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Abstract- In this paper we introduce the notion ideal statistical convergence and ideal
lacunary statistical convergence of multiple sequences with respect to the intuitionistic

fuzzy norm (,u,v), investigate their relationships, and make some observations about
these classes.
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1.INTRODUCTION

The notion of statistical convergence is a very useful functional tool for studying
the convergence problems of numerical sequences/matrices (double sequences) through
the concept of density. It was first introduced by Fast [1], and Schoenberg [2],
independently for the real sequences. Later on it was further investigated from sequence
point of view and linked with the summability theory by Fridy [3], Salat [4] and many
others. The idea is based on the notion of natural density of subsets of [ , the set of
positive integers, which is defined as follows: The natural density of a subset K of 0 is

denoted by &(K)and is defined by

5(K)=lim=l{k <Kk <n, (1)

n—oo

where the vertical bar denotes the cardinality of the respective set. ( see, [5]).
In another direction, a new type of convergence, called lacunary statistical
convergence, was introduced in [6] as follows. A lacunary sequence is an increasing

integer sequence 0 ={k } _ Uy Such that k, =0 and h, =k —k _; —>o0,as r—oo. Let

= (k] and g, ==
r-1

A sequence (x, ) of real numbers is said to be lacunary statistically convergent
to L (or S,-convergentto L) if, forany £>0,

.1
!mhr {kel, :x L= &}|=0, (2)
where |A| denotes the cardinality of A < [1 . In [6], the relation between lacunary
statistical convergence and statistical convergence was established, among other things.
Recently Savas and Patterson [7] introduced and studied lacunary statistical
convergence for double sequences and also some inclusion theorems are presented for
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real sequences. Recently, Mohiuddine and Aiyub [8] studied lacunary statistical
convergence as generalization of the statistical convergence introduced the concept 6-
statistical convergence in random 2-normed space. In [9], Mursaleen and Mohiuddine
extended the idea of lacunary statistical convergence with respect to the intuitionistic
fuzzy normed space. Also lacunary statistically convergent double sequences in
probabilistic normed space was studied by Mohiuddine and Savas in [10]. Maio and
Kocinac [11] introduced statistical convergence in topology. In [12], some new double
sequence spaces of fuzzy real numbers by combining I-convergence, Orlicz function
and four dimensional matrix are introduced. More results on this convergence can be
found in [13, 14, 15, 16, 17, 18].

The concepts of fuzzy sets and fuzzy set operations were first introduced by
Zadeh [19]. Subsequently several authors have discussed various aspects of the theory
and applications of fuzzy sets. The theory of intuitionistic fuzzy sets was introduced by
Atanassov [20]; it has been extensively used in decision-making problems [21]. The
concept of an intuitionistic fuzzy metric space was introduced by Park [22]. Further,
Saadati and Park [23] gave the notion of an intuitionistic fuzzy normed space. Some
works related to the convergence of sequences in several normed linear spaces in a
fuzzy setting can be found in [24, 25, 26, 27, 28, 29].

In this paper, as a variant of double statistical convergence, the notions of ideal
double statistical convergence and ideal lacunary double statistical convergence are
introduced in an intuitionistic fuzzy normed linear space, which naturally extend the
notions of double statistical convergence and double lacunary statistical convergence
and some important results are established. Furthermore, we try to establish the
relations between these two summability notions.

Throughout the paper, [1 will denote the set of all natural numbers. First we
shall give some basic definitions used in this paper.

Definition 1.1. ([30]) A triangular norm (t-norm) is a continuous mapping
#:[0,1]x[0,1] »[0,1] such that (S,*) is an abelian monoid with unit one and

cxd <a=*b if c<aand d <b forall a,b,c,d €[0,1].

