
processes

Article

Variable Wall Permeability Effects on Flow and Heat
Transfer in a Leaky Channel Containing
Water-Based Nanoparticles

Aamir Shahzad 1, Wael Al-Kouz 2 and Waqar A. Khan 3,*
1 Department of Mathematics, COMSATS University Islamabad, Abbottabad 22060, Pakistan;

aamir@cuiatd.edu.pk
2 Department of Mechatronics Engineering, German Jordanian University, Amman 11180, Jordan;

wael.alkouz@gju.edu.jo
3 Department of Mechanical Engineering, College of Engineering, Prince Mohammad Bin Fahd University,

Al Khobar 31952, Saudi Arabia
* Correspondence: wkhan@pmu.edu.sa

Received: 8 February 2020; Accepted: 30 March 2020; Published: 3 April 2020
����������
�������

Abstract: This work presents the effects of variable wall permeability on two-dimensional flow and
heat transfer in a leaky narrow channel containing water-based nanoparticles. The nanofluid is absorbed
through the walls with an exponential rate. This situation arises in reverse osmosis, ultrafiltration,
and transpiration cooling in industry. The mathematical model is developed by using the continuity,
momentum, and energy equations. Using stream function, the transport equations are reduced and
solved by using regular perturbation method. The expressions for stream function and temperature
distribution are established, which helps in finding the components of velocity, wall shear stress, and
heat transfer rate inside the channel. The results show that velocity components, temperature, wall shear
stress, and rate of heat transfer are minimum at the entrance region due to the reabsorption of fluid
containing nanoparticles. Additionally, with increasing volume fraction of nanoparticles, the rate of
heat transfer enhances at all positions inside the channel. Titanium dioxide (TiO2) nanoparticles show
higher wall shear stress compared to copper and alumina. The streamlines confirms that all the fluid is
reabsorbed before reaching the exit region of the channel for high reabsorption.

Keywords: Leaky channel; analytic solution; Brinkman number; heat transfer rate; regular perturbation
method

1. Introduction

The study of laminar flow in tube and channel with permeable walls gained significant attention due
to its engineering and industrial applications, for example, in reverse osmosis desalination, transpiration
cooling boundary layer control, and design of filters [1–3]. In permeable channels, the velocity and
temperature are not exactly the same as those encountered in the case of inflow of solid boundaries due to
the occurrence of nonzero transverse velocity at the wall.

In the literature, the investigation of steady, laminar flow of linearly viscous (Newtonian) fluid in a
permeable channel is traced back to Berman’s paper [4], who analytically studied the laminar flow in a
leaky channel. The Navier Stokes equations were reduced into the ordinary differential equation using a
similarity transformation. The formulated equation governing the flow was solved by regular perturbation
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method for small Reynolds numbers. Sellars [5] obtained a series solution for large Reynolds numbers
using the idea presented by Berman [4]. Later on, an approximate solution of flow of laminar fluid flow in
permeable channel with uniform suction/injection was obtained by Yuan [6], who investigated the flow in
the case of moderate to high suction or injection velocities across the walls. Terrill et al. [7] investigated
the flow through permeable channel with different permeability for small Reynolds number. Expression
for velocity components and pressure drop were obtained. The hydrodynamics of Newtonian fluid flow
with variable wall suction for both channel and tube flow was obtained by Kozinski et al. [8]. In recent
years, Muthu et al. [9–11] investigated the flow of viscous fluid in a porous channel, assuming that
the bulk flow decreases with an axial distance of the channel. They obtained approximate solutions for
velocity components and discussed the flow variations through graphs at different positions. Tesfahun [12]
attempted the problem of slip flow of linearly viscous fluid in the permeable channel with decreasing bulk
flow rate inside the channel.

