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Abstract: This paper aims to provide an adaptation of the trimmed L (TL)-moments method to
censored data. The present study concentrates on Type-I censored data. The idea of using TL-moments
with censored data may seem conflicting. However, our perspective is that we can use data censored
from one side and trimmed from the other side. This study is applied to estimate the two unknown
parameters of the Weibull distribution. The suggested point is compared with direct L-moments
and maximum likelihood (ML) methods. A Monte Carlo simulation study is carried out to compare
these methods in terms of estimate average, root of mean square error (RMSE), and relative absolute
biases (RABs).
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1. Introduction

In the past fifty years, there has been great attention given to the use of unconventional estimation
methods in the theory of estimation in addition to the classical methods. Classical estimation methods
(e.g., method of moments, method of least squares, and maximum likelihood method) work well in
cases where the distribution is exponential. However, in some applications, the data may contain
some extreme observations, which can greatly influence the values of the estimator. Therefore, if there
is a concern about outliers, one should use a robust method of estimation that has been developed
to reduce the influence of outliers on the final estimates. Using a robust estimation techniques for
estimating unknown parameters has great importance for investigators in many fields, such as in
industrial, medical, and occasionally in business applications. In recent decades, much of the work
on dealing with outliers has been focused on robust estimation methods (e.g., [1]).

The L-moments method has been noticed as an appealing alternative to the conventional moments
method [2]. To avoid the effect of outliers, Elamir and Seheult [3] introduced an alternative robust
approach of L-moments which they called trimmed L-moments (TL-moments). TL-moments have
some advantages over L-moments and the method of moments. TL-moments exist whether or not the
mean exists (e.g., the Cauchy distribution), and they are more robust to the presence of outliers.

The idea of TL-moments is that the expected value E(X,_j.,) is replaced with the expected
value E(X; i, —krit,4+t,)- Thus, for each r, we increase the sample size of a random sample from
the original r to r 4 t; + t;, working only with the expected values of these r modified order
statistics Xy, {1:r44, 4ty Xty +2:7+; +Hps -+ Xty +rir+1 +1, DY trimming the smallest t; and largest ¢, from the
conceptual random sample. This modification is called the rth trimmed L-moment (TL-moment) and

marked as /\9”2).
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The TL-moment of the rth order of the random variable X is defined as:

(th) _ 1 = fr—1
)\7 - ; Z (_1) k E(X7+f1—k:r+t1+t2>/ r= ]., 2, e (1)
k=0

The expectation of the order statistics are given by:

E(Xir) = g, (- 0 gt

(i—1)!(r—i

Its basic idea for the method of expectation is to take the expected values of some functions of the
random variable of interest and extend them to a sample and equate the corresponding results and
solve for the unknown parameters.

This paper is concerned with comparing the performance of three estimating methods—namely,
TL-moments, direct L-moments, and maximum likelihood (ML)—with Type-I censored data. It is
straightforward to adapt the methods for Type-II censored data. This study is applied to the estimation
of the two unknown parameters of the Weibull distribution by a quantile function that takes the form:

g(u) = a[—log(1—u)]b, 0<u<1. @)

This article is organized as follows: TL-moments for censored data, in the general case, are
introduced in Section 2. TL-moments for the Weibull distribution are presented in Section 3.
A simulation study and real data analysis are presented in Sections 4 and 5, respectively. Concluding
remarks are presented in Section 6.

2. TL-Moments for Censored Data

For the analysis of censored samples, Wang [4-6] introduced the concept of partial
probability-weighted moments (PPWMs). Hosking [7] defined two variants of L-moments, which he
used with right-censored data. Zafirakou-Koulouris et al. [8] extended the applicability of L-moments
to left-censored data. Mahmoud et al. [9] introduced two variants of what they termed the method of
direct L-moments, and used them of right- and left-censored data from the Kumaraswamy distribution.

The aim of this section is to introduce an adaptation of the TL-moments method to censored data.
In fact, the idea of using TL-moments with censored data may seem to be conflicting, but the idea is
that we may use data censored from one side and trimmed from the other side.

2.1. Right Censoring for Left Trim

Let x1, x2, ..., x;, be a Type-I censored random sample of size n from a population with distribution
function F(x) and quantile function g(u). From the formula of TL-moments (1), we know that
TL-moments are defined as:

(fl,tz)_(7+tl+t2)!r_l (1) r—1 /1 rit—k—1/q1 _  Nbatk
M = L k- iR k)b (1= u)>q(u)du. - (3)

We suppose a left trim ¢; (i.e., t; = 0). From Formula (3), we get

(o) _ (T4 t)!NS (—=1)* r=1\ [N ko1 ok
S ro =+l k=1 k /o w (1 —u)*q(u)du. @)

In this case, let the censoring time T satisfy F(T) = c and c be the fraction of observed data.
The random sample takes the form x;, 1, x¢, 42, ..., Xn.
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X1 S X0 <o S X S Xyt S Xpq2m S0 S X < T < Xpy1n < < Xp—1on < X

t; (trimmed) m (observed) n—t;—m (censored)

2.1.1. TL-Moments for Right Censoring (Type-AT)

The quantile function of Type-AT TL-moments is
yA(u) =q(uc), 0<u<l. 5)

Substitution into Equation (4) leads to the Type-AT TL-moments where:

]«lf(tl’o) — (1’ + tl)! E (_1>k <1’ - 1) /01 ur+t1—k—1 (1 _ u)kyA(u)du

r B+ —k— K\ &
(r+t)!'& (=1 r—1\ f¢ k-1 k
T Troth k;) (r+tH—k—=1)%k!'\ k /0 W (c — ) q(u)du. ©)

When we suppose that the value of the smallest trim is equal to one (i.e., t; = 1), from (6), we get:

AL _ (r+1)! ri (=DF (r - 1) /OC u k(e —u)*q(u)du. @)

rertl = (r— k)KL k

In this case, the first four Type-AT TL-moments are given by the following:

2 c
p =5 /O uq(u)du, (8a)
[ c c
y?(l'o) = c% %/ uq(u)du —/ u(c— u)q(u)du} , (8b)
A(10) _ 41 / B / B
M3 &3 wdq(u)du — 2 (c —u)g(u)du
+/ u(c —u)q(u )du} (8¢c)
yA(l’()):i /uq du—3/ (¢ —u)g(u)du
4 S|4
2/ (c —u)g(u)du —/ u(c—u)dq(u)du| . (8d)
0
When we suppose that the value of the smallest trim is equal to two (i.e., t; = 2), from (6), we get:
Ao _ (r+2)t'= (=) (7 - 1> /C r—k+1 ka(\d
= - . 9
Hr rcrt2 k:ZO (T-k—l—l)'k' k 0 u (C u) q(u) u ( )

