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Abstract: This work is part of a research project aimed at studying potential sorbents for CO2 capture.
The main parameters characterising the adsorption process of zeolite 13X were derived with the
aim of overcoming the limits of experimental analysis and thus predicting the performances of the
materials of interest. In particular, the main parameters that control the adsorption process of CO2 in
zeolite 13X were evaluated through parametric optimisation. This systematic procedure allows for the
prediction of the performances of the materials at different operating conditions, identifying the most
suitable ones for the case under consideration. Another important application lies in the possibility
of a preliminary study of a potential process scale-up for future industrial use. The captured carbon
dioxide can be stored or used as a reagent in the production of products with higher economic values,
such as methanol, DME and others.
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1. Introduction

Rising global temperatures, melting ice and increasing health problems are just some
of the problems due to environmental pollution. This phenomenon is so important that
it has also involved politics, which, through international agreements and memoranda of
understanding, is providing for the identification of development strategies towards new
sustainable sources. As a result of this, the so-called circular processes are developing, i.e.,
processes that take into account the entire life cycle whilst minimising the environmental
impact. The production of eco-sustainable energy therefore requires the improvement of
performance and reductions in the impacts on the environment and climate of the processes
used. Precisely, in this regard, the main issues on which we are focusing are the processes of
carbon dioxide capture and the production of hydrogen from sustainable sources. Currently,
for the capture of carbon dioxide generated from primary fossil fuels (coal, natural gas or
oil), biomass or fuel mixtures, there are three different technologies.

Pre-combustion capture consists of removing the carbon contained in the fossil fuel
before it is sent to the energy production cycle. It is necessary to convert the primary fuel
into a mixture called “syngas”. This can be achieved through coal or biomass gasification
processes or through steam reforming processes for natural gas.

Post-combustion capture involves the removal of carbon dioxide directly from the flue
gas stream of fossil fuel combustion.

Oxy-combustion capture takes place in the presence of oxygen and not air, which
contains a high amount of nitrogen, to obtain a carbon dioxide-concentrated flue gas stream,
thus simplifying separation. The oxygen used as an oxidant can be supplied as a gaseous
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stream or in the form of metal oxide, but all of this requires a preliminary process of
separating the oxygen from the upstream air.

What the three processes have in common are the separation steps, which can be per-
formed with physical or chemical systems (solvents, membranes, adsorbents or cryogenic
separation). The choice of capture technology depends on the specific operating conditions.
Currently, the post-combustion strategy is preferred in most cases, as this configuration
does not require any modifications to the existing plant. From this point of view, the main
techniques used today are the following:

• Absorption processes;
• Micro-algal ciofixation processes (photosynthetic fixation);
• Membrane processes [1–3];
• Cryogenic processes;
• Adsorption processes [4–7].

Thus, the separated carbon dioxide can then be stored in underground deposits, which
may consist of particularly porous and perimetrically impermeable layers, saturated with a
solution called “brine” and thus made capable of adsorbing and retaining carbon dioxide.

It could also be used as a reagent in processes leading to syngas formation, such as the
dry reforming of methane, or in processes for the production of products such as methanol
or dimethyl-ether.

Absorption and adsorption processes are divided into chemical and physical processes.
In chemical absorption processes, carbon dioxide is absorbed into a liquid solvent with

the formation of a chemical bond. As the process progresses, the solvent tends to enrich
itself with carbon dioxide, so a regeneration process is necessary. The typical solvents used
are amines.

The main physical solvents that can be used for this process are the following:

• Cold methanol (Rectisol process);
• Polyethylene glycol diethylene ether (Selexol process);
• Propylene carbonate (Fluor process).

Selexol is preferable where the capture of deep sour gas (i.e., CO2 and H2S) is not
required, whilst the Fluor process is mainly applicable for carbon dioxide separation where
small amounts of H2S are present [8].

On the other hand, carbon dioxide adsorption on physical absorbents is based on
selective intermolecular forces between gas molecules and the surfaces of a solid or liquid
absorbent. During the physical adsorption process, the exhaust gas stream passes through
an adsorption chamber, where the selective separation of carbon dioxide takes place [9].
Molecular sieves differentiate gas molecules according to their diameter and the relative
sizes of the pore channels.

The degree of selectivity of carbon dioxide for adsorption depends on the temperature,
partial pressure, surface forces and size of adsorbing pores [10–12].

In physical adsorption, no new bond is formed between the sorbate and sorbent;
therefore, much less energy is required for carbon dioxide regeneration [13–15].

The most used methods for the regeneration of adsorbent materials are the following:

• Pressure swing: The pressure of the adsorption chamber is lowered to very low values.
• Temperature swing: The temperature is increased.
• Electrical swing: The electric current that runs through the adsorbent bed is changed.

The most important limitation of adsorption processes is related to the low capacity
and limited selectivity for carbon dioxide.

Zeolites are naturally occurring alumino-silicates with a three-dimensional framework
structure bearing AlO4 and SiO4 tetrahedrals. These are linked to each other by sharing
all of the oxygen to form interconnected cages and channels where exchangeable cations
are present, which counterbalance the negative charge on the zeolite surface generated
from isomorph substitution. Thus, the presence of cations leads to strong electrostatic
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interactions of the zeolites with CO2. In particular, in zeolite 13X, this effect is due to the
presence of Na+ cations [16–19].