The phenomenon of enhanced thermophysical properties like thermal conductivity, heat transfer
coefficient, and viscosity has attracted a large number of scholars due to its applications in modern
science, technology, and industry. The diluted liquid suspensions of nanoparticles are dispersed in a
base fluid like water or kerosene oil to get a higher thermal performance. In the literature, different
models have been suggested [13–15] for the development of advanced heat transfer fluid with significantly
higher thermal conductivities than those of base fluids. Different theoretical and experimental studies
of the effective thermal conductivity of dispersions that contain solid particles have been conducted.
Qiang et al. [16] experimentally showed that the suspended nanoparticles remarkably enhance the heat
transfer coefficient of the base fluid. Further, they noticed that about 60% for the nanofluid with 2.0
vol% copper nanoparticles at the same Reynolds number increase the convective heat transfer coefficient.
The experimental study to measure the temperature distribution and to compare the heat-pipe thermal
resistance using nanofluid with silver nanoparticles was performed by Kang et al. [17]. They noticed that
the nanofluid as a working medium in the heat pipe can be higher than pure water. Fotukian et al. [18]
also performed an experiment and showed that the addition of small amounts of nanosized CuO particles
to the base fluid increased heat transfer coefficients considerably. The coolant fluid is injected from one
plate while the other is externally heated, which showed effective thermal conductivity and viscosity of
nanofluid in research by Kandelousi et al. [19]. Magnetic nanofluid forced convective heat transfer in
a lid-driven semi annulus enclosure has been investigated in the presence of a variable magnetic field
by Sheikholeslami et al. [20]. Magnetohydrodynamics free convection flow of CuO-water nanofluid in a
square enclosure with a rectangular heated body was investigated numerically by Sheikholeslami et al. [21].
They observed that addition of nanoparticles shows high thermal performance considering the Brownian
motion effect of nanoparticles, whereas the presence of a magnetic field tries to retard convection.

As mentioned in the previous paragraph, it is noticed that nanoparticles are a wide class of materials
depending on the overall shape and size of the materials, peaking the immense interest of researchers
in multidisciplinary fields, and can also be utilized in bioimaging applications [22]. Further, they can be
employed for drug delivery [23], chemical and biological sensing [24], gas sensing [25], carbon dioxide
capturing [26], and other related applications. In the literature [8–12], there is a lack of information
regarding the hydrodynamical and thermophysical properties of fluid flow through a permeable channel
with reabsorption across the walls in the presence of nanoparticles. Our main objectives of this study are
to develop a mathematical model describing the flow of water-based nanofluid in a leaky channel with
decaying flow rate, further, the ultimate goal of this research is to discuss the hydrodynamics with heat
transfer of fluid flow containing nanoparticles (copper, alumina, and titanium dioxide) in leaky channel.
It is believed that this study is practical in various engineering fields, which may open new directions in
the domain.
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2. Problem Statement

Steady, nonisothermal, laminar, viscous incompressible, and two-dimensional Newtonian fluid in a
narrow long leaky channel of height a and length L in the presence of nanoparticles is considered. The fluid
moves in the x-direction with an initial flow rate Q0, which decreases exponentially along the channel,
see Figure 1. Moreover, we have considered a constant temperature Tw at the walls and the average
temperature of the fluid is Ta. The channel is assumed long (a << L) enough to neglect the end effects.

Figure 1. Geometry of the problem.

Under the above assumptions, the governing continuity, momentum, and energy equation are
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. (4)

The boundary conditions are

u = 0, T = Tw at y = a, (5)

v = 0,
∂u
∂y

= 0,
∂T
∂y

= 0 at y = 0, (6)

Q(x) = 2w
∫ a

0
udy = Q0e−αx, (7)

where u and v are velocity components, p is hydrodynamics pressure, and w is the width of the channel.
Equation (7) describes the flow rate along the channel, Q0 is the flow rate at x = 0, and α is the reabsorption
parameter. Moreover, νn f =

µn f
ρn f

, in which µn f is the viscosity, ρn f is the density, and kn f is the thermal
conductivity of the nanofluid defined as follows [21].
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µn f =
µ f

(1 − φ)2.5 , (8)

ρn f = ρ f (1 − φ) + ρsφ, (9)

(ρCp)n f = (ρCp) f (1 − φ) + (ρCp)sφ, (10)

where φ is the nanoparticle volume fraction. The effective thermal conductivity kn f of the nanofluid can be
approximated by the Maxwell-Garnett (MG) model [22] as

kn f

k f
=

ks + 2k f − 2φ(k f − ks)

ks + 2k f + 2φ(k f − ks)
. (11)

