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Abstract- In this paper, we give recurrence relation obtained by using from [1] for
Pentanacci sequence. Furthermore, we construct generating matrix for Pg,,, Ss,,. Finally,
we represent relationships between Pentanacci sequence and permanents of certain
matrices.
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1.INTRODUCTION

Interestingly enough, the amazing Fibonacci numbers occur in quite unexpected
place in nature. The number of petals in many flowers is often a Fibonacci number. For
instance, count the number of petals in the flowers. Enchanter’s nightshade has two
petals, iris and trillium three, wild rose five and delphinium and cosmos eight.
Fibonacci numbers also found in some spiral arrangements of leaves on the twigs of
plants and trees. From any leaf on a branch, count up the number of leaves until you
reach the leaf directly above it, the number of leaves is often a Fibonacci number. On
basswood and elm trees, this number is 2; on beach and hazel trees, it is 3; on and
willow trees, it is 13.

There is application of Fibonacci numbers in biology, physics, chemistry. The
atomic number Z of an atom is number of protons in it. The periodic table shows an
interesting relationship between the atomic numbers of inert gas and Fibonacci
numbers. There are six inert gases-helium, neon, argon, krypton, xenon and radon- and
they are exceptionally stable chemically. With the exception of helium, their atomic
numbers are approximately the same as the Fibonacci numbersF, through F;;. Optics,
the branch of physics that deal with light and vision, has found yet another appearance
of Fibonacci numbers in the real world.

Fibonacci numbers occur in relation to music. Fibonacci numbers have found
their way into the art of also. In [7], author mentioned in detail from this like
innumerable application.

Pentanacci numbers is a generalization of Fibonacci numbers. Author is mention
in [8] a application of Pentanacci numbers related to ancestor of humanity. Pentanacci
constant is equal to 1.9659. This constant is indicates that rates of growth for fifth
cousin pedigrees is Pentanacci constant.

Feng [3] studied about derivation different reccurence relation on the Tribonacci
numbers and their sums. Kilic [4] gave generating matrices for the sumsof Tribonacci
numbers and 4n subscripted Tribonacci sequence, T,,, and their sums. In addition on,
Kilic [4] touch on relationships between these sequences and permanents of some
matrices. Kilic and Tasci [5] obtained some interesting relationships between the
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permanents of some tridiagonal matrices with applications to the negatively and
positively subscripted usual Fibonacci and Lucas numbers. Kilic and Tasci [2] gave a
generalizationof the Pell numbers in matrix representation. Parpar and Nalli [1] used a
simple method to derive different recurrence relations on the recursive sequence order-k
and their sums.

Parpar and Nalli [1] defined the recursive sequence order-k as following

k
Ln = z Ln—i
i=1

withLy=0,L, =1,L, =2°=1, Ly = 2! = 2,..., L, = 2¥=3 which are more general
than Fibonacci, Tribonacci,...ctc. sequences. And authors obtained identities for this
definition.
If we take k = 5 in upper definition, {L,,} is be Pentanacci sequence. Thus the
Pentanacci sequence, {P,}, is defined by the recurrence relation for n > 4
Poyr=HB+Pq1+Pp+Py3+Py
with Py =0, P, =P, =1, P; =2, P, = 4. The few first Pentanacci numbers are
0,1,1,2,4,8,16,31,61,120,236, ...
Furthermore, negative subscript Pentanacci numbers are calculated by for n < 0
Po = Pyis = Poig — Poiz — Poyo — Py
where Py = 0, P, = P, =1, P; = 2, P, = 4. The few first negative subscript Pentanacci
numbers are 0,0,0,1,—-1,0,0,0,2,-3,1,0,0,4, -8, ...

Letforn >0
n
Sn == Z Pk
k=0

forn<O0

k=1
2. ON THE PENTANACCI SEQUENCE {Pg,}

In this section, we consider the 6n subscripted Pentanacci numbers. First third-
order linear recurrence relation for the 6n subscripted Pentanacci numbersis obtained by
method which is told by Parpar and Nalli [1]. And we give a new generating matrix for
{Ps,} and obtain new formulas for the sequence {Pg,} by using from Parpar and Nalli
[1].

