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Abstract- The sufficient aspects of model leading to the E(5) symmetry have been  

proved by presenting E(5) characteristic of the transitional nuclei 
64-80

Ge. The positive 

parity states of even-mass Ge nuclei within the framework of Interacting Boson Model 

have been calculated and compared with the Davidson potential predictions along with 

the experimental data. It can be said that the set of parameters used in an calculations 

is the best approximation that has been carried out so far. Hence, Interacting Boson 

Approximation (IBA) is fairly reliable for the calculation of spectra in such set of Ge 

isotopes.  

Keywords- Davidson-like potentials, nuclear phase transition, critical symmetry, even 

Ge, Interacting Boson Model. 

 

1. INTRODUCTION 

 

This paper presents a computational study in the field of nuclear structure. The 

declared goal of the paper is to identify features of the E(5) dynamical symmetry in the 

critical point of the phase/shape transition for the even-even Ge isotopes with A in the 

range 64 to 80. The topic of dynamical symmetries (E(5) and X(5)) was theoretically 

predicted by Iachello [1] and found in real nuclei by Casten et al. [2], just beside 

experiment [3-5]. A systematic search of nuclei exhibiting this features along the 

nuclide chart is underway in several structure labs around the world. This subject is of 

highly scientific interest in the present days investigations. Three dynamical symmetry 

limits known as Harmonic oscillator, deformed rotor and asymmetric deformed rotor 

are labeled by U(5), SU(3) and O(6) respectively [6], and they form a triangle known as 

the Casten triangle representing the nuclear phase diagram [7].  

In the original Bohr Hamiltonian, the U(5) and O(6) symmetry limits are 

connected by assuming potentials only depend on β. On the other hand, the U(5) and 

SU(3) limits are connected by separating the ),( γβV  potentials into variables in the 

Hamiltonian. In those cases, one can use the Davidson-like potentials instead of β-

dependent part of the potential.  

As it was also described in [8,9], most of the shell-model studies of nuclei with 

Z, N≤50 assume a 88

38 Sr inert core and restrict the valence-proton particles or neutron 

holes to the p1/2 and g9/2 orbital [10]. In principle, the inclusion of these orbital will also 

make the model space adequate in principle to describe nuclei with Z≤38 as well as to 

possibly account for the high spin states that have recently been established in the Zr 

isotopes. Another motivation for considering such a large model space is to allow from 

one to more accurate calculation of double-beta decay transitions in Kr, Se and Ge 

nuclei [10]. For the nuclei with Z>28, N<50 protons and neutrons are allowed to occupy 
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g9/2, p1/2, p3/2 and f5/2 orbital. It is obvious that in such a description the use of 88

38 Sr as a 

core is no longer convenient. A theoretical explanation of the shape coexistence 

phenomena has been given by the presence of intruder levels in the neutron or the 

proton valence shell [11]. The evidence for an extensive region of nuclei near A~80 is 

consistent with the definition of three dynamical symmetry limits. The neutron-proton 

(IBM-2) version of the model has previously been applied successfully to the light 

isotopes of Se, Kr and Sr [9,12-18] with emphasis primarily on the description of 

energy levels. The even-even Ge isotopes are the members of the chain situated away 

from both the proton closed shell number at 28 and neutron closed shell at 50.  

In this study, we have carried out the level scheme of the transitional nuclei 
64-

80
Ge showing the characteristic E(5) pattern in its some low-lying bands. The positive 

parity states of even-mass Ge nuclei also stated within the framework of the Interacting 

Boson Model. By comparing transitional behavior in the Ge nuclei with the predictions 

of an E(5) critical symmetry, an achievable degree of agreement has been investigated. 

The outline of the remaining part of this paper is as follows; starting from giving 

a basic solution of Bohr Hamiltonian with Davidson-like potentials in the E(5) limit in 

Section 2, we have reviewed the comparison of previous experimental and theoretical 

[19] data with calculated values in Section 3. The last section contains some concluding 

remarks. 

There are three tables; the first table compares theoretical predictions of 

Davidson potential (labeled by Dav.) with IBM-1 and with IBM-2 along with the 

experimental data for 
64-80

Ge. The second contains the IBM-1 parameters while the third 

one describes the IBM-2 parameters used in the present study together with previous 

parameters of some neighboring Kr and Se nuclei.  