Using the dimensionless quantities

x∗ =
x
L

, y∗ =
y
a

, u∗ =
aLu
Q0

, v∗ =
L2v
Q0

, p∗ =
a3 p

µ f Q0
, ψ∗ =

Lψ

Q0
, Re =

Q0

ν f L
,

θ =
T − Ta

Tw − Ta
, Pe =

ρCpQ0

k f a
, Br =

µQ2
0

k f (Tw − Ta)a2L2 δ =
a
L

, (12)

where, Pe, Br, Re are Peclet, Brinkman, and Reynolds numbers, respectively. Equations (1)–(4),
after removing ∗, become

∂u
∂x

+
∂v
∂y

= 0. (13)
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[

u
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+ v
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]
= −∂p
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)
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]
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)
, (15)

δPeD̄
[

u
∂θ

∂x
+ v

∂θ

∂y

]
= C̄

[
δ2 ∂2θ

∂x2 +
∂2θ

∂y2
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+
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[
4δ2

(
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)2
+

(
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∂y

+ δ2 ∂v
∂x

)2
]

, (16)

where

Ā = [1 − φ + ρs/ρ f φ],

B̄ = (1 − φ)2.5,

C̄ =
ks + 2k f − 2φ(k f − ks)

ks + 2k f + φ(k f − ks)
,

D̄ = [1 − φ + (ρCp)s/(ρCp) f φ].
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The boundary conditions in the dimensionless form are

u = 0, θ = 1 at y = 1, (17)

v = 0,
∂u
∂y

= 0,
∂θ

∂y
= 0 at y = 0, (18)

Q(x) =
∫ a

0
udy =

1
2γ

e−βx, (19)

where γ =
w
L

, β = αL and P0 =
a3 p0

µ f Q0
are ratio of width to length and reabsorption parameter along the

channel and entrance pressure parameters, respectively. Introducing the stream function

u =
∂ψ

∂y
, v = −∂ψ

∂x
. (20)

Continuity of Equation (12) is satisfied and (14)–(16) are reduced to

ReδĀ
[

∂ψ

∂y
∂2ψ

∂y∂x
− ∂ψ

∂x
∂2ψ

∂y2

]
= −∂p

∂x
+

1
B̄

(
δ2 ∂3ψ

∂x2∂y
+

∂3ψ

∂y3

)
, (21)

−Reδ3 Ā
[

∂ψ

∂y
∂2ψ

∂x2 +
∂ψ

∂x
∂2ψ

∂y∂x

]
= −∂p

∂y
− δ2 1

B̄

(
δ2 ∂3ψ

∂x3 +
∂2ψ

∂y2∂x

)
, (22)

δPeD̄
[

∂ψ

∂y
∂θ

∂x
− ∂ψ

∂x
∂θ

∂y

]
= C̄

(
δ2 ∂2θ

∂x2 +
∂2θ

∂y2

)
+

Br

B̄

×
[

4δ2
(

∂2ψ

∂x∂y

)2

+

(
∂2ψ

∂y2 − δ2 ∂ψ

∂x2

)2]
. (23)

Eliminating the pressure from Equations (21) and (22), we obtain the following system of
nonlinear PDEs:

δ4 ∂4ψ

∂x4 + 2δ2 ∂4ψ

∂x2∂y2 +
∂4ψ

∂y4 = ReδĀB̄
[

∂ψ

∂y

(
δ2 ∂3ψ

∂x3 +
∂3ψ

∂y2∂x

)
− ∂ψ

∂x

(
δ2 ∂3ψ

∂x2∂y
+

∂3ψ

∂y3

)]
, (24)

δPeD̄
[

∂ψ

∂y
∂θ

∂x
− ∂ψ

∂x
∂θ

∂y

]
= C̄

(
δ2 ∂2θ

∂x2 +
∂2θ

∂y2

)
+

Br

B̄

×
[

4δ2
(

∂2ψ

∂x∂y

)2

+

(
∂2ψ

∂y2 − δ2 ∂ψ

∂x2

)2]
. (25)

