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Abstract

This paper presents a unified framework for trajectory tracking and static obstacle avoid-
ance of differential-drive mobile robots. A nominal exact-decoupling controller achieves 
pure exponential longitudinal convergence and globally avoids angular singularities via a 
stereographic projection; its cascade structure is proved globally asymptotically stable, and 
a time-scale separation analysis yields an explicit lateral settling-time constant, enabling 
prescribed convergence design. To handle obstacles, an artificial potential field (APF) 
correction is superimposed in a structure-preserving manner: the cancellation term respon-
sible for longitudinal decoupling is retained, so the longitudinal error dynamics remain 
decoupled and are only additively perturbed during avoidance. The perturbed closed loop 
is modelled as a cascade driven by bounded inputs, and a bounded-input bounded-state 
(BIBS) analysis guarantees that tracking errors stay bounded during avoidance and recover 
exponentially with the nominal time constants once the influence zone is left. Quantitative 
error bounds and a recovery-time estimate enable an explicit safety–performance trade-off. 
Simulations on circular and figure-eight trajectories with single and multiple static obstacles 
confirm the predicted recovery behaviour and reduce the total integral squared error (ISE) 
by factors of 7.4 and 20 relative to a CBF-QP safety filter, with lateral recovery about twice 
as fast as that of a Kanayama controller augmented by APF. 

Keywords: nonholonomic mobile robot; trajectory tracking; obstacle avoidance; artificial 
potential field; bounded-input bounded-state stability; cascade systems

1. Introduction
Differential-drive wheeled mobile robots (WMRs) are fundamental platforms in au-

tonomous navigation, logistics, and service robotics [1]. Their nonholonomic constraint 
.𝑥 sin 𝜃 − .𝑦 cos 𝜃 = 0 and underactuation (two inputs, three degrees of freedom) make 

trajectory tracking their predominant control paradigm: Brockett’s condition [2] rules out 
asymptotic stabilisation by continuous time-invariant feedback, whereas trajectory tracking 
is feasible and has been extensively studied [3]. A feasible reference trajectory provides 
persistent excitation and maintains controllability [4,5]. Beyond stability, engineering appli-
cations demand predictable dynamic responses (e.g., settling time, overshoot) to facilitate 
gain tuning and system integration. However, the intrinsic coupling among longitudinal, 
lateral, and heading errors makes it extremely challenging to prescribe the convergence 
performance of individual error channels independently.
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The seminal work by Kanayama et al. [6] proposed a Lyapunov-based tracking con-
troller that guarantees local asymptotic stability under nonzero reference velocity. It suffers 
from three inherent limitations: the error dynamics remain coupled, preventing indepen-
dent tuning of settling times; the heading error is confined to (−𝜋, 𝜋), causing unwinding 
problems near ±𝜋 [7]; and the relationship between gains and convergence rates is implicit. 
Subsequent research has sought to overcome these deficiencies. Backstepping and cascade 
designs [8–10] provide systematic Lyapunov constructions but still entangle the three error 
channels. Sliding mode control (SMC) [11,12] enhances robustness yet introduces chatter-
ing and lacks explicit gain-to-performance mapping. Meanwhile, observer-based designs 
have enabled trajectory tracking under general time-varying references with partial state 
measurements [13], yet the three error channels remain coupled, leaving independent per-
channel performance tuning out of reach. Prescribed performance control (PPC) [14,15] 
confines errors within decaying envelopes, but the transformation from performance func-
tions to controller gains remains indirect. Recent developments have extended the PPC 
framework to path following of nonholonomic vehicles [16] and to angle-constrained adap-
tive formation control [17]; nevertheless, these designs prescribe transient error envelopes 
rather than an explicit gain-to-settling-time mapping for the individual error channels.

When operating in cluttered environments, trajectory tracking must be integrated with 
obstacle avoidance. The artificial potential field (APF) method [18,19] is widely used for its 
simplicity, but a direct superposition of repulsive forces onto a coupled tracking controller 
generally destroys any nominal decoupling property and may lead to unpredictable recovery. 
Control barrier functions (CBFs) [20,21] offer a rigorous safety certificate, but when applied 
as a minimal-intervention quadratic-program filter to a highly coupled nonlinear tracker, 
they can severely degrade tracking accuracy, as will be demonstrated in this paper. Recent 
advances have addressed the feasibility and conservatism issues in CBF-QP formulations 
by introducing hierarchical frameworks that prioritise safety while preserving performance 
objectives [22]. Integrated planning-and-control frameworks that combine prescribed-time 
tracking with collision-free navigation have likewise been pursued [23]. Across these lines 
of work, however, safety enforcement and explicit per-channel performance prediction 
are realised by separate mechanisms; preserving the nominal gain-to-settling-time map 
throughout the avoidance maneuver itself has, to the best of our knowledge, not been 
explicitly pursued.

To fill this gap, this paper proposes a novel continuous state-feedback controller for tra-
jectory tracking of differential-drive WMRs, together with a unified obstacle-aware extension. 
The core innovations are threefold. First, a nonlinear feedforward term 𝑦𝑒𝜔 in the linear 
velocity command exactly cancels the coupling in .𝑥𝑒, leading to .𝑥𝑒 = −𝑘𝑥𝑥𝑒—pure exponen-
tial convergence with a user-assigned rate, completely independent of lateral and heading 
transients. Second, the stereographic projection Θ = tan(𝜃𝑒/2) maps the heading error onto 
ℝ, eliminating the topological singularity and enabling a smooth, globally defined control 
law without switching. Third, we extend the nominal controller to obstacle avoidance by 
superimposing structure-preserving APF corrections: the actual (corrected) angular velocity 
is fed into the 𝑦𝑒𝜔 cancellation term, preserving exact longitudinal decoupling even during 
aggressive avoidance maneuvers.
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Furthermore, a quantitative performance analysis is carried out. Through linearisation 
and singular perturbation, an explicit lateral slow-mode time constant 𝜏𝑦 = 𝑘𝜃/(4𝑘𝑦𝑣2

𝑟) is 
derived under the separation condition 𝑘𝜃 ≫ 4√𝑘𝑦𝑣𝑟. This allows the designer to prescribe 
the settling time of the lateral error directly. For the obstacle-aware case, conservative bounds 
on peak tracking deviations are derived as functions of the APF parameters, enabling a 
safety–performance trade-off without extensive simulations.

The closed-loop nominal system is proved globally asymptotically stable using cascade 
theory and LaSalle’s invariance principle. Under bounded APF corrections, the perturbed 
cascade is shown to be bounded-input bounded-state (BIBS) stable, and the tracking errors 
recover exponentially with the nominal time constants after the obstacle is cleared. Extensive 
simulations on circular and figure-eight trajectories confirm that the proposed method 
outperforms the Kanayama controller, a self-tuning baseline, and a CBF-QP safety filter in 
terms of tracking accuracy and predictable, verifiable recovery while maintaining collision-
free operation.

The remainder of this paper is organised as follows. Section 2 presents the robot 
kinematic model, the error dynamics, the stereographic projection, and the obstacle repre-
sentation. Section 3 details the nominal predictable-performance tracking controller and 
its stability analysis, proceeding in three stages—exact longitudinal decoupling, cascade 
stability, and time-scale separation—whose Lyapunov function is deliberately reused in 
Section 4. Section 4 extends the design to obstacle avoidance via structure-preserving APF 
corrections and analyzes the boundedness and recovery properties, with the nominal cas-
cade recovered exactly whenever the corrections vanish. Section 5 validates the theoretical 
results through numerical simulations. Finally, Section 6 concludes the paper.

2. Problem Formulation and Preliminaries
2.1. Robot Kinematic Model and Tracking Error Dynamics

Consider a differential-drive mobile robot with pose 𝐪 = [𝑥, 𝑦, 𝜃]T and kine-
matic model [1,6,7],

.𝑥 = 𝑣 cos 𝜃, .𝑦 = 𝑣 sin 𝜃, .𝜃 = 𝜔, (1)

subject to the nonholonomic constraint .𝑥 sin 𝜃 − .𝑦 cos 𝜃 = 0. The control inputs are the linear 
and angular velocities 𝑣(𝑡), 𝜔(𝑡).