Zeolites are important materials for carbon dioxide capture processes. Their structure
allows for a good amount of carbon dioxide to be stored or reused. They are widely used
as they have highly variable physico-chemical properties, including good thermal stability
and ion exchange capacity.

Experimental and computational studies of carbon dioxide removal from flue gas
using naturally occurring zeolites and other synthetic zeolites like 5A and 13X indicate that
synthetic zeolites are most promising adsorbents for carbon dioxide capture from flue gas
mixture [20].

Currently, many researchers are experimenting with chemical modifications of the sur-
face of the molecular sieve to eliminate some limitations of molecular sieves. In particular,
amino or siliceous groups are added to facilitate carbon dioxide adsorption.

The objective is now to evaluate the adsorption parameters by developing a mathemat-
ical model, consisting of different equations and allowing for the prediction of the ability of
materials to adsorb carbon dioxide. Defining n as the number of species considered, the
following equations describe the system:

• n gas phase mass balances;
• n mass balances in the adsorbed phase;
• 1 energy balance related to intra-system exchange;
• 1 energy balance related to external exchange;
• 1 momentum balance;
• n equilibrium relations.

The model was developed considering a fixed bed made up of zeolite 13X with the
same voidage degree as the fluidised bed, and the equations were derived based on the
assumptions reported in Table 1 [21].

Table 1. Assumptions and hypotheses of the model.

1. The gas mixture follows the ideal gas equation of state

2. The fluid through the bed is perfectly mixed along the radial direction and characterised by
dispersion along the axial one

3. Radial direction gradients of any property are neglected

4. A linear driving force model describes the mass transport from the bulk of the fluid to the
internal part of the particle

5. Non-isothermal conditions

In the first part of the study, the model was developed (see the Appendix A) and
validated, whereas in the second part, a parametric optimisation was performed to estimate
the parameters of interest. The obtained differential equations need boundary conditions to
saturate the degrees of freedom that are obtained from the presence of the derived operator.

2. Materials and Methods

The equipment used to carry out the experimental test (Figure 1) is briefly described
in this section. In particular, a fluidised bed column made of plexiglass is used to conduct
the CO2 adsorption tests. The operating superficial velocity is set to 0.139 m s−1, which is
20% higher than the minimum fluidisation velocity. A corresponding bed voidage degree
of 0.4 is obtained.

For the adsorbent material, the zeolite 13X-APG MOLSIV provided by UOP LLC
(Des Plaines, Illinois, USA) is analysed with the MALVERN MASTERSIZER 2000 laser
diffractometer in order to determine the particle size distribution of the solid (Figure 2).
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The measurement is carried out by analysing the angular variation of the intensity of
the scattered light when a laser beam passes through the sample of scattered particles. The
data are received by a series of receptor sensors and then processed to obtain the following:

• Particle size distribution;
• Sauter diameter;
• Volume diameter.

A plexiglass column with an inner diameter (ID) of 4.94 cm and a height (H) of 73.3 cm
is used for the experimental carbon dioxide capture tests. Both ends are equipped with a
flange as follows:

• The upper one has the function of conveying the gas coming out of the bed to the
composition analyser.

• The lower one is connected to the distribution chamber through a porous septum that
has the task of evenly distributing the gas entering the bed. Glass marbles with a
diameter of 11 mm and a density of 2.48 g/cm3 are used to pack the columns.

The detection of the composition of the current output from the column is carried out us-
ing a Madur GA-21 Plus analyser, which transmits the O2 concentration data to the appropriate
software installed on the computer. The minimum time interval between two consecutive mea-
surements is two seconds. From the obtained oxygen concentration values, the concentration
of carbon dioxide is traced by means of the following relationship (Equation (1)):

xCO2 = 1−
xO2

0.2095
(1)
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A specific probe is used to measure the CO2 composition as it can be easily put in
the proximity of the end of the fluidised bed, allowing for a real-time measurement. It
is undeniable that the indirect evaluation of CO2 via O2 detection slightly increases the
experimental error, which we believe is minimised due to the fact that our measurement
is carried out very close to the end of the bed, avoiding a further error owing to the
diffusion effect.

The main elements composing the analyses are the following (Table 2):

• Gas sampling probe: This allows samples of gas to be examined. It consists of a handle
and a tube, inside of which there is a thermocouple.

• Gas pump: It is located inside the analyser and has the function of sucking the sample.
• Gas chamber: Located inside it are electrochemical cells. The cells measure the oxygen

content and send an electrical signal directly proportional to the volumetric concentra-
tion of the species.

Table 2. Experimental plant devices.

