called the Fermatean FBS set to create a more
advanced model. In a separate work, Naeem and Divvaz [28] developed various measures
of information for m-polar neutrosophic sets, such as similarity, distance, correlation, di-
vergence, and Dice measures. Another innovative approach was presented by Rehman
and Mahmood [29], who introduced bipolar complex fuzzy sets as a means to effectively
represent ambiguous and challenging information in real-life dilemmas. Tufail et al. [30]
introduced a novel hybrid model for multi-criteria decision-making that integrates bipolar
fuzzy soft B-covering with bipolar fuzzy rough sets. Musa and Asaad [31] established the
groundwork for bipolar hypersoft (BHS) sets after recognizing the significance of bipolarity.
Subsequently, in [32], they demonstrated the applicability of BHS sets in solving param-
eter reduction and decision-making problems. By utilizing BHS sets, the authors [33-35]
introduced various topological concepts. Al-Quran et al. [36] recently examined the idea of
BFHS sets and how they can be utilized in decision-making.

The motivation for this paper arises from the need for a comprehensive mathematical
model that can effectively address three crucial elements present in real-world situations.
First, there is a requirement for a model that can handle the uncertainty associated with
different alternatives by assigning fuzzy membership grades to entities corresponding to
each parameter. This fuzziness allows for a more nuanced judgment and evaluation of
the alternatives. Second, it is important to consider the classification of parameters into
parametric-valued subcollections. This parameterization enables a more structured and
organized approach to analyzing the data, facilitating better understanding and decision-
making processes. Lastly, the concept of bipolarity is essential in mathematical modeling,
as it incorporates both the positive and negative aspects of data. By acknowledging the
existence of both positive and negative information, a more accurate representation of
real-world phenomena and decision-making processes can be achieved.

The remaining sections of this paper are structured in the following manner: In
Section 2, elementary ideas and terms are reviewed. Section 3 is focused on the analysis
of the FBHS set and its associated set-theoretic operations. Aggregation operations and
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their characteristics in the context of FBHS sets are explored in Section 4. The usage of
FBHS sets in a decision-making situation is demonstrated in Section 5, with an example
for clarification. In Section 6, a comparison is provided between the proposed model and
several related models. The final section, Section 7, provides a summary of the findings
and offers recommendations for future research.

2. Preliminaries

This section provides a summary of the fundamental concepts and findings concerning
fuzzy, bipolar fuzzy, hypersoft, bipolar hypersoft, and BFHS sets. In this study, we use S to
represent a universal set of objects, P(S) to represent the power set of S, and A1, A, ..., Ay
to represent a set of parameters that do not have any overlapping elements. In simpler
terms, V=A1 X Ap X...x Ay and V4, V3, V3,Vy, Vs C V.

Definition 1 ([1]). A fuzzy set () in S can be defined through its membership function () : S —
[0, 1], which assigns a value in the range [0,1] to every element 5§ € S. The value of Q)(5) reflects the
degree of membership of § € S. The set of all fuzzy sets over S is denoted by FP(S).

Definition 2 ([1]). Let Oy, € FP(S). The following operations are defined for any § € S:
1. Subset: 01 C Oy, if O1(8) < p(3).

2. Union: M (8) U Dp(8) = max{M(5), N0(3)}.

3. Intersection: 01 (8) N N (8) = min{1(8), 0 (3)}.

Definition 3 ([23]). A bipolar fuzzy set Q) in S is defined as Q = {5, QF(3),ON(3) : § € S},
where OF : S — [0,1] and ON : S — [—1,0]. The collection of all bipolar fuzzy sets over S is
symbolized as BFP(S).

Definition 4 ([3]). An S-set is denoted by a pair (g, A1), where g : A1 — P(S).

Definition 5 ([6]). Let Ay = {i1,12,...,1x} be a set of parameters. The NOT set of A1, denoted
by = Ay, is defined as -\ = {—11, —lp, ..., "I, }, where =I; = not I; fori = 1,2,...,n.

Definition 6 ([12]). An HS set is denoted by a pair (g, V1), where g : V1 — P(S).

Definition 7 ([31]). A BHS set is denoted by a triple (g,9, V1), where g : V1 — P(S) and
g: V1 — P(S) such that g(§) Ng(—§) = D forall § € V.

Definition 8 ([36]). A BFHS set is denoted by a pair (&, V1), where & : V1 — BFP(S). Therefore,
a BFHS set provides a set of bipolar fuzzy subsets of the universe S, which are parameterized. For any
FeVy, ) =13 Og(i)’ﬂg](i) :§ € S}, where Qg(i) :S —[0,1] and ()%) 1S — [-1,0].