A virtual reference robot generates the desired trajectory 𝐪𝑟 = [𝑥𝑟, 𝑦𝑟, 𝜃𝑟]T via

.𝑥𝑟 = 𝑣𝑟 cos 𝜃𝑟, .𝑦𝑟 = 𝑣𝑟 sin 𝜃𝑟, .𝜃𝑟 = 𝜔𝑟, (2)

with reference velocities 𝑣𝑟(𝑡), 𝜔𝑟(𝑡). The tracking error in the body frame is defined as

𝐞 = [𝑥𝑒, 𝑦𝑒, 𝜃𝑒]T =
[



cos 𝜃 sin 𝜃 0
− sin 𝜃 cos 𝜃 0

0 0 1

]



(𝐪𝑟 − 𝐪). (3)

As illustrated in Figure 1, differentiating (3) and using (1)–(2) gives the error dynamics

.𝑥𝑒 = 𝑦𝑒𝜔 − 𝑣 + 𝑣𝑟 cos 𝜃𝑒, .𝑦𝑒 = −𝑥𝑒𝜔 + 𝑣𝑟 sin 𝜃𝑒, .𝜃𝑒 = 𝜔𝑟 − 𝜔, (4)

defined on R2 × (−𝜋, 𝜋).
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Figure 1. Kinematic model of the differential-drive mobile robot.

2.2. Stereographic Projection
To handle the angular error globally on (−𝜋, 𝜋) and avoid singularities when 𝜃𝑒 ap-

proaches ±𝜋, we employ the stereographic projection [24]

Θ = tan
𝜃𝑒
2 , (5)

which is a smooth bijection from (−𝜋, 𝜋) onto R. The inverse mapping is 𝜃𝑒 = 2 arctan Θ. 
Using the identities

sin 𝜃𝑒 =
2Θ

1 + Θ2 , cos 𝜃𝑒 =
1 − Θ2

1 + Θ2 , (6)

the error dynamics (4) can be rewritten in the transformed coordinates as

.𝑥𝑒 = 𝑦𝑒𝜔 − 𝑣 + 𝑣𝑟
1 − Θ2

1 + Θ2 ,

.𝑦𝑒 = −𝑥𝑒𝜔 + 𝑣𝑟
2Θ

1 + Θ2 ,

.Θ =
1 + Θ2

2 (𝜔𝑟 − 𝜔).

(7)

2.3. Obstacle Representation and APF Basics
The robot must also avoid 𝑁 static obstacles at 𝐨𝑖 = [𝑥𝑜𝑖, 𝑦𝑜𝑖]T. Let 𝑑𝑖 = ‖𝐩 − 𝐨𝑖‖ with 

𝐩 = [𝑥, 𝑦]T be the Euclidean distance, and 𝜙𝑖 = atan2(𝑦𝑜𝑖 − 𝑦, 𝑥𝑜𝑖 − 𝑥) − 𝜃 be the relative 
bearing in the body frame. Following [18,19], we assign a repulsive APF

𝑈𝑖(𝑑𝑖) =
{


𝜂
2 (

1
𝑑𝑖

−
1
𝑑0

)
2
, 𝑑𝑖 < 𝑑0,

0, 𝑑𝑖 ≥ 𝑑0,
(8)

with gain 𝜂 > 0 and influence radius 𝑑0 > 0. The repulsive force 𝐅𝑖 = −∇𝑈𝑖 acts along the 
direction from the obstacle to the robot:

𝐅𝑖 =
{


𝜂(
1
𝑑𝑖

−
1
𝑑0

)
1
𝑑2

𝑖
ˆ𝐫𝑖, 𝑑𝑖 < 𝑑0,

0, 𝑑𝑖 ≥ 𝑑0,
(9)

where ˆ𝐫𝑖 = (𝐩 − 𝐨𝑖)/𝑑𝑖. Decomposing 𝐅𝑖 into the robot body frame yields longitudinal and 
lateral components, which will be used as avoidance velocity corrections in Section 4.
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2.4. Control Objectives
The control objectives are twofold:

(i) Nominal tracking: Design 𝑣 and 𝜔 such that 𝐞(𝑡) converges asymptotically to zero, 
with exactly exponential longitudinal error and predictable lateral convergence via an 
explicit time constant.

(ii) Obstacle-aware control: In the presence of obstacles, the robot must avoid collisions 
with bounded tracking errors, and recover to the nominal convergence rates after the 
maneuver, with quantifiable worst-case deviations.

2.5. Assumptions
We impose the following assumptions, which are standard for trajectory tracking of 

wheeled robots and are extended to accommodate the obstacle avoidance scenario.

Assumption 1. The reference velocities 𝑣𝑟(𝑡) and 𝜔𝑟(𝑡) are piecewise continuous and bounded. 
Let 𝑣max ∶= sup𝑡≥0 𝑣𝑟(𝑡) < ∞ and 𝜔max ∶= sup𝑡≥0 |𝜔𝑟(𝑡)| < ∞. The reference linear velocity is 
nonnegative: 𝑣𝑟(𝑡) ≥ 0 for all 𝑡 ≥ 0.

Assumption 2. There exists a constant 𝑣min > 0 such that 𝑣𝑟(𝑡) ≥ 𝑣min for all 𝑡 ≥ 0. This 
condition ensures that on the set where the Lyapunov derivative vanishes we can conclude 𝑦𝑒 = 0
(see Lemma 1). It is satisfied by all non-stopping reference trajectories.

Assumption 3. For the purpose of rigorous stability analysis, the reference velocities 𝑣𝑟 and 𝜔𝑟
are assumed constant (autonomous case). We emphasise that 𝜔𝑟 may be any constant and, in 
particular, need not vanish: it is exactly cancelled by the feedforward term of the control law (10), 
and it enters the subsequent analysis only through the bound 𝜔max of Assumption 1; no result of 
this paper requires 𝜔𝑟 = 0 (see also Section 3.3). The case of slowly varying reference trajectories is 
examined numerically in Section 5; the extension of the theoretical analysis to genuinely time-varying 
references remains an open problem beyond the scope of this paper.

Assumption 4. The initial heading error satisfies |𝜃𝑒(0)| < 𝜋. Consequently, the stereographic 
projection Θ = tan(𝜃𝑒/2) is well-defined initially. For the nominal closed loop, the invariance of the 
domain |𝜃𝑒| < 𝜋 is proved in Remark 1 of Section 3; in the obstacle-aware case, the controller and APF 
parameters are selected so as to maintain this invariance throughout the avoidance maneuver, which 
serves as a standing condition in the analysis of Section 4 and is verified a posteriori in Section 5.

Assumption 5. The obstacle positions 𝐨𝑖 are static and known to the robot within its sensing range. 
The robot does not start inside any obstacle influence zone; i.e., 𝑑𝑖(0) ≥ 𝑑0 for all 𝑖. Moreover, the 
obstacles are sufficiently spaced so that influence zones do not overlap with the reference trajectory for 
more than a finite time interval. This ensures that the obstacle-induced perturbations are temporary. 
In addition, the controller parameters and the influence radius 𝑑0 are selected such that the distance to 
every active obstacle remains strictly positive during the entire avoidance maneuver; i.e., there exists 
𝑑min > 0 such that 𝑑𝑖(𝑡) ≥ 𝑑min for all 𝑖 and for all 𝑡 belonging to the (finite) avoidance interval. 
This standard design requirement for APF-based schemes is verified a posteriori in the simulations in 
Section 5.
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3. Nominal Predictable-Performance Tracking Controller
3.1. Controller Design and Closed-Loop Cascade

Starting from the transformed error dynamics (7), we propose the continuous state-
feedback law

𝑣 = 𝑦𝑒𝜔 + 𝑣𝑟
1 − Θ2

1 + Θ2 + 𝑘𝑥𝑥𝑒,

𝜔 = 𝜔𝑟 +
2𝑘𝜃Θ

1 + Θ2 +
4𝑘𝑦𝑣𝑟𝑦𝑒

(1 + Θ2)2 ,
(10)

where 𝑘𝑥, 𝑘𝜃, 𝑘𝑦 > 0 are constant gains and Θ = tan(𝜃𝑒/2). In the original heading co-
ordinates, the control law reads 𝑣 = 𝑦𝑒𝜔 + 𝑣𝑟 cos 𝜃𝑒 + 𝑘𝑥𝑥𝑒 and 𝜔 = 𝜔𝑟 + 𝑘𝜃 sin 𝜃𝑒 +
4𝑘𝑦𝑣𝑟𝑦𝑒 cos4(𝜃𝑒/2). The term 𝑦𝑒𝜔 in the linear velocity command is the structural key: 
it cancels the coupling 𝑦𝑒𝜔 present in .𝑥𝑒, leading to exact longitudinal decoupling without 
any approximation.