1 Compressor 6 Moisture Abatement System

2 CO2 cylinder (Pyrossigeno®) 7 U-shaped manhole

3 CO2 rotameter (ASA S.p.A.®) 8 Fluidisation column

4 3-way valve (Plasson®) 9 Computer

5 MFC Air (Brooks Instruments®) 10 Composition Analyser (Madur®)

The MADCOM 2.9 software allows one to store the measured data in worksheets. The
material used to capture the carbon dioxide must be regenerated through a temperature
increase to promote desorption. This operation takes place inside an ISCO stove. The
experimental tests are conducted in a laboratory-scale plant, as schematised in Figure 1.

First, the solid is loaded into the column; then, the composition of the incoming current
is measured, and finally, by means of a system of manual valves, the gaseous mixture is
passed through the bed.

The software returns the trend of the oxygen composition of the current, leaving the
column as a function of time, from which the breakthrough curve is easily calculated.

3. Results and Discussion

Through the non-linear regression of the model breakthrough curve of the carbon
dioxide on its experimental breakthrough curve, the adsorption parameters of the other
species are also estimated.

Figure 3 represents the comparison between the experimental carbon dioxide break-
through curve and that obtained using the optimisation procedure described in the previous
section. In both cases, an increasing sigmoidal trend is observed up to values close to 1. At
the beginning, the carbon dioxide concentration leaving the adsorber turns out to be zero
because it is completely adsorbed by the preceding solid.

As the process goes on, the mass transfer zone moves towards the end section of the
bed as the previous areas have become saturated. Increasingly higher outlet concentration
values are then observed until the bed is completely saturated, at which point the maximum
value occurs. The more closely the experimental data match the modelling data, the more
reliable the model. From the calculation, the values reported in Table 3 are observed.

Table 3. Value of objective function and R2.

Parameter Value

fobj 0.22

R2 0.9985
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Based on the values reported in this table, it can be said that the Langmuir model is
well suited to describe the system under consideration. Specifically, amongst all parameters
considered, a particular importance has the estimation of the kLDF value, which is the
parameter that regulates the mass transport between the gas and adsorption phase. In fact,
it determines the adsorption rate so that

• If kLDF is high, the adsorption is rapid, and therefore, the breakthrough curve grows
very quickly.

• If kLDF is low, the adsorption is slow, and therefore, the breakthrough curve grows
very slowly.

Figure 4 represents the nitrogen and oxygen model breakthrough curves calculated
using the objective function minimisation. For oxygen, the experimental curve evaluated
using the above-mentioned probe is also shown, which looks satisfactory considering the
number of different uncertainties present in the experimental system. The curves do not
start from the origin because at the initial moment, there is air in the bed.

For nitrogen, adsorption begins earlier than for oxygen, but it is much slower.
By evaluating the oxygen breakthrough curve, two features can be highlighted:

• The adsorption of nitrogen is much more rapid than that of oxygen.
• The curve value comes above the unit value because the driving force changes the sign.
• At the outlet, there is a flux given by the sum of the incoming flux and the flux

desorbed by the solid.

Figure 5 presents the calculated parameters calculated using the simulations. As
for qs0, it is possible to observe that carbon dioxide has the lowest value. Since this is
the pre-multiplicative factor in the saturation load calculation, it is expected to assume a
low value. This trend is confirmed by the fact that the other parameter (χ) present in the
calculation of qsat has an intermediate value between those of nitrogen and oxygen and
therefore does not make changes from a numerical point of view.

As for b0, the carbon dioxide value is very low, even three orders of magnitude lower
than the others. However, since Qads is greater, the affinity will have a comparable value
with the other two species, but with a more important temperature dependence.

As already mentioned above, KLDF describes the adsorption rate of the species and can
already be evaluated through an analysis of the breakthrough curves. In fact, comparing
Figures 3, 4 and 6, it can be seen that a higher slope of the MTZ section is associated with a
higher KLDF value.
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Figure 5. Optimal parameters calculated via optimisation.
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The interpretation of these results is clearer if one analyses the trends of saturation
loading and affinity through the relationships described above, as shown in Figure 7.

The parameters qsat and bLang are two important parameters for material characteri-
sation. The parameter qsat represents the maximum monolayer adsorption capacity, and
bLang is related to the affinity of the adsorption system.

As for saturation loading, it can be observed that, among the three species evaluated,
carbon dioxide shows the lowest values. This is an indication that the number of available
active sites is lower than those of the other species. This also explains the reason why the
saturation condition is reached quickly.

Observing the particularly low value of the empirical parameter χ, the qsat value for
nitrogen shows a virtual independence of temperature. As already mentioned above, the
saturation loading of carbon dioxide shows a stronger dependence on temperature. There-
fore, when operating at an ambient temperature, the carbon dioxide–zeolite interactions is
favoured over the nitrogen–zeolite ones.

Table 4 reports the calculated values with their respective confidence intervals. It
is possible to observe that the wideness of the confidence intervals is different for each
value. Some comparisons with the experimental data taken from the literature in different
operating conditions are reported in Table 5.
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Table 4. Optimal parameters calculated and corresponding confidence intervals.

