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Abstract: This article considers an unsteady elastic diffusion model of Euler-Bernoulli beam
oscillations in the presence of diffusion flux relaxation. We used the model of coupled elastic
diffusion for a homogeneous orthotropic multicomponent continuum to formulate the problem.
A model of unsteady bending for the elastic diffusive Euler-Bernoulli beam was obtained using
Hamilton’s variational principle. The Laplace transform on time and the Fourier series expansion by
the spatial coordinate were used to solve the obtained problem.
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1. Introduction

In order to solve various types of fundamental, applied, and technical problems, scientists and
engineers often have to consider the unsteady interaction between various physical fields. An example
of this is the interaction between mechanical and diffusion fields. Among the recent publications, it can
be noted that [1-19] were devoted to this problem. In particular, [1-11] considered the thermal effects,
while the electromagnetic effects were studied in [12-15]. In addition, the analysis of fast unsteady
processes in relatively short time periods requires the relaxation of thermal and diffusion perturbations
to be taken into account [1,2,4-6,8,9,11-13].

Based on the reviewed publications, it can be concluded that numerical-analytical methods
constructed on the Laplace and Fourier integral transformations are used to solve unsteady
mechanodiffusion problems. In this case, the Durbin method is mainly used for the Laplace transform
inversion. This method allows the Mellin integral to be expressed through the Fourier transform.
Special numerical algorithms are used to do the inverse Fourier transform. Descriptions of these
algorithms can be found in [20-22].

However, there is no universal algorithm for the inversion of Laplace transform, as noted in [23].
Each specific algorithm fits a certain class of functions. At the same time, the specificity of Laplace
images influences the choice of suitable systems of functions with which one can approximate the
unknown original values. In addition, Laplace images are very cumbersome to obtain by solving
the coupled problems. It is not always possible in practice to verify the capability of using one or
the other algorithm to find Laplace transform originals. Thus, it can be concluded that the Laplace
transform inversion is the main mathematical complexity that arises when solving unsteady problems
(mechanodiffusion problems in particular).

This article considers an unsteady elastic diffusion problem of Euler-Bernoulli beam oscillations
in the presence of diffusion flux relaxation. It also proposes a method to construct a solution
based on the use of the integral Laplace transform and expansion into series by eigenfunctions.
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The expansion coefficients are represented as rational functions, which simplifies the issue of inverse
Laplace transform. Thus, the problem considered in the article is solved analytically.

It should be noted that analogues of the considered problem are absent in well-known
scientific publications.

2. Problem Formulation

We consider the unsteady oscillation problem of elastic diffusion Euler-Bernoulli beam in
the presence of diffusion flux relaxation. The beam in general formulation is under the action of
longitudinal and transverse forces. Also, bending moments are at its ends. The load scheme is
presented in Figure 1.
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Figure 1. The formulation of the problem.

For the mathematical problem formulation, we use the coupled elastic diffusion continuum model
in a rectangular Cartesian coordinate system, which has the following form [1-18]:

a](Q)

90jj - () i ( —
: — q) —
ax, +F, n ox; +Y (9=1,N). 1)

u; =

where the point denotes a time derivative; o;; and | i(q) are the stress tensor components and the
diffusion flux vector, respectively. They are defined as follows (the beam material is perfect solid
solution):

(g=1,N). (2
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Here, the dots denote the time derivative. All quantities in (1) and (2) are dimensionless. For them, the
following notations are used:
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where t is time; x] are rectangular Cartesian coordinates; p is the medium density; u} are displacement

*(q)

vector components; C: ik are elastic constant tensor components; Ty is the initial temperature; Di j are

(9)

the self-diffusion coefficients; R is the universal gas constant; m1) is the molar mass; n(q) =nlD) — 1,
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(9)

is the concentration increment of g-th component in the N-component medium; n,;,"" and (@) are the

*(q)

initial and actual concentrations (mass fractions); o.; j are coefficients characterizing the medium

volumetric changes due to diffusion; I is beam length; F; and Y(9) are mechanical and diffusive bulk
perturbations; and t(9) is the relaxation time of diffusion perturbations.

The formulation of the problem is completed by the initial and boundary conditions.