Substituting (10) into (7) gives the closed-loop error dynamics

.𝑥𝑒 = −𝑘𝑥𝑥𝑒, (11)

.𝑦𝑒 = −𝑥𝑒𝜔 + 𝑣𝑟
2Θ

1 + Θ2 , (12)

.Θ = −𝑘𝜃Θ −
2𝑘𝑦𝑣𝑟𝑦𝑒

1 + Θ2 . (13)

Define 𝑧 = [𝑦𝑒, Θ]T. The system takes the cascade form

.𝑥𝑒 = −𝑘𝑥𝑥𝑒, .𝑧 = 𝑓 (𝑧) + 𝑔(𝑧)𝑥𝑒, (14)

with

𝑓 (𝑧) =
[





𝑣𝑟
2Θ

1 + Θ2

−𝑘𝜃Θ −
2𝑘𝑦𝑣𝑟𝑦𝑒

1 + Θ2

]





, 𝑔(𝑧) = [


−𝜔(𝑧)
0

]


,

where 𝜔(𝑧) denotes the angular velocity command (10) expressed in terms of 𝑧.

3.2. Global Asymptotic Stability
We first analyze the nominal 𝑧-subsystem obtained by setting 𝑥𝑒 ≡ 0 in (12)–(13):

.𝑦𝑒 = 𝑣𝑟
2Θ

1 + Θ2 , .Θ = −𝑘𝜃Θ −
2𝑘𝑦𝑣𝑟𝑦𝑒

1 + Θ2 . (15)

Lemma 1 (Stability of the nominal 𝑧-subsystem). For system (15) with constant 𝑣𝑟 > 0
and gains 𝑘𝜃, 𝑘𝑦 > 0, the origin (𝑦𝑒, Θ) = (0, 0) is globally asymptotically stable and locally
exponentially stable.

Proof. Consider the Lyapunov function candidate

𝑉0(𝑦𝑒, Θ) =
1
2𝑦2

𝑒 +
1

2𝑘𝑦
Θ2,

which is positive definite and radially unbounded. Its time derivative along (15) is

.𝑉0 = 𝑦𝑒 .𝑦𝑒 +
1
𝑘𝑦

Θ .Θ

= 𝑦𝑒(𝑣𝑟
2Θ

1 + Θ2 ) +
1
𝑘𝑦

Θ(−𝑘𝜃Θ −
2𝑘𝑦𝑣𝑟𝑦𝑒

1 + Θ2 )

=
2𝑣𝑟𝑦𝑒Θ
1 + Θ2 −

𝑘𝜃
𝑘𝑦

Θ2 −
2𝑣𝑟𝑦𝑒Θ
1 + Θ2 = −

𝑘𝜃
𝑘𝑦

Θ2 ≤ 0.
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Hence, 𝑉0 is nonincreasing and the origin is stable. The set where .𝑉0 = 0 is
𝑆 = {(𝑦𝑒, Θ) ∶ Θ = 0}. On 𝑆, Θ ≡ 0 and therefore .Θ ≡ 0. From the second equation 
of (15) we obtain

0 = −𝑘𝜃 ⋅ 0 −
2𝑘𝑦𝑣𝑟𝑦𝑒

1 + 0 = −2𝑘𝑦𝑣𝑟𝑦𝑒,

which forces 𝑦𝑒 = 0 because 𝑘𝑦 > 0 and 𝑣𝑟 ≥ 𝑣min > 0 by Assumption 2. Thus the largest 
invariant set contained in 𝑆 is the origin. By LaSalle’s invariance principle [25], every 
trajectory of (15) converges to (0, 0) as 𝑡 → ∞. Because 𝑉0 is radially unbounded, the origin 
is globally asymptotically stable. Local exponential stability follows from linearisation, 
which yields the characteristic polynomial 𝜆2 + 𝑘𝜃𝜆 + 4𝑘𝑦𝑣2

𝑟 = 0 with roots having strictly 
negative real parts. 

Theorem 1 (Global asymptotic stability of the nominal system). Consider the closed-loop 
system (11)–(13) under Assumptions 1–4. If the reference linear velocity satisfies 𝑣𝑟(𝑡) ≥ 𝑣min > 0
for all 𝑡 ≥ 0 and is constant, then the equilibrium (𝑥𝑒, 𝑦𝑒, Θ) = (0, 0, 0) is globally asymptotically 
stable. Moreover, the longitudinal error converges exponentially:

𝑥𝑒(𝑡) = 𝑥𝑒(0) 𝑒−𝑘𝑥𝑡. (16)

Proof. From (11) we have .𝑥𝑒 = −𝑘𝑥𝑥𝑒; hence, 𝑥𝑒(𝑡) is globally exponentially stable (GES) 
and uniformly bounded by |𝑥𝑒(0)|. In particular, 𝑥𝑒(𝑡) = 𝑥𝑒(0)𝑒−𝑘𝑥𝑡, which is precisely (16). 
The remaining proof is organised in three steps: Step 1 establishes an explicit uniform bound 
of the (𝑦𝑒, Θ)-subsystem that remains valid during the whole transient in which 𝑥𝑒 decays, 
thereby making the effect of the transient coupling rigorous; Step 2 proves (𝑦𝑒, Θ) → (0, 0)
via Barbalat’s lemma; Step 3 assembles the two results.

Step 1 (uniform boundedness during the decay of 𝑥𝑒): Consider 𝑉0(𝑦𝑒, Θ) = 1
2 𝑦2

𝑒 +
1

2𝑘𝑦
Θ2. Along the full closed loop (12)–(13), the terms ± 2𝑣𝑟𝑦𝑒Θ

1+Θ2  cancel exactly and

.𝑉0 = −
𝑘𝜃
𝑘𝑦

Θ2 − 𝑥𝑒 𝜔(𝑧) 𝑦𝑒,

where 𝜔(𝑧) = 𝜔𝑟 + 2𝑘𝜃Θ
1+Θ2 +

4𝑘𝑦𝑣𝑟𝑦𝑒

(1+Θ2)2  is the angular velocity command in (10). The coupling 
term is bounded globally, without any a priori boundedness assumption on Θ. Using 
| 2Θ
1+Θ2 | ≤ 1, 1

(1+Θ2)2 ≤ 1, |𝑦𝑒| ≤ √2𝑉0, and |𝑥𝑒(𝑡)| = |𝑥𝑒(0)|𝑒−𝑘𝑥𝑡,

.𝑉0 ≤ |𝑥𝑒(0)| 𝑒−𝑘𝑥𝑡[√2 (𝜔max + 𝑘𝜃) 𝑉1/2
0 + 8𝑘𝑦𝑣𝑟 𝑉0],

with 𝜔max = sup𝑡≥0 |𝜔𝑟(𝑡)| from Assumption 1. Set 𝑊 = √𝑉0 and, for technical convenience, 

𝑊𝜀 = √𝑉0 + 𝜀2 with 𝜀 > 0, which is continuously differentiable along the trajectories. Since 
𝑉1/2

0 ≤ 𝑊𝜀 and 𝑉0 ≤ 𝑊2
𝜀 ,

.𝑊𝜀 =
.𝑉0

2𝑊𝜀
≤ 𝑒−𝑘𝑥𝑡(𝐴 𝑊𝜀 + 𝐵), 𝐴 ∶= 4𝑘𝑦𝑣𝑟|𝑥𝑒(0)|, 𝐵 ∶= 𝜔max+𝑘𝜃

√2
|𝑥𝑒(0)|.

This linear comparison inequality is integrated by the substitution
Φ(𝑡) ∶= 𝐴

𝑘𝑥
(1 − 𝑒−𝑘𝑥𝑡) ≤ 𝐴

𝑘𝑥
:

𝑊𝜀(𝑡) ≤ 𝑒Φ(𝑡)[𝑊𝜀(0) +
𝐵
𝑘𝑥

] ≤ 𝑒𝐴/𝑘𝑥[𝑊𝜀(0) +
𝐵
𝑘𝑥

],

because ∫𝑡
0 𝑒−𝑘𝑥𝑠𝑒−Φ(𝑠) 𝑑𝑠 ≤ ∫∞

0 𝑒−𝑘𝑥𝑠 𝑑𝑠 = 1
𝑘𝑥

. Letting 𝜀 ↓ 0 yields the time-independent 
uniform bound

𝑊(𝑡) ≤ 𝑊̄ ∶= 𝑒𝐴/𝑘𝑥[√𝑉0(0) +
𝐵
𝑘𝑥

], ∀ 𝑡 ≥ 0.
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Hence, |𝑦𝑒(𝑡)| ≤ √2 𝑊̄ and |Θ(𝑡)| ≤ √2𝑘𝑦 𝑊̄ for all 𝑡 ≥ 0. Thus the (𝑦𝑒, Θ)-subsystem 
remains bounded during the entire transient in which 𝑥𝑒 decays from |𝑥𝑒(0)| to zero, although 
it is continuously driven by the coupling input 𝑔(𝑧)𝑥𝑒 in (14).