Definition 1.2. ([30]) A binary operation ¢:[0,1]x[0,1] —[0,1]] is said to be

a continuous t-conorm if it satisfies the following conditions:
(i) ¢ is associate and commutative,

(it) ¢ is continuous,

(iii) a00=a forall a[0,1],

(iv) adb <cod whenever a < cand b < d foreach a, b, ¢, d €[0,1].
For example, we can give a*b=ab, axb=min{a, b} , a0b=min{a+b,1}
and a0b=max{a, b} forall a, be[0,1].

Using the continuous t-norm and t-conorm, Saadati and Park [23] has recently
introduced the concept of intuitionistic fuzzy normed space as follows.
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Definition1.3. ([23]) The 5-tuple (X, s, v,*0) is said to be an intuitionistic fuzzy

normed space (for short, IFNS) if X is a vector space, * is a continuous t-norm, ¢ is a
continuous t-conorm, and g, v are fuzzy sets on X x(0,00) satisfying the following

conditions for every x, ye X ,and s, t>0:
a) (X, t) +v(x t) <1,

b) ,u(x, t)>0,

) u (x, t)=1ifandonlyif x=0,

d) u(ax, t):y(x,ﬁ] foreach a =0,
o
e) u(x, t)*u(y,s)<pu (x+y, t+s),
f) u(x, .):(0,90) > [0, 1] is continuous,
0) !imy(x,t) =land Itingy(x,t):o,
h) v(x, t)< 1,
i) v(x,t) =0ifandonlyif x=0,
i) v(ax, t)=,u[x,|t—J foreach a =0,
o
K) v(x.t) Ov(y, s)=> v(x+Y, t+5),
) v(X, .):(0,0) [0, 1] is continuous,
m) limv(x,t)=0and limv(x,t)=1.
t—o0 t—0

In this case (,V) is called an intuitionistic fuzzy norm. As a standard example,
we can give the following:

Let (X ,D.D) be a normed space, and let a*b=aband adb =min{a+b,1} for all

a,be[0,1].Forall xe X and everyt >0, consider
x
X, t)= .
/J( ) t+x[ t+0x[
Then observe that (X,,u, v, *,<>)is an intuitionistic fuzzy normed space.

We also recall that the concept of double convergence in an intuitionistic fuzzy
normed space is studied in [31].

Definition 1.4. ([31]) Let (X, 4, v,%0) be an IFNS. Then, a sequence x=(X,,) is

and vy (X, t)= (3)

said to be convergent to L e X with respect to the intuitionistic fuzzy norm (,u,v) if,

forevery £ >0 and t >0, there exists (k,, l,) el x[ suchthat x (x,—L, t)>1-¢
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and v(x,—L, t)<e forall k>k, and I>1,. It is denoted by (x,v),—limx=L or

(1),
X, = Lask,|l—>o.

2. I-DOUBLE STATISTICAL AND I- DOUBLE LACUNARY STATISTICAL
CONVERGENCE ON IFNS

In this section we deal with the relation between these two new methods as also
the relation between |,-double statistical convergence and | -double statistical
convergence in an intuitionistic fuzzy normed space (,u,v). Before proceeding further,

we should recall some notation on the | -double statistical convergence and ideal
convergence.

Statistical convergence of double sequences x:(xkyl)has been defined and

studied by Mursaleen and Edely [32]; and for fuzzy numbers by Savas and Mursaleen
[33].

Let K <[l x[J be atwo-dimensional set of positive integers and let K(m,n) be
the numbers of (k,I) in K such that k<m and I<n. Then the two-dimensional

analogue of natural density can be defined as follows [32].
The lower asymptotic density of the set K < [J x[J is defined as

5,(K) = lim infm. (4)
—= mn mn

In case the sequence (K (m, n)/mn) has a limit then we say that K has a
double natural density and is defined as

im <™ s (k). (5)
m:n mn

Definition 2.1. ([32]). A real double sequence x:(xk',) is said to be statistically

convergent to the number L if for each &£ >0, the set
{(k1), k< mandl< n:|x,-L|> & (6)

has double natural density zero. In this case we write st, — Iikrln X, = L.