Substituting » = 1,2, 3,4 in Equation (9), we get the first four Type-AT TL-moments:
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u 0 = Ci | oy, (10)
H?(Z,O) 7l {/ uq(u)du — 3/ (c—u) du] (10b)
yg\(z,o) 365{/1411 du—8/ (c—u)gq(u)du

+6/ (c—u) )du} (10c)
i@ = 2| [ udg(uydu - / (¢ — u)g(u)du

+3o/ (c — u)2q(u)du — 10/ (c — u)® )du} (10d)

Using the method of expectations, Type-AT TL-moments estimators are given by:

m r—1 . )

A(t,0) 1 Z L(r—1 i z

w (%) ( 1) < > ( _ ) ( )Xi:n- (11)
r(r-:-ntl) i=t;+1k=0 k r -+ tl —k 1 k

2.1.2. TL-Moments for Right Censoring (Type-BT)

The quantile function of Type-BT TL-moments is

) ogq(u), O0<u<eg,
yB(u)_{q(c), c<u<l

Substitution into the formula of left trimming in (4), the Type-BT TL-moments are given by

B0  (r+h)'& (—1)* r—1 /1 riti—k—171 _ .\ky,B
Hr = k§)<r+t1_k_1>!k! k)" (1= )y (u)du

C(rep)E (—1)k r—1
- I;)(r—ktl—k—l)!k!( k )*

[/: W TR — kg (u)du + q(c) Kl wthkl( u)kdu} :

Using the results in (A9), the second integration can be written as:

o _ )t (r - 1>*

roo =+l k=1 k (12)
C
Bkt Da(e) [ g,
0
where (a, b) is the upper incomplete beta function.
When we suppose the value of smallest trim is equal to one (i.e., t; = 1), from (12), we get:
Bao)  (r+1)I'E (—1)k (r - 1)
Hr = Z *
ro S =R\ k (13)

[,Bc(r—k+1,k+1 / k(1 — w)*q(u)du| .

In this case, the first four TL-moments for Type-BT right censoring are calculated as follows:
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w09 (1 - q(0) +2 [ ualayin, (140)
uB00) (3/3C(2 2) - ) 2/ 12q(u)du —3/ u(1 — w)q(u)du, (14b)
800 = (8.3.2) ~4p:2.3)— 5 ) al0)+ 3 [ 2t

- 8/ (1 — w)q(u)du + 4/0 w(1— u)2q(u)du, (14¢)

5
P‘4(1 0) _ (15'3C(4 2) — 75C(3,3) +5Bc(2,4) — C4> q(c)

4/uq du—15/ (1—u)q(u)du

-1-7 u?(1—u)?q du—5/ u(1 — u)>q(u)du]. (14d)

When we suppose that the value of the smallest trim is equal to two (i.e., t; = 2), from (12), we get

Booy  (r+2)t' & (—1)F r—1
o=y k;)(rfk+1)!k! k)"

{ﬁc(r Ck+2,k+1)g / W R (1 )kdu} . (15)
In this case, the first four TL-moments for Type-BT right censoring are calculated as follows:
i =1 )q(c) +3 / 12q (u (16a)
yfa’o) <6ﬁc(3 2) — Cz ) g(c) + [/ udq(u)du — 3/ (1—u) du] (16b)
e = (Dha,2) 10533 - 5 ) 400

—i—g_/uq du—S/ (1—u)q du+6/ (1—u)? )d”} (16¢)

ﬂf(z,O) _ (425/35(5,2) 45B.(4,3) + 158.(3,4) — 4> q(c)

—|—§ / u—15/ (1—u)g(u)du

+30/ (1— u)? du—lO/ (1= u)%q(u)dul. (16d)

Using the method of expectations, Type-BT TL-moments estimators are given by:

() Gk ()X
M? Xin

(22 D))

2.2. Left Censoring for Right Trim

Let x1,x2, ..., x4, be a random sample of size n. We suppose right trim f; (i.e., t; = 0). From
Formula (3) we get:
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y + ) i —1)* -1 ! r—k—
A - kg)(r—k_(l)!)(k+tz)!<rk )/O g1 —w) . (18)

In this case, the random sample becomes of the form x1, x3, ..., X4—t,. Type-I left censoring occurs
when the observations below censoring time T are censored:

X S X0 S S X1 ST <o < Xt < Xty < Xpen < Xppglon - < X

s (censored) n — t, — s (observed) to (trimmed)

Let censoring time T satisfy F(T) = h, where & is the fraction of censored data.

2.2.1. TL-Moments for Left Censoring (Type-A'T)

The quantile function of Type—A’T TL-moments is:
y () =q((1—hu+h) 0<u<l.

Substitution into (18) leads to the Type-A’T TL-moments where:

A0n) _ (r+)l'& (=1 (V—l) VoA N rkedyq ket
Hr = kgg)(r—k—l)!(k—ktz)! k /0»‘/(”)” (1—u)™du

r pord _1)k r_
_r<(1 —+ht>2’)+f2,§0<r—k_(1;!)(k+tz>z( kl> /hlq(‘”(“—hy‘k‘l(l—u)"*”du. (19)

When we suppose that the value of the largest trim is equal to one (i.e., ; = 1), from (19), we get:

aey _  (r+1)! " (—1)* r—1\ /1 e
t _r(l—h>’“k§(r—k_l)'(k+1)!< k )/h q(u)(u =) (1 —w)Hdu. (20)

In this case, the first four TL-moments for Type-A'T left censoring are calculated as follows:

' 2 1

O = g ), 0w o
, 3 M rl 1 /1

0N _ = /h (u—nh)(1 = u)q(u)du — E/h (1- u)zq(u)du} , (21b)

1 [l !
i O = s | =P - g =2 [ (= ) (1 )
+% /hl(l - u)%(u)du} , (21c)
Iyt

p = (1 _5h)5 /h (= h)*(1 = w)q(u)du — % /hl(” —h)*(1 = u)*q(u)du

+3 _/;(u = h)(1 = u)q(u)du — i | /h . u)4q(u)du] : (21d)

When we suppose that the value of the largest trim is equal to two (i.e., t = 2), from (19), we get:

, r ! r—1 _1\k r— 1
JA102) _ r((l _+h2)>r+2 v (r_k£11)3(k+2)!( kl) | = A @)