Species Parameters Optimal Value Confidence
Intervals Units

CO2

KLDF 0.7722 ±0.0641 s−1

qs0 10.358 ±0.0268 mol·kg−1

χ 0.6372 ±0.0475 -
b0 6.328 × 10−9 ±0.216 × 10−9 Pa−1

Qads 22017 ±65 J·mol−1

N2

KLDF 0.8534 ±0.0424 s−1

qs0 3.4695 ±0.0419 mol·kg−1

χ 0.01499 ±0.0033 -
b0 1.535 × 10−5 ±0.236 × 10−5 Pa−1

Qads 1788 ±48 J·mol−1

O2

KLDF 6.0846 ±0.9426 s−1

qs0 2.9904 ±0.5273 mol·kg−1

χ 1.1707 ±0.0337 -
b0 1.447 × 10−5 ±0.119 × 10−5 Pa−1

Qads 4819 ±21 J·mol−1
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Table 5. Comparison between model and experimental data taken from the literature.

Species Parameter Conditions This Work The
Literature Ref.

CO2
qsat,

mol·kg−1

298 K 7.4 7.5 [22]
298 K 7.4 7.1 [23]
308 K 7.2 6.6 [23]
318 K 6.9 6.2 [23]
328 K 6.7 5.7 [23]
273 K 8.0 7.4 [24]
323 K 6.8 7.3 [25]
343 K 6.4 6.8 [25]

N2 q, mol·kg−1

(303 K, 1 bar) 0.91 0.63 [26]
(298 K, 1 bar) 0.53 0.40 [27]
(323 K, 1 bar) 0.49 0.23 [27]
(323 K, 1 bar) 0.42 0.11 [27]
(298 K, 1 bar) 0.53 0.38 [28]

O2 q, mol·kg−1 (303 K, 1 bar) 0.83 0.31 [26]

Considering the KLDF value, the confidence interval is narrower for carbon dioxide
and nitrogen and wider for oxygen. It can be said that the optimisation procedure allowed
us to obtain the two parameters with a high degree of accuracy.

The most critical value appears to be b0, as it is very small. It is important to say that
the values provided by the confidence intervals lose their usefulness if the optimal value of
a parameter is progressively closer to zero. Since for some species, the value ranges are
wider than others, it is possible to say that the calculation may be affected by uncertainty.
This is physically due to the weakness of the physical species–zeolite bond, which makes
the values of the final parameters become dependent on the initial hypothesis.

Figure 8 shows the temperature profile at the outlet section of the bed. Since the ad-
sorption process is mainly an exothermic process (∆H < 0), the temperature should increase
along the bed in adiabatic conditions. The model correctly reproduces this behaviour,
which predicts a maximum temperature value to which the maximum adsorbed carbon
dioxide amount corresponds.
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After the maximum, the temperature reaches a value of above 307 K. Figure 9 depicts
the rate of the species recovery. This is an important parameter because it allows one to
define the rate by which a species can be captured at a certain pressure and temperature.
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Figure 9. Time profiles of the species recovery.

For all plots, it is possible to distinguish two zones: (i) a zone in which the recovery
grows linearly with respect to time as the entire bed participates in the process, and (ii) a
zone in which the growth tends to decrease until it reaches a plateau, indicating that the
sites start becoming saturated.

The final section of the graph is linear and indicates that a saturation condition has
been reached in which the bed is no longer able to adsorb the species. The equilibrium
adsorption isotherms of the three species predicted using the estimated parameters are
described in this section. Adsorption isotherms were evaluated considering multi-species
single-site adsorption. The depicted profiles show recovery performances comparable to
recent works in the literature [29,30], the second of which (Beleli et al., 2023 [30]) considers
a multi-stage fluidised bed system.

Figure 10 represents the predicted adsorption isotherms for multi-species single-site
adsorption. The graphs are parametric with respect to temperature and pressure. Loading
represents the maximum adsorbent capacity of the solid, which is the greatest for nitrogen,
and then for oxygen and, finally, for carbon dioxide. Since at high pressures, the loading
does not vary with the increasing pressure, it can be said that for carbon dioxide, there is a
maximum amount of adsorbate. This phenomenon can occur because there are a few sites
available for adsorption, so the particles entering the micropores lead to the saturation of
the material, which will have no more sites for subsequent adsorption.

The model trend of the isotherms shows an up-concavity. This indicates that, from a
physical point of view, carbon dioxide molecules preferentially occupy a certain type of ad-
sorption sites at first. The presence of inflection point is appreciable at lower temperatures.
This could be an indication that the potential of these preferential sites is very similar to
that of the other sites, and their difference is more evident the lower the temperature as the
adsorption force is higher. The spatial and temporal profiles of the gas-phase concentration,
loading and temperature calculated through simulations can be observed.

Figure 11 shows the calculated spatial and time profiles of the gas-phase concen-
trations. The profiles are all decreasing as all three species participate in the adsorption
process. Interestingly, the amounts of nitrogen and oxygen adsorbed in the bed are not
negligible since their concentrations decrease sharply. Although the adsorption of oxygen
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and nitrogen is not considered in the literature, when looking at the graphs, it can be seen
that this leads to an overestimation of the model results.

Separations 2023, 10, x FOR PEER REVIEW 13 of 28 
 

 

 
Figure 10. Predicted isotherms for multi-species single-site adsorption of carbon dioxide (a), nitro-
gen (b) and oxygen (c). 