Step 2 (convergence of (𝑦𝑒, Θ)): By Step 1, 𝑦𝑒, Θ, and 𝜔(𝑧) are bounded. Integrating 
the identity .𝑉0 = − 𝑘𝜃

𝑘𝑦
Θ2 − 𝑥𝑒 𝜔(𝑧) 𝑦𝑒 over [0, ∞) and using |𝑥𝑒𝜔(𝑧)𝑦𝑒| ≤ |𝑥𝑒(0)|𝑒−𝑘𝑥𝑡(𝜔max +

𝑘𝜃 + 4𝑘𝑦𝑣𝑟 sup𝑡 |𝑦𝑒|) ∈ 𝐿1[0, ∞), we obtain 𝑘𝜃
𝑘𝑦

∫∞
0 Θ2 d𝑡 ≤ 𝑉0(0) + ∫∞

0 |𝑥𝑒𝜔(𝑧)𝑦𝑒| d𝑡 < ∞, i.e., 

Θ ∈ 𝐿2[0, ∞). Moreover, .Θ = −𝑘𝜃Θ −
2𝑘𝑦𝑣𝑟𝑦𝑒

1+Θ2  is bounded, so Θ is uniformly continuous, 
and Barbalat’s lemma [25] yields Θ(𝑡) → 0. Furthermore, Θ̈ is bounded: differentiating 

.Θ involves only 𝑦𝑒, Θ, .Θ, and .𝑦𝑒, all bounded, where .𝑦𝑒 = −𝑥𝑒𝜔(𝑧) + 𝑣𝑟
2Θ

1+Θ2  is bounded 
by Step 1 and Assumption 1. Hence, .Θ is uniformly continuous, and since Θ → 0, the 
standard corollary of Barbalat’s lemma gives .Θ(𝑡) → 0. Finally, solving (13) for 𝑦𝑒 (with 
𝑣𝑟 ≥ 𝑣min > 0 by Assumption 2 and 𝑣𝑟 constant by Assumption 3),

𝑦𝑒 = −
1 + Θ2

2𝑘𝑦𝑣𝑟
( .Θ + 𝑘𝜃Θ) ⟶ 0,

and 𝜃𝑒 = 2 arctan Θ → 0.
Step 3 (assembly): By Step 2, (𝑦𝑒, Θ) → (0, 0) for every initial condition—i.e., the 

equilibrium of the (𝑦𝑒, Θ)-subsystem is globally attractive—and by Step 1 all signals remain 
bounded for arbitrary initial conditions. Lyapunov stability of the origin follows from the 
explicit bound 𝑊̄: as ‖(𝑥𝑒(0), 𝑧(0))‖ → 0 we have |𝑥𝑒(0)| → 0; hence, 𝐴, 𝐵 → 0, 𝑒𝐴/𝑘𝑥 → 1 and 
𝑊̄ → √𝑉0(0), so sufficiently small initial conditions produce uniformly small trajectories. To-
gether with the global exponential stability of 𝑥𝑒 and the exact solution (16), the equilibrium 
(𝑥𝑒, 𝑦𝑒, Θ) = (0, 0, 0) of the closed loop (11)–(13) is globally asymptotically stable. 

Remark 1 (Angular-domain invariance). By Step 1 of the proof of Theorem 1, 𝑉0(𝑡) ≤ 𝑉̄ ∶= 𝑊̄2

for all 𝑡 ≥ 0, where 𝑊̄ = 𝑒𝐴/𝑘𝑥[√𝑉0(0) + 𝐵/𝑘𝑥] is the explicit bound constructed in the proof. Since 
𝑉0 is radially unbounded, the sublevel set {𝑉0 ≤ 𝑉̄} is compact, and therefore

|Θ(𝑡)| ≤ √2𝑘𝑦𝑉̄ =∶ Θ̄ < ∞, ∀ 𝑡 ≥ 0.

Because Θ = tan(𝜃𝑒/2) is a smooth bijection from (−𝜋, 𝜋) onto R with inverse 𝜃𝑒 =
2 arctan Θ ∈ (−𝜋, 𝜋), the uniform bound on Θ(𝑡) implies |𝜃𝑒(𝑡)| < 𝜋 for all 𝑡 ≥ 0: the closed-loop 
trajectory never reaches the stereographic singularity, and the controller operates globally without 
unwinding. We emphasise the logic of the argument: the boundedness of 𝑉0 follows from the explicit 
comparison estimate in Step 1, which is valid even though .𝑉0 is not sign-definite along the full 
cascade; the radial unboundedness of 𝑉0 then converts the bound on 𝑉0 into a uniform bound on Θ, 
and hence into the invariance of the angular domain.

3.3. Time-Scale Separation and Predictable Convergence
Theorem 1 guarantees asymptotic convergence but does not directly quantify the 

settling time. We now extract an explicit relationship between the controller gains and the 
convergence rates through a linearised time-scale separation analysis.

Linearizing the closed-loop system (11)–(13) around the origin in the original heading 
coordinates, and retaining the reference angular velocity 𝜔𝑟, gives

.𝑥𝑒 = −𝑘𝑥𝑥𝑒, (17)
.𝑦𝑒 = −𝜔𝑟𝑥𝑒 + 𝑣𝑟𝜃𝑒, (18)
.𝜃𝑒 = −𝑘𝜃𝜃𝑒 − 4𝑘𝑦𝑣𝑟𝑦𝑒. (19)
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Here the origin is an equilibrium of the closed loop for every constant 𝜔𝑟, and the 
term −𝜔𝑟𝑥𝑒 in (18) originates from 𝜕 .𝑦𝑒/𝜕𝑥𝑒 = −𝜔|𝐞=0 = −𝜔𝑟 by the control law (10), while 
𝜕 .𝑦𝑒/𝜕𝜃𝑒|𝐞=0 = 𝑣𝑟, 𝜕 .𝜃𝑒/𝜕𝑦𝑒|𝐞=0 = −4𝑘𝑦𝑣𝑟, and 𝜕 .𝜃𝑒/𝜕𝜃𝑒|𝐞=0 = −𝑘𝜃. In matrix form, the Jacobian 
of the linearisation is

𝐽 =
[



−𝑘𝑥 0 0
−𝜔𝑟 0 𝑣𝑟

0 −4𝑘𝑦𝑣𝑟 −𝑘𝜃

]



. (20)

Since the first row of 𝐽 contains only its diagonal entry, 𝐽 is block-lower-triangular with 
respect to the partition (𝑥𝑒 | (𝑦𝑒, 𝜃𝑒)), with diagonal blocks −𝑘𝑥 and [ 0 𝑣𝑟

−4𝑘𝑦𝑣𝑟 −𝑘𝜃
]. Consequently,

det(𝜆𝐼 − 𝐽) = (𝜆 + 𝑘𝑥)(𝜆2 + 𝑘𝜃𝜆 + 4𝑘𝑦𝑣2
𝑟), (21)

and the reference angular velocity 𝜔𝑟—which enters 𝐽 only through the feedforward entry 
−𝜔𝑟 in position (2, 1), injecting the exponentially decaying signal 𝑥𝑒 into the .𝑦𝑒 channel 
without any feedback—does not appear in the characteristic polynomial. The time constants 
𝜏𝑥 = 1/𝑘𝑥 and 𝜏𝑦 in (23) below, as well as the separation ratio 𝜅 introduced below, are there-
fore strictly invariant to the constant reference angular velocity 𝜔𝑟: the gain-to-performance 
map in Table 1 holds for any constant 𝜔𝑟, in particular for 𝜔𝑟 ≠ 0, and none of the results in 
this paper require 𝜔𝑟 = 0. This invariance mirrors the exact feedforward cancellation of 
𝜔𝑟 in (10), is consistent with the block-triangular spectral argument used in the recovery 
analysis of Section 4.2, and is confirmed empirically in Section 5.1, where the predicted time 
constants are verified to within 1% for a circular reference with 𝜔𝑟 = 0.5 rad/s ≠ 0.