There are two figures; the first one shows ground state band energy ratio 

E(J
π
i )/E(2 +

1 ) predictions of the present model for R4/2=E(4 +
1 )/E(2 +

1 ), R6/2= 

E(6 +
1 )/E(2 +

1 ), R8/2=E(8 +
1 )/E(2 +

1 ) and compare them with the previous experimental 

results as a function of neutron number in 
64-80

Ge nuclei. The second figure compares 

change of ratio for the gamma band energies E(J
π
γ )/E(2 +

1 ) of the present model with the 

experimental ones for the J
π
γ = 2

π
γ , 3

π
γ  and 4

π
γ  levels in the same nuclei.  

 

2. E(5) SOLUTION OF THE DAVIDSON-LIKE POTENTIALS 

 

As it was also pointed out in [8], the original Bohr Hamiltonian [20] is 

22
4

4 2 2
2

1 1 1
sin 3 ( , )

22 sin 3 4
sin( )

3

k

k

Q
H V

B
k

β γ β γ
πβ β γ γβ β γ β γ

 
 ∂ ∂ ∂ ∂

= − + − + 
∂ ∂ ∂ ∂ −

  

∑h
 

                  (1) 

β  and γ  are collective coordinates that identify the shape of the nuclear surface. B 

refers to a mass parameter and ( 1, 2,3)kQ k =  represents angular momentum 

components. If one assumes that the potential depends only on β , that is 
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( , ) ( )V Vβ γ β= , the Schrödinger equation can easily be separated by using the wave 

function of the form ( , , ) ( ) ( , )j jψ β γ θ χ β ξ γ θ=  [20,21]. 

Introducing the reduced energies 
2

2B
Eε =

h
 and reducing the potential 

2

2B
u V=

h
 

[1], the radial β-dependent equation can be defined as follows; 

4

4 2

1
( ) ( ) ( )uβ β χ β εχ β

β ββ β
 ∂ ∂ Λ
− + + = ∂ ∂ 

    (2) 

The equation is including Euler angles and the eigenvalues of the second order 

Casimir operator of SO(5) occur. Here, it has the form ( 3)τ τΛ = + , where 0,1,2,...τ =  

is the quantum number characterizing the irreducible representations of SO(5) [22] and 

the Davidson form with no gamma dependence is used. By using the exact numerical 

diagonalization of the Bohr Hamiltonian [23], the gamma independent Davidson 

potential is given by D.Bonatsos et. Al. [24], 
4

2 0

2
( )u

β
β β

β
= +         (3) 

where 0β  is the potential’s minimum position. By putting Eq. (3) into Eq. (2), one can 

obtain 
4

4 20

4 2

( 3)1
( ) ( )

τ τ β
β β χ β εχ β

β ββ β

 + +∂ ∂
− + + = ∂ ∂ 

           (4) 

The exact solution of this equation can be done [25,26], in which the 

eigenfunctions are being the Laguerre polynomials of the form 

2

1/ 2

3 / 2 2 / 22 !
( ) ( )

( 5 / 2)

d d

m m

m
F L e

m d

τ ββ β β+ − 
=  Γ + + 

           (5) 

where 4

0( 3) ( 3)d dτ τ β+ + = +  and ( )mΓ  represents the Γ -function. So, one can find d 

and energy eigenvalues (in 1ω =h  units) as follows [25,26]; 
1/ 2

2

4

0

3 3

2 2
d τ β

  = − + + +  
   

              (6) 
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           (7) 

Each irreducible representation of SO(5) contains values of angular momentum 

and they are given by the algorithm [27] 3τ ν λ∆= + , where 0,1,2,...ν ∆ =  is the 

missing quantum number in the reduction (5) (3)SO SO⊃  and 

, 1,..., 2 2, 2L λ λ λ λ= + −  (with 2 1λ −  missing). The levels of the ground state band are 

characterized by 2L τ= , 0m =  and the energy levels of the ground state bands are 

given by [8] 
1/ 2

2 4

0, 0

1
1 ( 3) 4

2
LE L β = + + +               (8) 

whereas the excitation energies of the levels of the ground state band relative to the 

ground state are 
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( )1/ 2 1/ 2
2 4 4

