47 Mathematical and Computational Applications, Vol. 15, No. 4, pp. 558-573, 2010.
(©Association for Scientific Research

LOCAL NON-SIMILARITY SOLUTIONS FOR A
FORCED-FREE BOUNDARY LAYER FLOW WITH VISCOUS
DISSIPATION

E.W. Mureithi' and D.P. Mason?
Department of Mathematics and Applied Mathematics,
University of Pretoria, South Africa.

2 School of Computational and Applied Mathematics,
University of the Witwatersrand, South Africa.

eunice.mureithi@up.ac.za, david.mason@wits.ac.za

Abstract- The boundary layer flow over a horizontal plate with power law vari-
ations in the freestream velocity and wall temperature of the form U, ~ z" and
Ty — Tw ~ 2™ and with viscous dissipation, is studied. The boundary layer equa-
tions are transformed to a dimensionless system of equations using a non—similarity
variable {(z) and a pseudo-similarity variable n(x,y). The effects of the various pa-
rameters of the flow on velocity and temperature distribution in the boundary layer,
on the local skin friction and local heat transfer coefficients and on the non—similar

terms, are investigated.
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1. INTRODUCTION

Studies on forced—free boundary layers have been on the increase due to their
wide range of applications in engineering and in industry.

Prandtl’s boundary layer equations where the free—stream velocity varies as
Ue(x) o< 2™ normally admit similarity type solutions. Non-similarity of bound-
ary layers may arise from such factors as variation in free-stream velocity, effect
of suction or injection of fluid at the wall, variation in wall temperature and the
buoyancy force effect. In some cases non—similarity is caused by more than one
factor.

For a forced—free convection boundary layer, non-similarity of the flow field
leads to a non—similar thermal field. Cases may arise where the velocity boundary
layer is similar but the thermal boundary layer is non—similar. Extensive studies
have been done for mixed convection boundary layer flows. These include the early
work of Mori [3] and Sparrow and Minkowycz [9] who studied the mixed convection

boundary layer flow over a flat plate; the work of Sparrow and Yu [10] who



E.W. Mureithi and D.P. Mason 559

described and applied the local non—similar method to solve the thermal boundary
layer equations; and the work of Ramachandran et al [6] who studied mixed convec-
tion over a heated horizontal plate for an entire range of the buoyancy parameter.
Later work by Raju et al [5] analyzed the problem considered by Ramachandran et
al [6] by using a mixed convection parameter ranging from 0 (pure free convection)
to 1 (pure forced convection). Risbeck [7] used a single valued mixed convection
parameter to re-examine the mixed convection problem for power—law variation in
the wall temperature. Recent work by Hassanien et al [2] used the local non-similar
method to analyse a mixed convection boundary layer flow of a micropolar fluid over
a horizontal plate, where a nonsimilar mixed convection parameter is used to define

the entire convection range.

The present research was motivated by a recent study by Mureithi and Mason
[4] on the stability of a mixed convection boundary layer with viscous heating where
it was shown that this boundary layer flow is generally non-similar except for the
one special case of stagnation point flow. The flow becomes non-similar due to
the combined effects of thermal buoyancy and the viscous dissipation. Rogers [12]
has extensively used the local non—similarity method in analysing various types of
non-similar boundary layers. The work includes a study of a forced—free convection
boundary layer flow over a vertical wall, with thermal buoyancy, viscous dissipation
and suction or injection. The results presented by Rogers [12] include the effects of
thermal buoyancy on the velocity and temperature distributions in the boundary
layer. In the current study we look at a flow over a horizontal wall. We focus on the
effects that thermal buoyancy, viscous dissipation and the free—stream exponent n,
have on the skin friction, heat transfer, velocity and temperature distribution and

on the non-similar terms in the momentum and the thermal boundary layers.

