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Abstract: Modeling the coupled evolution of strain and CH4 seepage under conventional triaxial
compression is the key to understanding enhanced permeability in coal. An abrupt transition of
gas-stress coupled behavior at the dilatancy boundary is studied by the strain-based percolation
model. Based on orthogonal experiments of triaxial stress with CH4 seepage, a complete stress-strain
relationship and the corresponding evolution of volumetric strain and permeability are obtained.
At the dilatant boundary of volumetric strain, modeling of stress-dependent permeability is ineffective
when considering the effective deviatoric stress influenced by confining pressure and pore pressure.
The computed tomography (CT) analysis shows that coal can be a continuous medium of pore-based
structure before the dilatant boundary, but a discontinuous medium of fracture-based structure.
The multiscale pore structure geometry dominates the mechanical behavior transition and the
sudden change in CH4 seepage. By the volume-covering method proposed, the linear relationship
between the fractal dimension and porosity indicates that the multiscale network can be a fractal
percolation structure. A percolation model of connectivity by the axial strain-permeability relationship
is proposed to explain the transition behavior of volumetric strain and CH4 seepage. The volumetric
strain on permeability is illustrated by axial strain controlling the trend of transition behavior and
radical strain controlling the shift of behavior. A good correlation between the theoretical and
experimental results shows that the strain-based percolation model is effective in describing the
transition behavior of CH4 seepage in coal.

Keywords: enhanced permeability; deviatoric stress; mechanical behavior transition; CH4 seepage;
volumetric strain; strain-based percolation model

1. Introduction

Enhanced coal permeability after failure under triaxial stress can be determined quantitatively by
the stress-dependent model. However, the sudden change in permeability from porous to fractured coal
is more important in order to understand the enhanced mechanism and improve the stress-relieving
technology and hydromechanical (HM) fracturing method. On the other hand, the production of
coalbed methane (CBM) as green energy has been increasingly important, particularly in winter 2017,
with more determination to fight air pollution in the face of the gas shortage initiative in China [1].
Most of China’s coal has high density and low permeability, typically less than 1 mD [2,3]. In coal

Processes 2018, 6, 127; doi:10.3390/pr6080127 www.mdpi.com/journal/processes

http://www.mdpi.com/journal/processes
http://www.mdpi.com
https://orcid.org/0000-0002-5484-2655
http://dx.doi.org/10.3390/pr6080127
http://www.mdpi.com/journal/processes
http://www.mdpi.com/2227-9717/6/8/127?type=check_update&version=2


Processes 2018, 6, 127 2 of 22

seams, to improve permeability for easy extraction, premining the protective coal is often carried out
to relieve the stress [4,5]. At the working face, the hydraulic fracturing method is often employed to
achieve local stress adjustment. The huge demand in CH4 promotes a deep understanding of sudden
changes in permeability, especially induced by the coupled effect of gas and stress. The key to all these
problems is to accurately understand the transition of permeability. We need a new model that can
illustrate the whole change in permeability, even sudden transitions.

Under triaxial compression, the permeability of CH4 mainly depends on the shearing-induced
dilatancy of the coal. Modeling enhanced permeability with deviatoric stress is useful for understanding
the coupled mechanism between the dilatant deformation and the seepage or percolation channel.
Many outstanding achievements focus on the study of stress-dependent permeability without considering
transition effect. Many models [6–11], as shown in Table 1, have been made based on the excavation
damage zone (EDZ), which depends on continuous media to explain the coupled process [12]. To our
knowledge, the stress-dependent model can effectively explain the coupled effect before the dilatant
boundary, taking coal as a continuous porous medium, and after, taking coal as discontinuous fractured
medium. According to percolation theory, there must be a state transition of the continuous-discontinuous
behavior controlling the coal permeability by connected clusters of multiscale networks [10]. The multiscale
can be referred as nano, mirco, meso, macro, and even mega scale. The corresponding structure of
discontinuities changes from pore to fracture. Here, we only focus on the study of cylindrical coal sample
in lab. The resolution for pore structure by CT is about 60 µm, which can be the lower limit of size.
There will be fracture generation connecting the top and bottom of the coal sample, which is about 12 cm
long. The study is based on the multiscale structure from 60 µm to 12 cm, and the upper limit is 2000 times
the lower limit. Indeed, the multiscale network of pore-crack-fracture is mainly generated at the dilatant
boundary, and the focus of study is on the multiscale behavior and sudden transition of permeability. It is
difficult to determine the boundary of two kinds of adjacent pore structures and the scale invariance is
often used to understand the multiscale behavior based on the percolation theory. So, the sudden transition
in permeability needs a new understanding of phase transition for the continuous-discontinuous behavior.