3. Fuzzy Bipolar Hypersoft Sets

This section is focused on examining the FBHS set concept and its basic operations,
as well as discussing its connection with BFHS sets.
Definition 9. A triple (¢, ¢,

(&,& V1) is called an FBHS set, where ¢ : Vi — FP(S) and & : =V —
FP(S) such that 0 < ()

A

(8)+¢(—F)(8) <1foralls € Sand§ € V.

In other words, an FBHS set consists of two subsets of S that are parameterized.
To maintain consistency, the condition 0 < &(¥) 4+ &(—§) < 1is applied for all € V. In this
context, &(¥) and &(—F) refer to fuzzy sets within the universal set S. &(¥)(5) represents the
degree to which property § is present in object 3, while &(—§)(5) represents the degree to
which the implicit counter property —f is present in 5. It should be noted that the degree to
which an object possesses a certain property ¥ may not be equal to the degree to which it

~

lacks the opposite property —f. Therefore, for some ¥ € Vi and 5 € S, &(¥)(5) + ¢(—F)(5)
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may be less than and not equal to 1. This is known as the degree of hesitation of an FBHS
set (&,¢, V1), which can be estimated using H () (3) = 1 — &(¥)(3) 4 &(—§)(5) for ¥ € V;
and § € S. The set of all FBHS sets over S with a fixed set of parameters V is denoted
by ‘P( S,V)-

The following example illustrates the formal definition of the FBHS set and its superi-
ority over the BFHS set model.

Example 1. Let S = {81,8,83,54} be a set of smartphones consisting of four models. Let us
have three sets of parameters to evaluate these smartphones: A1 = Screen Quality = {1 =
high screen quality, 7, = low screen quality}; Ay = Battery Life = {i3 = long battery life, iy =
short battery life}; and A3 = Camera Performance = {is = excellent camera performance}.
Then, the combination of these parameters is V. = A1 X Ay x Az = {f1 = (11,13, i5)A,i2 =
(11,14,75),¥3 = (I, 13,15), ¥4 = (o, Iy, 75)}. Let V1 = {fl,iz} and let the FBHS set (&1,¢1, V1)
be defined by the following:

(31(?1) = {51/03 52/02 S3/05 S4/04} é‘l(_‘xl) = {51/07 52/04 53/03 54/0 6}

&1(f2) = {51/04,5/0,83/0.3,5/0.5}, &1(~f2) = {51/0.3,52/1,53/0.3,5,/0.4}.
Next, the corresponding BFHS set (&1, V1) will be examined as follows:

¢1(¥1) = {(81,0.3,-0.7), (52,0.2,—0.4), (83,0.5,—0.3), (84,0.4, —0.6) },

¢1(¥2) = {(%1,04,-0.3), (2,0, —1), (%5,0.3, —0.3), (4,0.5, —0.4) }.
It should be noted that the FBHS set (1,81, V1) presents information in a more comprehensive
manner compared to the BEHS set (&1, V1). For instance, when examining the information related
to the smartphone labeled sy in the FBHS set, we find that it has a fuzzy value of 0.3 for parameter
1 and a fuzzy value of 0.7 for the opposite of ¥1 (—§1). On the other hand, in the BFHS set, sq
would have a fuzzy value of 0.3 for 1 and a degree of —0.7 to indicate its lack of the same parameter,
without explicitly mentioning the opposite parameter, —§1. This demonstrates that the FBHS set
provides a more comprehensive and intuitive representation of the information, capturing both the
presence and absence of parameters for each object.

In what follows, we proceed to define some basic algebraic operations within the
framework of FBHS sets.

Definition 10. For two FBHS sets (&, &1, V1) and (&, &, V1), we say that ({1, &, V1) is an
FBHS subset of (&2, &2, Vo) if the conditions below are met:

1. Vi C Vy;
2. &) C &) and H(—F) C
We write (&1,&1, V1) T (&

(=) forall € V1.
Va).

Similarly, an FBHS set (&1,E1, V1) is said to be an FBHS superset of (&, ¢ &, Vs) if
(&, &, V) is an FBHS subset of (1,1, V). We denote it by (&1,&;, V1) 3 (&, &, V).

Ch
N

Definition 11. Two FBHS sets (§~ él, Vl) and (&, ffz, V) are said to be FBHS equal zf(gfl, &e, V1)
C (82,82, Va) and (8,82, V2) T (81,81, V). Wedenote it by (81,81, V1) = (82,82, Va).