In this case, the first four TL-moments for Type-A'T left censoring are calculated as follows:
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up ) = i _3h)3 /hl(l — u)?q(u)du, (23a)
' 02 _M 3 / (1= h)(1 = u)q(u)du — /h - u)3q(u)du} , (23b)
uy 0% :3(15;1)5 6/ 1 — )2(1 = u)2q(u)du
—8/ (u— h)(1 —u)3q(u)du+/l(1 —u)4q(u)du}, (23¢)
2 :4(1:1)6 10/ w— )31 —u)? du—SO/ i — h2(1 — u)3q(u)du
+15/h (1 —h)(1 — u)*q(u )du—/h (1— u)3q(u )du]. (23d)

Using the method of expectations, Type-A'T TL-moments estimators are given by:

A (0t 1 ks L (r—1 i—1 n—ty—s—i
M Z)ZW Y ¥ ( . )(r_k_l)( 2 )x+ (24)

r4ty i=1 k=0

2.2.2. TL-Moments for Left Censoring (Type-B'T)

The quantile function of Type-B'T TL-moments is

B’ - q(l’l), 0<M§I’l,
Y (u)_{q(u), h<u<l.

Substitution into Equation (18) leads to the Type-B'T TL-moments where:

B'(0f) H—fz - (—1)f r—1 /1 B[ N, r—k—1(1 _ . \k+t
Hr = Z (r— _1) (k+ 1)\ k 0 y” (u)u (1 —u)""2du

- r+t2 ; r—k —11)(kk+t2)!<r;1)*

Uoh () F1(1 — )Rty + /,11 g(u)u 11— u>"+t2d”] '

ﬁ??‘
»—\O

Using the results in (A8), the first integration can be written as

B'(0t) r—l—tz — 1)k r—1
Hr - ; (r—k f1 Wk+5)\ k

(25)
*[ﬁh(r—k,k+t2+1 +/ w1 — )k g (u)d }
where B-(a,b) is the lower incomplete beta function.
When we suppose the value of largest trim is equal to one (i.e., t = 1), from (25), we get:
B'(01) _ - (—1)k (r — 1)
Hr = Z
— k=1 k+1)!'\ &
(r— k= DI+ 1) 6
x| Br(r —k, k+2)q( +/ TR — ) g (u)du |

The first four TL-moments for Type-B'T left censoring are calculated as follows:



Math. Comput. Appl. 2018, 23, 47 8 of 21

O =[1--n) +2/ (1-u)g (27a)
o = B(—l +A-m?) +3ﬁh<z,z>] a(0)

+3/hlu(1—u du—f/ (1— u)2q(u)du, 27b)
WO = S0 =) = 81(2.3) + 4452 | a0

+4/ (1—u)q u)du—S/h1 u(1—u)?q(u)du

t3 /h (1 —u)®q(u)du, (27¢)
O = |1 (0007 = 156428 + 66,3) + 551(4,2)] a0

+5/ (1-u)q du—§ W2(1 — u)2q(u)du

+15/ (1-u)? du—f/ (1— ) (27d)

When we suppose the value of the largest trim is equal to two (i.e., £ — 2), from (25), we get

VB’(O,Z) (o (—1) <r _ 1)

’ o B k=12 k 28)
* [,Bh(r —k,k+3)g / w11 — w2 (u)du |
The first four TL-moments for Type-B'T left censoring are calculated as follows:
#f’(o,z) = :1 -(1- )+ 3/ (1—u) (29a)
: 1
W0 = | (ara-n) >+6ﬁh<z,3>} ()
1 1
+ 6/11 u(1 —u)?q(u)du — Z/h (1—u)3q(u)du, (29b)
/ M1 40
W0 = L0 o) - Ve + mﬁh(s,s)} ()
—|—10/ (1—u)? du—%o A u(1—u)3q(u)du
+ g/h (1— u)*q(u)du, (29¢)
/ 1 45
T [4<—1 + (1= 1))+ Bu(3,5) — 45B(3,4) + 15ﬁh<4,3>] a(h)
+15/ (1—u)? du—45/ (1—u)3q(u)du
+? a1 = )t du—f/ (1— u)? (29d)

Using the method of expectations, Type-B'T TL-moments estimators are given by:
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B0t _ 1 5, k(r—l)( i—1 >(n—i)
M = -1 T
' r(r-ﬁtz) [(i—l’;)( ) k r—k—1 k+t
n—ty r—1 r—1 i—1 —i
: D)) () ) %
i:s+1k§)( ) k r—k—1)\k+t :

3. Application to the Weibull Distribution

(30)

In this section, the rth population TL-moments for the Weibull distribution are introduced.
3.1. Right Censoring with Left Trim
o Type-AT;t; =1

From Equation (6), the rth population Type-AT TL-moments for Type-I right censoring for the
Weibull distribution are:

At a(r+ ) '3 —1)k r—1\ (¢ ik 1
e = (mtf) Z(r+t1(k)1)!kl< k )/0 WK e — u)k[—log(1 — u)]bdu.  (31)
P Ik!

By taking that the value of smallest trim is equal to one (t; = 1), from (7) we get:

1 r=1

o _ar DU (CDF fr1y e :
”f(m):u(:cm kzo(r(—k;!k! (rk )/0 e = )= log(1L —w)]bd. )

Substituting r = 1,2 in Equation (8a), the first two Type-AT TL-moments for Type-I right censoring
with left trim for the Weibull distribution will be:

A(0) _ 2a (€ 1
1 = C—Z/O u[—log(1l —u)]vdu.
Putting z = —log(1 — u), this equation becomes:
A1) 2a [~log(l—0) a1
i = 6—2/0 (1—e?)zbe %dz
—log(1—c) —log(1—c)
= 2a zhe Zdz — zbe 2z .

2 Lo 0

Using the results in (A3), this equation can be written as:

2 1 1
=5 [’r(— log(1—c), 3 +1) =2~y (=2log(1— ), + 1)} : (33)
where (¢, b) is the lower incomplete gamma function.
Similarly, from Equation (8b), we can also obtain the second Type-AT TL-moments, when t; =1,
for Type-1I right censoring for the Weibull distribution as follows:
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r Cc
ppo0 2311 / “log(1 — u)]bdu — / u(c — u)[—log(1 — u)]idu}
c _2 Jo
== 2/ [—log 1—u)]bdu—c/ [—log(l—u)];du]
i 0
3a [ log(1—c) R —log(1—c) S
:c73_§/0 (1—e %)*zbe Zdz—c/o (1—e"*)zbe Zdz}
r —log(1—c) —log(1—c)
— 3a % / (1—2e77+ e‘zz)z%e_zdz - c/ (1- e_z)zée_zdz}
0 0

