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ABSTRACT

In this paper , considering the Darboux instantaneous rotation vector of a
solid perpendicular trihedron in the Minkowski 3-space R , the Frenet
instantaneous rotation vector was stated for the Frenet trihedron of a space -like

space curve (c) with the binormal b being a time-like vector. The Darboux deri-

vative formulas and the Darboux instantaneous rotation vector were found when
the curve (c) is on a space -like surface . A fundamental relation , as a base for the
geometry of space-like surfaces, was obtained among the Darboux vectors of the

parameter curves (¢1) , (cz) and an arbitrary curve (c) on a space-like surface.
1. INTRODUCTION

In Euclidean space R’ a solid perpendicular trihedrons’ Darboux
instantaneous rotation vector and Darboux and Frenet instantaneous rotation
vectors of a curve on the surface are known. Let ¢ be the angle between principal
normal n and surface normal N on a point P of a curve . For the Radii of geodesic
torsion T, normal curvature R, and geodesic curvature R, some relations are

given in [1].
Instead of space R® with a = (a;,a;,23) and b = (b,bz,b3) € R?,
let us consider the Minkowski 3-space R provided with Lorentzian inner pruduct .

(a,b) = a,b, +a,b, —a,b; (1.1)
In this condition the following definitions can be given.
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Let 2 = (a1,32,23) €R} (a, a)> 0 then a is space-like vector, (a , a)< O then a
is time-like vector ,(a,a)= 0 then ais light-like(null) vector. If \/a] +a] <a;
(or 4/aj +al > a;) then a is future pointing ( or past peinting) vector [2].

Let (c) be a curve in space R}. c¢/(t) is the tangent vector for Vte I <R
then if

{ c‘(t) ,c(t) ) > 0 then (c) is space-like curve,

(e(t), c(t) ) < 0 then (c) is time-like curve ,

(e(t),e(t) ) = 0 then (c)is light-like (null) curve
[3].

Let a and b be a surface in space R} .The vectoral product of a and b is
given by

a A'b=(asbz - asbs , a;1bs - asb; , a;b; - a2by) (1.2)
[4].

Definition 1.1. Let y = y(u,v) be a surface in space R}.if ¥ pe y(u,v) and
(, >{, is a Lorentzian metric then y = y(u,v) is space-like surface [5].

Definition 1.2. Let a = (a;,3;) and b = (by,b;) € R? be future pointing (past
pointing)time -like vectors. The number 8 € R in equality

[cosh® sinh6][a, b, |
|_ . = J (1.3)
sinh® coshO]|a, b,
is an hyperbolic angle from a to b and 0 is shown by (a,b) [2].

Lemma 1.3. Let a and b be, future pointing time-like unit vectors. If 0 is
an hyperbolic angle from a and b, then

cosh6 =-(a,b) (1.4)
[2}.

Let [e,,e2,e5] be a solid perpendicular trihedron in space R}.In this situation
the following theorem can be given :

Theorem 1.4. If A solid perpendicular trihedrons’ unit vectors e,, e; e; are
changing relative to t parameter , then

de,
dt

where, e; and e, are space-like vectors, es; is time-like vector and Darboux
instantaneous rotation vector is

=wAaAe , 1=123 (1.5)

w = ae, - be; - ce; (1.6)

f6l.

78



2.FRENET TRIHEDRON FOR A SPACE-LIKE SPACE CURVE
WITH THE BINORMAL TIME-LIKE VECTOR

Let us consider ¢ = c(s) space-like curve. For any parameter s on all points
on this curve , we can construct Frenet trihedron [ t , n, b] , here, t , m and b
tangent, principal normal and binormal unit vectors, respectively. In this trihedron ,

b is time-like unit vector ; t and n are space-lilkce unit vectors. For that,

<t>t> =<n:n>:l 3 <b>b>=-1 (21)
(t,mn)={(m,b) = (b,t) =0 (2.2)

can be written . For Frenet trihedrons’ vectors ,the vectoral product is given by
tAn=>» nAb=-t bAat =-n (2.3)

It can written

t
—=a,t+a,n+a;b

ds
n
-d: =a,t+a,n+a,b (2.4)
db
i a,t+a,n+a,b

for a parameter’s specific value s = 5o with t = t(s) , n = n(s) , and b = b(s). If we

take derivatives of equivalence (2.1) and (2.2) with respect to arc s , then we have

dt dn db
4 — = —— = S=====— =
(too )=(m, 5o y=(b, = )=0

2.5
e S = (R p )y (n, = (b, G =0 .
Assuming that a;; =-a; =c¢, a;;= ax»=a anday = a;3=>b
we obtain the following formulas for derivatives :
gézcn+bb
Esll =—ct+ab (2.6)
%lsl:bt+an
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On a space-like curve ¢ = ¢(s) given a point P, if the radius of curvature is R and

radius of torsion is T then Frenet formulae are obtained as following [7].

de 1

ds R

dn 1 1

T‘;=—Et+Tb (2.7)
db 1 3

ds - T"

If (2.6) and (2.7) are compared , then we obtain

For that , for any perpendicular trihedron , the Darboux vector is
w = ae; - be; - ce;
and for Frenet trihedron we find