Example 2. Let S, V1, (gl,El,vl) be the same as in Example 1. Let Vo = {§1,¥2,¥3} and

consider the FBHS set (&, Cz, V) defined asfollows
&(H) = {51/04,5/0.7,55/05,5/05}, &H (=) = {81/02,5/0.1,53/0,5,/0.5}.
Go(¥2) = {51/05,52/1,53/0.6,34/0.5}, Cz(ﬁxz) ={51/0.1,5,/0,33/0.2,3,/0.3}.
6,2(}:3 = {51/07 52/04 53/09 S4/0 1} 62(—\;3) = {51/02 52/06 S3/0 S4/0}

Then, (&1,&, V1) € (82,8, Va).

Definition 12. The FBHS complement of (8,&,V1) is denoted and defined by (¢,&, V1) =
(&°,¢°, V1), where {°(§) = ¢(—F) and °(—¥) = E(¥) forall f € V1.
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Definition 13. A relative null FBHS set, denoted by (®, S, V1), is an FBHS set (¢,&, V1) such

~

that {(¥) = @ and {(—¥) = S forall ¥ € V1.

Definition 14. A relative whole FBHS set, denoted by (S, ®, V1), is an FBHS set (,&, V1) such

~

that () = Sand ¢(—F) = D forall ¥ € V.

Definition 15. The FBHS extended union of (61,51,V1) and (&, &, V,) is an FBHS set
(83,83, V3), where V3 = V1 UV and forall § € Vj:

¢1(¥) ifEe Vi\ Vs
&) =4 &) ifre Vo \Vy
G Ug(E) fieVinV,
~ &i(-¥) if =¥ € =V1\ ~V3
G(-8) = Ca(mF) if~t € Vo \ -V
G1(=¥) NGa(—k) ifF€-ViN=V,
We write (&1,&1, V1) Ue (82,82, V2) = (83,83, V3).

Definition 16. The FBHS extended intersection of (&1, 51, V1) and (&, 52/ V,) is an FBHS set
(83,83, V3), where V3 = V1 UV and forall § € Vj:

¢1(¥) ifEe Vi\ Vs
&) =4 &) ifre Vo \Vy
G(®)Nc2(¥) freVinV,
R G (¢ if o € 2V \ 2V,
G3(-¥) = 2(—F

)
) if =f € 2V \ =V
)
(

Definition 17. The FBHS union of (51,51, V1) and (&, QA'Z, V,) is an FBHS set (3, 53, V3),
where V3 = V1 NV, and for all f € V3,

~

&(F) = E1(1) U &a(F) and &3 (—k) = & (—F) N &(—F).
We write (61/ gl/vl) N (62/ 6\2/ VZ) = (63/ 63/ V3)

Definition 18. The FBHS intersection of (&1, 61, V1) and (&, 52, V,) isan FBHS set (&3, 63, V3),
where V3 = V1NV, and forall ¥ € V3,

~

&(F) = &1(¥) N &(F) and &3(—F) = &1(—F) U & ().
We write (81,1, V1) 11 (82,82, V2) = (83,83, V3).

Example 3. Let S and V be the same as in Example 1. Let V1 = {§1,¥3}, Vo = {¥1,¥a}, and let
the FBHS sets ({1, 1, V1) and (&, &, V3) be defined by the following:

E1(f1) = {51/04,52/0.6,8/0.1,3,/04}, & (~1) = {81/0.5,%/0.4,5/03,5;/0.5}.

E1(fs) = {81/0.7,8/0.9,8/0.5,5,/03}, &1(—¥3) = {51/0.2,5/0,%/0.3,84/0.4}.
And,

Ea(f1) = {81/0.6,%/0.1,8/0.7,8,/0.2}, & (1) = {51/02,5,/0.8,5/0.1,5,/0.5}.

& (fa) = {81/0.1,8/0.1,85/0.9,5,/0}, & (1) = {81/0.6,5/0.4,%/0.1,84/1}.

(€1,E1, V1) U (2,82, Va) = (83,83, V).
And,

Let
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(81,¢1, V1) M (€2,82, V2) = (84,64, V3).
Then,
§3(f1) { 1/06 52/06 S3/07 S4/04} 63( f ) {51/0.2,§2/0.4,§3/0.1,§4/0.5}.
Ga(fs) = {81/07,5,/0.9,53/0.5,54/03}, &3(—¥s) = {51/0.2,5,/0,53/0.3,5,/04}.
63@4) {51/01 52/01 S3/09 S4/0} (:3( ):{ 1/0.6,§2/0.4,§3/0.1,§4/1}.
And,
Ea(t1) = {31/04,5,/0.1,83/0.1,8,/0.2}, &a(—¥1) = {$1/05,8,/0.8,53/0.3,54/05}.
64@3) {§1/07 52/09 53/05 S4/0 3} (:4( fg) = {51/0.2,§2/0,§3/0.3,§4/0.4}.
64(}2’4) {51/0 1, 52/01 53/09 S4/0} 64( ) = {§1/0.6,§2/0.4,§3/0.1,§4/1}.