0, , 0, 0,0 0 0

1
( 3) 4 9 4

2
L exc LE E E L β β   = − = + + − +             (9) 

The energy level ratios with respect to E(21
+
) (labeled by E0,2) are defined by 

0, 0,0

/ 2

0,2 0,0

L

L

E E
R

E E

−
=

−
             (10) 

 

3. THEORETICAL PREDICTIONS 

 

The collective quantities including the ground state band ratios 

R4/2=E(4 +
1 )/E(2 +

1 ), R6/2= E(6 +
1 )/E(2 +

1 ), R8/2=E(8 +
1 )/E(2 +

1 ); the bandheads of the β1 and 

γ1 bands, )0( +
βE  and )2( +

γE , normalized to E(2 +
1 ), the spacing within the β1 band 

relative to these of the ground state band [28,29], 

R2,0,β,g =
)2(

)0()2(

1

+

++ −

E

EE ββ
   ,    R4,2, β,g =

)2()4(

)2()4(

11

++

++

−

−

EE

EE ββ
       (11) 

and the spacing within the γ1 and relative to that of the ground state band, 

R4,2,γ,g = 
)2()4(

)2()4(

11

++

++

−

−

EE

EE γγ
          (12) 

are all given in Table 1. 

Table 1. Comparing the theoretical predictions of Davidson potential (labeled by Dav.) 

with IBM-1 and IBM-2 along with the experimental data for 
64-80

Ge. The band heads of 

1β  and 1γ  bands normalized to 1(2 )E + and the experimental values have been taken 

from Ref. [30]. The numerical results of R2,0,β,g, R4,2, β,g, R4,2,γ,g, 0
+
β /2 +

1 , 2 +
β /2 +

1 , 4 +
β /2 +

1 , 

2 +
γ /2 +

1 , 3 +
γ /2 +

1  and 4 +
γ /2 +

1  are also given. 

R4/2 R6/2 R8/2 

IBM IBM IBM 

N βo 

Dav

. 1 2 

Ex. Dav. 

1 2 

Ex. Dav. 

1 2 

Ex. 

32 1.7 2.3 2.3 2.2 2.3 3.7 3..9 3.6 3.8 5.3 5.9 5.2 5.7 

34 1.7 2.3 2.3 2.3 2.3 3.7 3.9 3.7 3.8 5.2 5.8 5.4 - 

36 1.6 2.2 2.3 2.3 2.2 3.6 3.7 3.8 3.6 5.0 5.5 5.6 4.8 

38 1.0 2.1 2.7 2.5 2.1 3.2 5.0 4.5 - 4.3 7.9 6.8 - 

40 1.0 2.1 3.0 2.6 2.1 3.2 6.0 4.6 3.3 4.3 10.1 7.2 4.5 

42 3.0 2.5 3.3 2.4 2.5 4.3 7.0 4.1 - 6.6 11.9 6.2 - 

44 10 2.5 1.2 1.9 2.5 4.5 0.6 2.6 - 7.0 -0.9 3.2 - 

46 10 2.5 1.8 2.4 2.5 4.5 2.4 4.2 - 7.0 2.7 6.4 - 

48 10 2.5 2.5 2.6 2.6 4.5 4.6 4.9 - 7.0 - - - 

R2,0,β,g  R4,2,β,g   R4,2,γ,g 

IBM IBM IBM 

 

N Dav

. 1 2 

Ex. Dav. 

1 2 

Ex. Dav. 

1 2 

Ex. 