Initial conditions:

ui"t:fg = Ujp, ui"‘[:to = Djo, n(q) - n((ﬂ) (17 - 1/ N) (4)

T:tg

Here, ujy, vjo, n(()q) are the given functions of spatial coordinates. Further in the paper, we assume that
to=0, upp=0, vjp=0, n(()q) =0.

Boundary conditions (domain G is bounded; n; are components of the outer normal unit vector to
dG, oG = I1, UIl; = IT, UIIy):

17 (t>0,g=T,N). (5

-(9)
uilp, = Ui, Gi}'”f’nG =P, . N, (]i(q) + i ) .
]

il

The quantities on the boundary conditions on right sides are surface kinematic U;, N(?) and dynamic

B, Ii(q) perturbations.
To construct the beam bending equations, a transition to the variational formulation of the problem
(1)-(5) is used. According to Hamilton’s variational principle, the relations (1)~(5) can be regarded as a

condition for the stationarity of a certain functional H (ui, n@ ) , whose variation is written thus:

(q)
5H = /dT/ (ul >5udG+2/dT/ <1+Tqa )( <>+a;;. —W))(sn(q)chr
1

q 1t
(6)
+ / {[ (oim; — Pr)bwidsdr + Z / {f (]@ +1, Iz‘(q>>”i5rl(q)d5d”f-
t o fl 11
Further, we will assume that
i The axis Oxj is the central axis of the cross section. In this case,
jj X2dX2dX3 =0. (7)
D
ii ~ The side surface ITj is free from mechanical loads, i.e.,
O“ijnj’Hb =0. (8)
iii We also assume that there is no mass transfer through the side surface,
-(9)
(17 +=i”)| =0 ©)
I

b

iv. The beam material is a homogeneous ortotropic continuum.

The bending of beam is considered in plane x1Ox;. Then uy = ug(x1,x2,7), k =1,2; uz3 =0;
;3 = 0. Mass transfer occurs also in the plane x10xy, i.e., ND =@ (xq,x2,7).
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v Transverse deflections are considered small. Then, the linearization of the unknown quantities
with respect to the variable x; will have the following form:

uy(x1,x2,7) = u(xy,T) —x2x(x1,7), up(x1,x2,7) = 0v(x1,7T) + X2 (x1,7T),

(10)
n@(xl,xz,T) = Ny(x1,7T) + x2Hg(x1, 7).

vi The cross sections after deformation remain normal to the neutral line of the beam
(Euler-Bernoulli ’s beam theory). Also, we assume that there are no deformations along the Ox,
axis [24,25].

=g = PY=0=19=0x(x,7)="7(x1,7).
Then, Equation (10) will take the following form:

up=u—x0, u=v9v, u3=0, u=u(x,7), v=0(x,7). (11)

Here, the prime denotes the derivative with respect to the variable x;.
From (8) and (9), it follows that,

OpMnalpy, = Onha|p = 022‘223 =0; (12)
3 1 b 71(x3) P b
(o) (o)
/ SdG = / dx ﬂ —dxzdxg - / dxy / / S vy = / dx; / on| 113 dxs = 0. (13)
2 y3(x3) a

The components of the stress tensor and the diffusion flow vector will have the following form:

oy ouy N ou;  u
011 = CHB +C12 2 Z agq)n(q) = u fxzv Z g Nquszq) oy = C66(—1 + —2> =0,

oxy o] o] oxy  0xp
u ou N N
0 = Clza—xl + sza—xz -) ocgq)n( 9 = = Cra(u' — x20") Z Nq + x2Hy),
1 2 =1 g=1
1 (14)
(q) @ 92u 92u
R S +A§‘}>—a 7+ A g = D (Ng - xaH ) + AL (¢~ 20”),
-(q) on@ %y 9%uy
Y + gy = —DyY oxs + A2 ox + A Iox, ~DYH,— A" (g=TN),
where
Ci1 =Cun, Ci2 =Cuzn, C=Cxa, Cs = Ci212, (ng) = (X%), (q) = océz),