The second-order factor in (21) governs the coupled (𝑦𝑒, 𝜃𝑒) dynamics. Its discriminant 
is Δ = 𝑘2

𝜃 − 16𝑘𝑦𝑣2
𝑟 = (𝑘𝜃 − 4𝑣𝑟√𝑘𝑦)(𝑘𝜃 + 4𝑣𝑟√𝑘𝑦), so a clear mode separation requires 𝑘𝜃

to be much larger than 4𝑣𝑟√𝑘𝑦; since 𝑘𝑦 carries the unit m−2, both sides of the separation 
condition below have the unit s−1.

Under the time-scale separation condition,

𝑘𝜃 ≫ 4𝑣𝑟√𝑘𝑦, (22)

with the dimensionless separation ratio 𝜅 ∶= 𝑘𝜃/(4𝑣𝑟√𝑘𝑦). Any 𝜅 > 1 already guarantees 

that the two roots 𝜆𝑓 ,𝑠 = −𝑘𝜃±√Δ
2  are real, distinct, and negative, which is all that the 

recovery analysis of Section 4.2 requires; throughout this paper we adopt the conservative 
design rule 𝜅 ≥ 2.5, under which √Δ = 𝑘𝜃√1 − 𝜅−2 ≥ 0.91 𝑘𝜃 and the two modes are clearly 
separated; a standard singular perturbation analysis [26] shows that the two eigenvalues are
well separated:

𝜆𝑓 ≈ −𝑘𝜃, 𝜆𝑠 ≈ −
4𝑘𝑦𝑣2

𝑟

𝑘𝜃
.

The fast mode corresponds to the rapid decay of 𝜃𝑒 at rate 𝑘𝜃, while the slow mode 
governs the asymptotic decay of 𝑦𝑒 with time constant

𝜏𝑦 ≈
𝑘𝜃

4𝑘𝑦𝑣2
𝑟

. (23)

Thus, after an initial fast transient, the lateral error evolves essentially as |𝑦𝑒(𝑡)| ∝ 𝑒−𝑡/𝜏𝑦. 
For a slowly varying reference speed 𝑣𝑟(𝑡), (23) admits the frozen-parameter interpretation 
𝜏𝑦(𝑡) = 𝑘𝜃/(4𝑘𝑦𝑣2

𝑟(𝑡)), which is the form used in the time-varying simulations of Section 5.2.
The longitudinal error is completely decoupled and satisfies |𝑥𝑒(𝑡)| = |𝑥𝑒(0)|𝑒−𝑘𝑥𝑡, corre-

sponding to the time constant 𝜏𝑥 = 1/𝑘𝑥. Consequently, both settling times are explicitly 
prescribed by the designer through the choice of 𝑘𝑥, 𝑘𝑦 and 𝑘𝜃.
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Table 1. From desired settling times to controller gains (constant 𝑣𝑟 > 0).

Error Channel Time Const. Gain Formula Example (𝒗𝒓 = 1.0 m/s)

Longitudinal 𝑥𝑒 𝜏𝑥 = 1/𝑘𝑥 𝑘𝑥 = 1/𝜏𝑥 𝜏𝑥 = 0.5 s ⇒ 𝑘𝑥 = 2.0
Lateral 𝑦𝑒 (slow) 𝜏𝑦 ≈ 𝑘𝜃

4𝑘𝑦𝑣2𝑟
𝑘𝜃 = 4𝑘𝑦𝑣2

𝑟𝜏𝑦 𝜏𝑦 = 5.0 s, 𝑘𝑦 = 1 ⇒ 𝑘𝜃 = 20.0

Heading 𝜃𝑒 (fast transient) 𝜏𝜃 ≈ 1/𝑘𝜃 𝑘𝜃 ≫ 4𝑣𝑟√𝑘𝑦 (𝜅 ≥ 2.5) 4𝑣𝑟√𝑘𝑦 = 4.0 (𝜅 = 5), 𝑘𝜃 = 20 (𝜏𝜃 ≈ 0.05 s) satisfies 
separation

3.4. Gain Tuning for Prescribed Performance
Equations 𝜏𝑥 = 1/𝑘𝑥 and (23) provide a direct map from desired settling times to 

controller gains. Table 1 summarises this mapping and gives a numerical example that 
satisfies the separation condition.

Unlike 𝑥𝑒, whose exponential decay is exact, and 𝑦𝑒, which follows the single slow 
mode after the fast transient, 𝜃𝑒 exhibits a two-phase response: it first approaches the slow 
manifold 𝜃𝑒 ≈ −(4𝑘𝑦𝑣𝑟/𝑘𝜃) 𝑦𝑒 at the fast-eigenvalue rate |𝜆𝑓 | = 𝑘𝜃

2 (1 + √1 − 𝜅−2), and then 
decays along that manifold at the slow rate 1/𝜏𝑦. We therefore define the heading transient 
constant 𝜏𝜃 ∶= 1/|𝜆𝑓 |, which under 𝜅 ≥ 2.5 satisfies 1/𝑘𝜃 ≤ 𝜏𝜃 ≤ 1.05/𝑘𝜃, whence 𝜏𝜃 ≈ 1/𝑘𝜃
within 5%. The 5% settling time of 𝜃𝑒 is nevertheless governed by the slow phase and occurs 
slightly earlier than that of 𝑦𝑒, since the slaving ratio 4𝑘𝑦𝑣𝑟/𝑘𝜃 scales the lateral error down 
(e.g., 6.34 s vs. 7.66 s in Table 2); 𝜏𝜃 thus prescribes the initial heading transient, while the 
overall heading settling remains tied to 𝜏𝑦.

The tuning procedure is systematic and requires no trial-and-error:
1. Select 𝑘𝑥 from the desired longitudinal settling time 𝜏𝑥 via 𝑘𝑥 = 1/𝜏𝑥.
2. Choose 𝑘𝑦 (typically 𝑘𝑦 = 1) and the desired lateral settling time 𝜏𝑦; compute 

𝑘𝜃 = 4𝑘𝑦𝑣2
𝑟𝜏𝑦.

3. Verify the separation ratio 𝜅 = 𝑘𝜃/(4𝑣𝑟√𝑘𝑦) ≥ 2.5; if necessary, increase 𝑘𝜃 while 
proportionally adjusting 𝑘𝑦 so that 𝜏𝑦 remains unchanged. If the required 𝑘𝜃 becomes 
too large, a slightly larger 𝜏𝑦 can be accepted.

Table 2. Performance comparison for the circular trajectory with large initial error (Case B).

Controller Error Settling 
Time (s) Max |𝒆| ISE End-of-Run Residual

Proposed
𝑥𝑒 1.27 2.000 1.6555 ≈ 4.2 × 10−9

𝑦𝑒 7.66 1.375 3.0700 —
𝜃𝑒 6.34 1.571 1.3764 —

Kanayama
𝑥𝑒 2.59 2.000 1.2383 ≈ −3.0 × 10−3

𝑦𝑒 19.62 1.112 3.8038 —
𝜃𝑒 6.65 1.571 0.9105 —

Bai et al.
𝑥𝑒 1.22 2.000 1.3328 ≈ 4.7 × 10−6

𝑦𝑒 4.64 0.907 1.0153 —
𝜃𝑒 4.31 1.571 1.3876 —

Equivalently, the tuning can be performed entirely in the time-constant domain: 
prescribe the three desired constants (𝜏𝑥, 𝜏𝑦, 𝜏𝜃) and set 𝑘𝑥 = 1/𝜏𝑥, 𝑘𝜃 = 1/𝜏𝜃, and 
𝑘𝑦 = 1/(4𝑣2

𝑟 𝜏𝑦 𝜏𝜃). In these variables the separation ratio takes the closed form 𝜅 = 1
2 √𝜏𝑦/𝜏𝜃, 

so the design rule 𝜅 ≥ 2.5 reduces to the single requirement 𝜏𝑦 ≥ 25 𝜏𝜃: the prescribed 
lateral time constant must exceed the prescribed heading transient by a factor of 25. For the 
gains of Section 5 (𝑘𝜃 = 32, 𝑘𝑦 = 4, 𝑣𝑟 = 1 m/s), this gives 𝜏𝜃 ≈ 1/32 s, 𝜏𝑦 = 2 s, 𝑘𝑦 = 4, and 
𝜅 = 4, reproducing Table 1 and the parameters used in the simulations.
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Remark 2. Since the origin is an equilibrium of the closed loop for every constant 𝜔𝑟 and the gain-to-
performance map in Table 1 is strictly invariant to 𝜔𝑟 (Section 3.3), all results in Sections 3 and 4 
apply verbatim within each constant segment of a piecewise-constant reference (𝑣𝑟, 𝜔𝑟)—i.e., to 
paths composed of straight segments (𝜔𝑟 = 0) and circular arcs (𝜔𝑟 = const), the Dubins-type 
paths underlying many navigation and parking maneuvers. Within each segment the prescribed time 
constants 𝜏𝑥, 𝜏𝑦 hold as designed. Across segment boundaries the error 𝐞 is continuous (it depends 
on the poses 𝐪 and 𝐪𝑟 only, and 𝐪𝑟 is continuous for piecewise-continuous (𝑣𝑟, 𝜔𝑟)), so each new 
segment starts from the error state reached at the switch and converges afresh at the prescribed rates.