32 1.6 1.1 1.4 - 0.0 - 1.2 - 1.1 1.0 1.2 - 

34 1.5 1.1 1.4 - 0.0 1.1 1.2 - 1.1 1.1 1.2 - 

36 1.4 1.1 1.2 1.2 0.0 1.1 1.1 - 1.1 1.1 1.2 0.8 

38 1.1 1.2 1.3 0.9 0.0 1.1 1.1 0.8 1.0 1.1 1.1 1.0 
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40 1.1 1.3 1.3 2.1 0.0 1.1 1.2 - 1.0 1.1 1.1 1.1 

42 2.2 1.0 1.2 1.2 0.0 0.9 0.8 0.4 1.3 1.0 1.0 1.1 

44 2.50 1.2 1.0 1.2 0.0 2.0 0.3 0.2 1.3 1.6 1.0 1.1 

46 2.5 1.2 1.6 0.5 0.0 1.2 1.0 0.9 1.3 1.1 1.2 0.5 

48 2.5 1.3 1.8 - 0.0 - - - 1.3 1.1 1.2 - 

0β
+
/21

+
 2β

+
/21

+
 4β

+
/21

+
 

IBM IBM IBM 

 

N Dav

. 1 2 

Ex. Dav. 

1 2 

Ex. Dav. 

1 2 

Ex. 

32 3.7 1.7 2.5 - 5.3 2.8 3.9 - 5.3 - 5.4 - 

34 3.7 1.7 2.5 - 5.2 2.8 3.9 - 5.2 4.2 5.4 - 

36 3.6 1.7 1.9 1.7 5.0 2.9 3.1 2.9 5.0 4.2 4.5 - 

38 3.2 1.2 1.6 1.2 4.3 2.3 2.9 2.1 4.3 4.1 4.5 2.9 

40 3.2 0.8 1.8 0.8 4.3 2.1 3.1 2.9 4.3 4.3 4.9 - 

42 4.3 0.9 2.0 2.5 6.6 1.9 3.1 2.7 6.6 4.1 3.7 4.3 

44 4.5 3.4 2.6 3.4 6.9 4.6 3.6 4.6 6.9 4.9 3.9 4.5 

46 4.5 2.5 3.0 2.5 6.9 3.7 4.7 3.0 6.9 4.6 6.1 4.3 

48 4.5 1.7 2.7 - 6.9 3.1 4.5 - 6.9 - - - 

2γ
+
/21

+
 3γ

+
/21

+
 4γ

+
/21

+
 

IBM IBM IBM N Dav

.  1   2  

Ex. Dav. 

 1   2  

Ex. Dav. 

 1  2 

Ex. 

32 2.3 1.9 2.3 - 3.7 3.0 3.7 - 3.7 3.3 3.7 - 

34 2.3 1.9 2.3 - 3.7 3.1 3.7 - 3.7 3.3 3.7 - 

36 2.2 2.0 2.3 1.8 3.6 3.1 3.7 - 3.6 3.3 3.8 2.8 

38 2.1 1.7 2.3 1.6 3.2 2.8 3.8 2.4 3.2 3.5 4.9 2.7 

40 2.1 1.7 2.6 1.8 3.2 2.8 4.5 2.5 3.2 3.8 4.4 2.9 

42 2.4 1.6 2.2 2.0 4.3 2.6 3.0 2.8 4.3 3.8 3.6 3.6 

44 2.5 2.8 2.1 2.0 4.4 4.0 3.0 2.7 4.4 3.2 3.1 3.5 

46 2.5 2.3 2.3 1.9 4.4 3.5 4.0 2.7 4.4 3.2 4.1 2.7 

48 2.5 2.1 2.4 2.4 4.4 3.4 4.1 - 4.4 3.8 4.4 - 

 

This table also contains the R2,0,β,g, R4,2,β,g, R4,2,γ,g, 0 +
β /2 +

1 , 2 +
β /2 +

1 , 4 +
β /2 +

1 , 2 +
γ /2 +

1 , 

3 +
γ /2 +

1 , 4 +
γ /2 +

1  numerical results of the present model, in which the results are compared 

with experimental ones. The ratio E(J
π
i )/E(2 +

1 ) predictions of the present models for 

the J π
i = 4 +

1 ,6 +
1  and 8 +

1  levels are also given in Figure 1 as a function of neutron 

numbers changing from 32 to 48 for Ge. The Figure 1 compares the theoretical (IBM-1, 

IBM-2 and Davidson potential (labeled by Dav.)) predictions of R4/2 = E(4 +
1 )/E(2 +

1 ) 

with those of the experimental ones. Here, the standard forms of the IBM-1 and IBM-2 