Considering the transition behavior, the local stress redistribution around isolated fractures
changes dramatically, and the deviatoric stress cannot control the sudden increase of volumetric
strain and permeability. Eventually, open fractures provide the main path for gas seepage until
there is a steady flow. So, the initial permeability k0 can be determined by Darcy’s law [6,7,13] or
the Carman-Kozeny equation [14,15]. The final permeability k f is often determined by the cubic
law [11,13,16] through fissure flow in discontinuous fractured coal. For the transition behavior,
there is always a sudden increase of volumetric strain or permeability [17,18]. Meanwhile, the coal
changes from continuous to discontinuous, corresponding to the generation of a multi scale network
of void structures. In mathematical terms, we can understand such behavior as a continuous and
nonderivative relationship. In physical terms, we propose the sudden changes of mechanical behavior
from pore-dominated structure to fracture-dominated structure as the phase transition according
to percolation theory [19,20]. The initial phase dominated by the continuous behavior moves into
the final phase dominated by discontinuous structural behavior. The pore-based material behavior
is continuous for Darcy’s flow and the fracture-based structural behavior is discontinuous for the
cubic law.
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Table 1. Stress-dependent models.

Model Classification Gas Lithological Type Related Theory

k f /k0 = e−3×10−3σk−0.1
0 + 2× 10−4σ1/3k1/3

0
Theory and measured data

(Somerton et al., 1975)
N2

CH4
Coal Darcy’s law

k f = (1.12− 0.03σ3)K× e−(1.12−0.03σ3)C f σ3
Measured data (Durucan and

Edwards, 1986) N2 Coal Darcy’s law

k f /k0 = e−3×C f×∆σ/
[
1− φ0

(
1− e−C f×∆σ

)] Theory and measured data
(McKee et al., 1988)

CH4
H2O Coal Carman-Kozeny equation

k f /k0 = e−3×C f×∆σ Theoretical solution
(Seidle et al., 1992) H2O Coal Carman-Kozeny equation

k f /k0 =
[(

η + e−C f σf
)

/
(

η + e−C f σ0
)]3 Theoretical solution

(Liu et al., 2009, 2010) CH4 Coal Cubic law

Note. k0 and k f mean initial and final permeability corresponding to the initial effect stress σ0 and final effect stress σf . ∆σ = σf − σ0. σ is the mean stress and σ3 is the confining pressure.
K defines the relative coefficient of existing fractures, C f represents the compressibility of coal, and η defines the influence of the effective stress induced closure of aperture.
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Therefore, it is necessary to establish a new model that will help us understand transition behavior
in permeability. Percolation theory [21–24] is very effective at explaining such phase transitions in
disordered media. For coal under conventional triaxial compression, the continuous-discontinuous
transition depends on the cluster generation of multiscale pore-crack-fracture, as well as the structural
phase transition behavior of the connected clusters. Percolation models have been used to analyze
the fracture-induced transitions of various rocks [23–26]. However, due to our limited knowledge,
there has been almost no analysis of CH4 flow considering the mechanical-structural transition in coal.

Another focus is the multiscale geometric topology of the network that influences percolation
depending on the generation, distribution, and opening of fractures. It is impossible to find the exact
solution of local stress near all fractures, which dominate local opening and closing. The topology
evolution can be considered by the equivalent strain of coal considering the discontinuities. We mainly
focus on the percolation model of strain-dependent permeability by designing a series of orthogonal
experiments of conventional triaxial compression for coupled stress-strain permeability.

2. Materials and Experimental Methods

2.1. Coal Sample Preparation for Orthogonal Experiments

The coal blocks in China were selected at a depth of 690 m, and the coal seam has an average
thickness of 3.5 m with an inclination of 23◦. The roof and floor of the roadway are fine-grained
sandstone. Then, the coal blocks were processed into cylinder-shaped samples with a standard size of
50 mm diameter × 100 mm height [27]. The 9 samples were numbered C01, C02, C03, C04, C05, C06,
C07, C08, and C09.

Figure 1 illustrates the designed cycle of experimental procedures for coupled research including
the determined physical parameters, the multiscale structures by computed tomography (CT) before
and after failure, and triaxial compression coupled with CH4 seepage. Triaxial servo-controlled seepage
equipment for coupled thermos-fluid-solid of coal was adopted for the coupled behavior. The system
collected data at 1 s intervals, automatically recording axial force, axial and radial displacement,
confining pressure, temperature, and gas flow. After the samples were dried in an oven for 12 h,
their height, area, and porosity were measured, as shown in Table 2.
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Table 2. Physical parameter determination. Porosity is measured by computed tomography (CT)
after failure.

