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Abstract- This article considers the effect of duct shape on the Nusselt number. In
order to show the effects of duct shape on the Nusselt number, four illustrative
examples are given: the heat transfer in a duct of rectangular cross-section, heat transfer
in a duct of semicircular cross-section, the heat transfer in a duct of circular cross-
section and heat transfer between two parallel plates. The method used in this paper is
general and it can be applied al flows. It is not necessary to use thin plate analogy, first,
the velocity distribution is obtained and then the temperature distribution is found. It is
shown that the Nusselt numbers calculated for the four examples cited depend not only
on duct shape but also on wall friction.
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1. INTRODUCTION

The effect of duct shape on heat transfer in a duct of uniform cross-section is
investigated. In order to show the effect of duct shape on heat transfer, heat transfer in a
duct of rectangular cross-section, heat transfer in a duct of semicircular cross-section,
heat transfer in a duct of circular cross-section, and heat transfer between two parallel
plates are considered. The flow and the heat transfer in these ducts, apart from their
theoretical interest, are of considerable practical importance and arise frequently in
industrial processes. Laminar flow forced convection in rectangular ducts has been
given by Clark and Kays [1]. The heat transfer in ducts of rectangular, equilateral
triangular, rightangled isoceles triangular, and semicircular cross-sections have been
studied by Marco and Han [2]. They considered heat transfer in a duct of rectangular
cross-section by making analogy to thin plate theory and they gave the conditions under
which the solution is permissible. By this analogy, first the temperature distribution is
obtained and then the velocity distribution is found. In this paper, it is shown that it is
not necessary to use the thin plate analogy; first, the velocity is obtained and then the
temperature distribution is found. The method used in this paper is easier than that in [2]
and it can be extend to other ducts. The values of the Nusselt number in a duct of
rectangular cross-section depend on the aspect ratio, b/a . The values of the Nusselt
number for heat transfer between two parallel plates, b/a=0, is 140/17 or about
8.23529412 to eight decimal places and for heat transfer in a duct of square cross-
section, where b/a =1, is about 3.849172 to six decimal places. The values of the
Nusselt number in [2] differ from those in this paper. Calculation of the Nusselt number
in a flow in which the velocity depends on two coordinates is different from that in a
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flow in which the velocity depends on one coordinate [3].

The velocity distribution for flow in a duct of semicircular cross-section have
been given by Eckert et al. [4]. They presented the results of calculation for steady
laminar flow. Pressure drag and friction factor values for a duct of semicircular cross-
section have been studied by Sparrow and Haji-Sheikh [5]. The linearization method
was applied to developing flow in these ducts [6]. The steady flow in a curved
semicircular duct has been investigated by Mashliyah [7]. Calculation of the flow was
made by solving the Navier-Stokes equation numerically. The flow in a curved
semicircular duct is composed of a main flow along the curved duct axis with a
superimposed secondary flow. A comprehensive work on heat transfer in circular and
non-circular ducts has been given in [8].

In this paper, heat transfer in ducts of rectangular cross-section, semicircular

cross-section, circular cross-section and the parallel plate duct are considered. First the
velocity distribution and then the temperature distribution are calculated. Using the
expressions of the velocity and the temperature for the considered ducts, values of the
Nusselt number are obtained. The calculation methods for velocity and temperature
which depend on two coordinates are different than the methods for which they depend
on only one coordinate. The value of the Nusselt number for a duct of rectangular cross-
section depends on the aspect ratio, b/a. The value of the Nusselt number is the
smallest for a duct of square cross-section for which the aspect ratio equals to unity. The
value of the Nusselt number is the greatest for b/a =0. This value of the aspect ratio
corresponds to the heat transfer between two parallel plates. The calculation in this
paper is made by assuming that the surface temperature varies linearly along the duct.
In the case of a duct of semicircular cross-section the calculation of the Nusselt number
is straightforward and it is found that the value of the Nusselt number is about
4.489611795 to nine decimal places. It seems to be impossible to obtain this value as a
fraction.

In the case of a pipe of circular cross-section the value of the Nusselt number is
48/11or about 4.363636364 to nine decimal places. This value is smaller than that for a
duct of semicircular cross-section.

In this paper, the values of the Nusselt numbers obtained are about, 3.5441771
for a duct of square cross-section; 48/11(or 4.363636364) for a circular pipe, about
4.088184147 for a duct of semicircular cross-section and 140/17 (or 8.23529412) for a
parallel plate duct. These values of the Nusselt number show the effect of duct shape on
heat transfer.

2. HEAT TRANSFER IN A DUCT OF RECTANGULAR
CROSS-SECTION

Consider the fluid in a duct of rectangular cross-section where sides are at
x=x*aand y=2b as shown in Fig. 1, it is assumed that a > b throughout the paper.

The governing equation for velocity is
o*w N o’w ldp
ox* oy’ udz

(1)
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where w(x,y)is the axial velocity and dp/dzis the constant pressure gradient. The

boundary conditions are
w(ta,y)=0, w(x,xb)=0.

| Y

-b

Figure 1. The coordinate system for a duct of rectangular cross-section.