The boundary conditions are

∂ψ

∂y
= 0, ψ =

1
2γ

e−βx, θ = 1, at y = 1, (26)

ψ = 0,
∂2ψ

∂y2 = 0,
∂θ

∂y
= 0, at y = 0. (27)

The above system of equations along with boundary conditions is nonlinear PDEs, with inhomogeneous
boundary conditions, capable of describing the flow of Newtonian fluid through a permeable
channel containing nanoparticles. The solution to the system is solved by the perturbation method.
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The perturbation method [27,28] is one of the well-known methods that produces solutions for small
parameters in the form of series. The convergence criteria of the series solutions by this technique is
explained in [27]. The solutions of the modeled problem are explained in the next section.

3. Solution of the Problem

For the solution of Equations (24) and (25) along with boundary conditions defined in Equations (26)
and (27), ψ and θ are assumed in a standard power series by taking δ a small parameter of the form

ψ = δ0ψ0 + δ1ψ1 + O(δ)2..., (28)

θ = δ0θ0 + δ1θ1 + O(δ)2... (29)

Substituting Equations (28) and (29) in Equations (23) and (24) along with boundary conditions (25)
and (26), a system of equations is obtained up to first-order as follows.

3.1. Zeroth-Order Problem and Solution

On equating the coefficients of δ0 on both sides of Equations (23)–(26), the zeroth-order system is
obtained as follows:

∂4ψ0

∂y4 = 0, (30)

∂2θ0

∂y2 = − Br

C̄B̄

(
∂2ψ0

∂y2

)2

, (31)

and the boundary conditions are

∂ψ0

∂y
= 0, ψ0 =

1
2γ

e−βx, θ0 = 1, at y = 1, (32)

ψ0 = 0,
∂2ψ0

∂y2 = 0,
∂θ0

∂y
= 0, at y = 0. (33)

The set of solutions of the zeroth-order system is obtained as

ψ0(x, y) = −1
4

y3

γ eβ x +
3
4

y
γ eβ x , (34)

θ0(x, y) = − 3
16

Br e−2 β xy4

C̄B̄γ2 +
1

16
16 C̄B̄γ2e2 β x + 3 Br

C̄B̄γ2e2 β x , (35)

which strongly depends upon the reabsorption as well as the heat conduction from a wall to a flowing
viscous, (Br).

3.2. First-Order Problem and Solution

On comparing the coefficients of δ1 on both sides of Equations (23)–(26), the first-order system is
obtained as follows:

∂4ψ1

∂y4 = Re ĀB̄
[

∂ψ0

∂y
∂3ψ0

∂y2∂x
− ∂ψ0

∂x
∂3ψ0

∂y3

]
, (36)

∂2θ0

∂y2 = −2
Br

C̄B̄

(
∂2ψ0

∂y2

)(
∂2ψ1

∂y2

)
+

PeD̄
C̄

[
∂ψ0

∂y
∂θ0

∂x
− ∂ψ0

∂x
∂θ0

∂y

]
, (37)
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and the boundary condition are

∂ψ1

∂y
= 0, ψ1 = 0, θ1 = 0, at y = 1, (38)

ψ1 = 0,
∂2ψ1

∂y2 = 0,
∂θ1

∂y
= 0, at y = 0. (39)

The set of solutions of the first-order system is obtained as

ψ1(x, y) = −Re ĀB̄e−2 β xy7β

1120 γ2 +
3 Re ĀB̄β y3

1120 γ2e2 β x − Re ĀB̄β y
560 γ2e2 β x , (40)

θ1(x, y) = − 9 ĀBr Reβ y8

4480 C̄γ3
(
eβ x
)3 − 3 Pe D̄β Br y8

1792 C̄2γ3B̄
(
eβ x
)3 − 3 Pe D̄β Br y6

320 C̄2γ3B̄
(
eβ x
)3

+
9 ĀBr Reβ y4

2240 C̄γ3
(
eβ x
)3 +

3 Pe D̄β Br y4

128 C̄2γ3B̄
(
eβ x
)3 − 9 Pe D̄y2β Br

64 C̄2γ3B̄
(
eβ x
)3

− 9 ĀBr Reβ

4480 C̄γ3
(
eβ x
)3 +

1149 Pe D̄β Br

8960 C̄2γ3B̄
(
eβ x
)3 .

(41)

It is noticed that Equation (41) depends upon the Pe. The stream function and temperature
distributions up to first order can be obtained by substituting zeroth and first-order solutions in
Equations (28) and (29).