Samples
Height Cross-Section Area Volume Dry Weight Density Porosity

/cm /cm2 /cm3 /g g/cm3 %

C01 10.40 19.63 204.15 279.0 1.37 4.83
C02 10.56 19.63 207.29 281.5 1.36 3.32
C03 10.50 19.63 206.12 276.7 1.34 3.13
C04 10.50 19.63 206.12 269.8 1.31 1.44
C05 10.27 19.63 201.60 299.0 1.48 4.87
C06 10.56 19.63 207.29 279.3 1.35 1.17
C07 9.44 19.63 185.31 250.2 1.35 6.02
C08 10.40 19.63 204.15 269.2 1.32 8.25
C09 10.52 19.63 206.51 278.9 1.35 4.32

Then, the coupled tests were carried out. To prevent gas leakage through the sidewalls, they were
covered with a 1 mm thick layer of silica gel. Sliding the heat-shrink tubing over the surface keeps
the gel in close contact with the sidewalls, preventing the hydraulic oil from penetrating into the
samples. After that, the extensometer for radial displacement was installed and the flow meter was
connected. The outlet valve was closed after removing the air from the chamber with a vacuum pump,
filling it with CH4 and allowing 24 h for adsorption equilibrium. We then started the system and
imposed displacement controlled axial stress load at a rate of 0.1 mm/min. Table 3 shows the designed
orthogonal experiments with confining pressures of 3 MPa, 6 MPa, and 9 MPa, and gas pressures of
1 MPa, 1.5 MPa, and 2 MPa.

Table 3. Experimental design by orthogonal stress.

Sample
Confining
Pressure

Inlet Gas
Pressure

Dilatant Stress
and Strain

Peak Stress
and Strain

Residual Stress
and Strain Permeability Stress

Ratio

σ3 p1 σD εD σP εP σR εR k0 kf σD/σP

C01 9 1 22.77 0.45 43.12 −0.31 21.58 −6.45 3.93 56.96 0.53
C02 6 1.5 17.30 0.38 35.62 −1.05 26.77 −9.01 16.75 31.73 0.49
C03 3 2 18.08 0.39 25.83 0.17 19.04 −4.56 0 2434 0.70
C04 9 1.5 25.25 0.67 39.39 −1.14 31.59 −4.78 65.75 27.17 0.64
C05 6 2 22.01 0.44 43.12 −4.03 21.58 −6.44 11.07 1086 0.51
C06 3 1 24.37 0.63 39.20 −0.14 29.53 −4.50 187.5 51.87 0.62
C07 9 2 27.38 0.45 50.78 0.19 33.43 −2.51 0 Failed 0.54
C08 6 1 27.36 0.51 40.53 −0.59 26.15 −8.25 375.2 3653 0.68
C09 3 1.5 35.90 0.80 42.06 0.25 39.60 −4.20 0 4343 0.85

Note. σ3, p1, σD , σP and σR have the same unit of MPa. εD , εP and εR have the same unit of %. k0 and k f have the
same unit of 10−18 m2.

2.2. CT Observation of Multiscale Structures

Before the coupled test for permeability, the samples were scanned using an industrial CT scanner.
A random zone of 30 mm to 35 mm from the bottom was determined as the interesting area, and the scan
interval was set at 0.1 mm, with a total of 51 layers, shown in Figure 2. After sample failure, the same
zone of all 9 samples was scanned again for CT images of 1024 × 1024 pixels and 57 µm resolution.



Processes 2018, 6, 127 6 of 22
Processes 2018, 6, x FOR PEER REVIEW  6 of 22 

 

 

Figure 2. CT scan of interesting area. 

2.3. Theory of CH4 Seepage in Coal 

Coal is often described as a dual-porosity medium considering the multiscale effect. When there 

is CH4 flow in the multiscale network, an assumption of isothermal seepage in coal is often given as 

the ideal gas. The gas flow rate is automatically recorded and the permeability at different points can 

be determined by Darcy’s law [28,29]: 

0

2 2

1 2

2

( )

qp L
k

A p p


=

−
 (1) 

where q  is the flow rate (m/s), k  is the permeability (m2), 0p  is the atmospheric pressure (0.1 

MPa), A  is the cross-sectional area (m2),   is the gas viscosity coefficient (
51.087 10  Pa s−  ) at 

20 °C, L  is the height of the cylinder (m), and 1p  and 2p  are gas pressure at the air inlet and 

outlet, respectively (MPa). 