Hamiltonians are used (as they given in Ref. [30,27]) to calculate energies of 
64-80

Ge 

nuclei and it can easily be seen that Davidson potential predictions are successful for all 

Ge isotopes. We got the IBM-1 calculations using the code PHINT [30] with our own 

parameters and saw the transitional nuclei of the mass region around A~80 exhibit clear 

triaxial features. The model parameters are the free parameters and they have been 

determined so as to reproduce as closely as possible the excitation-energy of all positive 

parity levels for which a clear indication of the spin value exists and their values were 
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estimated by fitting to the measured level energies. IBM-1 is the original form of the 

model and in this model; proton- and neutron–boson degrees of freedom are not 

distinguished. The Table 2 and 3 contain the best fitted IBM-1 and IBM-2 Hamiltonian 

parameters used in the present work, respectively. Here, ε value is dominated in SU(5)-

like nuclei spectrum while κ value is dominated in O(6) like [31]. 

 

Table 2. The used Hamiltonian parameters set for the IBM-1 calculations of 
64-80

Ge 

nuclei. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

A

Z X 
N EPS ELL QQ CHQ OCT HEX 

64

32 Ge32 4 0.900 0.050 -0.045 -1.750 -0.003 -0.0078 

66

32 Ge34 5 1.000 0.050 -0.045 -1.900 -0.003 -0.0074 

68

32 Ge36 6 1.134 0.042 -0.045 -1.900 -0.0035 -0.0074 

70

32 Ge38 7 0.914 0.148 -0.045 -1.900 -0.004 -0.0074 

72

32 Ge40 7 0.619 0.184 -0.045 -1.900 -0.004 -0.0074 

74

32 Ge42 6 0.001 0.181 -0.040 -1.900 -0.004 -0.0074 

76

32 Ge44 5 1.165 -0.135 -0.045 -1.900 -0.003 -0.0074 

78

32 Ge46 4 0.925 -0.053 -0.045 -1.750 -0.003 -0.0078 

80

32 Ge48 3 0.607 0.050 -0.090 -1.750 -0.003 -0.0078 
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Table 3. The used Hamiltonian parameters set for the IBM-2 calculations of 
64-80

Ge nuclei. 

*From Ref. [9] 

A

Z X 
Nπ Nν 

ε 
(ED) 

κ 
(RKAP) 

χν 
(CHN) 

χπ 
(CHP) 

CLν 

(CLN) 

CLπ 

(CLP) 