P. Kostyrko et al [33] and [34] introduced the concept of I- convergence of sequences in
a metric space and studied some properties of such convergence. Note that I-
convergence is an interesting generalization of statistical convergence. More
investigations in this direction and more applications of ideals can be found in [36, 37,
38, 39,40,411].
Before proceeding further, we should recall some notation on the ideal.
A family | = 2" of subsets of a nonempty set Y is said to be an ideal in Y if

) Jel;

i) ABel imply AUBel;

i) Ael, Bc AimplyBel.
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A proper ideal | is said to be admissible if {n} eI foreach nel .

) DeF;

i) ABeF imply A nBeF;

iii) AeF, AcBimplyBeF.
If 1 is a proper ideal of [ (ie,[0 gl), then the family of sets
F(I)={M cN:3Ael:M =0 \A} is a filter of [ . It is called the filter associated

with the ideal.
Throughout, I will stand for a proper admissible ideal of [] .

Definition 2.2. A sequence x=(xky,)is said to be I-double statistically convergent
sequences to L or S(I )2 -convergent to L if for each £ >0 and 6 >0

{(m, n)el x[ :(min)|{k£ mandl<n: |x,—L]| 25}|25}e|, (7)
or equivalently if for each £ >0

St(A(e)) =1-lims,, (A(e))=0, ®)
Als)
(mn)

In this case we write x,, — L(S (1 )2) . The class of all 1- double statistically convergent

where A(¢) :{k <mandl<n: |x, —L‘Zé‘} and 5, (A(¢))=

sequences will be denoted by simply S(1),.

Remark 1. For I=1Ig, S(I),-convergence coincides with double statistical
convergence, [32].
Definition 2.3. [25]. Let (X, g, v,%0) be an IFNS. Then, a sequence x =(Xx,,) is said

to be | - double statistically convergent sequences to L with respect to the intuitionistic
fuzzy normed space (,u, v), if foreverye >0, and every 6 >0 and t >0,

1
{(m, n)el <[ :m‘{kSm and I <n:u(x,-Lt)<l-¢ orv(xky,—L,t)Zg}‘z(S}e l.

In this case we write x,, ) L(s"“"(1),). The class of all I - double statistically
convergent sequences to L with respect to the intuitionistic fuzzy normed space (, V)
will be denoted simply by S(’"V)(I ), -

Remark 2. For 1=1g, S“"(1),-convergence coincides with double statistical

convergence with respect to the intuitionistic fuzzy normed space ( U, v), [31].
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ri s

Definition 2.4. The double sequence 6, = {(k
exist two increasing of integers such that
k,=0, h, =k, -k, , > wasr —»
and
l,=0, hs=1.—I_, — wass — .
Notations: k., =k, h. =h hs, @, . is determine by
e ={(k, |). kH<k§kr&IH <I< L}, q =kk_, q =I
will denote the set of all double lacunary sequences by N 6"

l,)} is called double lacunary if there

r,s

S s -1 and qr,s :qrqs . We

We now ready to obtain our main definitions and results.
Definition 2.5. Let (X, J7RVA <>) be an IFNS and 0 be a double lacunary sequence. A

sequence x=(xk,,) is said to be I- double lacunary statistically convergent to L e X

with respect to the intuitionistic fuzzy norm (g, v) if, forany >0, t>0
ands >0,

{(r,s)eD x[] :hi|{(k,|)e Lt u( %, —Lit)<1—gorv(x,, —L,t)25}|25}e l.

(av)
In this case, we write X, — L(S ) (1), ) The class of all I- lacunary statistically

convergent sequences will be denoted by S; (1) (I)2 :

It can be checked as in the case of I-double statistically and I-double lacunary
statistically convergent sequences with respect to the intuitionistic fuzzy normed space

(4, v) that both st (1), and ng“’v)(l)2 are linear subspaces of the space of real
sequences.

As the proofs for both the assertions are similar, we present the proof for S; () (I)
only.

