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Abstract - Some new stability results are given for a delay integro-differential equation.
A basis theorem on the behavior of solutions of delay integro-differential equations is
established. As a consequence of this theorem, a stability criterion is obtained.
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1. INTRODUCTION AND PRELIMINARIES

This paper deals with the stability of the trivial solution for a delay integro-
differential equation. An estimate of the solutions is established and sufficient
conditions for the stability and the asymptotic stability of the trivial solution are given.
Since the first systematic study was carried out by Volterra [10], this type of equations
have been investigated in various fields, such as mathematical biology and control
theory (see, e.g., [4,5,8]).

In this paper, we will give a basic theorem on the behavior of solutions of scaler
delay integro-differential equations. As a consequence of this theorem, we will establish
a criterion for the stability of the trivial solution; see [3,6,7,9] for related stability
results. A root of the associated characteristic equation is used in obtaining our results.
For the basis theory of integral equations, we choose to refer to the books by Burton [1]
and Corduneanu [2].

Note that linear neutral delay differential equations with periodic coefficients
have been studied by Philos and Purnaras [9] and the behavior of solutions of linear
differential equations with unbounded delay have been obtained by Kordonis and Philos
[6].

Let us consider initial value problems for delay integro-differential equations
with a delay 7> 0,

X'(t) = ax(t) + bx(t — 1) + j x(s)ds >0 (1)
t—7
x()=¢(t) , -7<t<0 (2)
where a, band c are real number, ¢(¢) is continuous given initial function on the
segment [—7,0].

By a “solution” of the delay integro-differential equation (1), we mean a
continuous real-valued function x defined on the real line /R, which is continuously

differentiable on the interval [0,0) and satisffies (1) forall £ >0.
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It is known (see, for example, [1]) that, for any given initial function ¢, there
exists a unique solution x of the delay integro-differential equation (1), where ¢ is
defined in (2), x will be called the solution of the initial problem (1)-(2) or, more
briefly, the solution of (1)-(2).

If we look for a solution of (1) of the form x(f) = e” for ¢ € IR , we see that 1 is
a root of the “characteristic equation”

T

A=a+be™™ + cJ-e_bds or A=a+be +cA(1-e") 3)
0
Now, let us introduce the hypothesis

be 7 +cy (- 7)>y—a and |blw "+ ey [ A—e ) <1 @)

Under this hypothesis, the characteristic equation (3) has a unique root A, in the
interval (y,); this root is such that

bl + | A, |4 = e ) — e P <1 (5)

Indeed, let F(1) denote the characteristic function of (1), i.e.,
F(ﬂf) = ﬂ/_a_be*ﬂl' _Cjeiﬂs = ﬂ/_a _be*ﬂT _Cﬂ’*l(l_e—ﬂ,z') )
0

Since A =0 is a removable singularity of (1), we can regard F(1) as a entire
function with F(0) = —(a + b+ c7). Then from the first inequality of (4), it follows that
F(y) <0.Moreover, by the secod inequality of (4), we obtain for 4 >y,

F'(A)=1+bre™ + cjse’ﬂ““ds =1+bre™™ +cA’ [/Tl (1-e*)— re’“]
0
>1-|blre —|c| A A 1—e ) — e |
>1-|b|e™” —|c| y"l[y"l(l—e"”)—re"”]z 0,

and consequently, the function F is strictly increasing on the interval (y, ).
Furthermore, for every A4 >y, we have

F()2A-a—|ble™—|c| A (1-e™)

and so, F'(o0) =oo. Thus, in the interval (y,), the equation F (A1) =0 has a unique
solution A,. It follows from the second inequality of (4) that
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bl +]c| A Ay =™ ) — e |4 b e+ |y (—e ) - e <1
1.e., 4, satisfies (5). Note that (5) implies in particular that
l+bre ™™ + ciofl llofl (l1—e ™) —ze ™" J >0. (6)

Before closing this section, we will give two well-known definitions (see, for
example, [1]). The trivial solution of (1) is said to be “stable” (at 0) if for every & >0,
there exists a number ¢ = 0(¢) > 0 such that, for any initial fuction ¢ with

p(0) <35,

|¢] = max

—7<t<0
the solution x of (1)-(2) satisfies
|x(t)|<e , forall te[-7,0).

Moreover, The trivial solution of (1) is called “asymptotically stable” (at 0) if it is stable
in the above sense and in addition there exists a number o, > 0 such that, for any initial

fuction ¢ with
¢ < S, , the solution x of (1)-(2) satisfies

limx(¢) = 0.

t—o

2. MAIN RESULTS

The main results of the paper are the following theorem and a corollary of this
theorem.

Theorem. Assume that (4) holds and let A, be the unique root of (3) in the interval
(7,). Then the solution x of (1)-(2) satisfies

i) L(#)

1+bre™ +cl [/151 (1 —e " )— e " J

<M bl +]e| |4 1)z [, vizo (@)

where
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0 T 0
L($) = $(0) + be ™ [e ™" g(r)dr+c[e ™ { | e]"°’¢(r)dr}ds (8)
-7 0 -5
and
" L(9) |
M (¢) = max|e ™ @(t) — - 1 9
@) —rst=0 #o) 1+bre™ +cl [/151 (1 —e " )— Te%‘”J ©)
Proof. Let now x be the solution of (1)-(2).
Define
y(t)=e ™x(t), for te[-1,0).
Then it is easy to see that the fact that x satisfies (1) for all # > 0 is equivalet to
Y(t)=(a—A,)y(t)+be ™ y(t—1)+c j e y(t—s)ds, t>0. (10)
0
Moreover, the initial condition (2) can be equivalently written
yt)y=e™g@t), for te[-1,0]. (11)

Furthermore, by using the fact that A, is a root of (3) and taking into account (8) and
(11), we can verify that (10) is equivalent to

T

() = —be ™" j y(r)dr—c j e l{ j y(r)dr}ds +L(#), t20. (12)

T

Next, by taking into account (6), we can define

L(¢)

bre ™™ + cAy [/151 (1 —ehT )_ Te%orJ ’

z(t) = y(1) - = t €[-7,0).

