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Abstract- The construction of conserved vectors using Noether’s and partial Noether’s
theorems are carried out for high order PDEs with mixed derivatives. The resul-
tant conserved flows display some interesting ‘divergence properties’ owing to the
existence of the mixed derivatives. These are spelled out for various equations from

mathematical physics.
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1. INTRODUCTION

When considering the construction of conservation laws via Noether’s theorem
using a Lagrangian or a ‘partial Lagrangian’, an interesting situation arises when the
equations under investigation are such that the highest derivative term is mixed; the
mixed derivative term is the one that involves differentiation by more than one of the
independent variables. When substituting the conserved flow back into the diver-
gence relationship, a number of ‘extra’ terms (on which the Euler operator vanishes)
arise. Thus, we have essentially ‘trivial’ conserved quantities that need to be fed
back into the conserved vectors that are computed initially via Noether’s theorem
- these are necessary terms that may guarantee the notion of ‘association’ between
conserved flows and symmetries (see [6, 1, 2]) - otherwise, the total divergence of
the computed conserved flows are the equations modulo the trivial part. A vari-
ety of high order equations are studied. For example, we consider the fourth-order
Shallow Water Wave equations and the Camassa-Holms, Hunter-Saxton, Inviscid
Burgers and KdV family of equations. These equations have their importance in
many areas of physics, and real world applications, e.g., tsunamis which are charac-
terized with long periods and wave lengths as a result they behave as shallow-water
waves. We firstly present the notation and preliminaries that will be used.

Consider an rth-order system of partial differential equations of n independent

variables z = (x',2?%,...,2") and m dependent variables u = (u!,u?,...,u™)
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G“(l‘,u,U(l),...,U(,«)):O, u:L...,m, (1)

where w1y, u(), .. ., u) denote the collections of all first, second, ..., rth-order par-
tial derivatives, that is, ui = D;(u®),us; = D;D;(u®), . .. respectively, with the total

differentiation operator with respect to z* given by

ALY,
o T gus T e

Di: +, 7,-:1,...,71, (2)
where the summation convention is used whenever appropriate.

A current T = (T*, ..., T™) is conserved if it satisfies
DT" =0 (3)

along the solutions of (1).
Suppose A is the universal space of differential functions. A Lie-Backlund oper-

ator is given by

0 0 . 0 )
8xi+n aa+Cz +Z”28"‘ + - (4)

741742

X=¢

where £, n° € A and the additional coefficients are

¢ = Di(W*) +&ug

7

SIS Di1Dl2(Wa)+§J

1112

11122’ (5)

and W is the Lie characteristic function defined by
We =n* —&us . (6)

Here, we will assume that X is a Lie point operator, i.e., £ and n are functions of x
and u and are independent of derivatives of w.
The Euler-Lagrange equations, if they exist, associated with (1) are the system

OL/ou* =0, o =1,...,m, where §/du® is the Euler-Lagrange operator given by

0
Suc aua+z Dy, - zg@u“ , a=1,...,m. (7)

s>1 “is

L is referred to as a Lagrangian and a Noether symmetry operator X of L arises

from a study of the invariance properties of the associated functional

L= / L(z,u,uqy, ... upy)de (8)
Q
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defined over €). If we include point dependent gauge terms fi,..., f,, the Noether

symmetries X are given by
XL+ LD = D, fi. 9)

Corresponding to each X, a conserved flow is obtained via Noether’s Theorem.
For partial Lagrangians (see [7]), L, the Noether type generators, X, are deter-
mined by

| SL
XL+ LDi& = W=+ D, f; (10)

du®

and the conserved vector from the expression as in Noether’s theorem (see [9]).
2. APPLICATIONS

2.1. The Shallow Water Wave Equation
The shallow water wave equation (SWW), models basic water waves that rea-

sonably approximates the behavior of real ocean waves, viz.,
Ugzat T QUL Uy + /Butux:p — Uty — Ugg = 07 (11)

where o and [ are arbitrary constants. From the equation (11), we separate the
cases, (1) a # f and (2) a = f.