. —log(1—c) —log(1—c)
= i—g (% - c)/ zbe 2z — (3—¢) / zhe 2z
L 0 0

—log(1—c)
+ 3 / 2 e‘3zdz}
2 Jo

3a |, 3 1 i 1
1
370 1
+Th’y(—310g(1 —0), T 1) (34)

o Type-AT;t; =2

When we suppose that the value of the smallest trim is equal to two (i.e., f; = 2), from (9), we get:

Ao _ ar+2)l's (=1F r=1\ [ k1. Nk ok
= e L m |k /Ou (c— )~ log(1—u)]bdu.  (35)

Substituting r = 1,2 in Equation (35), the first two Type-AT TL-moments for Type-I right censoring
with left trim for Weibull distribution will be:

1 1

(36)
1
+3*(%+1)7(—3log(1—C),E-Fl) ,
and,
A20) _ 24 L b .
pa ™ =T |4 =30)y(~log(1 —c), § +1) ~ 278 (6~ 3c)y(~2log(1 —c), j +1)

(37)

437 (4—c)y(—3log(l—c 1 +1) — 4’%7(—4log(1 —0), b +1).

i
o Type-BT;t; =1

From Equation (12), the rth population Type-BT TL-moments for Type-I right censoring for the
Weibull distribution are:

B(t,0) _ a(r+t)! r=1 (—1)k r—1
proml =T kgo(wrtl—k—l)!k! k)"

BE(r+t — k k+1)[~log(1— )]t + /OC w1 — )k log(1 — un%du] :

(38)

By taking that the value of the smallest trim is equal to one (t; = 1), from (13) we get:
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Bao) _a(r+1)!'e (—1)F (r — 1) §

Hr - — )k
ro =R\ k (39)

[ﬁc(7k+1,k+1)[log(1c)]i+/ocur—k(1u)k[log(lu)]zdu .

Substituting 7 = 1,2 in Equation (39), the first two Type-BT TL-moments for Type-I right censoring
with left trim for Weibull distribution will be:

p0 =20 |30 ) tog(1 = O] + (- log(1~ ), 5 + 1

. ) (40)
-2 y(-2log(1—c), b +1),
and, 1 1 1
1
uy " =30 [2<c2 =)= log(1 = o)]F + 37(~log(1—c), ; +1)

_1 (41)

1 1 370 1

—27by(—2log(1—c), 5T 1)+ T’y(—?&log(l —0), » T 1)].

o Type-BT;t; =2

When we suppose that the value of the smallest trim is equal to two (i.e., t; = 2), from (15), we get:

Bo) _a(r+2)1'  (=1)F r—1
o =7 kg’)(r—k—l—l)!k! k

[ﬁ“(r —k+2,k+1)[~log(1—c)]? + /OC u =K (1 — )k~ 1og(1 - u)]idu} . (42

Substituting 7 = 1,2 in Equation (42), the first two Type-BT TL-moments for Type-I right censoring
with left trim for Weibull distribution will be:

B(2,0 1-¢3
yl( ):311|: 3

[~ log(1 — ¢)]} + 7(—log(1 — c),% +1)

(43)
—2*%7(—210g(1 —c), % +1)+ 37(%+1)7(—3log(1 — c),% + 1)} ,
and,
4
c 1
%0 = 21 | (3p.(3,2) ~ )l log(1 - o)}
+v(—log(1—c¢), % +1) —3x 2*%7(—210g(1 - c),% +1) (44)

1 1
437y (—3log(1 —c), S - 475y (—4log(1—c), S+

3.2. Left Censoring with Right Trim
o Type-AT;t, =1

From Equation (19), the rth population Type-A’'T TL-moments for Type-I left censoring for the
Weibull distribution are:

Ay alr+h)! S (—1) o1y,
Hr o r(l— h)r+t2 = (r T 1)!(k+ 0)! 2

) (45)
/h [~ log(1 — u)]} (1 — k)" ~*=1(1 — u)k+edy,

When we suppose that the value of the largest trim is equal to one (i.e., t; = 1), from (20), we get:
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a1 alr+1) ' (—1)k r—1y,
o T A T B k- DI+ DI\ K

/hl (u B h)rfkfl(l _ u>k+1[_ 10g(1 . u)]%du.

(46)

Substituting r = 1,2 in Equation (46), the first two Type-A’T TL-moments for Type-I left censoring
with right trim for Weibull distribution will be:

1

A _ 27ba L
i = o (2los (1= k), 5 1), (47)
and,
yO — 31 o br(—2log(1 — )+ +1) — 3 bT(<3log(1—h),~ +1)|.  (48)
2 2(1—h)3 b b

o Type-A'T;t; =2

When we suppose that the value of the largest trim is equal to two (i.e., t; = 2), from (22), we get:

A02)  a(r42) e (—1)f r=1\ [t kg k2 Ry
(P Y oy 1 myi] Y [ =m0 2 tog(1 ). (@9)

Substituting r = 1,2 in Equation (49), the first two Type-A'T TL-moments for Type-I left censoring
with right trim for Weibull distribution will be:

A'(02) _ 3a _ 1
1 = h)31"( 3log(1—h), b +1), (50)
and,
pOD 28 s b r(=3log(1— k), +1) — 4 FT(—4log(1—h), ~+1)|. (1)
2 (1-h)? "b "b

e Type-BT t,=1

From Equation (25), the rth population Type-B'T TL-moments for Type-I left censoring for the
Weibull distribution are:

Pt S
; —
r = (r=k=1lk+t2)!'\ k o

{ﬁh(r —kk+t+1)[—log(l— h)ﬁ + /hl u k11— w)2 [~ log(1 — u)];du} .

When we suppose the value of largest trim is equal to one (i.e., t = 1), from (26), we get:

B'(01) _ a(r+1)! ' (—1)k r—1 §
Hr r k;‘)(r—k—l)!(lﬂ—l)!( k > 53

[,Bh(r —k,k+2)[—log(1— h)]% + /hl w11 — w1~ log(1 — u)];du] .

Substituting r = 1,2 in Equation (53), the first two Type-B'T TL-moments for Type-I left censoring
with right trim for Weibull distribution will be:
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TR [1 —(1- h)z] [—log(1 — h)]# + 2 #al(—2log(1 — c),% +1), (54)
and,
0 <30 {14 (1= 1)+ F2.2)] [ Tog(1 - ]}
] 1 375 1 9)
+2-GHIr(=2l0g(1 — h), 5T == T(=3log(1—h),; +1)|.

e Type-B'T tp =2
When we suppose that the value of the largest trim is equal to two (i.e., t; = 2), from (28), we get:

B2  a(r+2)!' (—1)k r—1
Hro = r—k—1k+2)!\ k
= ! !