3. Experimental Results and Analysis 

3.1. Effect of Volumetric Deformation on CH4 Seepage 

Figure 3 shows the coupled evolution of permeability with volumetric strain. The nine samples 

experienced the same behavior, including linear elastic compression, nonlinear compression with 

local damage, plastic deformation, and post-peak softening before failure. Accordingly, the 

volumetric strain underwent the two main stages, compression and dilatancy. There are two kinds 

of transition point: the first is the dilatant point, indicating the deformation transition from 

compression to dilatancy, and the second is the continuous-discontinuous point, indicating the phase 

from pore-based to fracture-based structure. The confining pressure promotes strain-softening 

behavior in the post-peak deformation. The higher the confining pressure, the more likely that 

volumetric strain will increase nonlinearly with stress. 

50mm

100mm

30mm

35mm

5mmScanning area

Before

After

0mm

Figure 2. CT scan of interesting area.

2.3. Theory of CH4 Seepage in Coal

Coal is often described as a dual-porosity medium considering the multiscale effect. When there
is CH4 flow in the multiscale network, an assumption of isothermal seepage in coal is often given as
the ideal gas. The gas flow rate is automatically recorded and the permeability at different points can
be determined by Darcy’s law [28,29]:

k =
2qp0µL

A(p2
1 − p2

2)
(1)

where q is the flow rate (m/s), k is the permeability (m2), p0 is the atmospheric pressure (0.1 MPa),
A is the cross-sectional area (m2), µ is the gas viscosity coefficient (1.087× 10−5 Pa · s) at 20 ◦C, L is the
height of the cylinder (m), and p1 and p2 are gas pressure at the air inlet and outlet, respectively (MPa).

3. Experimental Results and Analysis

3.1. Effect of Volumetric Deformation on CH4 Seepage

Figure 3 shows the coupled evolution of permeability with volumetric strain. The nine samples
experienced the same behavior, including linear elastic compression, nonlinear compression with local
damage, plastic deformation, and post-peak softening before failure. Accordingly, the volumetric strain
underwent the two main stages, compression and dilatancy. There are two kinds of transition point:
the first is the dilatant point, indicating the deformation transition from compression to dilatancy,
and the second is the continuous-discontinuous point, indicating the phase from pore-based to
fracture-based structure. The confining pressure promotes strain-softening behavior in the post-peak
deformation. The higher the confining pressure, the more likely that volumetric strain will increase
nonlinearly with stress.
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Figure 3. Evolution of volumetric strain and permeability on samples (a) C01, (b) C02, (c) C03, (d) C04,
(e) C05, (f) C06, (g) C07, (h) C08, and (i) C09. Black lines indicate the stress–strain relationship, red lines
indicate the volumetric–axial strain relationship, and blue lines indicate permeability with axial strain.

The permeability evolution with deviatoric stress can be determined according to Equation (1),
and it shows high consistency with volumetric strain. The initial permeability k0 for different
samples varies, as shown in Table 2. For C01, C03, C05, C07, and C09, k0 is close to 0. For C02
and C04, it is measured at 10−17 m2, and for C06 and C08, it is at 10−16 m2, which can be considered
low-permeability coal. Increasing deviatoric stress often causes pores to open and fractures to form.
Since the volumetric change of a solid matrix is much smaller than the discontinuous geometric
structures (e.g., pores, cracks, and fractures), the volumetric strain can be a multiscale variable to
illustrate the discontinuous geometries.

When the deviatoric stress is low, low-permeability coal can be considered as a porous medium
with preexisting pores under compression. The corresponding volumetric strain decreases, seepage
channels close, and permeability decreases. When it reaches the dilatant point, an increase in deviatoric
stress will cause crack generation, maintaining volumetric compression, and the channels of the
multiscale network are not completely connected. Until the linear-nonlinear transition in volumetric
strain, permeability starts to increase significantly. Nonlinear deviatoric stress can be considered as a
mechanical phase in percolation theory, in which geometric channels tend to interconnect. During the
post-peak stage, fractures connect through the coal sample with a typical stress drop corresponding
to strain softening. Fracture geometries, which determine the change of volumetric strain, show a
sharp and dramatic increase in dilatancy and seepage. At the end, with the stabilization of residual
stress, permeability remains constant. Meanwhile, the confining pressure still has a constraint effect on
fracture channels. Therefore, the ultimate permeability is not necessarily greater than the initial value
for all samples, such as C04 and C06. There is another possible reason that shear-induced fractures
often have an off-axial fracture angle and the connected fracture cannot effectively connect the upper
and lower ends of the surface.

3.2. Effect of Confining Pressure on Deformation and CH4 Seepage

During the complete stress-strain evolution, dilatant stress represents nonlinear dilatancy,
peak stress indicates coal strength, and residual stress indicates strain-softening behavior.
Corresponding to volumetric deformation, there are dilatant strain, peak strain, and residual strain,
respectively. Furthermore, permeability changes consistently with nonlinear deformation, and the
corresponding points are dilatant permeability, peak permeability, and residual permeability.