ψ = −1
4

y3

γ eβ x +
3
4

y
γ eβ x +

δReβ

γ2

[
− ĀB̄y7

1120 e2 βx +
3 ĀB̄ y3

1120 e2 βx − ĀB̄β y
560 e2 β x

]
, (42)

θ = − 3
16

Br e−2 β xy4

C̄B̄γ2 +
1

16
16 C̄B̄γ2e2 β x + 3 Br

C̄B̄γ2e2 β x

+ δ

[
− 9 ĀBr Reβ y8

4480 C̄γ3
(
eβ x
)3 − 3 Pe D̄β Br y8

1792 C̄2γ3B̄
(
eβ x
)3 − 3 Pe D̄β Br y6

320 C̄2γ3B̄
(
eβ x
)3

+
9 ĀBr Reβ y4

2240 C̄γ3
(
eβ x
)3 +

3 Pe D̄β Br y4

128 C̄2γ3B̄
(
eβ x
)3 − 9 Pe D̄y2β Br

64 C̄2γ3B̄
(
eβ x
)3

− 9 ĀBr Reβ

4480 C̄γ3
(
eβ x
)3 +

1149 Pe D̄β Br

8960 C̄2γ3B̄
(
eβ x
)3

]
. (43)

The velocity components, flow rate, wall shear stress, and heat transfer coefficient can be established
using the following relation:

u(x, y) =
∂ψ

∂y
, v(x, y) = −∂ψ

∂x
, τ =

a2Lτw

µ f Q0
= − 1

Ā

(
∂2ψ

∂y2 − δ2 ∂2ψ

∂x2

)∣∣∣
y=1

,

q =
q̇a2

k f (Tw − Ta)
= −C̄

(
δ

∂θ

∂x
+

∂θ

∂y

)
y=1

,

where τ is dimensionless wall shear stress and q is dimensionless heat transfer rate at the wall.
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4. Results and Discussion

In the present section, a complete discussion of the flow and heat transfer of viscous fluid flow in a
leaky channel with variable wall permeability is presented in the presence of water-based nanoparticles,
i.e., copper (Cu), alumina (Al2O3), and titanium dioxide (TiO2). The effects of several parameters like
Cu-nanoparticles volume fraction (φ), reabsorption parameter β, and Brinkman number Br on velocity
components (u, v), temperature distribution (θ), wall shear stress (τ), and heat transfer rate (q) are studied
at different positions inside the channel graphically in Figures 2–14. Further, the variation of three
different nanoparticles (Cu), (Al2O3), and (TiO2) are also displayed for dimensionless longitudinal velocity,
transverse velocity, and temperature distribution at the middle region of the channel with water as a base
fluid, as shown in Figure 6. Moreover, the variation of these nanoparticles on dimensionless wall shear
stress and heat transfer rate are shown in Figure 7. The thermophysical properties of the base fluid and the
three different nanoparticles (Cu), (Al2O3), and (TiO2) are listed in Table 1.

Table 1. Thermophysical properties of base fluid and nanoparticles [29,30].

Physical Properties Base Fluid Cu Al2O3 TiO2

ρ (kg/m3) 997 8933 3970 4250
Cp (J/kgK) 4179 385 765 686.2
k (W/mK) 0.613 400 40 4.9538