[Bn(r — k, k +3)[—log(1 — h)]b + /hl[— log(1 — u)]bu %11 — u)* 2du].  (56)

Substituting r = 1,2 in Equation (56), the first two Type-B'T TL-moments for Type-I left censoring
with right trim for Weibull distribution will be:

WB20 _ 3 B [1 (- h)3] [—log(1—h)]# +3~ G (—3log(1 — h), % + 1)} . (57

and,

WO =20 | |11+ 1= 1)") +36,2,3)] [~ log(1 - )}
(58)
+371T(=3log(1 — h), % +1)—475T(—4log(1—h), % + 1)} .

4. Simulation Study

This section is devoted to illustrating the effect of an adaptation of the TL-moments method to
censored data in the estimation process using a comparative numerical study. We will estimate the
two unknown parameters of the Weibull distribution using TL-moments, direct L-moments, and ML
methods given both right and left Type-I censored data. In this study we used the TL-moments by
trimming one and two data from the right and also from the left. A comparative numerical study was
carried out among the three methods based on estimate average, root of mean square error (RMSE)
and relative absolute biases (RABs). The technical computing system Mathematica-10 was used to
carry out this necessary computation. The steps of this numerical study are given as follows:

1. Generate random sample size 1 (25, 50, and 100) from the Weibull distribution with parameters
(a,b), take these initial values (0.5,5), (2,4), and (0.2,0.8).

2. The generated data is ordered.

Determine the level of censoring, take ¢ = 10% and ¢ = 30%.

4. Use TL-moments, direct L-moments, and ML estimators formulas mentioned in (11), (17), (24)
and (30), respectively, and equate them with the corresponding theoretical moments to get a and
b estimates by solving these equations iteratively.

5. Repeat the simulation process 5000 times.

6. Calculate means, root of mean square error (RMSE), and relative absolute biases (RABs) for each

@

sample size used and parameter values considered.

The simulation results are reported in Tables 1-6.
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Table 1. The estimates, root of mean square error (RMSE) and relative absolute biases (RABs) for two parameters of the Weibull distribution using TL-moments,

direct L-moments, and ML method based on left censoring (2 = 0.5 and b = 5) in the presence of outliers.

Type (A)
Estimation of a Estimation of b
n Meth. 10% 30% 10% 30%
Est. RMSE RAB Est. RMSE RAB Est. RMSE RAB Est. RMSE RAB
ML 05613 05620 0.0075 0.5075 0.5100 0.0001 1.4030 1.4047 2.5876 1.2473 1.2542 2.8165
25 AD 05603 05610 0.0291 0.4916 0.4940 0.0001 1.8638 1.8772 0.0786 1.4723 3.2285 2.4888
AT1 0.5036 05037 0.0000 0.5038 0.5040 0.0000 5.0780 5.1329 0.0012 4.9823 5.0541 0.0000
AT2 05003 05005 0.0000 0.5017 0.5019 0.0000 5.2738 5.3525 0.0149 5.2834 5.3844 0.0160
ML 05364 05367 0.0026 0.4914 0.4920 0.0001 1.5442 1.5454 2.3884 1.3901 1.3920 2.6062
50 AD 0.5399 0.5402 0.0031 0.4939 0.4947 0.0000 2.3484 2.3592 14061 17971 1.8096 2.0517
AT1 0.5019 05020 0.0000 0.5020 0.5022 0.0000 5.0142 5.0442 0.0000 4.9952 5.0375 0.0000
AT2 04999 05000 0.0000 0.5008 0.5009 0.0000 5.1309 5.1714 0.0034 5.1746 5.2336  0.0060
ML 0.5038 0.5171 0.0000 0.4799 0.4802 0.0008 1.7578 1.7588 2.1022 1.5982 1.5992 2.3143
100 AD 0.5223 0.5224 0.0010 0.4966 0.4968 0.0000 3.0862 3.0935 0.7325 24767 24848 1.2733
AT1 0.5013 05013 0.0000 0.5010 0.5011 0.0000 5.0041 5.0203 0.0000 4.9551 4.9740 0.0004
AT2 05003 05004 0.0000 0.5004 0.5005 0.0000 5.0571 5.0788 0.0006 5.0339 5.0576 0.0002
Type (B)
Estimation of a Estimation of b
n  Meth. 10% 30% 10% 30%
Est. RMSE RAB Est. RMSE RAB Est. RMSE RAB Est. RMSE RAB
ML 05613 05620 0.0075 0.5075 0.5100 0.0001 1.4030 1.4047 25876 1.2473 1.2542 2.8165
25 BD 05908 05912 0.0165 0.5633 0.5641 0.0080 2.2917 2.3030 1.4668 1.9279 1.9444 1.8874
BT1 0.5102 05104 0.0002 0.5093 0.5095 0.0001 4.7625 4.8242 0.0112 4.5723 4.6449 0.0365
BT2 0.5056 0.5059 0.0000 0.5044 0.5047 0.0000 5.0295 5.1229 0.0001 5.0961 5.2076 0.0018
ML 05364 05367 0.0026 0.4914 0.4920 0.0001 1.5442 1.5454 2.3884 1.3901 1.3920 2.6062
50 BD 0.5585 05587 0.0068 0.5405 0.5409 0.0032 2.8124 2.8219 0.9571 24155 24289 1.3358
BT1 0.5050 0.5051 0.0000 0.5044 0.5046 0.0000 4.8992 4.9339 0.0020 4.8112 4.8607 0.0071
BT2 0.5027 05029 0.0000 0.5023 0.5025 0.0000 5.0393 5.0897 0.0003 5.0666 5.1393  0.0008
ML 0.5038 05171 0.0000 0.4799 0.4802 0.0008 1.7578 1.7588 2.1022 1.5982 1.5992 2.3143
100 BD 05315 05315 0.0019 0.5217 0.5218 0.0009 3.5139 3.5209 0.4416 3.1174 3.1255 0.7088
BT1 0.5025 05026 0.0000 0.5019 0.5020 0.0000 4.9548 4.9739 0.0004 4.8774 4.8987  0.0030
BT2 05018 0.5019 0.0000 0.5012 0.5013 0.0000 5.0034 5.0303 0.0000 4.9661 4.9962 0.0002
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Table 2. The estimates, root of mean square error (RMSE) and relative absolute biases (RABs) for two parameters of the Weibull distribution using TL-moments,

direct L-moments, and ML method based on left censoring (2 = 2 and b = 4) in the presence of outliers.