Case (1) a # B, will be referred to as shallow water wave-1 (SSW-1), and corre-
sponding to the case (2) @ = 3, in (11), « is replaced by f, and referred to as the

shallow water wave-2 (SSW-2), viz.,
Ugzat + Bu:rutm + Butu:m: — Uty — Uge = 0. (12)

2.1.1. Shallow Water Wave-1 (SSW-1)

Here, we use the partial Lagrangian

1 1 1 1

for which
oL
50 (26 — @)Uty (14)

Substituting into (10) and separating by monomials, we obtain two cases that
emerge, (a) o = 2 and (b) a # 20.

Subcase (a): a = 20 leads to the following generators and conserved vectors.

(1) X = (9,5, W = —Ut
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The conserved flow is given by

1 1
Tl = 5’&5 + iutumx
and
1 1 1
T2 = —UtUyp — 516? -+ U?U/mﬁ + Uyt — iuit — §umutt.
The divergence becomes
Dt(Tl) + DCL‘(T2> = %utuxmﬁt - %uzxuaztt- (15)

We observe that extra terms emerge. By some adjustments, these terms can be
absorbed into the conservation law. That is,

Dt(Tl) + Dx(T2> = %utux:pxt - %umcuztt;

%Dt (Utumrx) - %Dx(uxa:utt)

(16)

Taking these terms across and including them into the conserved flows, we get
Dt(Tl — %utuzm) + Dx(fT2 + %umutt) =0 (17)

The modified conserved quantities are now labeled 7%, where D,(T") 4 D, (T?) = 0,
modulo the equation. Then,
Tl - Tl - %Utuzmﬁa
1
2Ua
(18)
7 = 17 + %u:m:utta

— 1,2 2 1,2
= —UUyp — §Ut + Uy Uxﬁ + UpUgpt — Eum

We have a similar situation below.
(i) X =0,, W=—u,

The conserved flow is given by

1 1

1 1

and

1 1
T2 = —= 2 = 2 xWxxt — S UzaxUx
2% + 2utuzﬂ—|—u Ut 2u Uyt
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so that a redefinition leads to

TV = T'— 12

o Y
(19)
T2 = T - %uxuzxta
= —%ui + %utuiﬂ + Uy Uyt
Subcase (b): a # 28. The symmetry generators and conserved vectors are
1
(i) X =0, B'= iui(Zﬁ —a), B*=0, W=1
The conserved flow is given by
1 1 1 1
T! = glls = §ﬁui — Uz + §ui(2,6 —a)
and
1
T2 = U, + §Ut - Utu;cﬁ — Uggt
for the total divergence is
Dy(T") + Dy(T?) = —5Usua (20)
From the equation (20), uz.,¢ has two derivative consequences,
rxxt D TxTT )
ezt t(taza) (21)
Dz(uth)v
which leads to two possible forms of the same conserved quantity, viz.,
Tl = T+ Ytge,
= lu, — ipul + 12 (28 — a)
(22)
T = T2
Ug + %ut - utuwﬁ — Ugat
or
o= 1,
= SUp — 3PU2 — gy + 3UZ(20 — ) (23)

2 2 1
T2 - T +§uth7

1 1
Ug + §ut - utuwﬁ - §uzxt
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(i) X=0,, B'= %ui(2ﬁ —a), B?*=0, = —U,

We get
1 1 1 1 1

T! = 51&5 + éuiﬁ — Zu2 — gui(QB — Q) — —UplUggy

and
1 1 1

T? = 5%25 + éutuiﬂ + UpUpt — o Uaaliat, (24)
so that

fo- Tk,

b+ s~ — Jud(25 — )
(25)
T2 - T2 - %Uxumztu
%Ui + %u,ﬂtiﬁ + Uz Ugat
2.1.2. Shallow Water Wave-2 (SSW-2)
For equation (12), we use the partial Lagrangian
1 1 1 1

so that

oL

oL By, 27

Su Bugu ( )

The separation of monomials after substitution in (10) gives rise to a splitting
B#0or 8=0. If B #0, we have a trivial solution, and if § = 0, then equation
(12) changes to

Uggat — Utz — Ugge = 0 (28)

and the partial Lagrangian (26) becomes a standard Lagrangian

1 1 1

and the conserved quantities are as follows:
(1) X = @, W = — Ut

The conserved quantities

1 1
T! = §u§ + éutuxm
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and

1 1 1
2 2 2
T° = —upuy — U + Uy — Slat — 5laalit

lead to a redefinition

T = Tl - %Utuwzza
1,2
Uy
(30)
7:2 == T2 + %u:pxuttu
—Uplly — ST+ Uy — U,
(i) X =0, W=-u,
Similarly, we obtain
1 1 1
Tl = ——U2 — —U2 “UpUgzy
2% 2 + 2
and
1 1
T? = — 02 + Upligyy — —Ugyly
gl T ) ¢
so that
Tl Tl - %u§x7
(31)
TQ == T2 - luxuzxta

