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In this paper , considering the Darboux instantaneous rotation vector of a

solid perpendicular trihedron in the Minkowski 3-space R~ , the Frenet

instantaneous rotation vector was stated for the Frenet trihedron of a space -like

space curve (c) with the binormal b being a time-like vector. The Darboux deri-

vative formulas and the Darboux instantaneous rotation vector were found when

the curve (c) is on a space -like surface. A fundamental relation, as a base for the

geometry of space-like surfaces, was obtained among the Darboux vectors of the

parameter curves (C1) , (cz) and an arbitrary curve (c) on a space-like surface.

In Euclidean space R3 a solid perpendicular trihedrons' Darboux

instantaneous rotation vector and Darboux and Frenet instantaneous rotation

vectors of a curve on the surface are known. Let q>be the angle between principal

normal n and surface normal N on a point P of a curve . For the Radii of geodesic

torsion Tg, normal curvature Rn and geodesic curvature Rg some relations are
given in [1].

let us consider the Minkowski 3-space R~provided with Lorentzian inner product.

(a ,b) = a1b1+a2b2 -a3b3

In this condition the following definitions can be given.



Let a = (a1,aZ,a3) ERi (a , a> > 0 then a is space-like vector, (a , a) < 0 then a

is time-like vector , ( a , a) = 0 then a is light-like(null) vector. If ~ a~+a~ < a3

( or ~a; + a; > a3 ) then a is future pointing ( or past pointing) vector [2].

Let (c) be a curve in space Ri. c'(t) is the tangent vector for \;f tEl c R
then if

(c'(t), c'(t) ) > 0 then (c) is space-like curve,

(c'(t) , c'(t) ) < 0 then (c) is time-like curve,

(c'(t) , c'(t) > = 0 then (c) is light-like (null) curve

Let a and b be a surface in space Ri .The vectoral product of a and b is
given by

a A b = (a3bz - aZb3 , a1b3 - a3b1 , a1bz - a2bl) (1.2)

Deimition 1.1. Let y = y(u,v) be a surface in space Ri.if \;f pE y(u,v) and
(, ~ y is a Lorentzian metric then y = y(u,v) is space-like surface [5].

Definition 1.2. Let a = (al,a2) and b = (b1,b2) E R; be future pointing (past
pointing)time -like vectors. The number 9 ERin equality

rcosh9 sinh9][a1] [b1llsinh9 cosh9 az = b2 J
is an hyperbolic angle from a to b and 9 is shown by (a,b) [2].

Lemma 1.3. Let a and b be, future pointing time-like unit vectors. If 9 is
an hyperbolic angle from a and b , then

Let [eI,e2,e3] be a solid perpendicular trihedron in space Ri.In this situation
the following theorem can be given :

Theorem 1.4. If A solid perpendicular trihedrons' unit vectors eI, e2 e3 are
changing relative to t parameter , then

del
- = W A el i= 1,2,3 (1.5)
dt

where, el and e2 are space-like vectors, e3 is time-like vector and Darboux
instantaneous rotation vector is

W = ael - be2 - ce3 (1.6)



2.FRENET TRlBEDRON FOR A SPACE-LIKE SPACE CURVE

WITH THE BINORMAL TIME-LIKE VECTOR

Let us consider c = c(s) space-like curve. For any parameter s on all points

on this curve , we can construct F'renet trihedron [ t , n , b] , here, t , n and b

tangent, principal normal and binormal unit vectors, respectively. In this trihedron ,

b is time-like unit vector ; t and n are space-like unit vectors. For that,

(t,t) = (n,n) =1 , (b,b) =-1

(t,n)=(n,b) = (b,t) =0

(2.1)

(2.2)

dt
ds = al1t+aI2n+a13b

dn
ds = a21 t +a22n +a23b

db
ds = a31t+ann+a33b

for a parameter's specific value s = So with t = t(s), n = n(s), and b = b(s). Ifwe

take derivatives of equivalence (2.1) and (2.2) with respect to arc s , then we have

dt
-=cn+bb
ds
dn
-= -ct+abds
db
-=bt+an
ds



On a space-like curve c = c(s) given a point P, if the radius of curvature is Rand

radius of torsion is T then Frenet formulae are obtained as following [7].