The change rates of stress, deformation, and permeability are influenced by the coupled effect of
confining pressure and gas pressure. Thus, the stress drop rate can be illustrated by the percentage
of stress drop relative to the peak value, the volumetric strain change rate by the percentage of
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initial to final volumetric strain, and the permeability change rate by the percentage of initial to
final permeability.

With increasing confining pressure, peak stress increases accordingly, as shown in Figure 4a,c.
However, both the randomness in sampling and the inhomogeneity influence the peak stress;
for example, the peak stress of sample C02 was the lowest when gas pressure was 1.5 MPa, shown in
Figure 4b. There is no significant correlation between dilatant stress or residual stress and confining
pressure. According to the Griffith crack theory, dilatant stress is mainly influenced by nonlinear
deformation and damage accumulation. After the peak strength, the stress drop with discontinuous
fractures dominates the residual stress. The increasing confining pressure has an inhibiting effect on
dilatancy, while the heterogeneity of fractures determines that the effect under a confining pressure of
9 MPa is not significant.
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Figure 4. Deviatoric stress, volumetric strain, permeability, and permeability change rate at dilatant
point, peak point, and residual point under confining pressures of (a) 1 MPa, (b) 1.5 MPa, and (c) 2 MPa.
∞ indicates an infinite value because the denominator may be 0, represented by a larger value such as
200 or 10,000.
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Positive dilatant strain means a state of compression, and confining pressure does not increase
significantly. Peak strain changes slightly with an increase in confining pressure. Residual strain
largely changes in the same trend as peak strain. Residual strain is much greater than peak strain,
and post-peak volumetric strain increases rapidly, as shown in Figure 4.

Change in volumetric deformation is mainly due to the interconnection of the multiscale network,
and the nonlinear volumetric deformation leads to a change in permeability, not the linear change.
In spite of the heterogeneity of the different samples, overall, confining pressure has a significant
inhibiting effect on permeability, with residual permeability being the highest, peak permeability next,
and dilatant permeability the lowest, even as low as 0. During the post-peak stage, volumetric strain
and permeability change significantly. The change rates of volumetric strain and permeability are
highly consistent, but have low correlation with confining pressure.

3.3. Effect of Gas Pressure on Deformation and CH4 Seepage

According to the principle of effective stress, the enclosed gas pressure can reduce the net value
of external pressure on the coal matrix. Overall, with an increase in gas pressure, dilatant stress, peak
stress, and residual stress all increase accordingly. With an increase in confining pressure, the enclosed
space tends to be ideal and the three types of stress show a much more significant increase, as shown
in Figure 5. In most cases, residual stress is greater than dilatant stress. After peak stress, the enclosed
space is broken and the static pressure in the porous network does not play a determining role,
while under dilatant stress, the sample is still in a nonlinear enclosed space and pore pressure does not
effectively cause an increase. Such difference indicates that pore pressure plays a less significant role
than confining pressure. For the applicable conditions of the principle of effective stress, there is an
available-to-unusable transition corresponding to the enclosed space existing and breaking after failure.
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Figure 5. Deviatoric stress, volumetric strain, permeability, and permeability change rate at dilatant point,
peak point, and residual point under confining pressures of (a) 3 MPa, (b) 6 MPa, and (c) 9 MPa ∞ indicates
an infinite value because the denominator may be 0, represented by a larger value such as 10.
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Volumetric change under different pore pressures is not significant, and dilatant strain experiences
no change. Therefore, the change in peak strain and residual strain is mainly due to deviatoric stress.
Permeability changes in a similar way to volumetric change. The sensitivity of pore pressure on the
rate of volumetric strain and permeability is greater than the stress drop.

Coal deformation includes continuous deformation of matrix influenced by effective stress,
pore deformation influenced by pore pressure, and discontinuous deformation of fracture influenced
by deviatoric stress. Based on triaxial compression, before the dilatant strain, coal can be considered
as a porous medium, dominated by matrix deformation and pore deformation, and the principle of
effective stress is met in the enclosed pore space. After dilatant strain, nonlinear deformation promotes
the development of a multiscale network, including pore interconnection and fracture generation.
After peak strain, the deformation is mainly due to discontinuous fracture connection, and the principle
of effective stress is no longer applicable in the broken enclosed space. Before peak strain, deviatoric
stress and effective stress dominate the deformation continuously. After, deviatoric stress dominates
the structural deformation by discontinuous fractures. Confining pressure and pore pressure can
be external stress factors, and the complicated distribution and formation of discontinuities of the
multiscale network are internal factors. External stress controls coal deformation by the local stress
influenced by internal factors.