Definition 19. The FBHS OR-operation of (Z1,21, V1) and (&, &, V2) is an FBHS set (€3,23,V3),
where V3 = V1 x Vy, and for all (}1,%2) € V3,¥1 € V1, f2 € V2,

&, ) = E1(8) UG (f) and &(—F, —f2) = &1 (=k) N & (—k).
We write (&1,61,V1) V (82,82, Va) = (83,83, V3).

Definition 20. The FBHS AND-operation of (gl,él,vl) and (&, &, V,) is an FBHS set
(83,83, V3), where V3 = V1 X Vo, and forall (}1,%2) € V3,1 € V1, ]2 € V3,

& (1, F2) = E1(F1) N & () and &3 (—Fr, ~F2) = &1 (—F1) U & (k).
We write (&1,&1, V1) A (&2,82, V2) = (&3, 83, V3).

4. Set-Theoretic Properties of Fuzzy Bipolar Hypersoft Sets

This section highlights the fundamental results and properties of set-theoretic opera-
tions within the context of FBHS sets.

Proposition 1. Let (gl,él,vl), (&, &, V1), and (&3, 53,V1) € ¥ (s,v)- Then, we have the
following:

1. (Cl/‘:l/vl) (S,@,V1).

2. (9 S,Avl) cC (~§1,§1,AV1)' ~ N
3. If(¢1,61, V1) E (82,62, V1) and (82,80, V1) E

Proof. Straightforward. O

(&5, &3, V1), then, (&1,E1, V1) £ (&3,83, V1)

Proposition 2. Let (¢, &1, V1), (&, &, V1) € Y (s,v)- Then, we have the following:

1. (D,5 V1) =(S,® V) and (S,®, V1) = (P,5,V).

2. ((ffbfflrvl) )= (leérllvl) ~ ~

3. (Clrglfvl) C (Cz;@z, V), then, (62,62, V1) A(lflré‘lrvl)c- ~ N

4. (D, 5, V1) C (61,61, V1) 11 (81,61, V1) C (61,61, V1) O (81,61, V) C (S, ®,Vy).
5 If (61,61, V1) C (&, G2, V1), then (CLCLVO (62,62, V1) = (61,61, V).

6. If (21,81, V1) € (82, &, V1), then (21,8, V1) O (82,82, V1) = (£2,82, V).

Proof. Straightforward. [J

Proposition 3. Let (&1,&1, V1), (82,8, V2) € Y (s,v)- Then, we have the following:
L ((&1,&, V1) e (&, 52, 2))C Cl/él/vl) (e (G2, ng V)<

2. ((le‘:l/vl) e Cz/Cz/ 2))" = élré‘lrvl)c Ue (62,62, V2)*.

3. ((Clrélrvl) (2, Czl V2)) = (CLCLVﬂC (82,62, V2)".

4 ((6u 6L V) 122,82, V2)) = (21,61, V1) O (22,62, V2)©

5. ((Clrglf V1) V (&2, Czl V2)) = (Clrt_fl,vl)c A (&2 G2, V)",

6. ((&1,&1, V1) A (82,82, V2)) = (81,81, V1)< V (82,82, V).
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Proof. (1) Suppose that ({3, &, Vl) e (&2, &, Vo) =

(§4L54, V3), where V3 = V1 U V.
Then ((gl ‘;[l vl) us (€2 ‘:2 VZ)) (64 64 V3)

(¢4, ¢5, V3). We have the following:

ifievl\VQ
iffEVz\V]
iffe ViNnV,

if - € =V \ -V,
if "f € =V, \ -V
if .f € 2V NV,
And,

iff € Vl\VQ
if¥ € Vz\vl
ifre VinNnv,

if - € =V \ V2
if - € =V, \ -Vi
if -f € -V NV,

= (&5,&,V3), where

1(¥) U ga(F)

AISO/ let (é’l/ El/ vl)c ﬁe (62/ 52/ VZ) = (C]r (;r]/ vl) ﬁe (gér é\gl VZ)C
V3 = V1 U Vj. Then, we have the following:

1) = 1(=p) ift e Vi\ Vs

ds(¥) = { g5(8) = Ga(E) ~ iff € Vo\ V4

GIE) NG F) =ci(mE) NG (F) iffe VinV,
R &0 =& if -f € ~V1\ =V,
5(F) = { g5 (—F) = 62(¥) if +F € 2V \ =V
1(HUG(HE) =) UG®E) if—~Fe-ViN-Vs

Since (g, 62, V3) and ({5, Zs, V3) are equivalent for all ¥ € V3, the proof is concluded.
The other parts can be proven in a similar manner. [

Proposition 4. Let (1,81, V1), (82,8, V1) € Y (s,v). Then, we have the following:
L (6,8, V1) O (é‘z,é?z, V1) = (81,81, V1) 0 (82,8, V).