dt 1
-=-n
ds R
dn 1 1
-=--t+-bds R T
db 1
-=-n
ds T

1 1
a = T ' b = 0 , c = R'

1 1
f=--t--bT R

In this situation , if we apply the formula (1.5) obtained for a general

perpendicular trihedron to Frenet trihedron , we can write

dt
-=( /\tds
dn
-=( /\D
ds
db
-=f /\bds

r t] rOIl R 0 ][t]~ln = l-lIR 0 liT n
b 0 liT 0 b

3. DARBOUX TRmEDRON FOR A SPACE-LIKE CURVE WITH

TIME-LIKE NORMAL

Let us consider space-like y = y(u,v) surface. For space-like curve (c) on

y = y(u,v) there exists the Frenet trihedron [t,D ,b] at all points of (c) .There is



also exist a second trihedron because the curve (c) is on surface y = y(u,v). Let us

denote the tangent space -like unit vector with t , the normal space-like unit vector

with g at the point P . In this case, Ifwe take the time-like vector N defmed by

Then we obtain a new trihedron [ t , g , N ]. Let S is the hyperbolic angle between

the time-like vectors band N (figure. 1.)

r
TIME - L.IKE

W:ll::
::i x'-w
()
<l:~
CIl

g = ncosbS+bsinhS
N =: nsinhS+bcoshS

dt = pcoshS g - psinhe N
ds

dg ( dS)-. = -pcoshS t+ 't +- Nds ds
dN ( de)- = -psinhS t+ 't +- g
ds . ds



coshe 1
pcoshe=~= R = Pg

g

sinhe 1
-psinhe =-it = it = Pn

n

de 1 de 1
't+-- =-+-=-='tds Tds Tg g

dt
ds = Pgg+PnN

dg
ds = -Pgt+'tgN,

dN
ds = pnt+'tgg

where Pg is geodesic curvature, , Pn is normal curvature and 't g is geodesic

torsion. The matrix form of (3.3) is

Itl I, 0
d I jdslg = l-llRg

N II Rn

dt
-=Wl\t
ds
dg
-= W 1\ gds
dN
-=WI\ N
ds

Theorem 3.1. If the radius of torsion of space-like curve (c) drawn on

space-like surface y = y(u,v) is and the hyperbolic angle between time-like unit

vectors band N is e , then we have

1 de- +
T ds



Proof: If we take derivative of both sides of equation (b , N) = -cosh9

and use the (2.7) and (3.3) we obtain

1 ( 1 1 J d9-(n, N)+( b, -t+--g )= -sinh9-
T Rn Tg ds

1 1 ~
T (n , N)+ T

g
(b, g) = -sinh9 ds

1 1 d9-sinh9--sinh9 = -sinh9-
T Tg ds

1 1 d9- +
Tg T ds

Theorem 3.2. If the radius of curvature of the space-like curve (c) on

space-like surface y = y(u,v) is R and the hyperbolic angle between time-like unit

vectors band N is 9 then we have

1 sinh9
-=- --Rn R
1 coshH (3.8)
- --Rg R

fl\t=wl\t

(f 1\ t) - (w 1\ t) = 0
(f-w)l\t =0



1 1 1
-n=-N+-g.
R Rn Rg

If the both sides of this equation are scalady multiplied with the vectors Nand g

and considered the equalities

< n,N ) = sinhe , <N,N) =-1 , < n,g) =coshe , < g,g ) =1,

de
w=f+-tds

t g NIl
-----=-t--b+A.t
Tg Rn Rg T R

1 I-=-+A.Tg T

Corollary 3.4. Instantaneous rotation velocity vector w of the Darboux

trihedron is consists of two components. One of them coincides with Frenet

trihedrons' instantaneous rotation velocity vector. The other component in the

. dir' f d I de F his h . P fOpposIte ectlon 0 tangent an equa to ds' or treason, w en a pomt 0

space-like curve (c) on the time-like surface moves, on this curve the Darboux



trihedron moves with radial velocity d~ according to Frenet trihedron in the
ds

opposite direction to the tangent at any time.

Corollary 3.5. H the hyperbolic angle between the principal normal of a

space-like curve on a time-like surface and at the same of point of the surface of g

vector becomes always constant then

1 1
T

g
= T

Thus , the torsion of the curve at each point equals to the geodesic torsion of the

surface at that point.
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