The model trend of the isotherms shows an up-concavity. This indicates that, from a 
physical point of view, carbon dioxide molecules preferentially occupy a certain type of 
adsorption sites at first. The presence of inflection point is appreciable at lower tempera-
tures. This could be an indication that the potential of these preferential sites is very sim-
ilar to that of the other sites, and their difference is more evident the lower the temperature 
as the adsorption force is higher. The spatial and temporal profiles of the gas-phase con-
centration, loading and temperature calculated through simulations can be observed. 

298 K320 K340 K
380 K

298 K
320 K

380 K
340 K

298 K
380 K350 K320 K

Figure 10. Predicted isotherms for multi-species single-site adsorption of carbon dioxide (a), nitrogen
(b) and oxygen (c).

Figure 12 represents the calculated spatial and time profiles of the adsorbed phase
concentrations. As for the loading, the profiles decrease as the spatial coordinate increases
because the area closest to the inlet is the area that is the most in contact with the inlet stream.
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Figure 13 represents the calculated spatial temperature profiles. The temperature
profiles have a maximum in correspondence to the maximum carbon dioxide amount
adsorbed. Since for low times, the amount that is adsorbed, especially in the final areas
of the bed, is low, the temperature does not change. As the time grows due to adsorption
processes, the temperature tends to rise gradually.
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(b) and oxygen (c).

Figure 14 shows adsorbent material selectivity for nitrogen and oxygen. The selectivity
trend therefore makes it possible to state that the material not only adsorbs carbon dioxide,
but also important amounts of nitrogen and oxygen. Taking into account that Figure 14 must
be read considering the distance of the curves from the unity—the larger this distance, the
higher the selectivity—for nitrogen, selectivity is higher at a low temperature and pressure,
whereas for oxygen, it is higher at high pressures and a low temperature, although a
non-monotone trend with temperature is found. In this case, selectivity increases with the
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increasing temperature and always has a value greater than 1. This occurs because the
adsorption force of nitrogen and oxygen is favoured over that of carbon dioxide, leading
the molar fraction of the adsorbed carbon dioxide to be lower.
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4. Conclusions

This work is part of a research project aimed at studying potential sorbents for CO2
capture. The main parameters characterising the adsorption process of zeolite 13X were
derived with the aim of overcoming the limits of experimental analysis and thus predicting
the performances of the materials. In the first part of the study, a parameter-distributed
adsorption and transport model was developed and validated, whereas in the second
part, a parametric optimisation was performed to estimate the parameters of interest.
This was only carried out based on knowledge of the experimental carbon dioxide break-
through curve.

In contrast to the literature, it was considered that adsorption is a competitive phe-
nomenon, and therefore, the effect that the interaction between the species has on the
process itself was evaluated, concluding that this cannot be neglected as it has an important
influence on the result.

Since a high R2 value is observed for all materials, it is possible to state that the
maximum likelihood between the experimental and numerical results was achieved.

Overall, it can be stated that the zeolite 13X has satisfactory performances for a
potential industrial application of CCS due to its high CO2 capture capacity, high selectivity
towards the species of interest and higher durability.
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Abbreviations

List of Symbols
Symbols Description
am Specific area, m−1

Am Exchange area, m2

b0 Affinity pre-exponential factor, Pa−1

b Affinity, Pa−1

cP Specific heat, K·mol−1·K−1

C Concentration in the fluid phase, mol m−3

dP Particle diameter, m
D Diffusion coefficient, m2·s−1

fobj Objective function, -
F Flux exchanged with the adsorbed face, mol·m−2·s−1

h Heat transport coefficient, W·m−2·K−1

kLDF Mass transport coefficient, s−1

L Column length, m
n Number of species, -
ni Number of moles of i species, mol
N Total flux, mol·m−2·s−1

P Pressure, Pa
q Loading in the adsorbed phase, mol·kg−1

qs0 Saturation loading, mol·kg−1

QAds Heat of adsorption, J·mol−1

R Ideal gas constant, J·mol−1·K−1

R2 Determination coefficient, -
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Re Reynolds number, -
t Time, s
T Temperature, K
u, v Velocity, m·s−1

vf Superficial velocity, m·s−1

V Volume m3

x Mole fraction, -
y Gas mole fraction, -
Greek symbols
α Generic coefficient
∆H Enthalpy variation, J·mol−1

∆x Space variation, m
ε Voidage degree, -
θ Generic variable
µ Viscosity, Pa·s−1

ρ Density, kg·m−3

φ Sphericity, -
χ Adsorption parameter, -
Subscripts and Superscripts
ads Adsorption
atm Atmospheric pressure
e Equilibrium
Exp Experimental
g Gas
i Generic species
j Index for spatial discretisation
Lang Langmuir
LDF Linear driving force
Mod Model
n Index for time discretisation
p Particle
s Solid
sat Saturation
w Wall

Appendix A. Modelling of Carbon Dioxide–Air Adsorption

This section describes the balance equations describing the adsorption process. Figure A1
shows the scheme of the system considered for simulation. The model was developed by
considering a fixed bed with the same voidage degree as the fluidised one.