2. (Cl@l,vl) e (&2,E, V1) = (€1, &, V1) (&, 52 V1) N s
3. (élrglrvl) (q>§ V1) = (81,1, V) and (4, Cl Vi) (q’NSIVl) = (®,5,V1)
4. (8,86, V1)0(S,®,V1) = (5,®, V1) and (&1,8, V1) T1(S,®,V1)= (&1,61, V1)

Proof. Straightforward. [J

Proposition 5. Let (&1,81, V1), (&,8,V2), (83,83,V3) € ¥ (s5,v)- Then, we have the following:

1. (é‘l/éjl/vl) Ce (Cz/é?z, Va) = (é‘z{z, V) Ue (é‘l@fv1)~

2. (61,6, V1) Mk (82, &, Va) = (62,62, V2) e (81,61, V).

3. (G Cl V1) U (G2, gz V2) = (62,62, V2) U (81,61, V1)

4 (61 Cl V1) 1 (&2, 62, Va) = (G2, G2, Va) (81,61, V1)

5 (&, §1 V1) De ((&2, §2 Va) Ue (&3, (33 V3)) = ((Cl €1 V1) Ue (&2, §2 Va2)) De (&3, (33 V3).
6. (61,61, V1) e (82, Cz Va) Me (&3, (33 V3)) = ((&1, Cl V1) Me (&2, Cz V2)) Me (&3, (33 V3).
7. (G1 61 V1) O (82,62, V2) 0(&3,83, V3)) = (61,61, V1) U (&2, &2, V2)) U (&3, &3, V3).
8. (&1,&, V)M (82,8, V2) (8,8, V3)) = (61,81, V1) F1(&2, &, V2)) 11 (&3, 8, V).
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O ((33, (3\3, V3) = ((:4, 64, VonN V3) Then, for all ¥ €

52()U§3()and§4(ﬁl) & (—F) N & (E).
(£4,E4, V2N V3) = (85,85, (V1N (V2N V3)).

Proof. (7) Suppose that (&, &, V2)
V>N Vs,
Ca(¥) =
Assume that (&1,¢;,V4) L
EeViN(VyaNVs),

Then, for all

M = a®UaE = G U (EE UEE) and G(-F) = (-8 N(-E) =
&1 (—E) N (&2(-8) N (—E)). R N R R
On the other hand, let (¢1,¢&1, V1) U (&2, 82, V2) = (&6, 86, V1 N V2). Then, for all ¥ €
ViNVy,

C6(¥) = ¢1(¥) U g2(¥) and Ce(ﬁr) & (-8) N & (-p).
Assume that (&, &, V1 N V2) 0 (&3,83,V3) = (87,87, (V1N V) N'V3). Then, for all ¥ €
(Vl N Vz) NVs, . - ~
o) = Ge(¥) UZs(¥) = (81(¥) UG2(E)) Us(F) and &7(—F) = e(F) NEa(—F) =
(€1(=F) NG2(—F)) N Ga(—E).

Since (&5,¢5, V1N (V2N Vs3)) and (&7, &7, (V1N V3)NV3) are equivalent for every § €
V1N (VaNnVs) = (VN Vy) N V3, the proof is concluded.
The other parts can be proven in a similar manner. O

Proposition 6. Let (&1, 1, V1), (&, &, V2), (&3, Zs, V3) € Y (s,v) Then, we have the following:

1. (@LELAVQ Oe ((&2,2, V) 1(83, 8, V3)) = ((€1,E1, V) Ue (82,82, V2)) 71 ((&1, &, V1)
e (3,83, V3)).

2. (&8, V1) A (&6, V) Ue (85,8, V3)) =
(&, V3)).