D =i, D DY, AY Al A Al AL AL AY- AL,
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Substituting the relations (7), (10)—(14) into (6), we obtain the following:

ty 1 N
0H = /d'r/ l ( —u" + Z ocl ) - n] Sudxy — /dT/ []3 <%}” —olV — Z:l oc@H{/) +m' | bvdx; +
q=
+/dT/ (Fo — q)dvdx; + Z /dT/ Ny + ng)N‘;' +A§’{)u”’> —y(‘”}équxl—f—
q= 1t1
N ty 1
+y / dr / 3 (Hy + 7@y = DIV HY — A0V — 20| oH,dx +
=i 0
tz X1:1
+/ ]3(0—0 Zoc ) m| v dt+
ty x1=0
tz N N X1=1
+/{ F(u’ - ocgq)Nq> —N|du+|J3 (v” +) ocgq)Hq> +M|6v — Qév} dt+
51 =1 =1 x1=0
N7 (9) nt (9), n (9) / (), m (9) n=1
+q—21t/ {[F(-DN; + Al w") T @]oN, — [13(DIVHy + A" ) + 0] 61, ) L

We introduce the following notation:

e  [[dxpdxs = F is the cross-sectional area,

e [ x%dxde3 = J3 is moment of inertia of the beam section relative to the axis Oxs,
D

e || Fidxpdxs = n is the linearly distributed axial load,
D

° g Fyxpdxpdxs = m is the linearly distributed moment,

° g Fydxydxs = g is the linearly distributed transverse load,

o [ <Y(‘4) + T(q)Y(q)) dxrdxz = y(q) is the linear density of bulk mass transfer sources,
D

il (ym 4 T<a>y<q>) xadxadxs = 29,
D

N(xp) = jf Py (x1,x2,x3,7T)dxodxs, M(x1) = j Py (x1, X2, 3, T)x2dX2dx3, Q(x1) = j Py(x1,x2,x3,T)dxpdx3,
D D D

F(q (x1) fj[ (21, x2, x3, T)dxpdx3, Q(q)(xl):fflelw(xl,xz,xg,T)dxde3.
D

Thus, the following boundary-value problems are the necessary conditions for the stationarity of
the Hamilton functional considering (7)-(11):

N . . (q)
i=u - Z ag‘l)N{; + %, Nq + Tqu — ng)Nél _ Agl)u/// + yT (15)
g=1
N N
(9) _No (@) _ M
(u’ - q; o Nq> =T <”/ - q; xq Nﬂ) - F’ (16)

X1 =0 X1 =1
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(q) (9)
T T
(_ng)Né + qu)u//) x1=0 - ;): ! (_Diq)Né + qu)u//) x1=1 - 11: ’ 17

N
S SR £ 74 @Dy 9w
v —o=0"+ Y « H' -+ -,
I3 =1 1 77 I3 J3 (18)

3 o p@) (@) v, 29,
Hg+7tqHy = Dy Hy + Aj70" + 5

N N
M M
<U// +y ocgq)H]) - —TO, <v” +3) ocYI)Hj) = —]—1; (19)
j=1 =0 3 j=1 x=1 ’
N
o+ g (X§q>H,j _ _ QO*‘H:U/ o+ Z “EQ)H]( _ _ Q1+Z‘x1*1, (20)
j=1 -0 * j=1 =1
x1= X1
Q(q) Q(q)
D@ 4 A@ R DD L A - 21
(oA == (DA == =

where
No=N(0), Ni=N(1), Mo=M(0), M =M(71), Q=Q©O0), Q=Q()
r{ =r@), 7 =r@wa), ol =a®), al?=a@qu).

In accordance with the variational principle of Lagrange, the boundary conditions (15)—(21)
combined with the kinematic boundary conditions are as follows:

Uly—g =Uo, |y =Uy; (22)
Ngloymo = Ngo,  Ngl,,_; = Nyu; (23)
U|X1:0 = VO’ U|X1:1 = Vl’ (24)
vl|x1=0 = Vé’ v/’xlzl = Vl,; (25)
Hy|, _o=Hp, Hyl, _; =Hgp; (26)
/ gt / o1y
Hy|  =Hio Hy| _ =Hpy 27)

Problems (15), (16), and (23) as well as (15), (17), and (22) are equivalent to one-dimensional
problems of elastic diffusion for a layer. Their solutions are constructed using Laplace transform
and decomposition into trigonometric Fourier series [26-28]. The papers [29,30] also considered
problems with other combinations of boundary conditions that are solved by the method of equivalent
boundary conditions.