Theorem 2.1. Sé“’v)(l)2 N Ifo”‘v)z is a closed subset of Ifo 2, where I V% stands for the

2

space of all double bounded sequences of intuitionistic fuzzy norm (, v).
Proof. Assume that (x"‘")csg”’v) (1),n MV is a convergent sequence and it
converges to XEK(;"V)Z. We need to show that XES,E“‘V) (I) N é 2 . Suppose that

X" —>Lmn(Sé"*V)(l)2) for all (m,n)ell x (. Take a positive strictly decreasing

&
sequence {¢,,} Where & =

mn

{€.} cONverges to 0.

Choose a positive integer (m,n) such that Hx —x™

) =sup{v(x—xm“,t)} <gT:“. Let

mn

0<6<1. Then
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(k[)el :u (xL‘]“—Lmn,t)sl—% or

A, (£mit)=1(rs) el x0 1 2 <OleF(n)
’ h o & 3
rs V(X = Ly t) 2 =00
4
and
B (&m, ) ={(r,s) el] x[ :
|| 0D O - Ly ) 1= or |
rs V(Xm+ln+l Lm+1.n+1’t)28m+l,n+l

4

Since A, (EnDNB, (e,,t) e F(I) and J¢F(), we can choose
(r,s)eA,, (& )NB,, (&, 1) Then

& o
R el g = Ly ) S1= DA gpy(mnst gy St L) O
rs 4 4 3
Hence, there exist (k,I)el, for which  u(x""™ =L, .01 >1—T or
mn gmn m+1,n+1 gm+l,n+1
V(%) =Ly i) < 4 and H(Xe) — Lo B >1_T or
V(Xm+1 n+l L t) < gm+1,n+l

m-+1,n+1?
4

Then .we can write

m-+1,n+ m+1,n+ t
V(Lmn’ m-+1,n+1? )SV(Lmn _Xkl ) )OV(XkI _Xkll 1 )OV(X e Lm+l,n+l’§)

<X — Ly )<>V(><m+l A S é)OSUP{V(X =X, )}osup{(x—x™*" 1)}

S gmn 08m+1,n+1 <> mn <> m+1,n+1 S -
4 4 4 4

This implies that {L,}is a Cauchy sequence in [J, and so there is a real number L such
thatL —L, as mn—>ow.We need to prove that x—L(S“Y?(l),).For any

& >0andt >0,choose (m,n) el] x[] such thatgmn<%, -x™ =sup{v(x—xm“,t)}<%,
& &
/u(Lmn - L,t)<1—z or V(Lmn —L,t) <Z.Then

Lliwn ety wx, -t 024



248 Multiple Sequences in Intuitionistic Fuzzy Normed Spaces

1 (k) el v(x," =L, 1) osup{v(x, —xg" t
Chellov(L, L >e

1 mn NS
Sh_rs{(kJ)EIrs:v(Xk'i —Lmyn,t)OZOZZE}.
si{(k,l)el v - L, ,t)zf}.

hrs rs , n 2

This implies that
{(r,s) el x[J :hi\(k,l) e byt (%, —L t)<1-gorv(x, —L ,t) 2 &)< 5}

rs

o{(r,s) el x[J :hi

rs

{(k D) el u(x™—L,,1) 31—2 orv(x™ - L, t) zg){ <S}eF(I).
So
{(r,s) el x[ :hi\(k,l) €l u(x - L t) <1-gorv(x, —L ) =} < 5te F(I).