(21,61, V1) 11 (22,82, V2)) Te (81,81, V1)

3. (‘:lrgerl) Fle (82,82, V2) 0(83,8,V3)) = ((&1,&, V1) Fe (82,8, V2)) O ((€1,E1, V1)
(e @3,@3, V3)). R R R R R
4 (ﬁlr(fLAVl) 0 (82,2, V2) e (83,83, V3)) = ((81,81, V1) U (&2, E2, V2)) Fe (81,61, V1)
U (€3, 83, V3)).
5. (élré\ervl) 0 ((&2,&, V2) [1(&3,83,V3)) = ((&1,61, V1) O (82,62, V2)) 1 (1,61, Vi)
0(8s/65, Va)). ~ ~ ~ ~
6. (61,61, V1) [ ((82, 62, V2) U (3,83, V3)) = ((81,¢1, V1) [1(E2, 82, V2)) U ((81, &1, V)
(3,83, V3)).
Proof. (4) Suppose that ((&2, &, V2) fe (83,8, V3)) = (€4, &1, V2 U V3). Then, for all
fe VouUVs,
&2(¥) iff € Vo\ V3
&(¥) = { &3 (¥) iff € V3\ Vs
G(F)Ngs(E) iffe VanvVs

R Ga(—¥) if - € =V \ Vs
Ca(—E) = ga(—f) if -f € =V3\ =V,
G2(E)UGs(—E) if -f € ~VaN=V;
Let (61,81, V1) 0 (84,84, V2 U V3) = (85,85, V11 (V2 U V3)) = (85,85, V4 U Vs), where
V4=ViNVsyand Vs = V; ﬁ/\V:;. ThenAfor all ¥ S V4U Vs,
85(¥) = G1(¥) UCa(¥), and G5(—F) = ¢1(—F) N Ea(F)-
Hence, we obtain
{ G1(¥) U ga(¥) iff € V4\ Vs
G5(F) = ¢ ¢1(¥) Uds(®) iff € Vs\Vy
S1() U (G2(¥) NGa(¥)) iffe VyNVs
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R G1(—8) N &(-¥) if 7 € V4 \ V5
G5(—F) = a(-E)Nés(—E) if -f € 2V5\Vy
G1(—F) N (Ga(—F) U s(—E)) if =F € 2V4N Vs

On the other hand, let (&1,&1, V1) 0 (&2, &2, Vz) = (86, G6, V1N V2). Then, forall § € V1 N V5,
C6(¥) = C1(¥) UG (¥ ) and &6(—F) = &1(=F) N ().
Let (&1,81, V1) U (83,8, V3) = (&7,67, V1N V3). Then, forall § € V1 N V3,
& (¥) = &1(¥) U&(F) and &6(—) = §1(—F) N &3 (D).
Now, suppose that (&, &6, V1N V) e (&7, &, V1N V3) = (&, &g, Va4 U Vs), where V4 =
ViNVsand Vs = V1N V3. Then, forall € V4 U V5,

6 () iff € V4\ Vs
Gs(¥) =1 &7(¥) iff € Vs\Vy
Ge(¥) NGz (¥) iff€V4NVs
¢1(¥) U ga(F) iff € V4\ Vs
=< G(®)Ugs®) iff € Vs\ Vy
(C1(F) U Ga(F) N(G1(F) UGs(¥)) iff € VanVs
R tis(ﬁi) if ~f € ~Vy\ ~V5
¢s(—8) = Cr(mF) if -f € 2V5\ 2V,
6(m¥) U7 (—F) if ~f € ~VyN—Vs
@(ﬁf) N @(ﬁf) if -f € V4 \ Vs
=9 6178 NG3(—F) R R if =f € 2 Vs5\ =V,
(&1(=8) N&(~F) U (G1(—8) NE3(E))  if ~F € ~V4N Vs
Since (&5, C5, V4UVs5s) and (&, Cg, V4 U V5) are equivalent for all § € V4 U V5, the proof

is concluded.
The other parts can be proven in a similar manner. [

5. Utilizing Fuzzy Bipolar Hypersoft Sets for Enhanced Decision-Making

In this part, the aim is to provide solutions to decision-making problems using the
FBHS set concept. Decision-making is a critical process that involves choosing the best
course of action among various alternatives based on specific criteria. FBHS sets can aid
in decision-making by providing a flexible and powerful mathematical tool for handling
uncertain or imprecise information. By employing FBHS sets, decision-makers can model
complex decision problems with a high degree of accuracy and better evaluate the risks and
opportunities associated with each alternative. Therefore, this part aims to explore the po-
tential of FBHS sets in enhancing the quality and effectiveness of decision-making processes.