There are various numerical techniques for solving local non—similar boundary
layer problems. In the work presented here we apply the local non—similar method
developed by Sparrow and co-workers ([11], [10]). The method involves transform-
ing the physical coordinates (z,y) to appropriately selected dimensionless coordi-
nates (£, 1), n being the pseudo—similarity variable and ¢ the non—similarity variable.
When £ = 0 or £ =constant, the boundary layer flow becomes similar. Rogers [12]
has presented results comparing the local non—similar method with the finite dif-
ference method, for the solution of a two-dimensional boundary layer with pressure
gradient. The results agree very well at the second or third level of truncation. Some
of the advantages of using this method are the fact that it is simple to implement,
the partial differential equations are reduced to ordinary differential equations and

each solution is locally independent of the solution at a previous streamwise location.
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2. THE STEADY BOUNDARY LAYER EQUATIONS.

Consider the steady boundary layer flow of a viscous incompressible fluid, of density
p and kinematic viscosity v, over a heated semi-infinite flat plate. The horizontal
plate coincides with the x-axis and the y—axis is in the normal direction to the flow.
The dimensional boundary layer equations, under the boundary layer approximation

and the Boussinesq approximation, are

Ox 1gy - pox oy?’
p
A T_TOO ) 1
Say Y ( ) 2 (1)
oz dy  pc, Oy? ¢, \Oy) )

where g is the acceleration due to gravity, 7o (z) is the free-stream temperature, ¢,
is the coefficient of specific heat of the fluid at constant pressure and a and k are
the coefficients of volume expansion and thermal conductivity, respectively.

The free—stream velocity and the plate temperature are assumed to vary in the

stream—wise direction. Hence we have the boundary conditions

w(z,0) =v(z,0) =0,  T(x,0) = T,(z), }
u(z, 00) = Ue(x), T(x,0) =Tk,

(2)

where T,,(z) is the wall temperature and U.(z) the velocity at the edge of the

boundary layer.
3. NON-SIMILAR BOUNDARY LAYER EQUATIONS

We make the following transformations (see Sparrow and Minkowycz [9]) in the

boundary layer equations with thermal buoyancy

Gr, Y
= n=LRAP () = U6,

T —To = (T — T)h(&,m),  p(x,y) = pU; <q<§’”> - %) ’

where the prime denotes differentiation with respect to n. Here {(z) is a non-
similarity variable and n(x,y) is a boundary layer pseudo-similarity variable. The
dimensionless quantities Re, and Gr, are the local Reynolds number and the local

Grashof number defined as
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From the equation of continuity, it follows that

Ue of

U(%y):—m (5+1)f+§7 5 +n(B—-1)f
where
dU, dT,,
p(&) :Ui o (&) 2%5, v=1-58+20.

Substitution of these variables into the boundary layer equations (1) gives the non—

similar boundary layer equations

£ = B = 120 = (B + DS+ 5(8 g

ol
¢ = ¢&h, (4)
p' = %Pr{2ahf’ — (B4 1)fh —2Ec(f")*}
e[t
The appropriate boundary conditions are

of

f'(€,0) =0, (1+05)f(£,0) +§78—§(§, 0) =0, h(&0)=1,

(6)
f/(ga OO) = 17 h’(é-a OO) = 0; Q(g, OO) =0.

The parameters Fc and Pr are the local Eckert number and the Prandtl number
defined as

Ec = m, Pr= P
The flow considered here is boundary layer flow of a fluid of Prandtl number Pr= 0.7
(air). The temperature difference between the wall and the free-stream is approxi-
mately 10 K and ¢, ~ 103. Hence the Eckert number is of order one if U, &~ 102
The wall shear stress can be represented using the local skin friction coefficient
C¢, and the heat transfer coefficient is measured using the local Nusselt number,
Nu,, defined respectively as

1
SReCr=1"(6,0).  ReVANu, = —1(£,0).
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Assuming power law variations in the free—stream velocity and in the plate temper-

ature of the form
Ue(x) ox 2", Tw — Too x ™,

gives that f = n and ¢ = m. For steady inviscid flow past a wedge n < 1. We
therefore restrict ourselves ton < 1. The case when n = 1 is the self-similar solution
derived by Mureithi and Mason [4].
In solving (3) to (5) we follow closely the local non-similar method developed
by Sparrow and Yu [10]. The equations are derived to a third level of truncation.
For convenience, a subscript 1 and 2 denote differentiation of the original non—

similar equations, once and twice, with respect to &; hence for example,

Cof L, of . o0
fl_a_é.a fl_a_§7 el_a_é.v
of 0f 00,

0
f2 57 f2 5 ag?