1 1
f=—t——b . 2.8
T Rb (2.8)

In this situation , if we apply the formula (1.5) obtained for a general

perpendicular trihedron to Frenet trihedron , we can write

—j—:=f/\t

dn

= 2.9
ds fAn (2.9)
’-‘;—:=f/\h

Then the matrix form of (2.7) is

d[t-l [o /R 0 t-l

=/°| YR O UT|n|. (2.10)
[bJ [o /T © bJ

3. DARBOUX TRIHEDRON FOR A SPACE-LIKE CURVE WITH
TIME-LIKE NORMAL

Let us consider space-like y = y(u,v) surface. For space-like curve (c) on

y = y(u,v) there exists the Frenet trihedron [t,n ,b] at all points of (c) .There is
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also exist a second trihedron because the curve (c) is on surface y = y(u,v). Let us
denote the tangent space -like unit vector with t , the normal space-like unit vector

with g at the point P . In this case, If we take the time-like vector N defined by
t A g =N g AN=-t N At =-g (3.1)

Then we obtain a new trihedron [ t, g . N ]. Let 0 is the hyperbolic angle between
the time-like vectors b and N (figure. 1.)
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Then we can write

¢ = ncosh8+bsinh6

(3.2)
N = nsinh0 +bcosh 6

If we take derivatives of . t , g and N according to the arc s of curve (¢) we can
find

%:j=pcosh6g—psinh6N
dg _ ( i@)
s = coshO t+ T+ds N
R
s = —psinh 0 t+ F+ds g

here , if we replace
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pGOShe———R—=Eg-= P,
. sinh® 1
_pSlnhe i— R _Rn = Pa
d 1 d6 1
5 ot = =7

ds T ds T ¢

g

then the Darboux derivative formulae are given by

t
——— +
ds pgg pnN
dg
—d-s“=—pgt+TgN, (3.3)
dN
& TPt

where p, is geodesic curvature, , p, is normal curvature and 1, is geodesic
torsion. The matrix form of (3.3) is
[¢] | o wuRr, UR, lfd

d| I
E;{g = j=1/R 0 /T, l_gJ (3.4)
N /R, 1/T, 0 N

We can write the Darboux instantaneous rotation vector of Darboux trihedron
_t_ 8 N 55)
W= R, R, ’

g

Darboux derivative formulae (3.3) can be given with Darboux vector as below

ﬁ— At

ds_-W

%3;—=wx\g : (3.6)
aN_

dsMWA

Theorem 3.1. If the radius of torsion of space-like curve (c) drawn on
space-like surface y = y(u,v) is and the hyperbolic angle between time-like unit

vectors b and N is 6 , then we have

1

T T ds )
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Proof: If we take derivative of both sides of equation (b , N) = -cosh®
and use the (2.7) and (3.3) we obtain

1 1 1 de
—/ A= — — = —qj —
T\n,N).(b,[ t+Tg)) smh()dS

n g
1 1 . do
?01 ; N>+T—g<b, g)=—sinh® ds

since (n,N ) =sinh® , (b,g ) =-sinh® , we have

L =i = i
T T, - ds
1 1 do
e — S + =
T T ds

g

Theorem 3.2. If the radius of curvature of the space-like curve (c) on
space-like surface y = y(u,v) is R and the hyperbolic angle between time-like unit

vectors b and N is 0 then we have

1 sinhf

R, R

1 oot (3.8)
R. R

Proof: From (2.9) and (3.5),

fAat=wat
fAt)—(wat)=0
f-w)ant =0

If the values of vectors f and w are written

1 1 1
R (bnt) +'i:(g/\t) + R (NAt)=0

g

are obtained. Here , since bAat =-m , gAat=-N , NaAt =-g
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we find

1 1.1
RTR R &

i g

If the both sides of this equation are scalarly multiplied with the vectors N and g

and considered the equalities

(n,N)=Sinh9 ><N7N> ='1}<n:g> = cosh6 5 <g7g>=17
the proof is completed.

Corollary 3.3. There is a relation between Frenet and Darboux vectors like

below:

w—f+@t 3.9

Proof: From (2.8) and (3.4) equations
w=Ff+A t , A€eR

can be written with A € R |

T R, R, T R

g

t

o0

o3| =
I

|-
+

>

is obtained .If we considered the formula (3.7) , we have

_ 40

ds

This completes the proof.

Corollary 3.4. Instantaneous rotation velocity vector w of the Darboux
trihedron is consists of two components. One of them coincides with Frenet

trihedrons’ instantaneous rotation velocity vector. The other component in the
e do ) .
opposite direction of tangent and equal to 5 For this reason, when a point P of

space-like curve (c) on the time-like surface moves, on this curve the Darboux
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. ! ) . a6
trihedron moves with radial velocity & according to Frenet trihedron in the

opposite direction to the tangent at any time.

Corollary 3.5. If the hyperbolic angle between the principal normal of a
space-like curve on a time-like surface and at the same of point of the surface of g

vector becomes always constant then

|

")
TS
Thus , the torsion of the curve at each point equals to the geodesic torsion of the

surface at that point.
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