Example 4. Suppose a company is hiring for a software engineer position, and there are four
candidates who have applied for the job. Let the set of candidates be S = {51,32,83,84}. Let A =
Development Domains = {1} = full-stack development,iy = cloud computing, i3 = DevOps},
Ny = Advanced Concepts = {Iy = machine learning,is = algorithms and data structures},
and A3 = Software Engineering Practices = {I; = front-end development, is = agile methodology}
be a set of three technical skills; then, V. = A1 X Ap x Az = {§1 = (11,14, 77),F2 = (11,14,78) F3 =
(11,15, 17), 84 = (11, 15,18),¥5 = (I2, 14, 17), %6 = (T2, 14,18), 87 = (12,15, 17), ¥ = (T2, 15,18), %9 =
(T3,14, T7),i10 = (Tg, T4, Tg),fll = (f3, T5, 77),?12 = (f3, T5, Tg)}. We can deﬁne an FBHS set U1 =
(,¢, V) to analyze the “Qualifications of Candidates” for the job as follows:
¢(¥1) = {81/0.4,5/0.3,83/0.5,84/0.3}, ¢(—F1) = {51/0.1,52/0.5,53/0.1,84/0.5}.

$(F2) = {51/0.7,8/0.3,53/0.7,84/04}, §(—F2) = {81/0.1,5,/0.3,83/0.3,54/0.3}.
$(¥3) = {51/0.1,82/0.1,5;/0.9,84/04}, §(—k3) = {81/0.6,52/0.4,83/0,84/04}.
$(¥s) = {51/0.3,82/04,53/0.8,84/0.3}, () = {81/04,5,/0.2,83/0.1,5,/0.5}.
C(¥s) = {51/0.2,5,/0.6,53/0.7,54/0.7}, & (—¥5) = {51/0.1,52/0.1,53/0.2,3,/0.2}.
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E(fs) = {51/03,8,/0.2,83/03,5/05}, §(—¥6) = {31/0.5,52/0.7,53/0.5,5,/0.1}.
E(¥7) = {51/0.9,5,/0.1,53/0.9,54/0.7}, E(~¥7) = {51/0,5,/0.1,53/0,5,/0}.
g(ig) {51/06 52/06 53/04 54/0 3} g\(—\fg) = {§1/0.2,§2/0.4,§3/0.5,§4/0.1}.
E(fo) = {51/04,52/0.6,53/0.5,5,/0.3}, {(—Fo) = {#1/04,5,/0.4,53/04,5,/0.6}.
g(ilO) = {Sl /03, 52/0.2, 53/0.1, S4/0 6} g\(_'ilO) = {§1 /01, §2/0.7, 53/0.1, §4/03}
E(t11) = {51/04,5/0.3,53/0.3,5;/0.3}, {(~¥11) = {51/0.5,5,/0.6,53/0.3,5;/0.6}.
¢(F12) = {51/0.8,82/0.9,53/0.8,5,/0.3}, ¢(—¥12) = {51/0,82/0.1,83/0,5,/0.7}.

The FBHS set can be presented in a tabular format, where the entry corresponding
to §; and §; is denoted by (a;;, b;;), where a;; = {(¥;)(8;) and b;; C(ﬂ;])( $;). The tabular
representation of FBHS set 1 = (&,¢, V) is given in Table 1.

Table 1. Tabular representation of FBHS set ji; = (¢,&, V).

" b3 b33 I &y Is b33 b4 Is &y E10 En 2

3 ©04,01) (07,01) (01,06 (03,04 (02,01) (03,05 (09,00  (0.6,02) (04,04) (03,01 (04,05  (08,0)
S (0.3,0.5) (0.3,0.3) (0.1,0.4) (0.4,0.2) (0.6,0.1) (0.2,0.7) (0.1,0.1) (0.6,0.4) (0.6,0.4) (0.2,0.7) (0.3, 0.6) (0.9,0.1)
5 05,01 (07,03 (09,00 (0801 (0.7,02) (03,05 (09,00 (0405  (0504) (0.,01) (03,03)  (0.8,0)
& 03,05 (0403) (0404 (03,05 (0.7,02) (0501 (07,00  (03,01) (03,06 (0.6,03) (03,06) (03,07)

Definition 21. Let S = {51,%,53,...,5:}, V = {t1, 82,83, ..., }, and (&,, V1) be an FBHS
set. Then, the final score of §; fori = 1,2,...,n is denoted and defined as follows:

+

op=0;" —0;
where
=L
and
= Libi

Our objective is to select an object from the choice parameter set V1. To achieve this,
we will provide an algorithm that takes into account the observer’s specifications and
recorded data, using an FBHS set to determine the optimal choice.

Here, we demonstrate the suggested algorithm (Algorithm 1) using Example 4 as
a reference.

1. Input the FBHS set yy = (&,&, V).

2. InputVq = {¥,¥3 ¥ ¥7,f11} C V. Find the reduced FBHS set j, = (¢, g, V1) as given
in Table 2.

Algorithm 1 Algorithm for Optimal Choice Selection

1: Input the FBHS set (&,&, V).