2

= —%Ui + UgpUgat
2.2. Camassa-Holms, Hunter-Saxton, Inviscid Burgers and KdV family
of equations

We now consider the family of equations
a(vy + 30v;) — B(Vtgz + 20V50 + V0zzs) — YVsaa = 0. (32)

Even though it represents a class of nonlinear evolution equations, it displays varia-
tional /Hamiltonian properties and would then be subject to, amongst other things,
Noether’s theorem [10]. This is well documented in the case of the KdV equation
[5]. Also, it displays interesting soliton or soliton like solutions. Equation (32) rep-
resents a version of the KdV equation (o« = 1,5 = 0), the Camassa-Holm equation
(=1, = 1), the Hunter-Saxton equation (o = 0, 8 = 1) and the inviscid Burgers
equation u; +3uu, = 0 [3, 4, 8]. We modify this equation by letting v = u, to obtain
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Equation (33) displays variational properties with respect to the Lagrangian

i U2

«
L= _§(u$ut + ui) - 5(“%‘“3@ + g U) — 9 Uy (34)
The symmetries and corresponding conserved vectors are
(1) X = 815, W = —Ut
The conserved quantities are
Q
T = ——ud — éu:qu — zuix — —UplUgyy
2 2 2 2
and
« 3o I6]
T2 - 5“? + 7“1&“5 - 5“15“3;1 - Bututa::c - ﬁutuxuaxczr
2 2
YUt Ugzy + Euttux:v + Bu:vug;m + §ut$u3:$ + VUgpe
The total divergence is
Dt(Tl) + Dm<T2) = Q’Vuzzu:m:x — YUtz Ugre — YUz Utze + %Bumuzxw + ﬁuix
+ %ﬁuaﬁxutzm - ﬂutxutzx + 26umuzmuxxm - buxuxmutxr (35)

B 8 8
- Qututxaccc + EUxxuttx - §uta:ut:cx - ﬁuxutazuxzx

As before, extra terms that require further analysis emerge. By making an
adjustment to these terms, they can be absorbed into the conservation law if we
note that

D, (gututm) +D (Bugu?,) — Dop(Uptiiptiyy) (36)
D ( utz) + Dt( Utx“zz)

Then by taking these differentials across and adding them to the conserved flows,
this satisfies the conservation law. The modified conserved quantity are now labeled
T, where Dy(T") 4 D,(T?) = 0 along the equation, viz.,

— 1_ 8
T =T _Eut:cuxxa

5 (37)

_ 2 2 B
T? = T° — yug, + Yelse — 5UtalUes
B 2 B,,2
+ S UtUtzy — 6u$umz = UgUggUgy + 2 Uty

() X =0,, W=-—
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With
T = %ui — guxumm + gufm
and
T* = =Sty + %Ufm + o), — BUglipey — BUGlage — Vllalaze + Bllizlian
we get
Dt<T1) + Dx(T2) = _%5(Umutmx - ua:xutxa:)a (38)

so that, since —% B(Up Uz — Uz Uses ) has derivative consequences, —%B(Dx (U g ) —
Dy(u?,)), so that a redefinition leads to

TV = TV — 182

2 xxT)

(39)
j:Q = T+ %Buzuwxa
(i) X =n(t)dy, W =n(t)
Here, we get
T = —%n(t)ux + gn(t)umm
and
T = —% () uzuy — %n(t)ui — “n(t)ugu?, — gn(t)umum
a
(e, — Dt + Sneltyu,
so that
Dt<T1) + DJ:(TQ) = _%n<t>ﬁuta:xxa (40)
and
T = T,
(41)

T} = T?+ 3n(t)Buss,.

3.DISCUSSION AND CONCLUSION

We used the Noether identity to find symmetry generators and then conservation
laws for some high order equations containing mixed derivatives in the highest term.
All the conserved vectors produce extra terms that become essential parts of the

constructed conserved vector for the equation in question.
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