Because the longitudinal channel is exactly decoupled, tuning 𝑘𝑥 has no effect on the 
lateral dynamics, and vice versa. This predictable performance baseline is the foundation 
on which the obstacle-aware extension of Section 4 is built: even in the presence of obstacles, 
the nominal convergence rates dictate how quickly the robot recovers precise tracking after 
an avoidance maneuver.

4. Structure-Preserving Obstacle Avoidance with
Predictable Performance
4.1. Control Law and Perturbed Cascade Model

We now extend the nominal predictable-performance controller to handle static obsta-
cles. The core idea is to superimpose an APF-based correction in a structure-preserving 
manner, maintaining exact longitudinal decoupling and the cascade form. Recall that the 
nominal controller (10) uses the term 𝑦𝑒𝜔 in 𝑣 to cancel the coupling in .𝑥𝑒. If an angular 
velocity correction Δ𝜔obs is added without updating this cancellation term, the longitudinal 
dynamics become .𝑥𝑒 = −𝑘𝑥𝑥𝑒 + 𝑦𝑒Δ𝜔obs, re-introducing coupling. To preserve the exact 
decoupling, we must use the actual angular velocity 𝜔 = 𝜔trk + Δ𝜔obs in 𝑦𝑒𝜔. This yields 
the obstacle-aware control law:

𝑣 = 𝑦𝑒𝜔 + 𝑣𝑟
1 − Θ2

1 + Θ2 + 𝑘𝑥𝑥𝑒 + Δ𝑣obs,

𝜔 = 𝜔𝑟 +
2𝑘𝜃Θ

1 + Θ2 +
4𝑘𝑦𝑣𝑟𝑦𝑒

(1 + Θ2)2 + Δ𝜔obs,
(24)

where Θ = tan(𝜃𝑒/2) and Δ𝑣obs and Δ𝜔obs are APF-based corrections defined below.
For 𝑁 static obstacles at 𝐨𝑖 = [𝑥𝑜𝑖, 𝑦𝑜𝑖]T, 𝑖 = 1, … , 𝑁, let 𝑑𝑖 = ‖𝐩 − 𝐨𝑖‖ and 𝜙𝑖 be the 

relative bearing in the robot body frame (Section 2.3). Using the repulsive potential (8), 
the velocity corrections are

Δ𝑣obs = −𝛼 ∑
𝑑𝑖<𝑑0

(
1
𝑑𝑖

−
1
𝑑0

)
cos 𝜙𝑖

𝑑2
𝑖

,

Δ𝜔obs = −𝛽 ∑
𝑑𝑖<𝑑0

(
1
𝑑𝑖

−
1
𝑑0

)
sin 𝜙𝑖

𝑑2
𝑖

,
(25)

with gains 𝛼, 𝛽 > 0 and influence radius 𝑑0 > 0. To respect actuator limits, the corrections 
are saturated to [Δ𝑣min, Δ𝑣max] and [Δ𝜔min, Δ𝜔max], ensuring boundedness:

|𝑢1(𝑡)| ≤ ¯𝑢1, |𝑢2(𝑡)| ≤ ¯𝑢2, 𝑢1 ∶= −Δ𝑣obs, 𝑢2 ∶= Δ𝜔obs. (26)

In addition to the saturation above, the angular correction is gated with respect to 
the heading error so as to respect the angular-domain condition of Assumption 4: the 
angular correction is applied only while the heading error remains moderate and is set to 
zero otherwise,

Δ𝜔obs ← 𝜒(𝜃𝑒) Δ𝜔obs, 𝜒(𝜃𝑒) =
{


1, |𝜃𝑒| ≤ 𝜃gate,

0, |𝜃𝑒| > 𝜃gate,
(27)
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with a design threshold 𝜃gate ∈ (0, 𝜋) (e.g., 𝜃gate = 1.2 rad in Section 5). The gate sup-
presses the angular correction precisely in the regime where it could drive 𝜃𝑒 toward the 
stereographic singularity. Since gating can only reduce the correction magnitude, the gated 
correction still satisfies the bound |𝑢2| ≤ ¯𝑢2 in (26), and the boundedness analysis of Theo-
rem 2 applies unchanged. The longitudinal correction Δ𝑣obs is not gated, because it does 
not affect the angular-domain condition.

Substituting (24) into (7) and using the actual 𝜔 in the 𝑦𝑒𝜔 term, the closed-loop 
system becomes

.𝑥𝑒 = −𝑘𝑥𝑥𝑒 + 𝑢1,
.𝑧 = 𝑓 (𝑧) + 𝑔(𝑧)𝑥𝑒 + 𝑝(𝑧)𝑢2 + 𝑞(𝑥𝑒)𝑢2,

(28)

where 𝑧 = [𝑦𝑒, Θ]T, 𝑓 (𝑧) and 𝑔(𝑧) are as in (14), and

𝑝(𝑧) = [


0
− 1+Θ2

2

]


, 𝑞(𝑥𝑒) = [


−𝑥𝑒
0

]


.

When 𝑢1 ≡ 𝑢2 ≡ 0, system (28) exactly recovers the nominal cascade, which is globally 
asymptotically stable by Theorem 1.

The overall structure of the proposed control scheme, including the gated and satu-
rated APF corrections and the structure-preserving feedback of the actual angular velocity 
𝜔 into the longitudinal cancellation term 𝑦𝑒𝜔, is illustrated in Figure 2. Moreover, the 
reading order of the diagram mirrors the order in which the controller is constructed 
in this paper. The upper row assembles the nominal tracking layer of Sections 2 and 3: 
the error-computation block evaluates the tracking errors and the stereographic coordi-
nate (Equations (3) and (5)); the tracking-law block implements the three-stage design of 
Section 3—exact longitudinal decoupling, cascade stability (Theorem 1), and time-scale 
separation; and the superposition–saturation block enforces the actuator bounds under 
which the boundedness analysis of Section 4.2 is conducted. The lower row realises the 
avoidance layer of this section: the APF block computes the corrections (25) and (26), sub-
ject to the heading-error gate (27), from the robot position and the obstacle map. By design, 
the two layers are coupled at exactly two points: the corrections are added to the nominal 
commands only inside the superposition block, and the resulting actual angular velocity 
is routed back along the thick path into the 𝑦𝑒𝜔 cancellation term—the single structural 
modification that keeps the longitudinal dynamics exactly of the form .𝑥𝑒 = −𝑘𝑥𝑥𝑒 + 𝑢1 and 
allows the Lyapunov analysis of Section 4.2 to reuse, rather than redo, the nominal cascade 
argument of Theorem 1. Whenever the corrections vanish (𝑢1 = 𝑢2 = 0), the lower row 
becomes inactive and the diagram collapses to the nominal loop, so that each stage of the 
development reduces exactly to the preceding one.