Appendix A.1. Gas-Phase Balance

The gas-phase balance was written by taking the empty area of the column as a control
volume (Equation (A1)). The generation term represents the moles exchanged between the
gas and adsorbed phase.

Ni|z A− Ni|z+dz A− Fi
adsdAm =

∂ni
∂t

(A1)

The total flux Ni can be split into a convective flux contribution and a dispersive flux
one, respectively, in the following way (Equation (A2)):

Ni = −Di
∂Cgi

∂z
+ Cgiu (A2)
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where u represents interstitial velocity. The dispersive flux is expressed in terms of the axial
mass dispersion (Dax) analogous to Fick’s First Law. The term related to the adsorption
rate can be expressed as follows (Equation (A3)):

Fi
ads = (1− ε)ρpkLDF

(
qe,i − q−i

)
(A3)
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The difference between the adsorbed quantity at equilibrium and the actual one defines
the linear mass transfer driving force. The mole adsorbed at equilibrium was evaluated
through the multicomponent Langmuir isotherm (Equations (A4)–(A7)):

qe,i = qsat,i
bLangiPi

1 + ∑n
j=1 bLang jPj

(A4)

where

bLang,i=b∞Lang,iexp
[Qads,Langi

RT

]
(A5)

b∞Lang,i=
b0√

T
(A6)

qsat,i=qsat,0exp
[

χ

(
1− T

T0

)]
(A7)

The parameters described with the subscript of zero (0) are those that will be calcu-
lated using the optimisation procedure. So, the balance equation becomes the following
(Equation (A8)):

−εDaxCg
∂2yi
∂z2 +

∂

∂z
(
vCg,i

)
+ ε

∂Cg,i

∂t
+ (1− ε)εp

∂Cg,i

∂t
+ (1− ε)ρp

∂q−i
∂t

= 0 (A8)
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Appendix A.2. Mass Balance in the Adsorbed Phase

Starting from the general expression (Equation (A9)) and eliminating the terms of
OUT and IN, we easily reach the following expression (Equation (A10)):

ACC = IN − OUT + GEN (A9)

∂q−i
∂t

= kLDF
(
qe,i − q−i

)
(A10)

where IN and OUT are, respectively, the inlet and the outlet flowrates in the adsorbed phase,
which are both zero, because we supposed that the molar flux in the adsorbed phase was
zero. Differently, the generation term, GEN (right-hand side of Equation (A10)), describes
the mass transfer between the adsorbed phase and the fluid one, which is modelled by
an overall mass transfer coefficient (kLDF) multiplied by a characteristic driving force,
expressed by the difference between the equilibrium loading (qe,i) and the actual loading
(qi). The accumulation term (ACC) represents the variation of the loading with respect
to time.

The adsorbed phase receives species from the gas phase according to their affinity
(Equation (A11)).

ki(qe,i − qi)dAm =
∂ni
∂t

dV (A11)

where qi is the saturation loading and the analogue of the concentration in the adsorbed
phase (Equations (A12) and (A13)).

qi =
nis
ms

=
nis

1−ε
ε ρpV

(A12)

niS = qa
1− ε

ε
ρpV (A13)

Substituting this equation into the previous one gives the following (Equations (A14)–
(A17)):

k(qe − q)dAm =
1− ε

ε
ρpdV

∂qA
∂t

(A14)

k(qe − q)dAm
1−ε

ε ρpdV
=

∂qA
∂t

(A15)

By defining the two parameters as follows, the final equation can be derived (Equation
(A18)):

am =
dAm

dV
(A16)

kLDF =
kiam

1−ε
ε ρp

(A17)

∂q−i
∂t

= kLDF
(
qe,i − q−i

)
(A18)

where kLDF is the linear driving force model mass transfer. It considers the mass transfer
resistance as a linear function of concentration.

Appendix A.3. Energy Balance

The balances are written by considering the pseudo-homogeneous system, i.e., ne-
glecting the temperature variation inside the solid. This avoids writing the energy transfer
equations at the interphase between the gas and solid phases.
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The balance written on the wall of the column turns out to be the following (Equa-
tion (A19)):

ρwCpw
∂Tw

∂t
= awhw

(
Tg − Tw

)
− awlUo(Tw − Tair) (A19)

The balance equation for the pseudo-homogeneous phase is the following (Equa-
tion (A20)):

∂
∂t (εCgCpg + (1− ε)(εp∑ Cg,iCpg,i + ρp∑ q−i Cpg,i))Tg −

(
ε + (1− ε)εp

)
∂P
∂t +

∂
∂t
(
ρsCpsTg

)
+ ∂

∂z
(
vCgCvgTg

)
− ∂

∂z

(
λe

(∂Tg)
∂z

)
− ρb∑ (−∆Hi)

∂q−i
∂t + 4 hw

di
(Tg−Tw) = 0

(A20)

The assumption, therefore, consists of considering a flat temperature profile inside
the adsorbent. This condition is quite close to the actual conditions and allows for the
mathematical treatment to be simplified without introducing major errors.