Type (A)
Estimation of a Estimation of b
n Meth. 10% 30% 10% 30%

Est RMSE RAB Estt RMSE RAB Est. RMSE RAB Est. RMSE RAB

ML 2273 2279 0037 1928 1936 0.002 1351 1355 1.753 1.125 1.128 2.065

25 AD 2281 2284 0.039 1794 1.808 0.021 1.722 1.744 1297 0910 2104 2386
AT1 2018 2020 0.000 2017 2018 0.000 4.046 4.091 0.000 3.980 4.041 0.000

AT2 2001 2.003 0.000 2010 2012 0.000 4.186 4250 0.008 4.289 4379 0.021

ML 2167 2168 0.014 1.748 5529 1528 1483 1484 1583 1.005 1.336 2242

50 AD 2180 2181 0.016 1.846 1.852 0.011 2016 2168 0983 1.091 2.015 2114
AT1 2008 2.009 0.000 2009 2010 0.000 4.016 4.039 0.000 3975 4.014 0.000

AT2 1.998 1999 0.000 2.005 2.006 0.000 4.095 4128 0.002 4.141 4.194 0.004

ML 2.083 2.084 0003 1853 1.854 0.010 1.676 1.677 1349 1449 1450 1.626

100 AD 2104 2104 0.005 1913 1914 0.003 2.693 2.699 0426 1966 1974 1.033
AT1 2005 2.005 0.000 2004 2004 0.000 4.018 4.029 0.000 3.986 4.004 0.000

AT2 2000 2.001 0.000 2.002 2002 0.000 4.057 4.072 0.000 4.060 4.084 0.000

Type (B)
Estimation of a Estimation of b
n  Meth. 10% 30% 10% 30%

Est RMSE RAB Est RMSE RAB Est RMSE RAB Estt RMSE RAB

ML 2273 2279 0037 1928 1936 0.002 1351 1355 1.753 1.125 1.128 2.065

25 BD 2387 2389 0074 2177 2183 0.015 2.030 2052 0969 2704 8551 1.828
BT1 2.050 2.051 0.001 2035 2037 0.000 3.836 3.884 0.006 3.580 3.661 0.044

BT2 2.030 2032 0.000 2.018 2019 0.000 4.017 4.090 0.000 4.079 4.187 0.001

ML 2167 2168 0.014 1748 5529 1528 1483 1484 1583 1.005 1336 2.242

50 BD 2248 2249 0030 2113 2116 0.006 2447 2455 0.602 1.896 2379 1.105
BT1 2.023 2024 0000 2017 2.018 0.000 3917 3944 0.001 3.800 3.847 0.009

BT2 2015 2016 0.000 2.009 2.010 0.000 4.002 4.041 0.000 4.043 4.113 0.000

ML 2.083 2084 0003 1.853 1.854 0.010 1.676 1.677 1349 1449 1450 1.626

100 BD 2137 2137 0.009 2061 2062 0.001 2973 2979 0.263 2513 2521 0.552
BT1 2011 2,012 0.000 2007 2.008 0.000 3.984 3998 0.000 3916 3.938 0.001

BT2 2.008 2.008 0.000 2.004 2005 0000 4019 4.038 0.000 4.007 4.038 0.000
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Table 3. The estimates, root of mean square error (RMSE) and relative absolute biases (RABs) for two parameters of the Weibull distribution using TL-moments,

direct L-moments, and ML method based on left censoring (2 = 0.2 and b = 0.8) in the presence of outliers.

Type (A)
Estimation of a Estimation of b
n Meth. 10% 30% 10% 30%

Est RMSE RAB Est RMSE RAB Estt RMSE RAB Est. RMSE RAB

ML 0244 0.248 0.009 0.225 0230 0.003 0.614 0.617 0.043 0578 0582 0.061

25 AD 0205 0.210 0.000 0.177 0.184 0.002 0.523 0.527 0.095 0487 0492 0.122
AT1 0211 0.214 0.000 0209 0213 0.000 0.796 0.803 0.000 0.788 0.798  0.000

AT2 0202 0.205 0.000 0.204 0.207 0.000 0.836 0.845 0.001 0.844 0.859 0.002

ML 0225 0.227 0.003 0.212 0215 0.000 0.640 0.642 -0.159 0.609 0.612 0.045

50 AD 0.199 0.202 0.000 0.177 0.181 0.002 0.559 0.563 0.072 0524 0528 0.095
AT1 0205 0.207 0.000 0.206 0.208 0.000 0.797  0.801 0.000 0.796 0.801  0.000

AT2 0200 0.202 0.000 0.202 0.204 0.000 0.820 0.826 0.000 0.831 0.839 0.001

ML 0211 0.212 0.000 0.203 0.204 0.000 0.676  0.677 0.019 0.648 0.650 0.028

50 AD 0.199 0.201 0.000 0.182 0.183 0.001 0.616 0.618 0.042 0579 0582 0.060
AT1 0202 0.203 0.000 0.203 0.204 0.000 0.796 0.798 0.000 0.792 0.795 0.000

AT2 0200 0.201 0.000 0.201 0.202 0.000 0.806 0.809 0.000 0.807 0.811  0.000

Type (B)
Estimation of a Estimation of b
n Meth. 10% 30% 10% 30%

Estt RMSE RAB Estt RMSE RAB Est. RMSE RAB Estt. RMSE RAB

ML 0244 0.248 0.009 0225 0230 0.003 0.614 0.617 0.043 0578 0582 0.061

25 BD 0225 0.229 0.003 0.227 0.231 0.003 0.548 0.553 0.078 0.548 0553  0.079
BT1 0224 0.228 0.003 0220 0.224 0.002 0.753 0.759 0.002 0.743 0.753  0.003

BT2 0216 0219 0.001 0212 0216 0.000 0.797 0.806 0.000 0.803 0.818  0.000

ML 0225 0.227 0.003 0212 0215 0.000 0.640 0.642 -0.159 0.609 0.612 0.045

50 BD 0217 0.219 0.001 0219 0.222 0.001 0.586 0.589 0.057 0.587 0590 0.056
BT1 0212 0214 0.000 0211 0.213 0.000 0.774 0.778 0.000 0.772 0.778  0.000

BT2 0.208 0.210 0.000 0.207 0.209 0.000 0.799 0.805 0.000 0.807 0.816  0.000

ML 0211 0.212 0.000 0.203 0.204 0.000 0.676  0.677 0.019 0.648 0.650 0.028

100 BD 0212 0.213 0.000 0.212 0213 0.000 0.640 0.643 0.031 0.636 0.638 0.033
BT1 0205 0.206 0.000 0.205 0.206 0.000 0.784 0.786 0.000 0.782 0.785  0.000

BT2 0204 0205 0.000 0203 0204 0.000 0.794 0.797 0.000 0.796 0.801  0.000
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Table 4. The estimates, root of mean square error (RMSE) and relative absolute biases (RABs) for two parameters of the Weibull distribution using TL-moments,

direct L-moments, and ML method based on right censoring (a = 0.5 and b = 5) in the presence of outliers.