4. Percolation Model for Critical Behavior of CH4 Seepage

4.1. CT Reconstruction of Network and Determination of Fractal Dimension

The CT topography of fractures for all nine samples is shown in Figure 6. After failure,
the discontinuities can be divided into micropore network and macro-shear fractures. The complicated
distribution of discontinuities shows the strong multiscale effect, and the multiscale connection forms
a shearing block. Under triaxial compression, shear stress dominates the connected fracture generation
and the shear in 3D space can occur in multiple fracture planes resulting in single network (C01
and C04), multiple network (C02 and C03), bending network (C06), crossed network (C07 and C08),
pore-dominated network (C05), and complex network (C09).

Fractal dimension is often used to measure the roughness of a fracture surface, and spatial
roughness reflects the complexity of the distribution of shear planes. In this study, we propose a
self-similar fractal method [30], i.e., the volume-covering method, to characterize the roughness of a
fracture surface. The fundamental concept here is to replace specific grid-covered shape with volume.

For a fractal set F, most researchers would use the n-dimensional ball or another collection method
such as measuring fractal box scales. A collection of box dimension, often with an easy-to-use and less
restrictive concept of s-dimensional tolerance degree, has a close relationship to volume. To illustrate
this point, Fδ of δ parallel to the body is defined by:

Aδ = {x ∈ Rn : |x− y| ≤ δ, ∀y ∈ A} (2)

So, the definition of Fδ of δ parallel to the body includes all points set at less than distance δ. For
example, in the space R3, assuming a single point of collection F = {x0}, there is a sphere of radius δ

and center coordinates x0; assuming a line segment of collection F = {x0}, there is a cylinder with the
center line F. The n-dimensional volume of Fδ can be expressed by voln(Fδ) considering the speed of
convergence under the condition δ→ 0 with

voln(Fδ) ∼ cδn−s (δ→ 0) (3)

where s denotes the dimension of F and c can be taken as the s-dimensional tolerance in set F.



Processes 2018, 6, 127 14 of 22

The three-dimensional volume of Fδ could be expressed by vol3(Fδ) considering the speed of
convergence under the condition δ→ 0 with form

vol3(Fδ)

δ3 ∼ cδ−s, (δ→ 0) (4)
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To extend the meaning of the cubic volume δ3, there is the definition of v(δ) with the condition
lim
δ→0

v(δ) = 0. On the whole, the prism-like volume, including the rough surface, could be covered by

the volume of v(δ) instead of the cubic shape to calculate all the numbers. The total number Ni,j of
volume covering one prism-like volume within grid (i, j) could be expressed by

Ni,j = INT
(

vol3(Fδ)

v(δ)
+ 1
)

(5)
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So, the total number N of volume covering all prism-like volume could be calculated by

N(δ) =
n−1

∑
i,j=1

Ni,j (6)

By changing the scale of observation, the total number N could be calculated repeatedly. Based on
fractal theory, the rough surface has fractal properties that strictly follow the relationship

N(δ) ∼ cδ−s (7)

According to the volume-covering method, the relationship between fractal dimension D and
porosity φ (Table 2) of rough fractures after failure is obtained, shown in Figure 7. The relationship
shows good linear characterization with fractal dimension and porosity, verifying that the fractal
dimensions can be used to quantitatively characterize the complexity of the spatial distribution of
rough fractures.
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4.2. Probability of Multiscale Connectivity Denfined by Strain-Based Damage

Under triaxial compression, spherical stress and deviatoric stress both increase. Before the
dilatancy boundary, compression is mainly induced by spherical stress with the multiscale network
closed. After, deviatoric stress starts to play a role in the open network. In addition, the multiscale
behavior influenced by the network connection promotes increasing dilatancy. The deviatoric
stress-induced dilatancy and contact surface of asperity decreasing is the main reason for enhanced
permeability. Such explanation cannot quantitatively reveal the rapid increase until the network is
connected. Indeed, the new interconnection channels by the deviatoric stress-induced deterioration
of coal, which connect isolated pores into clusters, are the basis for the sudden transition behavior
in permeability.

Moreover, volumetric strain can be used to describe the interconnectivity of the multiscale
network indirectly, as shown in Figure 3. There is an increase in damage with shear stress, as well as
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the growing multiscale network in coal. Based on axial strain, damage D induced by deviatoric stress
can be defined as:

D =
ε1

ε1D
(8)

where ε1 is the axial strain corresponding to axial stress σ1 and ε1D is the critical axial strain at the
dilatant boundary.

When the damage reaches the value of 1, the stress–strain relationship turns from increasing
into decreasing, indicating that strengthen behavior changes into strain-softening. The volumetric
strain with axial strain also shows the sudden increase at the boundary as well as permeability.
We can understand that the transition behavior is caused by the sudden connection of multiscale
networks corresponding to the volumetric behavior shifting from compression to dilatancy. With the
complete connection of multiscale networks in coal, the probability of CH4 flow through the coal
increases. Without micropores in the linear deformation, we mainly focus on the permeability evolution
influenced by nonlinear deformation.