Appendix A.4. Pressure Loss Equation

The Ergun equation is used to account for the process pressure losses and thus to
quantify the velocity variations (Equations (A21)–(A25)). Generally, it is neglected because
the contribution of these losses is negligible, whereas in this case, it was used to take
account of the pressure change.

−∂P
∂z

= 150
µg(1− ε)2

ε3d2
p

v +
1.75(1− ε)

ε3dp
ρgv2 (A21)

−∂P
∂z

= c′f
1
2

ρ f
v f 2 AT

Va
(A22)

v f =
u
ε

(A23)

AT = (1− ε)V
6

dp
(A24)

AT
Va

= (1− ε)V
6
dp

(A25)

Considering the spherical particles, the following expression is obtained (Equations
(A26)–(A31)):

AT
Va

=
(1− ε)

ε

6
∅dp

(A26)

−∂P
∂z

=
3c′f ρ f u2

dp
(1− ε)

ε3 (A27)

c f =
3
2

c′f (A28)

−∂P
∂z

=
2c f ρ f u2

dp
(1− ε)

ε3 (A29)

Re =
ρ f udp

(1− ε)µ f
(A30)

c f =
75
Re

+ 0.875 (A31)

Unlike those seen above, the Ergun equation does not have terms of times derivatives,
so it will be modelled differently, as explained in the following sections.



Separations 2023, 10, 558 21 of 25

Appendix A.5. Simulation System

Once all of the balance equations are described, the resulting system is the following
(Equations (A32)–(A36)):

∂q−i
∂t

= kLDF
(
qe,i − q−i

)
(A32)

−εDax
∂2Cg,i

∂z2 +
∂

∂z
(
vCg,i

)
+ ε

∂Cg,i

∂t
+ (1− ε)εp

∂Cg,i

∂t
+ (1− ε)ρp

∂q−i
∂t

= 0 (A33)

∂
∂t
(
εCgCpg + (1− ε)

(
εp∑ Cg,iCpg,i + ρp ∑ q−i Cpg,i

)
)Tg −

(
ε + (1− ε)εp

)
∂P
∂t +

∂
∂t
(
ρsCpsTg

)
+ ∂

∂z
(
vCgCvgTg

)
− ∂

∂z

(
λe

(∂Tg)
∂z

)
− ρb∑ (−∆Hi)

∂q−i
∂t + 4 hw

di
(Tg−Tw) = 0

(A34)

ρwCpw
∂Tw

∂t
= awhw

(
Tg − Tw

)
− awlUo(Tw − Tair) (A35)

−∂P
∂z

= 150
µg(1− ε)2

ε3d2
p

v +
1.75(1− ε)

ε3dp
ρgv2 (A36)

In particular, it consists of (n + 2) ordinary differential equations (ODEs) and (n + 1)
partial differential equations (PDEs).

Due to the system’s complexity, it is immediately clear that an analytical solution is
not feasible, so numerical solution methods are used. The method commonly used to solve
PDEs is the finite difference method, in which we proceed using the Taylor series, according
to which

• The first derivative can be written as Forward, Backward or Centred. The Forward and
Backward formulations are less accurate than the Centred formulation, so a method
that uses the latter formulation is more accurate.

• The second derivative can only be expressed through a Centred formulation.

Discretisation aims to build a solution in the form of a grid of points.

Appendix A.6. Initial and Boundary Conditions

This section describes the initial and boundary conditions used to saturate the degrees
of freedom. 

t = 0 C−g,i = C−g,IN (A37)

t = 0 q−i = 0 (A38)

t = 0 Tw = T0 (A39)

t = 0 Tg = T0 (A40)

At the initial time t = 0, the conditions are as follows:

• The concentration inside the bed is the same as that in air (Equation (A37));
• The concentration of the adsorbed phase is zero, as the adsorbent material is considered

to be completely regenerated from the previous operations (Equation (A38));
• The temperature is equal to the ambient temperature (Equations (A41)–(A45)).

z = 0 −DA
∂Cg,i

∂z
|z=0− + vCg,i|z=0− = −DA

∂Cg,i

∂z
|z=0+ + vCg,i|z=0+ (A41)

z = 0
(

vCpg,i Cg,iTg
)
|inlet =

(
vCpg,iCg,iTg

)
|z=0 (A42)

z = L
∂Cg,i

∂z
= 0 (A43)

z = L
∂T
∂z

= 0 (A44)

z = L P = Patm (A45)
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As for the inlet section, it is possible to assign Danckwerts boundary conditions, in
which the flux continuity of mass and energy is set (Equations (A41) and (A42)). As for the
outlet section, instead, it is possible to assign a null flow condition because the variations
related to the convective terms are negligible (Equations (A43) and (A44)).

As for pressure, since the Ergun equation has no time derivatives, it is sufficient to
assign a single boundary condition, which is written at the outlet section where pressure is
assigned to the atmospheric pressure (Equation (A45)).

Appendix A.7. Method of Line

The method allows for partial differential equations (PDEs) to be solved via the
numerical integration of ordinary differential equations (ODEs).