¢

and so
{(r,s) el x[J :hi\(k,l)e e (X%, — Lty <1—¢ or v(x,, —L,t)Zg}{<5}e 1.

rs

This gives that x , — L(Sg("”)(l)z), and this completes the proof of the theorem.
Definition 2.6. Let # be double lacunary sequence. Then x=(x,,) is said to be

N (1), —convergent to L e X with respect to the intuitionistic fuzzy norm (z,v) if,
forany £>0 and t >0.,

{(r,s)eD « L D> u(x,-Lt<l-gor Y V(Xk',—L,t)Zg}el.

rs (k,Dels (k,el s
This convergence is denoted by x, — L(N,“"(1),), and the class of such sequences
will be denoted simply by N{“"(1),.
Theorem 2.2. Let 6= (k,,) be a lacunary sequence. Then
i)(a) %, = L(Ng"?(1),) = %, = L(S5""(1),), and

(b) N(1), is a proper subset of S (1),.
ii) x 19 and x,, — L(SY(1),) = X, — LIN&I(1),),

i) SU% (1), A1 = N (1), A 19,

Proof. i) (a) If £>0and x,, — L(NY"(I),), we can write
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> (u (%, —Lt) orv(x,—Lt) )

(k)elrs

> > (,u(XH —L,t) orv(x, —Lt)

(kel s, p(Xg-Lt) <&
or u(xy—L,t)>e

> e{(k, 1) et pu(x, —L)<1-g or v(x, —L,t) =&}
and so

1 D u(%,—Lit) orv(x, —Lt)
eh o, ’ ’

1
zh—m‘(k,l)e |y 24(X —Lt) <Lz or av(x, -L,t)> 4|

Then, forany £ >0 and t > 0.,
{(r,s) el x[J :hi‘(k,l)eIrs:,u(xk',—L,t)sl—g or v(x,—L,t)=e}{> 6}

{(r,s) el] x[J .1 D g —L)<(1-£)s or 3 D v(xg-Lt) =gl <ed}el.
rs (k,|)€|rs rs (K\)el
This proves the result.
(b) In order to establish that the inclusion N (1), = S (1), is proper, let  be given
and let x defined as follows:

12 3 - (gh ] o0

S

2 2 3 g/F 0
X, = : B
2 [, ] h.] o

0 0 0 O 0 0

Then, forany ¢ >0 and t >0

]

i|(k,|)€|rSZILl(Xk|—0,t)S1—8 or v(x, —0,t) > &} < n

and for any 6 >0 we get
{(r,s) el x[I :hi‘(k,l)eIrs:,u(xk],—O,t)Sl—g or v(%,—0,t) >} >3}

rs

c{(r,s)eD x[] :[1@>5}

rs

Since the set on the right-hand side is a finite set and so belongs to I, it follows that
X1 _)O(Séﬂ'v)(l)z)-
On the other hand,
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1S %, -0ty or v(x, -00)=+ PhJ([ShﬁJ([shrs}+1)).
hrs (k.Nel hrs 2

Then

{(r'S)EDXD EWCARIE S ) v(xk,.—o,t)zi}

rs (k,|)€|rS rs (kyl)EIrs

[ ([ (3R ]+2)

h

rs

= (r,s)eD x[ :

>1
2

for some (r,s)el X0 which belongs to F(I), since | is admissible. So
Xy = O(NF(1),)-

ii) Suppose that x,, — L(Sé”’v)(l )2) and x 1), Then there exists an M >0 such
that z(%,, —L,t)<1-M orv(x, —L,t)=M V(k,1)el x[. Given & >0, we have

hi > (u(xa-Lt) or v(x,-Lt))

rs (k.l)elg

_ 1 > (#(x,—Lt) or v(x,-Lt))

rs (k,I)eIrs,,u(xk’,—L,t)ﬂ—g

or v(ka—L,t)zg

L D (#(x—Lt) or v(x,-Lt))

rs (k,l)elrs,,u(ka—L,t)>l—§

or v(xkv,—L,t)<§

{(k,l) el 3(#(Xk,| ~Lt)or v(x, - L,t))z

M
<

rs

£
+=.
2

N | ™

Consequently, we get

{(r,s)eD XL > u(x,-Lt)<l-gor 1 > V(Xk’|—|_,t)26}

ks (ke rs (K.1el
&
>——>el.
2M

Theorem 2.3. For any double lacunary sequence 0, |- double statistical convergence
with respect to the intuitionistic fuzzy norm (u, v) implies I- double lacunary statistical
convergence with respect to the intuitionistic fuzzy norm (u, v) if and only if
liminf, g, >1 and inf, g, >1. If liminf, g, =1, and liminf, g, =1, then there exists a

e

rs

{(k,l) el (X, —Lt) sl—g or v(x, —Lt)2

N ™

This proves the result.
iii) Follows from (i) and (ii).
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bounded double sequence x = (X, ) which is I- double statistically convergent but not
I- double lacunary statistically convergent.