Type (A)
Estimation of a Estimation of b
n Meth. 10% 30% 10% 30%

Est RMSE RAB Estt RMSE RAB Est. RMSE RAB Est. RMSE RAB

ML 0.500 0.500 0.000 0547 0549 0.004 3.889 3911 0.246 3.183 3.215 0.660

25 AD 0502 0.503 0.000 0552 0554 0.005 4.061 4.08 0.176 3.336 3373 0.553
AT1 0497 0497 0000 0511 0512 0.000 4.753 4790 0.012 4350 4.425 0.084

AT2 0497 0497 0000 0504 0505 0.000 4.886 4933 0.002 4.643 4.743 0.025

ML 0.500 0.501 0.000 0536 0.537 0.002 4.051 4.069 0.179 3464 3493 0471

50 AD 0503 0.503 0.000 0540 0541 0.003 4.210 4231 0.124 3.627 3.660 0.376
AT1 0499 0499 0.000 0507 0508 0.000 4.787 4.817 0.009 4554 4.611 0.039

AT2 0499 0499 0.000 0502 0503 0.000 4.884 4918 0.002 4.782 4.854 0.009

ML 0499 0499 0000 0518 0.518 0.000 4.459 4469 0.058 4.041 4.059 0.183

100 AD 0.500 0500 0.000 0518 0.519 0.000 4.584 4595 0.034 4211 4232 0.124
AT1 0498 0498 0.000 0503 0503 0.000 4.893 4907 0.002 4.779 4.808 0.009

AT2 0498 0498 0.000 0.501 0501 0.000 4932 4948 0.000 4.875 4910 0.003

Type (B)
Estimation of a Estimation of b
n  Meth. 10% 30% 10% 30%

Est RMSE RAB Est RMSE RAB Est RMSE RAB Estt RMSE RAB

ML 0500 0.500 0.000 0547 0549 0.004 3.889 3911 0.246 3.183 3.215 0.660

25 BD 0.500 0.500 0.000 0532 0533 0.002 4.124 4146 0.153 3.582 3.620 0.401
BT1 0.500 0.500 0.000 0519 0.521 0.000 4.543 4578 0.041 4.133 4.205 0.150

BT2 0500 0500 0.000 0519 0520 0.000 4518 4566 0.046 4.212 4309 0.123

ML 0500 0.501 0.000 0536 0537 0.002 4.051 4.069 0.179 3464 3493 0471

50 BD 0501 0501 0.000 0.523 0524 0.001 4.267 4286 0.107 3.862 3.893 0.259
BT1 0501 0.501 0.000 0514 0.514 0.000 4.623 4.651 0.028 4.369 4.427 0.079

BT2 0501 0501 0.000 0513 0514 0.000 4.602 4.637 0.031 4.432 4512 0.064

ML 0499 0499 0000 0518 0.518 0.000 4.459 4469 0.058 4.041 4.059 0.183

100 BD 0499 0499 0.000 0.511 0512 0.000 4.606 4.616 0.030 4.347 4366 0.085
BT1 0.500 0.500 0.000 0507 0.507 0.000 4.791 4.804 0.008 4.637 4.668 0.026

BT2 0499 0499 0.000 0507 0507 0.000 4766 4783 0.010 4.644 4688 0.025
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Table 5. The estimates, root of mean square error (RMSE) and relative absolute biases (RABs) for two parameters of the Weibull distribution using TL-moments,

direct L-moments, and ML method based on right censoring (2 = 2 and b = 4) in the presence of outliers.

Type (A)
Estimation of a Estimation of b
n Meth. 10% 30% 10% 30%

Est RMSE RAB Estt RMSE RAB Est. RMSE RAB Est. RMSE RAB

ML 2.007 2.009 0.000 2167 2174 0.014 3.148 3.168 0.181 2769 2797 0.378

25 AD 2.015 2016 0.000 2172 2179 0.014 3313 3335 0.117 2919 2950 0.291
AT1 1.990 1991 0.000 2.039 2.043 0000 3.785 3.818 0.011 3.578 3.628 0.044

AT2 1988 1989 0.000 2016 2.020 0.000 3.895 3937 0.002 3772 3836 0.012

ML 2.008 2.009 0.000 2136 2141 0.009 3290 3306 0.125 2917 2940 0.292

50 AD 2.014 2016 0.000 2.138 2143 0.009 3443 3461 0.077 3.077 3.104 0212
AT1 1.995 1996 0.000 2.032 2.036 0.000 3.840 3.866 0.006 3.647 3.690 0.031

AT2 1.994 1995 0.000 2016 2.019 0000 3923 3956 0.001 3.795 3.852 0.010

ML 2,001 2.002 0.000 2071 2072 0.002 3565 3574 0.047 3.341 3355 0.108

100 AD 2.005 2.005 0.000 2069 2071 0.002 3.671 3.680 0.027 3478 3495 0.067
AT1 1.995 1996 0.000 2.017 2.018 0.000 3.885 3.897 0.003 3.828 3.851 0.007

AT2 1.995 1995 0.000 2.010 2.011 0.000 3925 3940 0.001 3.900 3.928 0.002

Type (B)
Estimation of a Estimation of b
n  Meth. 10% 30% 10% 30%

Est RMSE RAB Est RMSE RAB Est RMSE RAB Estt RMSE RAB

ML 2.007 2.009 0.000 2167 2174 0.014 3.148 3.168 0.181 2769 2797 0.378

25 BD 2.005 2.007 0.000 2116 2122 0.006 3.346 3366 0.106 3.054 3.084 0.223
BT1 2.005 2.006 0.000 2081 2.08 0.003 3.604 3635 0.039 3392 3446 0.092

BT2 2.005 2006 0.000 2081 2087 0003 3583 3.625 0.043 3.442 3519 0.077

ML 2.008 2.009 0000 2136 2141 0.009 3.290 3306 0.125 2917 2940 0.292

50 BD 2.007 2.008 0.000 2093 209 0.004 3472 3489 0.069 3.195 3221 0.161
BT1 2.007 2.008 0.000 2065 2068 0.002 3.693 3.719 0.023 3491 3,537 0.064

BT2 2.007 2008 0.000 2065 2069 0002 3675 3709 0.026 3529 3595 0.055

ML 2.001 2.002 0000 2071 2072 0.002 3.565 3574 0.047 3341 3355 0.108

100 BD 2.001 2.002 0.000 2045 2.047 0.001 3.687 3.695 0.024 3560 3.575 0.048
BT1 2.001 2.002 0.000 2031 2032 0.000 3.809 3.821 0.009 3743 3.766 0.016

BT2 2,001 2002 0.000 2031 2033 0000 3798 3.815 0.010 3.757 3.789 0.014
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Table 6. The estimates, root of mean square error (RMSE) and relative absolute biases (RABs) for two parameters of the Weibull distribution using TL-moments,

direct L-moments, and ML method based on right censoring (2 = 0.2 and b = 0.8) in the presence of outliers.