Clusters are formed by connecting adjacent pores, with an increase in local damage. Then, the clusters
keep connecting to each other to form a bigger multiscale network. The connectivity of two pores can
be defined as the number of paths allowing CH4 to flow as well as the two clusters, even two networks.
On a different scale, the number is different and its evolution with the damage is scale invariance [21–24].
Based on the percolation model, we can understand the phenomenon of phase transition caused by the
multiscale network [20,26].

When the percolation threshold of network connectivity is reached, permeability increases
drastically. The transition of connectivity means the phase of coal changes from porous to fractured
medium. By taking the void generation and connection between them as sites and bonds in the
percolation modeling, the probability of connectivity P can be defined as:

P ∝ (p− pc)
β (9)

where p and pc mean the cause of phase transition of connectivity, which is defined as the probability
of the occupied lattice of a detailed parameter, i.e., void density ρ or volumetric strain, and critical
probability, respectively. β is a conductivity index of 2 considering the 3D effect [31–33].

Void density is defined as the number of sites in a covering element, and it is also influenced by
the multiscale network. As for the sharply increasing transition, crack density instantaneously changes
with axial stress, confining pressure, and gas pressure. Its evolution depends on the spatial topology
of the network’s distribution, generation, and connection. Determination of density can be obtained
quantitatively by CT technology. CT is often used to describe the micropore structure in coal, and the
phase transition of multiscale structure may adapt the same way.

The final CT topography of the multiscale network can be easily obtained, as shown in Figure 6.
The multiscale effect indicates that the scale-dependent variables should be taken into consideration.
The critical behavior often shows self-similarity and scale invariance, and fractal theory is often used
to describe the similarity of the disordered structures. The linear relationship of the fractal dimension
by the volume-covering method and porosity, shown in Figure 7, indicates the self-similarity of the
network. The fractal dimension has the same scale invariance as the conductivity index β in percolation
theory. Therefore, we can define the multiscale structure of this nature as fractal percolation.

4.3. Percolation Model for Transition Behavior of CH4 Seepage

Multiscale and quantitative descriptions of conductivity are normally based on permeability
and correlate with connected clusters. The geometric opening and closing of pore-crack-fracture
are determined by the competition behavior between normal stress-induced compression and shear
stress-induced dilatancy. Indeed, shear stress can cause slipping behavior with opening of the contact
at the aperture scale, and the improved permeability enhances conductivity.
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The evolution of stress-strain-connectivity-conductivity-permeability is stress-dependent permeability,
or stress-permeability for short [34]. Many results of stress-permeability show a good fitting relation
before failure without strain-connectivity-conductivity. When coal as a porous medium changes into a
fracture-dominated structure, few results of stress-permeability can illustrate the sudden transition of
the geometric phase. Darcy’s law can describe the seepage behavior in porous media, and the cubic
law is the theoretical basis for analyzing stress-permeability for fractures [35–37]. For steady flow,
the two laws can well describe before and after the dilatant boundary. Based on the steady state of
stress, stress-permeability can have good applicability. When at the dilatant boundary, brittle failure
with decreasing stress and unchanged strain indicates that stress-permeability is invalid to describe
the abrupt change in permeability. Indeed, using stress-induced strain for the direct variable as a
geometric factor for permeability and strain-permeability needs more consideration.

It is difficult, if not impossible, to precisely measure and quantify the aperture of multiscale
networks. Alternatively, strain can be measured directly and has an advantage of taking into
consideration all complicated factors. Establishing strain-permeability may be a more effective method.
The relationship between the probability of connectivity and permeability can be defined as:

P ∝
k
k f

(10)

The percolation model for a multiscale network depends on volumetric strain and can be
established by triaxial compression of coal. Volumetric strain at the dilatant boundary, shown in
Table 3, is determined by axial strain and radical strain. Therefore, critical probability pc can be
expressed as:

pc ∝ ε1D + ς(ε3D) (11)

where ε1D is critical axial strain at the dilatant boundary and determines the trend of the percolation
curve and ς(ε3D) represents the effect of radial stain and determines the shift of the trend.

