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Abstract- In this paper, we study and classify the conservation laws of the Zakharov-
Kuznetsov equations. It is shown that these can be obtained by studying the in-
terplay between symmetry generators and ‘multipliers’. This is, particularly, useful
for the higher-order multipliers. As a final note, we include Drinfeld-Sokolov-Wilson

system to demonstrate the usefulness of the approach to systems of pdes.
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1. INTRODUCTION AND BACKGROUND
The class of Zakharov-Kuznetsov equations with power law nonlinearity
Up 4 au Uy + b(Uggy + Ugyy) = 0, (1)

has recently been a subject of extensive study in plasma physics, for e.g., [2, 3, 4, 5].
There are some interesting detailed accounts given in these references. However,
none, it seems, categorizes analytic, exact or invariant solutions or studies the un-
derlying conservation laws that are related to or independent of the symmetry prop-
erties of the equation. In this paper, an attempt at an analysis of both these aspects
of the equation are done.

We include Drinfeld-Sokolov-Wilson system to demonstrate the usefulness of the
approach to systems of pdes too.

The use of symmetry properties of a given system of partial differential equations
to construct or generate new conservation laws from known conservation laws has
been investigated [7, 8].

In this paper, we apply the recently established notion [1] that the symmetry
invariance properties of the multipliers lead to a large class of conserved flows that
would not be provided by variational techniques or the standard methods especially

the higher-order multipliers.
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Consider an rth-order system of partial differential equations (PDEs) of n inde-

pendent variables z = (z!, 22, ..., 2") and m dependent variables u = (u',u?, ... u™)
G'(z,u,uqy, .., uey)) =0, p=1,...,m, (2)
where w1y, u(), . . ., u() denote the collections of all first, second, ..., rth-order par-

tial derivatives, that is, uf = D;(u®),uf; = D;D;(u®), ... respectively, with the total

differentiation operator with respect to z* given by

0 0
+ua—+ua—+-.-7 iz]‘)“‘?”’ (3)
T U U,

where the summation convention is used whenever appropriate.

A current ® = (@1, ... ") is conserved if it satisfies
D;®" =0 (4)

along the solutions of (2).
It can be shown that every admitted conservation law arises from multipliers
Qu(x,u,uqy, .. .) such that

Q.G" = D;®' (5)

holds identically (i.e., off the solution space) for some current ®* ‘modulo a curl’.
When the PDE system is variational, multipliers are variational symmetries. There
is a determining system for finding multipliers (and hence conservation laws) for any
given PDE system. Then, the conserved density

is determined by a homotopy formula like
fol Ul (t, T, My Mgy Mgy, . . .)dA, where A = %@t and % is the Euler operator (see
[6] for details).

Our method resorts mainly to the following theorem [1].

Theorem 0.1 If &' is a conserved current with multiplier Q,, then ®% = p?"f(@i
is also a conserved current anc{ has multiplier Q) = Q',(P) + R*(Qu) where R*
1s the adjoint of the operator R. In the case of a point symmetry, this becomes

i = prX® + 206 D;&) modulo curls and Qy =prXQu+QuDi&" + R*(Q,) where
R=R+£D; ie prXGr = R(GH).

2. RESULTS

The symmetry and conservation laws structure splits into two cases (i) n # 1
and (ii) n = 1.
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(i) It can be shown that the point symmetry generators of (1) for this case is
a four-dimensional Lie algebra spanned with basis are time and space translations
Xy =0, Xy =0, X3 =0, and scaling X, = %x@m + %y(?y + 10, — %u@u.

In this section we construct multipliers that have the form determined by the ray
invariance condition in Theorem 1.1, viz., XQ = (A + R)Q, where R is determined
by the action of X on the PDE and ‘some’ divergence term.

As a first case, we consider Xy for which R = 0. The invariants of the equation
X@Q = \Q are given by the system

de.  dt  du dwy  du,  dug,  dug  dugee _dQ
1 o o0 0 0 0 0 0 A
so that, for e.g.,
Q = eAxf(t7 u? 07 67 /’67 K? V? 77)7 (6)

where 0 = u,, € = Uy, t = Upe, K = Uy, ¥V = Uy and 1 = Uyy,. Since the Euler

operator annihilates a total divergence, i.e., %Di@ = 0, we require

)

Z(Q() =0 (7
wherein we impose the form of @ to be as in (6). The greater the order of the
assumed derivative of (), the more cumbersome the expansion of the left hand side
of (7). We have extensively employed the use of software to expand (7),

separate the resultant by monomials and solve the overdetermined system of
PDEs - this would otherwise be impossible and the interesting forms of ) and,
hence, the conserved flows would be lost (to some extent, the finer details can be
seen for the KdV equation in [6]). In summary, we obtain the multipliers

a
Q1 = Uyy + Ugy + murﬁl’ Q2 = u, Qs = f(y)

where f(y) is an arbitrary function of y and each giving rise to corresponding con-
served flows. We study the association of the conserved flows with symmetry by
studying the action of the symmetries on the multipliers ;. Firstly, notice that
there are no first-order (in derivatives) multipliers but we do have a second-order

multiplier ¢);. This action is enumerated below as

Xi(Q)=0, i=1,2,3

2

Xi(Q) = —3(1+ )@, ®)
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Xz(QZ) :0, Z: 1,2,3
Xi(Qa) = —-Qs ©

Xi(Qs) =0, i=1,2
X3(Qs3) = f'(y) = g(w), (10)
X4(Q3) = %yf/(y) = h(y).