Figure 2 is plotted to analyze the effect of φ in longitudinal velocity u(x, y) profiles at different regions,
such as entrance (x = 0), middle (x = 0.5), and exit (x = 0.9). It is noted that the profile u(x, y) is parabolic
and is higher at the entrance region compared to the middle and exit regions. With increasing φ, the profile
u(x, y) shows increasing behavior at three different regions. In addition, maximum velocity profile of
u(x, y) can be observed at the center of the channel. In Figure 3, it is noticed that transverse velocity v(x, y)
is higher at the entrance as compared to the middle and exit regions, see Figure 3b,c. With an increase in φ,
the velocity in y-direction increases and maximum velocity is noticed at the walls of the channel.
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Figure 2. Effect of copper nanoparticle volume fraction φ on dimensionless longitudinal velocity at the
(a) entrance, (b) middle, and (c) exit regions of the channel, when β = 0.5, δ = 0.2, Re = 1, and γ = 0.2.
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Figure 3. Effect of copper nanoparticle volume fraction φ on dimensionless transverse velocity at the
(a) entrance, (b) middle, and (c) exit regions of the channel, when β = 0.5, δ = 0.2, Re = 1, and γ = 0.2.

The effect of Cu-nanoparticles volume fraction φ on temperature profile θ(x, y) at the entrance, middle,
and exit regions are shown in Figure 4. The increase in φ tends to increase the temperature profile at all
three regions inside the channel. Moreover, the temperature profile at the entrance region is observed to
be higher compared to the middle and exit regions of the channel. This happens due to leakage of fluid
inside the channel, while addition of volume fraction enhances the temperature profile remarkably.
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θ
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,y
)

Figure 4. Effect of copper nanoparticle volume fraction φ on dimensionless temperature at the (a) entrance,
(b) middle, and (c) exit regions of the channel, when β = 0.5, Br = 6, Pe = 1, δ = 0.2, Re = 1, and γ = 0.2.

The variations in the wall shear stress and the heat transfer rate with the governing parameter φ are
presented in Figure 5a,b. Figure 5a shows that when increasing the strength of φ, the wall shear stress
decreases, see Figure 5a. Furthermore, it is noted that its profile decreases along the channel due to the
reason of fluid leakage across the walls of the channel. Figure 5b shows that the heat transfer rate also
declines along the channel from entrance to exit; with increasing φ, its profile increases. Maximum heat
transfer rate is noticed at the entrance of the channel.
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Figure 5. Effect of copper nanoparticle volume fraction φ on dimensionless (a) wall shear stress and (b) heat
transfer rate at the wall, when β = 1, Re = 1, δ = 0.2,Br = 6, Pe = 1, and γ = 0.2.

In Figure 6, the variation of different nanoparticles, such as (Cu), (Al2O3), and (TiO2) on dimensionless
longitudinal velocity, transverse velocity, and temperature distribution at the middle region—i.e., (x = 0.5)
of the channel—with water as a base fluid are plotted. Interestingly, it is noted that the velocity components
and wall shear stress have a similar nature, while temperature and heat transfer have same variations.
The velocity profiles and wall shear stress of for water-based Al2O3 nanoparticles is high in magnitude as
compared to others, like copper (Cu) and titanium dioxide (TiO2), see Figures 6a,b and 7a. The profile of
temperature and heat transfer of water-based (TiO2) nanoparticles is high in magnitude as compared to
others, see Figures 6c and 7b.
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Figure 6. Variation of different nanoparticles on dimensionless (a) longitudinal, (b) transverse velocities,
and (c) temperature profile at the middle region of the channel, when β = 0.5, φ = 0.05, Br = 6, Pe = 1,
δ = 0.2, Re = 1, and γ = 0.2.
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Figure 7. Variation of different nanoparticles on dimensionless (a) wall shear stress and (b) heat transfer
rate, when β = 1, Re = 1, δ = 0.2, Br = 6, Pe = 1, φ = 0.05, and γ = 0.2.

The effects of reabsorption parameter β on velocity component u(x, y) of water-based copper
nanoparticles at the entrance, middle, and exit regions are shown in Figure 8. At the entrance, no
effects are observed because the permeability starts after the entrance (x > 0), see Figure 8a. It is noted that
u(x, y) is parabolic and is higher at the entrance compared to the middle and exit regions of the channel.
From Figure 8b,c, we observed that with increasing β, the profile u(x, y) decreases due to fluid leakage
across the walls.