Proof. Suppose first that liminf, g, >1 and liminf, g, >1. Then there exists & >0 such
that g, 21+« for sufficiently large r ve g, >1+« for sufficiently large s which
implies that

Since  x,, — L(S(”'V)(I)Z), for every &>0,t>0, and for sufficiently large r,s, we
have

ki‘{k <k and | <I,: u(x, —L,t)<l-gor v(x, -Lt)2 g}‘

rs

> ki‘{(k,l) el u(x,—Lt)<l-gor v(x,-Lt)2 g}‘

rs

2
> (ﬁj hi‘{(k, ) el :u(%,—Lt)<l-gor v(x,—Lt)> g}‘

rs

Then, for any 6 >0, we get

{(r,s)eD x[] :h1

rs

‘{(k,l)e Lot u( %, —Lt)<1—g or v(x, —L,t)) 25}‘25}

g{(r,s)eD x[] :kirs‘{k <k andl <l :u(x%,—Lt)<i-zor v(x, - L,t)Zg}‘}

2
> (Lj sel.
a+l
This proves the sufficiency. Conversely, suppose that liminf, g, =1 and liminf g, =1.
We can select a subsequence {krs}and {kj} of the lacunary sequence # such that
k 1 kri L

" <1+% and ——=>i, where r>r,+2
k., —1 [

hi ral
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Sj

|
<1+1_ and = > j, where s;>s  +2.
. -1 | e

Sj Sj4

Define a sequence X = (xk',) by

( )1, if kel and l el
X =(X ' !
! 0, otherwise.

Then, for any real L,

1 > (ﬂ(XkJ—L,t) orv(xkvl—L,t)):(y(l—L,t) orv(1-L,t)) fori,j=12,...

hrisj (ka)EIr.Sj
and

hi > (y(xk',—L,t) orv(xky,—L,t))z(y(L,t) orv(L,t)) for rr ands=s,;.
rs (k.)el

Then it is quite clear that x does not belong to Né”’v)(l) Since x is bounded,
Theorem 2.2 (jii) implies x - L(sg“)(l )2).

Next, let k., <m<k_ , and I, <n<l, _.Then, from Theorem 2.2. in [7], we can

2

-1 — si-1 =
write
1
— {k <mandl<n:u(x,—-Lt)<l-gorv(x,—Lt)= g}‘
1 & erlsif1 + hrjsi 2
< %HZM(’”(X“ — L,t) or V(Xk,l — L,t)) < W < (]j

Hence (xkv,) is | -double statistically convergent with respect to the intuitionistic fuzzy

norm (,v) for any admissible ideal 1 .

3. CONCLUDING REMARKS

Among various developments of the theory of fuzzy sets [19] a progressive
development has been made to find the fuzzy analogues of the classical set theory. In
fact the fuzzy theory has become an area of active research for the last 40 years.

It has a wide range applications in the field of science and and engineering ,e.g.,
population dynamics, chaos control, computer programming, nonlinear dynamical
systems, fuzzy physics, fuzzy topology, etc.

Recently fuzzy topology proves to be a very useful tool to deal with such
situation where the use of classical theories breaks down.

In this paper, the notions of ideal double statistical convergence and ideal
lacunary double statistical convergence are introduced in an intuitionistic fuzzy normed
linear space, which naturally extend the notions of double statistical convergence and
double lacunary statistical convergence and some important results are established.
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