Then we can see that (12) reduces to the following equivalent equation:

2(t) = —be ™" jz(r)dr - cje*os { jz(r)dr}ds, t>0. (13)

t-7 0 t—s

On the other hand, (11) takes the equivalent form

L(#)
1+bre™ +cy [/Ig‘ (1 —e M )— e’ J

z(t)=e ™ g(t) - , for te[-7,0]. (14)

Because of the definitions of y and z, (7) is equivalent to
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|20 [ M| b re ™ + || 4[4 (1= e )= e ™ |}, V0.

The proof will be accomplished by proving (15).
Now, in view of (9) and (14), we have

|z(t) < M(¢) , for te[-7,0].

We will show that
|z(t) K M (@) , forall t e[—-7,0).

To this end, let us consider an arbitrary number £ > 0. We claim that
|z(t)|< M(¢)+¢ , forevery t e[—7,0).

Otherwise, by (16), there exists a " > 0 such that
| z(t)|< M(¢)+¢, for t <t and |z(t)|= M(g)+¢.

Then from (13), we obtain

M(P)+e=z(t") =

—be™M" jz(r)dr - cj[e_}“‘” { ]iz(r)dr}ds

P 0

*
t —s

;" T ¢
qble™ || z(r)|dr+\c\je%“{ j|z(r)\dr}ds
* 0

*
t -7 t —s

bl e (M(g)+eh|c|(M(g)+ g)jseﬂoscis

0

9+ el 4y ey
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(15)

(16)

(17)

(18)

which, in view of (5), leads to a contradiction. So, our claim is true. Since (18) holds for
every ¢ > 0, it follows that (17) is always satisfied. By using (17), from (13), we derive

forall r >0,
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t

| 2(¢) |= |- be j z(r)dr — cje'%s { jz(r)dr}ds

t-7 0

-5

t

<b|e ™" j | z(r)| dr+|c| jeﬂos{ j| z(r) | dr}ds

t-1 0 —s

SM(¢) | b | Te—ﬂof_i_ | c | M(¢)jse—ﬂosds
0
=M@ bl o) 4, 4 (e e
i.e., (15) holds.
The proof of our Theorem is complete.

Corollary. Assume that (4) holds and let 4, be the unique root of (3) in the interval
(7,). Then the solution x of (1)-(2) satisfies

| x(£) < ON(g)e™ , forall t>0 (19)
where
—AgT - - —AgT —AgT 2
o (16 e+ ) 2, 2, (=) — o))
1+bze™ +cA,” [/10_1 (I—e™™)— z'e_%’J
tblee el A A A—e Py — e | (20)
and
N(g) = maxie ™ |4() . 1)

Moreover, the trivial solution of (1) is stable if 4, =0 and it is asymptotically
stable if 4, <0.

Proof. First of all, we observe that, because of (5) and (6), formula (20) defines a real
number ® with ® >1.
By our theorem, (7) is satisfied, where L(¢) and M (¢) are defined by (8) and

(9), respectively. From (7), it follows that

| L(#) |

—Aot
e ™ | x(®)[< T, - '
l+bre™ +ci, 1[/10 1(l—e%{”)—z’e%‘”J

FM@|b e +] | Ay A A= )= ||, forall 120, 22)
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But (9) gives

| L(#) |

1+bze™ +ch,” l/lo_l (I—e™)—ge ™" J '

M ()< N(¢)+

So (22) yields

LBl 4| 2 A (=) e | L(9)|
1+bze™ +cl,” Iﬁvoil (I—e™) -z J

e ™ | x(f) <

NG| b e | A A A—e ™) = ||, forevery 120, (23)

Furthermore, from (8), we obtain

0

| L($) |< $(0) | + | b | e j e | g(r) | dr+ | c| j e { j e 1 g(r) | dr}zs ,

- -5

which gives
L@ 1+b e +|c| A, |4 A —e ™) = e [N ().
Hence, from (23), we conclude that for £ >0,

L1 b1 o 27 e BTy = e 2
e}“°’|x(t)|é(+| | 7e ﬂ+|c| _01_[_01 ( i ) reﬂ ]) N(#)
l+bre™" +cA, l/lo (l-e™)—1e" °TJ

NG bl e+ el A, |2, (e ) = |
or
e | x(1) [< ON(9)

and consequently, (19) holds true.
Now, let us assume that A4, < 0. Define

| ¢ lI= max | ¢(0)|.
It follows that

N <ol

Thus, (19) gives
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| x(t) <O @]l e™ , forall £>0. (24)
Since 4, < 0, from the last inequality, it follows that
|x@)|<O| @] , foreveryt=>0.

So, by taking into account the fact that ® > 1, we have

|x()£O| @] , foreverytelR,

which means that the trivial solution of (1) is stable. Finally, if 4, <0, then (24) guarantess
that

limx(z) =0,

—0

and so the trivial solution of (1) is asymptotically stable.
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