Thus, the object of further consideration in this article will be initial boundary value problems for
Equation (18) with a combination of boundary conditions (19), (20), and (24)—(27). Initial conditions
will be assumed to be zero.
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3. Method of Solution

We consider the problems (18), (19), (24), (26). The solutions of the problem are represented in the
form(g=1,N+1):

N+2 T N4l T L N
o(x,7) =Y /[le(x,T—t)fkl(t)+G1k(1—x,T—t)fk2(t)]dt+ y //le(x,g,T—t)pk(g,t)dgdt,
k=1 0 k=1 00
N+2 T
Hy(x7) = L. [ [Goax(e =0 fia(t) + Gpan (1 = x,7 = ) fialt) | dt+
=1lo

N1 T L
+Z //Gq+1,k(x/€rT_t)Fk({:,t)dCdt.
k=10 0

(28)
Here, x = x1; Gy and G, are surface and bulk Green’s functions; F;(x,t) = (g +m’)/J3 and
Fy1(x,T) = z(1) / J3 are body forces entering into Equation (18); and fj;(t) are surface disturbances
that have the following form:
Mo (T) Mi (1)

fu(t) = *T/ frz(T) = *T/

fa(t) =Vo, foot) =V1,  fyro1(t) = Hypo(T), fra22(7) = Hyi (7).

The surface Green’s functions G, satisfy

o F TR (1) =1t
Gk — Tle =Gl + ) o Gl
3 j=1 (29)
Gyyik+5Gorrp = ng)GZ{H,k + AY{) Gi{
N ) e )
Gl + ) o G =oud(1), | Gk + ) o Gk =0,
]:1 X1:O ]:1 X1:1 (30)
Giklyy—0 = 026(7),  Gikly,=1 =0, Gq+1,k‘x1=0 = 0g1246(T), Gq+1,k‘x1:1 =0.

The bulk Green’s functions émk satisfy

o ope N
G — Eclk =Gl +Y ocy)G]"H/k — o1 (x = )d(v),
j=i

Gorip +7Gaik = ng)@,’%k + qul) GiY + 8410 (x — £)8(7),

and homogeneous boundary conditions corresponding to (30).
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We consider the problem of finding the surface Green’s functions G,,;. Applying the Laplace
transformation with respect to time to (29) and (30), we get the following (s is the Laplace transform
parameter):

" F L N : "
PGl (5) = 79°Gh(xs) =[Gl (x9)] + L Gl (w9)
j=1

" L
(S + quz) G§+1,k(x/5) = ng) G§+1,k(xr5) + Aﬁ) {G{X(x,s)] /
I~ L N L
Gir + ) %G1k %Gty
} =

GL’ =5, GL‘ —0, Gt
1k 0 2k 1k x=1 q+1k

L//
= (51]{, le + = 0,

]

]

X1 =0 X1 =1

=0.

X1=1

— L
= 5q+1,k' Gq+1,k

X1= X1 =0

Next, we multiply each equation by sin A,x and integrate in the interval [0,1]. The result is
as follows:

N .
K1 (Au5)GE (An,5) = A2Y" & G2 4 (A, ) = Fie(An),
j=1
~AEADGE (A, 5) + kg1 (A, $)GE 1 (A, 5) = Fyo sl(An),

(31)

where
e e (22 EN2 ot ooy o [ ADs  ADA2s 1+ D@s o ADSE )y
1( nls)— n%’]f3 + A q+1,k( n)— n 11 91k — 431 102k + 1 99+2k — M1 ;0‘1 2k |
=
koe1(An,s) = s+ 152+ D\VAZ,  Fp(An) = —2A003 + 24, (52 + Aﬁ)&zk,
1

GL(x,5) = ¥ GE.(Ay,5)sinAyx, GLS(A,,5) =2 / GL (x,5)sinApxdx, An = 7n.
n=1 ’
0

The solution of system (31) has the following form:

(9)
Pix(Ay,s) 2A,A Por1(Ans)
Ls 1k ns Ls a q ,
AniS) = 5o Ay s) =
le( Vl/s) P()\n/S) 4 Gq+1,l( H/S) kq+1()\n,5) Qq(/\n’s) s
(1) 43
2A /\ P /\ ,S
Ggil,z()\n,S) =— 11 7 1+12(An,s) o)

kq—&-l(/\nrs) QQ(AH/S) ’

() (
2An (qu Ogp — Aﬁ) “P) Pyi1,p+2(An, )
kl/]+1(/\}’lrs) Ql](/\l’lls)

G;—T—l,p—&-Z(An’S) = (p=1N, k=1,N+1).
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Here,

P(An,s) = ky (A, $)TI(Ay,s) A62A11 o TTi(Awss),  Qq(Anss) = kg1 (Au,5)P(An,5),
j=1

P11 (/\n,S) = —2)\n

2% () A ()
II(Au,s) =A%) oA H]-(An,s)} ,
j=1

P12 ()Ln, S) = Z)Ln

(SZ+/\2) (Ans) /\42“1 11 (A, s )}/

Prgra(Ans) = 260723 | DI TT (A, 5) Zoc AT (A, 5)

7

Pyi11(An,s) = 2/\3qu)

T1(Ay,s) — A2 2 o AL (A, s)} )

j=1

Pyi12(An,s) = 2450

() A0
(52 + A%,)H(An,s) - AﬁZ% ol A H]-(An,s)},
]:

Pq+1,p+2(An/ ) _ z(x(ﬁ)/\7A(4)

() SOING)
Dy Ty (An,s) — Y o/ A TT; (A, 5) |,
j=1

N
An/ Hk]+1 )\n/ ’ Hj(AH/S) = ] #,kr+1(/\n/3)’
r=1r#j

The Laplace originals of functions in (32) have the following form [28]:

2N+2 —144/1—41,D ( )AZ
G5 (An,T) 2 AR )i, g1 (An) = > : ’
Ty
. 2 [ 2Al74, (2N-+2+1)
Gai11(An, ) = ) 4

n ( ) S /\n T
1+ 21,8 (Ay) 0t (An )] 1T 4 2 A, 1 (An)e T,

(1) 43
C2ATAL L ensa &)t () (M)
o0 Acasy U (An)|e + ]-2:1 Ao (An)e T,

2005~ A )
S —
GqulerrZ(/\n/ T) = l; 1+ 274¢1(An) A

() ~ Py(Awsi(Ae) e e
A (M) = —F/——F =1,N+3, k=1,N+2, r=1,N+4, g,p=1,N),
( Vl) Pl()\nlsj(/\n)) (] q p )

—

=1

G§,+1,2(/\nf T) = Z

2
1

2N+2 .
IN241 ) e
l(7+1,p+2)()‘")] I z{ At(/J)rl,p+2(/\n)65](A T,
]:

(r) ~ Priai(Ausr(An)) @N+2+1)  Parik(An, E1(An)) -
Apa) =g S Mk T o ety T

where s;(Ay), j = 1,2N + 2 are zeros of polynomial P(A,s).
4. Examples

For the calculation example, we take the one-component (N =

1) aluminum medium with the
following characteristics [31]:

N k
Ciipp = 12.05- 1010—2, To = 800K, p = 2700 m%,

2
“ﬂ ) =42.10° L, Dn( )= 77310 4™ L —01m, <@ =200s.
mol s
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We assume that the beam has a rectangular section with height & = 0.1 m and width b = 0.05m.
The geometrical characteristics of the section is as follows:

3
F=bh=500-10"5m? J5= % _417.10-10 it

Example 1. We assume in the boundary conditions (19), (24), and (26):

fui(T) = —M(])—CET) =H(t), fi(1)= —M}—s(T) = H(1),

for(t) =Vo(t) =0, faot) =Vi(1) =0, f31(1) = Hao(T) =0, f32(7) = Hoi(7) = 0.