The equations (3), (4) and (5) to second and third level of approximation are

"

(
1 ! r! 1! 1 1!
1= 5(3n+ )[f1f +Q1]—f1f —5(”+1)ff1
_|_

L[ - fra). (7)

1
2@—1M%+2

1
W = §Pr{ (3n+ D '+ dnhfi = 2fi — (1 -+ n) I

~ABef" 1Y+ (1= e[~ 1651 ©
with boundary conditions, valid for all values of n,
fl(gao):()a f{(gao):()? h1<570):07
(10)
f{(é? OO) = 07 h1(£7 OO) = 07 Q1(£7 OO) = 0.
The solution of this system of equations and boundary conditions is presented in
the next section.

The method of Sparrow and Yu [10] is discussed in greater detail in the text
book by Minkowycz et al [1].
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4. NUMERICAL SOLUTIONS

The non-similarity solutions are obtained by solving together the boundary layer
equations (3) to (6) and the auxiliary system (7) to (10). These equations can
be rewritten as a system of twelve first order partial differential equations with
twelve boundary conditions for twelve unknowns. At any position £(x), the twelve
first order equations are solved as if they were ordinary differential equations with &£
being treated as a buoyancy parameter. The system is solved using the fourth—order

Runge-Kutta integrator and a Newton-Raphson iterative scheme.
5. DISCUSSION OF RESULTS

The results presented here are for Pr = 0.7, except for Figures 1 and 2 where
the effect of varying the Prandtl number is investigated. Increasing the buoyancy
parameter £ is equivalent to increasing buoyancy forces.

Figures 1 and 2 show the variation of f”(£,0) and —h/(€,0) with £, respectively.
Increase in the buoyancy parameter, £, results in increase in the skin friction coeffi-
cient and decrease in the surface heat transfer rate. The skin friction factor is higher
in fluids of low Prandtl number for the case when £ > 0, the reverse occurring when
& < 0. The surface heat transfer also increases with decrease in Prandtl number.
When & = 0, there is no coupling between the temperature and the velocity fields
and hence varying the Prandtl number has no effect on the skin friction factor, as
seen in Figure 1.

Figures 3 to 6 show the effect of increasing & and Ec¢ for some fixed value of n
chosen to be n = 0.2. The parameter Ec is a measure of the viscous dissipation
effects. These figures show that increasing Fec (for £ = 1.5) and increasing £ (for
Ec = 1) results in a decrease in the thickness of both the momentum and the thermal
boundary layers.

The results indicate that velocity “overshoots” occur inside the boundary layer
when n = 0.2, Ec = 1 and for £ > 0.09. Temperature “overshoots” also are observed
to occur near the wall when n = 0.2, Fc =1 and when ¢ > 1.2. By “overshoot” we
mean that the values for the velocity and temperature exceed the free—stream value
and the plate temperature, respectively. The “super-velocities” and temperature
“overshoots” are due to the combined effect of buoyancy and viscous dissipation.
These results are in total agreement with those obtained by Mureithi and Mason [4]
for the case when n = 1.

The effect of varying n on f”(£,0) and —h'(&,0) is shown in Figures 7 and 8,
respectively. For n < 0 there is a critical value of n dependent on ¢ beyond which

there is no solution. For & = 0 the critical value of n obtained here is n.. ~ —0.09
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which is consistent with the results for a non—-thermal boundary layer described by
the Faulkner—Skan equation. For n < —0.0904, there are no normal solutions with
0 < f'(n) < 1 of the Faulkner—Skan equation and only solutions with reversed flow
may exist ( Schlichting [8]) For £ = 0 (no buoyancy force), there is a small interval
where the solution is not unique. When buoyancy is taken into account (£ # 0),
unique solutions exist for all n > n.,. and n., increases with increase of £&. The skin
friction decreases with decrease in n but starts to rise quite sharply as n — ne,.
The heat transfer coefficient decreases monotonically with decrease in n, with the
decrease becoming more sharp as n — n.,.