The solution may be written in different forms, however, a convenient one is

W o0 0

- > :ZZAM Cos [,X cosA,y (2)
(1/2u)dp/dz)p* 124
p=0 g=

where pu, =(2p+1)z/2aand A, =(2q+1)7/2band
B 2 (_1)p+q 1
"t Qp+DQRe+D) b+ A)
When b/a goes to zero equation (2) reduces to

© (—1)?cos A 2
é,-m#:-?’_fz()—;yzl_y_z,
g—)o_iipr T g=0 (2q+1) b

2u dz

This shows the velocity between two parallel plates.
The governing equation for temperature is

o°’T 0T woT
Tt T )
ox~ 0y~ K Oz
where T is temperature and x is thermal diffusivity. The boundary conditions for 7 are
T=T,=T, +(0T/0z)zat the surface where OT/dz=ais a constant and T =T,

atz =0. The solution subject to these boundary conditions is

a 1 dp,, o«
T-T =—|——b B cosu x cosA vy, 4
! K( 2p ds J;&;} g COS I, Y 4)
where
32 (=17 1

MR QprDQ2g ) bR (Ul +22)
When b/a goes to zero equation (4) reduces to
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_ 2w (_1)¢ y 2 2 4
lim T-T, :1285b Z( )? cos qu:b_|:(1_y_2j_l(l_y_4j:|'
LR a[ 1@])2} S (2q+1) 2 b>) bl b

This is the temperature distribution between two parallel plates.
The Nusselt number is the ratio of the convective conductance to the pure
molecular conductance and is defined as
_ q
kKT,-T,)S/D’
where ¢ is the quantity of heat transferred per unit time from an immersed body through
an area S, T, —T,, 1s a representative temperature difference, D is the hydraulic diameter

or a representative length and 7, is the mean temperature weighted with respect to the
velocity given in the following form

LdeA
LwdA

where integrals are surface integrals and
L (T, -T) wdA

L wdA

T, =

T,-T, =

w

and
oT
=pc| w—dA.
a=pcfw_
Hence inserting this expression, the Nusselt number can be written as [2]

Dpc _[ wa—TdA
Nu=— 4 82
U= : (5)

Sij w(T =T, )dA/ LwdA
D/ S is the ratio of the hydraulic diameter to the perimeter of the cross-section times
unit length. Hydraulic diameter is defined as four times the wetted area to the perimeter
of the cross-section. Using the surface temperature, equation (5) becomes

Dpca (,LW‘L‘J’)2

Nut = — . 6
YT sk [ w(r—T,)da (©)

Inserting the expressions for w and (7 -7, ) and evaluating the surface integrals, one
finds

2

S 1 1
64/ 12 Lzozo(zpﬂ) 2(2q+1)* (2p+1)*(b* /a? )+ (2g +1)°
Nu = — 1 (7)

(jzz

m2prl) (2q+1) [2p+12 (> /a* )+ 2q+1)°]
b/a =0 corresponds to the value of the Nusselt number between two parallel plates and
since
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2 ®© 1 72_4

ol ma Yol
=(2p+1) 8 —(2q+1)" 96
one finds Nu =140/17. This value is verified by calculating the Nusselt number for a
duct of two parallel plates which is about 8.235294118 to nine decimal places.
However, this value is given in [2] as about 8.21. b/a =1corresponds to a duct of
square cross-section and the value of the Nusselt number is about 3.5491771 to seven
decimal places. However, this value in [2] is about 3.60. The variation of the Nusselt
number with respect to b/a is illustrated in Fig. 2. It is clearly seen that when b/a
tends to zero, the Nusselt number reduces to that for the Nusselt number between two
parallel plates and when b/a is equal to unity, the Nusselt number reduces to that for
the Nusselt number in a duct of square cross-section. The value of the Nusselt number is

the greatest for b/a =0 and the smallest for b/a=1.

3.0

Nu

0.0 t t } t t 1 t t t o
0.0 05 !
b/a

Figure 2. The variation of the Nu number with respect to the aspect ratio, b/a.

3. HEAT TRANSFER IN A DUCT OF SEMICIRCULAR
CROSS-SECTION
Consider the fluid in a duct of semicircular cross-section and the flow geometry
is shown in Fig. 3. The governing equation for velocity is
2 2
0 1:)+18_W+L28 V;:ld_p’ (8)
or- ror r-00° udz
where w(r,60) is the axial velocity and dp/dzis the constant pressure gradient. The

boundary conditions are
w(a,0)=0, wr,0)=0, w(r,r)=0.
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0=n 0

Figure 3. Flow geometry for a duct of semicircular cross-section

The solution of the governing equation subject to the boundary conditions is

w(r,H):if2,1+l(r)sin(2n+l)t9, )
where :

14 4/ 7)a’ S

fzm(”):___p ( ) .
udz 2n-1)2n+1)(2n+3)