Then, according to (28), in the absence case of volume perturbations, we have the following:

v(x,T) = / [Gi1(x,T— 1)+ G131 (1 —x, T —t)|H(t)dt =
0

= A L) s A0 1
=2Y sin—cos A, <— —x) A (Ay) —————,
n;] 2 2 ]; 1 sj(An)
Hy(x,7) :/[GZl(x,T—t)+G21(l—x,T—t)]H(t)dtz (33)
0

© A 1 2 (22 , ()T _q
=2V sin =2 cosA,| = —x #—kA(H) Ay) | ————+
Lsineosha(3 7)1 (1 Fargn T M) TR

= Ay 1 4 () eSiAn)T _q
—%an1 sin —- cos An (§ — x)J; Ayl ()Ln)sj(T.

The calculation results are shown in Figure 2. It should be noted that the effects associated with
the diffusion flux relaxation for given perturbations (33) do not appear at all. The graphs for the beam
deflection v(x, T) and the concentration increment Hy (x, t) without considering the relaxation have
the same view as in Figure 2.

/ ‘:l,ll,‘ll’””’ %>

v,107
P l’,,’

s

A

J

|

-0.54
-1.04
-1.54

o

/.

@) ()

Figure 2. The results of calculations using Equation (34): (a) The beam deflections v(x,T); (b) The
concentration increment Hy (x, 7).

Example 2. Now, we assume in the boundary conditions (19), (24), and (26) that

fu(r) = —M;—s(T) =0, fifr)= —M}—iT) =0,

fa(t) = VWo(1) =0, fao(1) = Vi(7) =0, f31(7) = Hao(7) = H(7), f32(7) = Hn(T) = H(7).
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That (28)
T
v(x,T) = / [Gi3(x, T—t) 4+ Gi3(1 — x, T —t)|H(t)dt =
0
)\ S (/\n)T _ 1
=2 sm—cos)\ A 7,
o (5o R AR
T
Hy(x,7) = / [Gaa(x, T—t) 4+ Gl — x,T—t)|H(t)dt =
0
(1) _ 1) A1)
An 2 2(D1 — o Agy )A" (4+1) eb1(An)T 1
22 Sln7COS)Ln (—x)g 15 25,80 + Ay (An) W+

An 1_ ) (A et 1
+2251n2cos)\n(2 x)ZA An) SO

n=1 j=1

The calculation results are shown in Figure 3.

v,10°1°

v,107"

10 o P L0 "‘/

0 02 04 06 08 <lI0f

() (b)

Figure 3. The beam deflections v(x, T), x = 0.5. The solid line is the solution with relaxation of diffusion
fluxes, and the dashed line is the solution without relaxation of diffusion fluxes: (a) Effect of diffusion
processes relaxation on the beam deflections at T ~ 107; (b) Effect of diffusion processes relaxation on

the beam deflections at T ~ 108.

Relaxation effects are manifested under the condition T < T; (dimensionless time 107 is
corresponds to 150 s), as can be seen in Figure 3. The relaxation effects fade out with increasing time,
which is demonstrated in Figure 4. A similar situation is observed for the concentration increment
H,(x,7). Based on the completed study, it can be concluded that the relaxation effects manifestation
essentially depends on both the material properties and the type of specified perturbations. The
results obtained in this article are consistent with the results obtained by other researchers, for

example, [6,12,32,33].
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Figure 4. The beam deflections v(x, T), x = 0.5. The solid line is the solution with relaxation of diffusion
fluxes, and the dashed line is the solution without relaxation of diffusion fluxes: (a) Effect of diffusion
processes relaxation on the beam deflections at T ~ 10%; (b) Effect of diffusion processes relaxation on
the beam deflections at T ~ 10'2.

5. Conclusions

The coupled unsteady oscillations model of an elastic diffusion Euler-Bernoulli beam was
constructed using Hamilton’s variational principle. An algorithm for constructing surface Green’s
functions was proposed. The use of the unknown function expansion into series by eigenfunctions
allowed us to solve the problem associated with the Laplace transform inversion. Such an approach
made it possible to find an analytical solution to the oscillation problem of an elastic diffusion
Euler-Bernoulli beam.

On the basis of the developed model, the interaction of mechanical and diffusion fields was
investigated. The influence of diffusion relaxation effects on the beam was analyzed. A number
of test calculations showed that relaxation effects appeared only at the initial moments of time and
under certain boundary conditions. The results of the calculations are presented in analytical and
graphical forms.
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