76

36 Kr40* 
4 5 1.00 -0.16 0.28 -0.50 -1.20, 0.20, 0.10 -1.20, 0.30, 0.30 

78

36 Kr42* 
4 4 0.96 -0.18 0.50 -0.50 -0.60, 0.25, 0.10 -1.20, 0.30, 0.30 

80

36 Kr44* 
4 3 1.05 -0.18 0.0.71 -0.50 -0.20, 0.10, 0.10 -0.45, -0.20, 0.05 

82

36 Kr46* 
4 2 1.15 -0.19 0.93 -0.50 0.10, -0.80, -0.35 1.40, -0.15, 0.07 

64

32 Ge32 2 2 1.25 -0.19 0.9 -0.2 0.00, 0.00, -0.35 0.00, 0.00, 0.00 

66

32 Ge34 2 3 1.35 -0.19 0.9 -0.2 0.00, 0.00, 0.00 0.00, 0.00, 0.00 

68

32 Ge36
 2 4 1.40* -0.20* 1.00* -0.2 -1.60, 0.00, 0.20 -1.00, -1.00, -1.30 

70

32 Ge38 2 5 1.40* -0.20* 1.20* -0.2 -2.00, -0.40, 0.15 -1.30, -1.30, -0.50 

72

32 Ge40 2 5 1.20* -0.21* 1.10* -0.2 -2.50, 0.00, 0.15 0.50, 0.00, 0.50 

74

32 Ge42 2 4 1.20* -0.21* 1.00* 
-0.2 -1.20, -1.20, -0.25 0.00, 0.00, 0.00 

76

32 Ge44 2 3 1.20* -0.21* 1.00* -0.2 0.00, -1.00, -0.80 0.00, 0.00, -1.50 

78

32 Ge46 2 2 0.90 -0.23 1.00 -0.2 -0.40, 0.00, -0.20 0.00, 0.00, 0.20 

80

32 Ge48 2 1 0.85 
-0.23 1.00 -0.2 0.00, 0.00, 0.00 0.00, -0.15, 0.45 

70

34 Se36* 3 7 1.16 -0.045 0.02 -1.20 -0.99, 0.00, 0.00 0.41, 0.00, 0.00 

72

34 Se38* 3 6 1.18 -0.083 -1.20 -1.20 0.09, 0.00, 0.00 0.30, 0.00, 0.00 

74

34 Se40* 3 5 0.90 -0.068 0.26 -1.20 -0.72, 0.00, 0.00 0.25, 0.00, 0.00 

76

34 Se42* 3 4 0.84 -0.093 0.38 -1.20 -0.34, 0.00, 0.00 0.22, 0.00, 0.00 

78

34 Se44* 3 3 0.866 -0.103 0.63 -1.20 0.00, 0.00, 0.00 0.19, 0.00, 0.00 

80

34 Se46* 3 2 0.952 -0.139 0.79 -1.20 -0.35, 0.00, 0.00 0.13, 0.00, 0.00 

82

34 Se46* 3 1 0.945 -0.135 0.78 -1.20 0.31, 0.00, 0.00 0.13, 0.00, 0.00 
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As it can be seen from the Figures 1 and 2, the agreement between the 

experimental [30] and theoretical results are quite good and the general features are 

reproduced well, especially for the members of the ground-state band. The value of R4/2 

ratio has the limiting value 2 for a quadrupole vibrator, 2.5 for a non-axial gamma-soft 

rotor and 3.33 for an ideally symmetric rotor. As it is seen in Table 1 it increases 

gradually from about 2.28 to 2.60. The agreement between the experimental values and 

calculated Davidson potential results is especially very good for E4/2 ratios of all Ge 

isotopes and the results show that R4/2>2 for all Ge isotopes. It means that their structure 

seems to be varying from Harmonic Vibrator (HV) to along gamma soft rotor. So, the 

energy spectrum of the 
64-80

Ge nuclei can be situated between the pure vibrational and 

rotational limit. The presented IBM calculation method in this paper is also used in 

Refs. [29,32]. Moreover, Boztosun and his collaborators [33] are also trying to get a 

solution of potentials for the E(5) and X(5) models of the Bohr Hamiltonian by 

comparing the findings with the experimental data as well as the previous results. 
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Figure 1. The Ground State Energy 

Ratio E(J
π
i )/E(2

+
1 ) predictions of 

the present models for the J
π
i = 

4
+
1 ,6

+
1  and 8

+
1  levels. 

Figure 2. The Gamma Band Energy 

Ratio E(J
π
γ )/E(2

+
1 ) predictions of 

the present models for the J
π
γ = 2

π
γ , 

3
π
γ  and 4

π
γ  levels. 
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4. CONCLUSIONS 

 

In this paper, it has been searched that the level scheme of the nuclei 
64-80

Ge 

shows the characteristic E(5) pattern or not in the ground state and some other low-lying 

bands by using two different approaches. Transitional behavior in Ge nuclei is 

compared with the results of E(5), critical symmetry and then an acceptable degree of 

agreement is proved. As it is seen from Figures 1 and 2, Davidson-like potentials give 

better results for almost all the ground and gamma band ratios. On the other hand, the 

validity of the presented parameters in IBM formulations has been investigated and it is 

seen that there is a existence of a satisfactory agreement between the presented results 

and experimental data. We may conclude that the general characteristics of the Ge 

isotopes are well satisfied in this study and are not expected to be deformed. We have 

investigated an acceptable degree of agreement between the predictions of the model  

and experiment. The shown systematic in the related tables and schemes are almost 

similar to the previous experimental and theoretical data. Moreover, the elegance of 

Figures. 1 and 2 suggest the success of the guess in parameterization in this paper. The 

obtained results in this study confirm that these two used methods are worth extending 

for investigating the nuclear structure of other nuclei existing around the mass of A~80.  
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