The probability density function of axial strain can be used for the multiscale analysis of
percolation structures. Therefore, the corresponding occupied probability is:

p = 1− exp
(
− ε1

ε1D

)
(12)

When the multiscale structure reaches the critical state corresponding to ε1D, then the critical
percolation can be defined as:

pc = 1− e−1 = 0.63 (13)

With Equations (9), (10), (12), and (13), the permeability relationship under percolation theory can
be obtained as:

k = Ck f

[
1− e−(ε1/ε1D) − 0.63

]2
(14)

where C is a constant with a value of 40, which is obtained from the fitting curve in Figure 8.
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Figure 8. Percolation model validation and comparison with the experimental data for samples (a)
C01, (b) C02, (c) C03, (d) C04, (e) C05, (f) C06, (g) C07, (h) C08, and (i) C09. Black lines indicate the
percolation model, red lines indicate the volumetric-normalized strain relationship, and blue lines
indicate permeability with normalized strain.

Using Equation (14), we compare the theoretical model with the experimental data for the
permeability of all nine samples under triaxial compression. In Figure 8, the effective permeability of
C07 is not obtained experimentally. The results for the remaining samples show acceptable matches,
and even satisfying matches for C02, C03, C04, C06, and C08. Although confining pressure and gas
pressure boundaries are different for each sample in Figures 4 and 5, the percolation model for CH4 in
coal shows excellent effectiveness.

5. Conclusions

In this study, the multiscale network is reconstructed by CT technology and determined
quantitatively by fractal theory according to the volume-covering method proposed. The coupled
tests are carried out by orthogonal experiments of confining pressure and gas pressure. The evolution
of CH4 seepage is modeled by percolation theory for the coupled strain-permeability. The main
conclusions are drawn as follows:

1. The gas-stress coupled experiment was carried out for ineffectiveness of the stress-dependent
model of permeability at the dilatant boundary. The results show that before failure, coal, as a
porous medium, can be coupled with CH4 seepage by the Darcy’s flow, and after failure, coal as
a fractured medium can be solved by the cubic law. The closed space before and after failure is
the key controlling the assumptions for the law. The stress-dependent model is only effective
based on the representative volume element as the continuous medium. The results also show
that breakage of the closed space at the dilatant boundary will cause the multiscale behavior,
with a sudden increase in volumetric strain and permeability.

2. The coupled strain-permeability of orthogonal experiments on confining pressure and gas
pressure was investigated. The results show that there is not good agreement between deviatoric
stress, volumetric strain, permeability, change rate, and confining pressure and pore pressure.
Almost all the samples have a highly consistent relationship between volumetric strain and
permeability at the dilatant point, peak point, and residual point of the stress-strain curve.

3. CT-based reconstruction of multiscale networks in coal at the dilatant boundary is proposed.
The results of all samples show various kinds of multiscale networks, and the isolated micropores
can be neglected in the linear deformation for the transition of permeability. The shear stress
induced by nonlinear deformation of the network should receive more attention.
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4. The fractal percolation model of the multiscale network by shear stress is verified by the
volume-covering method. The linear relationship between porosity and fractal dimension by the
volume-covering method shows the multiscale effect and effective description by fractal theory.
The scale invariance of void density, connectivity, and conductivity suggests the percolation
model’s understanding of the coupled behavior of gas-stress-induced behavior.

5. The strain-based percolation model of permeability evolution under triaxial compression is
proposed. The volumetric strain of connected clusters in triaxial compression dominates
the transition behavior. The evolution of permeability with volumetric strain shows a good
correlation. The results show that the percolation model is very effective at illustrating and
predicting the sudden transition behavior of CH4 seepage in coal by high agreement with the
experimental data.
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Abbreviations

DS Dilatant stress (deviatoric stress)
PS Peak stress (deviatoric stress)
RS Residual stress (deviatoric stress)
DP Dilatant permeability
PP Peak permeability
RP Residual permeability
DSN Dilatant strain
PSN Peak strain
RSN Residual strain
SDR Stress drop rate
PCR Permeability change rate
VCR Volumetric strain change rate
EDZ Excavation damaged zone
CT X-ray computed tomography

Symbol List

k, k0, k f permeability, initial permeability, final permeability
p0 atmospheric pressure, 0.1 MPa
p1, p2 inlet and outlet gas pressure
q flow rate
A cross-sectional area
µ gas viscosity coefficient
L length
F fractal set
Aδ

F parallel body with distance δ
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δ distance
x0 center coordinates
x, y Cartesian coordinates
voln(Fδ) volume in n-dimensional space
s dimension of F
c s-dimensional tolerance in set F
v(δ) prism-like volume
i, j grid coordinate

Ni,j
total amount of volume covering one prism-like
volume

N
total amount of volume covering all prism-like
volume

D damage
φ porosity
P probability of connectivity
p probability of occupied lattice
pc critical probability
β conductivity index
σ1, σ3 maximum and minimum principal stress
ε1, ε3 maximum and minimum principal strain

ε1D, ε3D
maximum and minimum principal strain at critical
dilatant boundary

C a constant obtained from the fitting curve
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