Type (A)
Estimation of a Estimation of b
n Meth. 10% 30% 10% 30%
3-14 Est. RMSE RAB Est. RMSE RAB Est. RMSE RAB Est. RMSE RAB
ML 0.207 0.210 0.000 0.269 0.289 0.024 0.691 0.696 0.014 0.645 0.653 0.029
25 AD 0.197 0.200 0.000 0.233 0.253 0.005 0.751 0.758 0.002 0.710 0.720 0.010
AT1 0.196 0.199 0.000 0.224 0.244 0.002 0.769 0.777 0.001 0.740 0.754 0.004
AT2  0.196 0.199 0.000 0.221 0243 0.002 0.778 0.789 0.000 0.758 0.774  0.002
ML 0.205 0.208 0.000 0.254 0.267 0.014 0.711 0.715 0.009 0.666 0.673 0.022
50 AD 0.197 0.199 0.000 0.224 0.235 0.003 0.767 0.773 0.001 0.728 0.736 0.006
AT1 0196 0.199 0.000 0217 0.228 0.001 0.780 0.787 0.000 0.753 0.764  0.002
AT2  0.196 0.199 0.000 0.214 0.226 0.001 0.786 0.795 0.000 0.767 0.782  0.001
ML 0.203 0.204 0.000 0.225 0.230 0.003 0.745 0.747 0.003 0.718 0.722 0.008
100 AD 0.199 0.200 0.000 0.210 0.214 0.000 0.778 0.780 0.000 0.762 0.767 0.001
AT1 0199 0200 0.000 0207 0.211 0.000 0.785 0.788 0.000 0.775 0.780  0.000
AT2  0.199 0.200 0.000 0.206 0.210 0.000 0.789 0.793 0.000 0.781 0.787  0.000
Type (B)
Estimation of a Estimation of b
n Meth. 10% 30% 10% 30%
Est. RMSE RAB Est. RMSE RAB Est. RMSE RAB Est. RMSE RAB
ML 0207 0.210 0.000 0269 0.289 0.024 0.691 0.696 0.014 0.645 0.653 0.029
25 BD 0206 0.209 0.000 0281 0317 0.033 0.700 0707 0.012 0.645 0.657 0.029
BT1 0206 0.209 0.000 0.288 0.332 0.039 0.690 0700 0.015 0.646 0.662  0.029
BT2 0.204 0.208 0.000 0.290 0.339 0.040 0.678 0.690 0.018 0.651 0.672 0.027
ML 0205 0.208 0.000 0254 0267 0.014 0.711 0715 0.009 0.666 0.673 0.022
50 BD 0204 0.207 0.000 0254 0274 0.015 0.724 0730 0.007 0.679 0.690 0.018
BT1 0204 0.206 0.000 0258 0.283 0.017 0.714 0722 0.009 0.681 0.695 0.017
BT2 0.203 0.205 0.000 0.260 0.287 0.018 0.702 0.713 0.011 0.686 0.704 0.016
ML 0203 0.204 0.000 0225 0.230 0.003 0.745 0747 0.003 0.718 0.722 0.008
100 BD 0202 0.203 0.000 0.221 0226 0.002 0.759 0762 0.002 0.736 0.741  0.005
BT1 0202 0.203 0.000 0.223 0.228 0.002 0.755 0759 0.002 0.735 0.742 0.005
BT2 0.202 0.203 0.000 0.224 0.229 0.003  0.750 0.755 0.003 0.736 0.745 0.005
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5. Real Data Analysis

The following is the life distribution (in units of 100) of 20 electronic tubes:

0.1415, 0.5937, 2.3467, 3.1356, 3.5681, 0.3484, 1.1045, 2.4651, 3.2259, 3.7287, 0.3994, 1.7323, 2.6155,
3.4177,9.2817,0.4174, 1.8348, 2.7425, 3.5551, 9.3208.

The data are taken from [10]. Table 7 shows ML, Direct L-moments and TL-moments estimates
for two parameters of the Wiebull distribution for the real data based on Type-I censored data.

Table 7. Maximum likelihood (ML), direct L-moments, and trimmed L-moments (TL-moments)
estimates for two parameters of the Weibull distribution for the real data based on Type-I data censoring.

Direct L-Moments TL-Moments
Type-AD Type-BD t=1 t=2

a 2.8502 2.9819 2.8386 29070 3.2966
b 1.0663 1.1755 1.0720 0.9990 0.8449

Estimate ML

6. Results and Conclusions

The simulations show that when the data contained outliers the TL-moments gave better estimates
compared to direct L-moments and ML methods. The tables show the results of various simulation
studies to assess the effect of the adaptation of the TL-moments method to censored data. Note that
the RMSE and RAB fluctuated with small variations because the estimates of the parameters a and b
had negative but small covariance. In all cases, results performed better when n gets larger.

Author Contributions: Methodology, H.A.I, M.RM., FA K. and G.A.E.-K.

Conflicts of Interest: The authors declare no conflict of interest.

Appendix A

The formal definition of the gamma function takes the following form:
b Y R S
a’T(b) = / X dx; a >0, (A1)
JO

putting y = e~**, this form becomes:

1
|| (~108(n)"ay = (o). (A2

Additionally, the lower incomplete gamma function is:

c
a7y (ac,b) = / xb=Te% gy, (A3)
JO
It can be shown that c
|| (~108(s)" dy = 1(c.b). (Ad)

The upper incomplete gamma function is:
ofbl”(rxc, b) = / Xl gy (A5)
[

and it can be shown that

| (—togl)) My = T(e,b) (A6)
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The formal definition of the beta function takes the following form:

Bla,b) = /O -1 pyb-lgy, (A7)
The lower incomplete beta function is:
Cc
pela,b) = [ et - (A8)
The upper incomplete beta function is:
1
B<(a,b) :/ 911 — )P4t (A9)
Cc
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