Reference robot
𝐪𝑟, 𝑣𝑟, 𝜔𝑟

Error computation
𝑥𝑒, 𝑦𝑒, 𝜃𝑒, Θ

Equations (3), (5)

Structure-preserving tracking law
Equation (24)

𝑣nom = 𝑦𝑒 𝜔 + 𝑣𝑟
1−Θ2

1+Θ2 + 𝑘𝑥𝑥𝑒

Superposition & saturation
𝑣 = 𝑣nom + Δ𝑣obs
𝜔 = 𝜔trk + Δ𝜔obs

𝑣 ∈ [𝑣min, 𝑣max] m/s, |𝜔| ≤ 2 rad/s

Robot kinematics
Equation (1)

Static obstacles
𝐨𝑖

APF corrections (gated)
Equations (25), (26)

𝐪𝑟, 𝑣𝑟, 𝜔𝑟 𝑥𝑒, 𝑦𝑒, Θ 𝑣nom, 𝜔trk 𝑣, 𝜔

Δ𝑣obs, Δ𝜔obs

𝐩 = [𝑥, 𝑦]T

actual 𝜔 (enters 𝑦𝑒 𝜔 term)

𝐪 = [𝑥, 𝑦, 𝜃]T

Figure 2. Block diagram of the proposed structure-preserving control scheme.
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4.2. Boundedness and Recovery Analysis
Although the nominal 𝑧-subsystem is globally asymptotically stable, it does not show 

input-to-state stability (ISS) with respect to the coupling input: for a constant negative 
coupling signal 𝑥𝑒 ≡ −𝛿 < 0, the interconnection term in (12) contains the anti-damping 
component 4𝑘𝑦𝑣𝑟𝛿 𝑦2

𝑒 , under which 𝑦𝑒 grows without bound. Consequently, we can establish 
the practically essential property of bounded-input bounded-state (BIBS) stability [27], 
together with the guarantee that tracking precision eventually recovers at the nominal rates 
once the obstacle is cleared. We remark that boundedness of the corrections 𝑢1, 𝑢2 alone 
would not suffice to keep Θ bounded, since 𝑢2 enters the Θ-dynamics through the factor 
(1 + Θ2)/2 in (28); the analysis below is therefore conducted under the angular-domain 
condition of Assumption 4, which is the standing design requirement for the obstacle-aware 
case and is verified a posteriori in Section 5.

Theorem 2 (BIBS stability and asymptotic recovery). Consider the perturbed cascade (28) with 
bounded inputs |𝑢1(𝑡)| ≤ ¯𝑢1, |𝑢2(𝑡)| ≤ ¯𝑢2. Let Assumptions 1–5 hold. Throughout the statement, 
𝑡out denotes the time at which the robot exits the obstacle influence zone (finite by Assumption 5), and 
the avoidance maneuver is assumed to preserve the angular domain, i.e., |𝜃𝑒(𝑡)| < 𝜋 on the avoidance 
interval [0, 𝑡out]; equivalently, since 𝜃𝑒 ↦ tan(𝜃𝑒/2) is continuous and [0, 𝑡out] is compact, there 
exists a finite constant Θ̄ such that |Θ(𝑡)| ≤ Θ̄ for all 𝑡 ∈ [0, 𝑡out] (Assumption 4). Then:
(i) Uniform boundedness: All closed-loop states remain uniformly bounded for all 𝑡 ≥ 0.

In particular,

|𝑥𝑒(𝑡)| ≤ 𝑒−𝑘𝑥𝑡|𝑥𝑒(0)| +
¯𝑢1

𝑘𝑥
≤ |𝑥𝑒(0)| +

¯𝑢1
𝑘𝑥

, (29)

‖𝑧(𝑡)‖ ≤ Γ(‖𝑧(0)‖, ¯𝑥𝑒, ¯𝑢2), (30)

where Γ is a computable function, whose explicit expression is constructed in the proof below; in 
addition to its displayed arguments, Γ also depends on the a priori angular bound Θ̄, on the avoid-
ance duration 𝑡out, and on the controller and reference parameters and ¯𝑥𝑒 = |𝑥𝑒(0)| + ¯𝑢1/𝑘𝑥.

(ii) Eventual predictable recovery: If the robot exits the obstacle influence zone at 𝑡 = 𝑡out (so that 
𝑢1 ≡ 𝑢2 ≡ 0 for all 𝑡 ≥ 𝑡out), then

lim
𝑡→∞

(𝑥𝑒, 𝑦𝑒, 𝜃𝑒) = (0, 0, 0),

and the convergence is exponential after a finite transient, provided that the longitudinal 
mode is not slower than the lateral slow mode, i.e., 𝑘𝑥 ≥ 1/𝜏𝑦 (equivalently, 𝑘𝑥𝑘𝜃 ≥ 4𝑘𝑦𝑣2

𝑟). 
In particular, the longitudinal error satisfies |𝑥𝑒(𝑡)| = |𝑥𝑒(𝑡out)|𝑒−(𝑡−𝑡out)/𝜏𝑥, and there exist 
constants 𝑇 ≥ 𝑡out and 𝐶0 > 0 such that

|𝑦𝑒(𝑡)| ≤ 𝐶0𝑒−(𝑡−𝑇)/𝜏𝑦 for all 𝑡 ≥ 𝑇,

with 𝜏𝑥 = 1/𝑘𝑥 and 𝜏𝑦 = 𝑘𝜃/(4𝑘𝑦𝑣2
𝑟).

Proof. (i) Longitudinal bound: Equation (29) follows directly from the explicit solution of 
.𝑥𝑒 = −𝑘𝑥𝑥𝑒 + 𝑢1.

(ii) Boundedness of 𝑧: Consider the Lyapunov function 𝑉0(𝑧) = 1
2 𝑦2

𝑒 + 1
2𝑘𝑦

Θ2. Its 
derivative along (28) is

.𝑉0 = −
𝑘𝜃
𝑘𝑦

Θ2 − 𝑥𝑒 𝜔trk(𝑧) 𝑦𝑒 − 𝑥𝑒𝑢2𝑦𝑒 −
Θ(1 + Θ2)

2𝑘𝑦
𝑢2. (31)

The correction terms are bounded globally, without any a priori boundedness assump-
tion on the state. Using | 2Θ

1+Θ2 | ≤ 1, (1 + Θ2)−2 ≤ 1, |𝑦𝑒| ≤ √2𝑉0, and |𝑥𝑒(𝑡)| ≤ ¯𝑥𝑒 from (29), 
the angular velocity command obeys

|𝜔trk(𝑧)| ≤ 𝜔max + 𝑘𝜃 + 4𝑘𝑦𝑣𝑟|𝑦𝑒|,
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with 𝜔max from Assumption 1, whence the second and third terms in (31) satisfy

|𝑥𝑒 𝜔trk(𝑧) 𝑦𝑒| ≤ √2 ¯𝑥𝑒(𝜔max + 𝑘𝜃) 𝑉1/2
0 + 8𝑘𝑦𝑣𝑟 ¯𝑥𝑒 𝑉0,

|𝑥𝑒𝑢2𝑦𝑒| ≤ √2 ¯𝑥𝑒 ¯𝑢2 𝑉1/2
0 .

On the avoidance interval [0, 𝑡out], the angular-domain condition provides the a priori 
bound |Θ(𝑡)| ≤ Θ̄, so that the last term in (31) is an additive constant,

|Θ|(1 + Θ2)
2𝑘𝑦

¯𝑢2 ≤
¯𝑢2 Θ̄(1 + Θ̄2)

2𝑘𝑦
=∶ 𝑐.

Collecting the estimates and discarding the negative term − 𝑘𝜃
𝑘𝑦

Θ2 yields

.𝑉0 ≤ 𝑎𝑉0 + 𝑏𝑉1/2
0 + 𝑐, 𝑎 ∶= 8𝑘𝑦𝑣𝑟 ¯𝑥𝑒, 𝑏 ∶= √2 ¯𝑥𝑒 (𝜔max + 𝑘𝜃 + ¯𝑢2).

By Young’s inequality 𝑏𝑉1/2
0 ≤ 𝑏2

2𝑘𝑥
+ 𝑘𝑥

2 𝑉0 and the Grönwall comparison lemma,

.𝑉0 ≤ 𝛼𝑐𝑉0 + 𝛽, 𝛼𝑐 ∶= 𝑎 +
𝑘𝑥
2 , 𝛽 ∶= 𝑐 +

𝑏2

2𝑘𝑥
,

𝑉0(𝑡) ≤ 𝑒𝛼𝑐𝑡[𝑉0(0) + 𝛽𝑡] ≤ 𝑒𝛼𝑐𝑡out[𝑉0(0) + 𝛽 𝑡out] =∶ Γ𝑉 , ∀ 𝑡 ∈ [0, 𝑡out],

where the last inequality uses ∫𝑡
0 𝑒𝛼𝑐(𝑡−𝑠) d𝑠 ≤ 𝑡 𝑒𝛼𝑐𝑡. For 𝑡 ≥ 𝑡out the inputs vanish and 

𝑥𝑒(𝑡) = 𝑥𝑒(𝑡out)𝑒−𝑘𝑥(𝑡−𝑡out); applying the uniform bound of Step 1 in the proof of Theorem 1, 
initialised at 𝑡out, gives

𝑉0(𝑡) ≤ 𝑒
8𝑘𝑦𝑣𝑟𝑥̄𝑒

𝑘𝑥 [Γ1/2
𝑉 +

(𝜔max + 𝑘𝜃) ¯𝑥𝑒

√2 𝑘𝑥

]
2
, ∀ 𝑡 ≥ 𝑡out.