From Figure 9, effect of β on transverse velocity v(x, y) at the entrance, middle, and exit of the channel
are plotted. The profile v(x, y) increases with increasing β. Maximum transverse velocity v(x, y) is higher
at the entrance region compared to the middle and exit regions of the channel.
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Figure 8. Effect of β on dimensionless longitudinal velocity at the (a) entrance, (b) middle, and (c) exit
regions of the channel, when φ = 0.05, δ = 0.2, and γ = 0.2.
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Figure 9. Effect of β on dimensionless transverse velocity at the (a) entrance, (b) middle, and (c) exit regions
of the channel, when φ = 0.05, δ = 0.2, and γ = 0.2.

Figure 10 illustrates the dimensionless temperature at the entrance, middle, and exit regions of the
channel. When increasing the strength of β, the temperature increases at the different regions. At the
entrance, the temperature profile is very high compared to middle and exit region. The leakage of fluid
across the walls causes low profile of temperature, see Figure 10b,c. From Figure 11, we noted that wall
shear stress and heat transfer decays along the channel due to fluid leakage, also, maximum wall shear
stress and heat transfer are maximum at the entrance of the channel.
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Figure 10. Effect of β on dimensionless temperature distribution at the (a) entrance, (b) middle, and (c) exit
regions of the channel, when φ = 0.05, δ = 0.2,Pe = 1, Br = 6, δ = 0.2, and γ = 0.2.

The behavior of the Brinkman number Br on temperature distribution at three different regions is
shown in Figure 12. With increasing Br, the temperature increases at these different regions as well as
the temperature profile at the entrance are higher compared to middle and exit of the channel. The heat
transfer enhances with increasing Br, it also decays along the channel because of fluid leakage across
the walls.
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Figure 11. Effect of β on dimensionless on dimensionless (a) wall shear stress and (b) heat transfer rate,
when φ = 0.05, Re = 1, δ = 0.2, Br = 6, Pe = 1, and γ = 0.2.
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Figure 12. Effect of Br on dimensionless temperature distribution at the (a) entrance, (b) middle, and (c) exit
regions of the channel, when φ = 0.05, δ = 0.2,Pe = 1, β = 0.5, δ = 0.2, and γ = 0.2.

Lastly, Figure 14 is plotted to study the influence of the reabsorption on the streamlines pattern.
The streamlines show a path followed by a fluid particle during its motion with the flow where mass
cannot cross it. The streamline pattern is noticed better for lower values of reabsorption numbers, while for
high reabsorption number, fluid cannot reach the exit region of the channel, see Figure 14.
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Figure 13. Effect of Br on dimensionless on dimensionless heat transfer, when φ = 0.05, Re = 1, δ = 0.2,
β = 0.5, Pe = 1, and γ = 0.2.

5. Concluding Remarks

The present work addresses the flow and heat transfer on viscous fluid flow with water-based
nanoparticles, such as copper (Cu), alumina (Al2O3), and titanium dioxide (TiO2), in a permeable narrow
channel. Using stream function, the number of nonlinear PDEs are reduced. The system of the these PDEs
are linearized using regular perturbation method. The impact of various emerging physical parameters on
components of velocity, temperature profile, wall shear stress, and rate of heat transfer have been studied
graphically. The important findings of the study are given below:

1. Velocity components, temperature, wall shear stress, and heat transfer rate are higher at the entrance
compared to middle and exit regions of the channel due to fluid leakage across the walls.

2. Increasing the strength of nanoparticles volume fraction causes enhanced velocity components,
temperature, wall shear stress, and rate of heat transfer at all positions inside the channel.

3. Titanium dioxide nanofluid has higher values for velocity component and wall shear stress compared
to copper and alumina, while opposite behavior is noticed for temperature.

4. Reabsorption parameter reduces the longitudinal velocity, while increasing the transverse velocity at
all regions inside the the channel.

5. Higher values of reabsorption parameter and Brinkman number enhance dimensionless temperature
at the entrance, middle, and exit regions.

6. Maximum longitudinal velocity is observed in the center line, while maximum transverse velocity is
noticed at the surface of the wall.

7. Streamlines indicate high fluid reabsorption with increasing reabsorption parameter.
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Figure 14. Streamlines behavior for water-based copper nanoparticle when (a) β = 1 and (b) β = 3 and
other parameters are Re = 1, δ = 0.2, φ = 0.05, and γ = 0.2.
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