Lemma 1:For n = 4,
P6(n+1) = 57P6n + 42P6(n—1) + 22P6(n—2) + 7P6(n—3) - 38156249P6(n_4)
Whel’e PO = 0, P6 == 16, PlZ == 912, P18 = 52656, P24 = 304004’8
Letforn >0

n
Sen = ) Pov (1)
k=0

forn<O
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k=1

Define the 6 x 6 matrices F and G,, defined by

and
1
SGn
Gn: SS(n—l)
Se(nfz)
SG(n—3)
_SG(n—4)
where

(2)

1 0 0 0 O 0 ]

1 57 42 22 7 -38156249

01 0 0 0 0

00 1 0 0 0

00 0 1 0 0

00 0 0 1 0o

O 0 0 0 0 ]
Poow D, E, H, —38156249P,
P, D,, E, H,, -38156249P,
Py Dy, E,, H,, -38156249P, ,
Pnzy Dis Ens Hys —38156249P,
Py Doe En. H,, -38156249PR , |

D, = 42Pg, + 22Ps(n_1y + 7Ps(n—2) — 38156249P5, 3,
E, = 22Pg; + 7Ps(y—1) — 38156249P5 )

H, = 7P, — 38156249P;, 1)

and Sg,, is given by (1) and (2).

Lemma2: Ifn>5,thenS, =1+S, 1+ S, 2+ S, 3+ 5,4+ 5,5

Proof:Induction on n.
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Since Se, = Pgn + Sen—1y and considering Lemma 2, we have the following

corollary without proof.

Corollary 1:If n > 4, then F" =
Define the 6 x 6 matrices L and T,, as shown:
-15

58

O O O O B

-15
0

o O O -

G,.

—20
0

o O —» O

0

o O O

~38156256 38156249 |

0

O O O

O O O o o
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[Sey  —X, Y, -Z, -V, 38156249S, |

Sev ~Xou You ~Z,, -V,, 381562495, .
1|Sewsy —Xoo Yo, —Zo, -V,, 381562495,
T“:FG Sens ~Xns Yos —Zys -V, 38156249 .
Sens ~Xou You —Zoa V., 381562495, ,

Sensy —Xus Yos —Zus -V, 381562495

where
X, = 158, + 20S6(,—1) + 15S5(z—2) + 38156256S4(,—3) — 38156249554y
Y, = 2056, + 15S(n_1) + 38156256S(,_2) — 38156249, _3)
Z, = 1584, + 38156256S4(,_1) — 38156249, _2)
V, = 381562565, — 38156249S¢,_1)
and Sg,, given (1) and (2).
Theorem 1: If n > 0,then L™ =T,,.
Proof: The proof follows from the induction method.
Corollary 2: For n > 5, the sequence {S,, } satisfies the following recursion
Sen = 58S6(n—1) — 15Ss(n—2) — 20Ss(n—3) — 15Ss(n—4a) — 38156256 S5(n—s)
+ 3815624954 ,,—¢)
where S, =0, S¢ =16, S;; =928, S;g =53584, S,, =3093632 and S;3, =
178608096.
3. DETERMINANTAL REPRESENTATIONS

In this section, we give relationships between the sequence {Ps,, }with its sums
and the permanents of certain matrices.
Define the n X n matrix F(n) as shown:

11 0
111
1111
11111
Fm=(1 111 1 1 1
11
1
0 1 1 1 11|

then perF(n) = P, Where B, is the nth Pentanacci number.

For n > 1, define the n x n matrix M,, = [m; ;] with ms; = m;; = 1 for all i,
mip;=1for1<i<n—-1m;;1=1for1<i<5 my,;=1for1<i<n-2,
Myyz;=1for1<i<n—-3 myy,=1forl1<i<n—4 mys;=1for1<i<
n — 5 and 0 otherwise.