Thus, @)1 and @ are strictly invariant under X; for ¢+ = 1,2,3 but ray invariant
under X, with A = —%(1 + %) and —%, respectively. Q3 is strictly invariant under
X, and X5, ray invariant under X3 but not invariant with respect to X,. The strict
invariant condition is synonymous with the association of the symmetry X; with
the resultant conserved vector from the multiplier Q).

As an example, we note that the conserved flow corresponding to @Q; for n = 1

2
is

1
T = 6 /i (—Zabuy2 + dabu(2uy, + 3uz,) + byv/u (Bugu,
0 ((uyy + ) (Uyy + 3taz) — Uy (Uyyy + Usay)))
+u*2(120 + b(—3ugs + b(tyyyy + Uszyy)))) »
O = (2abuy® + dabung, + vVu (ugty + b (—ug (Uyyy + Ueay) (11)

6b\/_

+2(uwy<uyy + uxm) + uy(umyy + umzx)))
+U?’/Q(guyt + O(Ugyyy + ummy)))) )
ot — w(8av/u + 3b(uyy + tyy))

6b
(ii) For n = 1, we have an additional symmetry X5 = atd, + d, and the calcula-

tions for the multipliers yield an additional one ()4 = —atu + x. The action of the
X;’s (i=1,...,5) on Q4 are as follows,
X1(Q4) = —aQy,
Xo(Q4) = 1,
X5(Q4) =0, (12)
X4(Qq) = 5Qu,
X5(Q4) = 0.
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For this case, therefore, ()4 is strictly invariant under X3 and X5 so that the corre-
sponding conserved vector is associated with X3 and X5. Also, as X5(Q4) = f(y) =
Q3 for f =constant which implies that the multiplier is obtainable by the symmetry
action of X5 on (4. Similarly, since X;(Q4) = —a@), the action of X; on Q4 yields
()2 so that Q2 as an independent multiplier can be dispensed with. That is, the
conserved vector from @)y would not be in the basis set of conservation laws (see
[3])-

The components of the conserved vector corresponding to the second-order mul-

tiplier (; is

O = —ﬁ(%labuwz + au®(3a + 4bu,, + 6bu,,)
+2bu(3urtiy + Uyy(6a + 2buy, + 3buy,)
—b(Uyyy U + BUplpyy — 2Uy Uy — U — 2Uplgy + Uy (Usyy
Fligra))) + 200 (=3zs + 0(2Unyyy + Baayy — Usway))),

PV = —L(12auyu, + auug,
tu(3uguy, — 6atyy, + b(Uyytpr + Upe? + 3UyUsry + 3UyUsprr — U (Usyy
+uzxx))) - u2(3uyt + b(zu:ca:yy + 3uxxccy - uxcca:a:)))a

_ u(au?+3b(uyy +usa))
(Pt —_— 3b Y
Q@2 18
o = L(2au® — b(u,? + 3u,2) + 2bu(uy, + 3u,,)),
PV = —2b(uyu, — 2unyy),
ot =142
2 )
Qg iS
o = %(Qb(uf” — fluy) + f(3au? + 2b(uy, + 3ug,))),
Py = _%b(f/ux - 2fuxy)>
Pt = fua
and Q5 is
or = %(3CLZEU2 — 2a*tu® — 2abtu(uyy + 3uy,)

+b(atu,? + 2wuy, — 6u, + 3atu,? + 6xuy,)),
OV = 2b(uy(—1 + atu,) + 2(x — atu)ug,),
' = au— satu’.
Notes. - systems example.
The Drinfeld-Sokolov-Wilson system
uy + 2vv, = 0
Vp — QUgpy + 3bUzv + 3kuv, =0

admits a three-dimensional Lie point symmetry algebra spanned by

X1 = (9t, X2 = (9m, X3 = —2u8u — 2@8,, —+ St@ + l’&x
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with commutator table

X 0 0 33Xy
Xs 0 0 Xs
X3 =3X; —Xo O

Its zero order multipliers were shown to be (1,0), (0,1) and (2bu, v) ([9])- the first
two are of minimal interest as the corresponding conserved flow yield one equation
in the system. Further detailed calculations, as done previously, shows, in fact, that

a second-order multiplier exists, viz.,
(QY, Q%) = (a(b — k)uge + 3(k* + kb — 20*)u* — (k + 2b)v?, 2(av,, — kuv — 2buw)).
The corresponding conserved density (b # k) is
1 1

o=
=3

— (b—k)u2 — av? + b(k — 2b)u® — 2buv® + k*u® — kuv?).

The action of the X;’s (i = 1,2, 3) on the @’’s (j=1,2) are

X1(Q7)
X3(QY)

Xy(Q7) =0,
—4Q",  X3(Q%) = —4Q”.

Thus, the conserved density ®' and conserved flux are associated with X; and X,
and not with X3 as the multiplier (Q', @?) is ray invariant, as opposed to strictly
invariant, under Xs.

Further investigation can be done for various combinations of b and k like k& = 2b.
3. CONCLUSION

We have shown that pdes or systems of pdes may have multiplier that are higher-
order (than two in derivatives) and lead to new and nontrivial conservation laws.
A number of possible relationships between the multipliers and Lie point symmetry
generators exist. These have consequences, inter alia, on the basis of conservation

laws of the pde/systems of pdes.
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