The governing equation for temperature is

) _a2n+1

o°T 10T 1 0*T wor
Tt T A
or ror r-o6

——, (10)
K Oz

where T is temperature and x is thermal diffusivity. The boundary conditions for 7 are
T=T,=T,+(0T/0z)zat the surface whered0T/0z=ais a constant and T =T, at
z=0. The solution of equation (10) is

T—Tw:zf2,1+l(r)sin(2n+1)9, (11)
n=0
where

Y (r)_ld_poz(4/7z)a4 1 1 i_rZ"“
N de k  Qn=-DQ2n+D2n+3)| 2n=3)2n+5)\a*

1 r2n+l r2n+3
_8(n+1)(a2n+1 - a2n+3j :
The Nusselt number is defined by equation (5). For a duct of semicircular cross-

section D/S =27 /(x +2)” . Inserting the expressions for w and 7 —T, into equation (6)
and evaluating of the surface integrals, one finds

1 (x?-8) 1
- 2 ©
256 (r+2) SF

n=0

where
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B = i D 3an— l)(21n 1)2(2n+3)(2n+5)
T8@n-3)2n-1@2n+ 1)21(271 +3) 2n+5)2n+7)
32 +1)>(2n- l)(2n1+ )2(2n+3)>(2n+5)

T 16(n+ D(2n—1)(2n +1 D22n+3°@n+7)

The value of the Nusselt number is about 4.088184147 to nine decimal places.
This value of the Nusselt number is comparable to that for a pipe of circular cross-
section.

4. HEAT TRANSFER IN A PIPE OF CIRCULAR CROSS-SECTION

Consider the fluid in a pipe of circular cross-section as shown in Fig. 4. The
governing equation for velocity is

82v2v+16_w=ld_p’ (12)
or- ror udz
where w(r)is the axial velocity and dp/dzis the constant pressure gradient. The
boundary condition is w(a) =0, where a is the radius of the pipe. The solution of the
governing equation satisfying the boundary condition and the uniformity at » =01s

2
w:wo(l—r—zj
a

where w, is the velocity at ¥ =0.

ol
N

Figure 4. Flow geometry for flow in a circular pipe.

The governing equation for temperature is
T 10T _wor
o’ ror Koz

(13)
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The boundary conditions for 7" are T =7, 6 =T, +(6T /8z)zat the surface where
0T /0z=a is aconstant and 7' =T, atz =0. The solution of equation (13) is
aw ot
T-T,=—"a"4——-—-3]|. 14
" 16k ( a a j (14)

The maximum temperature is at the center of the pipe. The Nusselt number is defined
by equation (5). For a pipe of circular cross-section D/S =1/7. Since 0T /0z=« is a
constant, equation (5) can be written as

_Dpca (LWdA

Nu = .
Sk L w(T —T,)dA

Inserting the expressions for w and 7'—7, into this expression and performing the

surface integrals, one finds Nu =48/11 or about 4.363636364 to nine decimal places. It
is clearly seen that the value of the Nusselt number for a duct of semicircular cross-
section is larger than that for a pipe of circular cross-section.

5. HEAT TRANSFER BETWEEN TWO PARALLEL PLATES

Consider the fluid between two parallel plates as shown in Fig. 5. The governing
equation for velocity is

d’u _ldp

o’
whereu(y)is the velocity and dp/dxis the constant pressure gradient. The boundary
condition is u(+b)=0. The solution of the governing equation is u =u, [1—(y2 / bz)],
where u, is the velocity at y=0.

| ¥

Figure 5. Flow geometry for flow between two parallel plates.

The governing equation for temperature is
d’T _udl
dy’ Kk dx
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The boundary conditions for 7 are T=T7, =T, + (6T / 8x)x at the surface where
dT /dx = 1s a constant, and 7' =7, atx =0 . The solution subject to the condition at the
surface is

T_T =_0‘”_0bz l_y_2 1 1_y_4 .
Y 2K b’ ) 6 b*

The Nusselt number is defined by equation (5). For a parallel plate duct D/S 1is
2b . Since dT /dx =« is a constant, equation (5) can be written as

_D,OCOC (LudA

Nu = Sk .
Lu(T—TW)dA

Inserting the expressions for u and 7 —7, into this expression and evaluating the surface

integrals, one finds Nu=140/17 or about 8.235294118 to nine decimal places. This
value of the Nusselt number is the highest for the examples considered.

6. CONCLUSIONS

The effect of duct shape on the Nusselt number is investigated. In order to show
the effect of duct shape, four illustrative examples are given. One of them is heat
transfer in a duct of rectangular cross-section, the second is heat transfer in a duct of
semicircular cross-section, the third is heat transfer in a pipe of circular cross-section
and the fourth is heat transfer between two parallel plates. The methods used in this
paper can be applied to all flows. It is necessary to use the thin plate analogy. First, the
velocity distribution is obtained and then the temperature distribution is found. The
values of the Nusselt numbers are: about 3.5491172 for a duct of square cross-section,
about 4.363636364 for a circular pipe, about 4.088184147 for a duct of semicircular
cross-section and about 8.235294118 for a flat duct. Values of the Nusselt numbers
obtained in the four examples considered show clearly that the Nusselt number depends
on the duct shape.
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