Theorem 2: If n > 1, then perM,, = Y}/, P;.
Proof: Induction on n.
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Define n xn matrix U, = [u;;] with u;; =2 for 1 <i<mn, wyq; =1 for
1<i<n-—1u,;4s=-1forl<i<n->5and then 0 otherwise.
Theorem 3: Thenforn > 6

perU, = S,14
where S,, is as before and perU; = 2, perU, = 4, perUs = 8, perU, = 16, perUs =
32, perUg = 63.
Proof:Expanding the perU,, according to the last column, we obtain
perU, = 2perU,_, —perU,_¢ 3)

Since perlU; = S, = Y- P;, perU, = S3 = X7 P;, perUs = Sy = Y7 P;, perUy =
S = Y4 o P, perUs = Sg = Yo_, P;, perUs = S; = Y5, P;, then by Corollary 2, the
recurrence relation in (3) generate the sums of Pentanacci numbers. Thus we have the
conclusion.

Now we derive a similar relation for terms of sequence {P,}. Define nxn
matrix H, = [h;;] with h;; =57 for 1<i<n, hy =42 for 1<i<n-1,
hiiyp=22for1<i<n—2,h;;3=7for1<i<n-3, h;;44, = —38156249 for
1<i<n—4 hy; =1forl <i<n-—1andO0 otherwise.

Theorem 4: Thenforn > 1
Psn+1)
Pe

perH, =

P
where perH, = %.
6

Proof: Expanding the perT, ., according to the last column, by our assumption and the
definition of H,,, we obtain
H6(n+1) = 57H6n + 42H6(n—1) + 22H6(n—2) + 7H6(n—3) + 3815624‘9H6(n_4) (4)

. P P P P P
Since perH, = £, perH,; = -, perH; = 2%, perH, = =, perHs = =%, by Lemma
Pg Pe Pe Pg Pe
. P .
2, the recurrence relation (4) generates the —>==. The theorem is proven.
6

For n > 1, we define the n x n matrix Z, as in the compact form, by the
definition of H,,

11 ... 1
1
Z =0 H,
_O -
Theorem 5: If n > 1, then
Z?:l P6i
7 =
Ye i Psi

Proof: (Induction on n) If n = 2, then perZ, = = 58. Suppose that the equation

Pg
holds for n. We show that the equation holds for n + 1. Thus, by the definition of H,,
and Z,,, expandingperZ, .1, according to the first column gives us perZ, 1 = perZ, +
perH, . By our assumption and Theorem 4, we have the conclusion.
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In this paper, we derive reccurence relations for {Ps,, } and {S¢, }. But if desired,
can be applied to different sequence as Fibonacci, Tribonacci,... etc.

4. APPLICATIONS

In this section we give applications of theorems in section 3.
Examplel:For n = 8, F(8) matrix is as follow

11000000
11100000
11110000
11111000
F(8) =
11111100
01111110
00111111
00011111

and per F(8) = 120 = F,.

Example2:For n = 10, M;, matrix is as follow
1100000O0O0TD0O
1110000000
11110000O00D0
1111100000
1111110000

Mo=ly 111111111
0111111000
0011111100
0001111110
0000111111

and per M;, = 480 = 1% P,.
Example3:For n = 10, U;, matrix is as follow
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2 0000 -1 0 0 0 O
12000 0 -1 0 0 O
012000 0 -1 0 O
001200 0 O0O -10
U - 00012 0 0 0 0 -1
100001 2 0 0 0 0
0 00O0O0OT1 2 0 0 O
0O00O0O0O0O0O 1 2 0 O
0O 000O0OOTUOT1 2 0
0Oooo00O0OO0O O0O O0O 1 2
and per U = 944 = 511._ )
Example4:For n = 6, Hg matrix is as follow
57 42 22 7 —38156249 0
1 57 42 22 7 -38156249
g - 0 1 57 42 22 7
® 10 0 1 57 42 22
0O 0 0 1 57 42
0 0 0 O 1 57 |
and per He = 32214492796 = -
Example5:For n = 7, Z; matrix issas follow
1 0 0 0 O 0 0
1 57 42 22 7 —-38156249 0
0 1 57 42 22 7 —38156249
Z,=|0 0 1 57 42 22 7
0 0 0 1 57 42 22
0O 0 0 0 1 57 42
0 0 0 0 O 1 57 |

and per Z, = 32214538870 = 22,

Pg
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