The basic idea of the MOL is to replace the spatial derivatives in the PDE with algebraic
approximations. Once this is carried out, the spatial derivatives are no longer written
explicitly in terms of the spatial independent variables. Thus, only the initial value variable
(typically time) remains [31].

This method is similar to the finite difference discretisation method, as the derivatives
are written using the Taylor series truncated to a certain degree, with the difference that
this is only carried out for the spatial derivatives, whilst the temporal derivatives remain
unchanged (Equations (A46) and (A47)).

∂θ

∂t
= α

∂2θ

∂x2 (A46)

∂θ

∂t
= α

θn
j−1 − 2θn

j + θn
j+1

∆x2 (A47)

This is an important simplification, as there is no need for a complex discretisation,
and the classic solution methods are bypassed in this way. Such a discretisation also allows
for non-linear terms to be considered as linear ones, since they are evaluated in the previous
time step. The problem then turns into ordinary differential equations with initial values.
In this case, the solution is simpler than the system described above.

This system (Equation (A48)) is solved through the MATLAB function, ode15s, whose
algorithm works at a variable step. The integration solution is returned as reported, known
as the dependent variable array (Equation (A53)).

Since the solution is calculated via points, it is important to consider the fact that it may
suffer from instability problems. The step was chosen to reach a compromise between the
burden of calculation and the accuracy of solution. As described by Scott [31], it is possible
to manipulate the Ergun equation by making the velocity explicit (Equations (A54)–(A59)).
This allows for the calculation of the velocity profile u.

∂q−i
∂t = kLDF(qe,i − q−i )

−εDax
∂2Cg,i

∂z2 + ∂
∂z
(
vCg,i

)
+ ε

∂Cg,i
∂t + (1− ε)εp

∂Cg,i
∂t + (1− ε)ρp

∂q−i
∂t = 0

∂
∂t

(
εCgCpg + (1− ε)

(
εp∑ Cg,iCpg,i + ρp ∑ q−i Cpg,i

)
)Tg −

(
ε + (1− ε)εp

)
∂P
∂t +

+ ∂
∂t
(
ρsCpsTg

)
+ ∂

∂z
(
vCgCvgTg

)
− ∂

∂z

(
λe

(∂Tg)
∂z

)
− ρb∑ (−∆Hi)

∂q−i
∂t + 4 hw

di
( Tg − Tw) = 0

ρwCpw
∂Tw
∂t = awhw

(
Tg − Tw

)
− awlUo(Tw − Tair)

− ∂P
∂z = 150 µg(1−ε)2

ε3d2
p

v + 1.75(1−ε)
ε3dp

ρgv2

(A48)

where
∂C
∂z

=
Cn

j−1 − Cn
j+1

2∆x
(A49)

∂T
∂z

=
Tn

j−1 − Tn
j+1

2∆x
(A50)
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∂2C
∂z2 =

Cn
j−1 − 2Cn

j + Cn
j+1

∆x2 (A51)

∂2T
∂z2 =

Tn
j−1 − 2Tn

j + Tn
j+1

∆x2 (A52)

Y =



Cgi
∣∣t=0
z=0 · · · Cgi

∣∣t=0
z=L

... · · ·
...

... · · ·
...

... · · ·
...

... · · ·
...

Cgi
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(A53)

u = v0(1− αz)−
1
2 (A54)

where
v0 =

RTG
MP0

(A55)

α =
2RTL

(
AG + BG2

)
MP0

(A56)

G =
1

2B

(√
A2 +

2BM∆p2

RTL
− A

)
(A57)

A =
150(1− ε)2µ

ε3d2 (A58)

B =
1.75(1− ε)

ε3d
(A59)

Appendix A.8. Parametric Optimisation

Through parametric optimisation, it is possible to evaluate both the main parameters
describing the solid–fluid exchange and those characterising the Langmuir isotherm. This
was carried out because to evaluate the performance of the material used during the
experimental phase, it is necessary to develop the modelling part, which is not present in
the literature.

In this section, the objective function, solution algorithm and constraints will be
explained. The experimental data are derived from measurements on the carbon dioxide
breakthrough curve. From these, the main parameters characterising the adsorption process
are calculated by means of a parametric optimisation.

The objective function is constructed by imposing the maximum likelihood between
the experimental results and numerical ones in terms of the carbon dioxide breakthrough
curve. As the experimental curve is detected through a series of measurements at regular
intervals in a characteristic time range, whilst the model curve is evaluated at variable
intervals, we must specify how to calculate the difference between the curves.

The points must first be standardised through fitting operations, and then the two
breaking curves are subtracted. The parametric optimisation will return the kLDF value
and the parameters of the adsorption isotherms.

The generic approach to a problem of this type is to consider a black box characteristic
of the problem, which takes over the variables being optimised, solves the entire process,
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and returns the fx. Once this is carried out, it is possible to know the value of the fobj for
any optimisation parameter.

The objective function is evaluated as the norm of the residuals, i.e., as the sum of
the absolute value of the difference between the model and experimental points (Equa-
tion (A60)) (Figure A2).

fobj = ∑n
i=1

∣∣yiMod − yiExp
∣∣ (A60)
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