The effect of varying n on f'(£,7n) and h(&, n) is shown in Figures 9 and 10. The
magnitude of the velocity and temperature overshoots increases with decrease in n.
A decrease in n translates to an increase in favourable pressure gradient while an
increase in n means that the flow is a decelerating flow due the effect of an adverse
pressure gradient.

Figures 11 to 14 show the variation of the non-similar terms with £ and n.
The non-similarity effects increase significantly with increase in ¢ and decrease in
n. The results indicate that the non—similarity effects are more pronounced in the

velocity boundary layer than in the thermal boundary layer.
6. CONCLUSION

A non-similarity model has been presented for a buoyant boundary layer flow with
viscous dissipation. This model reduces to the similarity model when n = 1. Solu-
tions obtained for the case n = 1 agree with the results of Mureithi and Mason [4].
Using the non-similarity model we have obtained solutions for cases when n < 1.

Super—velocities have been observed and their magnitude increases with increase
in both ¢ and Ec¢ and with decrease in n. The velocity overshoots occur in a region
inside the boundary layer. These overshoots result because at high values of £ the
temperature induced horizontal pressure gradient plays a role similar to that of a
favourable pressure gradient in accelerating the flow in boundary layer. Temperature
overshoots (also referred to as Sparrow—Greg type “hills”) have also been observed
near the plate since viscous dissipation effects are strongest there.

Our results indicate that for a fixed value of &, there is a critical value of n below
which there are no solutions. This value increases with increase in €.

The variation of the non—similar terms in the velocity and the thermal boundary
layer has also been studied. These terms become significant as n decreases and as

¢ increases. The non—similarity effects are stronger in the velocity boundary layer
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than the thermal boundary layer.
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The results shown are for the case when Ec =1, n = 0.2 and Pr = 0.7.
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Figure 1: f”(£,0) plotted against &, for Ec =1, n = 0.2 and Pr=0.1,0.7,7.
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Figure 2: —h/(&,0) plotted against &, for Fc =1, n = 0.2 and Pr=0.1,0.7,7.
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Figure 3: f'(£,n) plotted against 7, for Pr=0.7, Ec=1,n=0.2 and £ =0, 2, 4.
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Figure 4: h(§,n) plotted against n, for Pr=0.7, Ec=1,n=0.2 and { =0, 2, 4.



568 Local non-similarity solutions for a forced—free boundary-layer flow

1.4 T T T T
— n=0.2,&=15

Ec=0,1, 2
12

04r

Figure 5: f’(£,n) plotted against n, forn = 0.2, { = 1.5, Pr=0.7and Fc =0, 1, 2.
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Figure 6: h(£,n) plotted against n, for n = 0.2, £ = 1.5, Pr=0.7 and Fc =0, 1, 2.
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Figure 8: —h/(&,0) plotted against n, for Pr=0.7, Ec=1and £ =0, 0.1, 1, 2.
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Figure 9: f/(&,n) plotted against n, for Pr
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Figure 10: h(£,n) plotted against n, for Pr
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Figure 11: (1 —n)&[f'f{ — f" fe + q¢] plotted against n, for Pr= 0.7, Ec=1,n = 0.2

and £ = 0.5, 1, 2.

0.045
— Ec=1,n=0.2

0.04 -

0.035

o

Q

@
T

0.025
& Pr(1-n)[f hE—h'fﬁ]

Non-similar terms
[=}
8
T
a
g

0.015-

=0.5
0.01- g

0.005 |

Figure 12: (1 — n)Pré[f'he — R f¢] plotted against 7, for Pr= 0.

and £ = 0.5, 1, 2.
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Figure 13: (1 —n)&[f'f{ — f" fe + q¢] plotted against 7, for Pr= 0.7, Ec =1, { =2
and n =0, 0.2, 0.5, 0.8.
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Figure 14: (1 — n)Pr§[f'he — B f¢] plotted against 7, for Pr= 0.7, Ec =1, £ = 2
and n =0, 0.2, 0.5, 0.8.
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