2: Input the set of choice parameters Vi C V. Find the reduced FBHS set (¢,& V)
and represent it in tabular form.

3: Calculate the final score o;.

4: Find k, where ; = max o;.

5. The optimal choice object is 5. If k has multiple values, any 5 can be chosen.

Table 2. Tabular representation of reduced FBHS set yip = (¢, & V).

221 b3 i Is &7 n

5 (0.4,0.1) (0.1,0.6) 02,0.1) (0.9,0) (0.4, 0.5)
5 (0.3,0.5) (0.1,0.4) (0.6,0.1) (0.1,0.1) (0.3, 0.6)
5 (05,0.1) 0.9, 0) 0.7,0.2) 0.9, 0) (0.3,0.3)
5 (03,0.5) (0.4, 0.4) 0.7,0.2) 0.7,0) (0.3, 0.6)
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3. Calculate the final score 0;, as given in Table 3.

Table 3. Final score.

+ -

§; o; o; (4]
$1 2 1.3 0.7
S 1.4 1.7 -0.3
3 33 0.6 27
Sq 24 1.7 0.7

4.  From Table 3, we find k = 3.
5. Hence, 53 is the most suitable applicant for the position.

6. Comparative Analysis and Managerial Implications

In this section, we conduct a comparative analysis to evaluate the versatility and
managerial implications of our proposed FBHS set model. We consider key evaluation
factors, namely, Sf (single-argument approximate function), Mf (multi-argument approx-
imate function), Bs (bipolarity setting), and Md (membership degree). The comparative
results are presented in Table 4, where our FBHS set model is compared with relevant
existing models.

Our comparative analysis reveals that the FBHS set model effectively addresses all
crucial features considered in this study. Unlike comparable models, which exhibit limita-
tions in various aspects, our model demonstrates superiority in terms of Sf, Mf, Bs, and Md.
Specifically, our model consistently achieves high scores across these evaluation factors,
indicating its robustness and versatility in handling complex phenomena characterized by
uncertainty and variability.

The results of our comparative analysis have significant managerial implications
for decision-makers and practitioners in various fields. By demonstrating the superior
performance of the FBHS set model compared to existing alternatives, our findings under-
score the potential of our approach to enhance decision-making processes and improve
organizational outcomes. Managers can leverage the robustness and versatility of the
FBHS set model to make more informed and effective decisions in the face of uncertainty
and variability.

Table 4. A comparison of the FBHS set model with relevant existing models.

Authors Models St Mf Bs Md
Molodtsov [3] S-set v x X X
Shabir et al. [25] BS set v X v x
Naz et al. [26] FBS set v x v v
Smarandache [12] HS set v v x X
Musa et al. [31] BHS set v v v X
Al-Quran et al. [36] BFHS set (cf., Example 1)
Proposed model FBHS set v v v v

7. Conclusions

In this paper, we have presented a new concept of FBHS sets that combines the notions
of bipolarity, fuzziness, and parameterization to model complex phenomena. Our approach
involves using two mappings to define FBHS sets, allowing for the approximation of both
the positivity and negativity of parameters in a set. We have demonstrated the superiority
of FBHS sets over BFHS sets through an example, where FBHS sets provide a more intuitive
and user-friendly way of modeling phenomena involving bipolarity, fuzziness, and pa-
rameterization. Furthermore, we have explored the fundamental operations of FBHS sets
and studied their properties. We have applied the concept of FBHS sets to solve a practical
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problem and proposed an algorithm for selecting the optimal object based on available
information sets.

The limitations of the FBHS sets presented in this paper include challenges in gen-
eralizing the concept to encompass interval-valued sets. The current approach primarily
approximates the positivity and negativity of parameters but does not explicitly address
the representation and manipulation of interval values within the fuzzy number range
of [0, 1]. Future research should focus on extending the FBHS set framework to integrate
interval values, which would facilitate a more comprehensive representation of uncertainty
and variability. Despite these limitations, the concept offers a promising framework for
modeling complex phenomena. The rigor of this work can be demonstrated by successfully
incorporating interval values and providing mathematical validation and empirical studies.

Furthermore, the proposed model can be expanded to include N-FBHS sets, intuitionis-
tic FBHS sets, rough FBHS sets, complex FBHS sets, hesitant FBHS sets, Pythagorean FBHS
sets, picture FBHS sets, gq-rung orthopair FBHS sets, spherical FBHS sets, Fermatean FBHS
sets, and plithogenic FBHS sets, among others. Researchers can also examine the geometric
characteristics of the proposed model and its extensions by studying their topological and
algebraic structures.
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