Combining both intervals and using ‖𝑧‖2 = 𝑦2
𝑒 + Θ2 ≤ 2(1 + 𝑘𝑦)𝑉0 establishes (30) with 

the explicit function

Γ = √2(1 + 𝑘𝑦) max{ Γ1/2
𝑉 , 𝑒

4𝑘𝑦𝑣𝑟𝑥̄𝑒
𝑘𝑥 [Γ1/2

𝑉 +
(𝜔max + 𝑘𝜃) ¯𝑥𝑒

√2 𝑘𝑥

]},

which depends on ‖𝑧(0)‖ through 𝑉0(0) ≤
max(1,1/𝑘𝑦)

2 ‖𝑧(0)‖2, on ¯𝑥𝑒 (hence on |𝑥𝑒(0)| and 
¯𝑢1), on ¯𝑢2 through 𝑏 and 𝑐, on the a priori bound Θ̄, on the avoidance duration 𝑡out, and 

on the gains and reference bounds (𝑘𝑥, 𝑘𝑦, 𝑘𝜃, 𝑣𝑟, 𝜔max). Finally, |𝜃𝑒(𝑡)| < 𝜋 for all 𝑡 ≥ 0: 
on [0, 𝑡out] by the angular-domain condition, and for 𝑡 ≥ 𝑡out by Remark 1 applied to the
nominal cascade.

(iii) Recovery: For 𝑡 ≥ 𝑡out, 𝑢1 ≡ 𝑢2 ≡ 0, and (28) reduces to the nominal cascade. 
Write 𝜉 = [𝑥𝑒, 𝑦𝑒, Θ]T and .𝜉 = 𝐹(𝜉) for the nominal vector field, which is smooth on R3 since 
the denominators 1 + Θ2 never vanish. The Jacobian 𝐽 = 𝐷𝐹(0) is block-lower-triangular, 

with diagonal blocks −𝑘𝑥 and [


0 2𝑣𝑟
−2𝑘𝑦𝑣𝑟 −𝑘𝜃

]


; hence, its eigenvalues are −𝑘𝑥 together with 

the roots 𝜆𝑓 ,𝑠 =
−𝑘𝜃±√𝑘2

𝜃−16𝑘𝑦𝑣2
𝑟

2  of 𝜆2 + 𝑘𝜃𝜆 + 4𝑘𝑦𝑣2
𝑟 = 0, independently of 𝜔𝑟. Decomposing 

𝐹(𝜉) = 𝐽𝜉 + ℎ(𝜉), smoothness gives ℎ(0) = 0, 𝐷ℎ(0) = 0, and there exist 𝑟 > 0 and 𝑐ℎ > 0
such that ‖ℎ(𝜉)‖ ≤ 𝑐ℎ‖𝜉‖2 for ‖𝜉‖ ≤ 𝑟. Under (22) with 𝜅 ≥ 2.5 (indeed, any 𝜅 > 1 suffices), 
the three eigenvalues are real, negative, and distinct, and

|𝜆𝑠| =
𝑘𝜃
2 (1 − √1 − 𝜅−2) >

𝑘𝜃
4𝜅2 =

1
𝜏𝑦

, |𝜆𝑓 | ≥
𝑘𝜃
2 >

1
𝜏𝑦

,

where the first inequality uses √1 − 𝑥 < 1 − 𝑥
2  for 𝑥 ∈ (0, 1) together with 𝑘𝜃/(4𝜅2) =

4𝑘𝑦𝑣2
𝑟/𝑘𝜃 = 1/𝜏𝑦, and the second holds because (22) with 𝜅 > 1 gives 𝑘2

𝜃 > 16𝑘𝑦𝑣2
𝑟 > 8𝑘𝑦𝑣2

𝑟 . 
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Since 𝑘𝑥 ≥ 1/𝜏𝑦 by assumption, 𝜆∗ ∶= min{𝑘𝑥, |𝜆𝑓 |, |𝜆𝑠|} ≥ 1/𝜏𝑦; since 𝐽 is diagonalisable, 
there exists 𝐶 ≥ 1 with ‖𝑒𝐽𝜏‖ ≤ 𝐶𝑒−𝜆∗𝜏  for all 𝜏 ≥ 0. By Theorem 1 applied with initial time 
𝑡out, 𝜉(𝑡) → 0; hence, for any 𝑟′ ≤ min{𝑟, 𝜆∗/(4𝑐ℎ𝐶2)} there exists 𝑇1 ≥ 𝑡out with ‖𝜉(𝑇1)‖ ≤ 𝑟′. 
For 𝑡 ≥ 𝑇1, variation in constants gives 𝜉(𝑡) = 𝑒𝐽(𝑡−𝑇1)𝜉(𝑇1) + ∫𝑡

𝑇1
𝑒𝐽(𝑡−𝑠)ℎ(𝜉(𝑠)) d𝑠, so that, 

with 𝜓(𝑡) ∶= 𝑒𝜆∗(𝑡−𝑇1)‖𝜉(𝑡)‖,

𝜓(𝑡) ≤ 𝐶‖𝜉(𝑇1)‖ + 𝐶𝑐ℎ ∫
𝑡

𝑇1

𝜓(𝑠) ‖𝜉(𝑠)‖ d𝑠.

We claim 𝜓(𝑡) ≤ 𝐾 ∶= 2𝐶‖𝜉(𝑇1)‖ for all 𝑡 ≥ 𝑇1. Let 𝒯 ∶= sup{𝜏 ≥ 𝑇1 ∶ 𝜓(𝑠) ≤
𝐾 on [𝑇1, 𝜏]}. On [𝑇1, 𝒯 ), using ‖𝜉(𝑠)‖ = 𝑒−𝜆∗(𝑠−𝑇1)𝜓(𝑠) ≤ 𝐾𝑒−𝜆∗(𝑠−𝑇1),

𝜓(𝑡) ≤ 𝐶‖𝜉(𝑇1)‖ + 𝐶𝑐ℎ𝐾2 ∫
𝑡

𝑇1

𝑒−𝜆∗(𝑠−𝑇1) d𝑠 ≤ 𝐶‖𝜉(𝑇1)‖ +
𝐶𝑐ℎ𝐾2

𝜆∗
≤ 2𝐶‖𝜉(𝑇1)‖ = 𝐾,

where the last inequality is precisely the condition ‖𝜉(𝑇1)‖ ≤ 𝜆∗/(4𝑐ℎ𝐶2). By continuity of 
𝜓, 𝒯 = ∞. Consequently,

|𝑦𝑒(𝑡)| ≤ ‖𝜉(𝑡)‖ ≤ 𝐾 𝑒−𝜆∗(𝑡−𝑇1) ≤ 𝐶0 𝑒−(𝑡−𝑇1)/𝜏𝑦, 𝑡 ≥ 𝑇1,

with 𝐶0 ∶= 2𝐶‖𝜉(𝑇1)‖ and 𝑇 ∶= 𝑇1 ≥ 𝑡out, which is the claimed exponential recovery at 
the prescribed lateral time constant. The claim lim𝑡→∞(𝑥𝑒, 𝑦𝑒, 𝜃𝑒) = (0, 0, 0) follows from 
𝑥𝑒(𝑡) = 𝑥𝑒(𝑡out)𝑒−(𝑡−𝑡out)/𝜏𝑥, (𝑦𝑒, Θ) → 0, and 𝜃𝑒 = 2 arctan Θ. 

Theorem 2 provides a boundedness and recovery guarantee rather than a formal safety 
certificate: tracking errors remain uniformly bounded during the avoidance maneuver, and 
once the obstacle is cleared, precision tracking resumes with the recovery rate dictated 
by the prescribed nominal time constants 𝜏𝑥 and 𝜏𝑦. Forward invariance of the collision-
free set is not claimed; collision avoidance is ensured at the design level, through the 
selection of the APF parameters and of 𝑑0 under Assumption 5 (in particular the condition 
𝑑𝑖(𝑡) ≥ 𝑑min), and is verified a posteriori in Section 5. Enforcing forward invariance via a 
control barrier function certificate is a complementary approach that could be combined 
with the structure-preserving design; this extension is left for future work.

4.3. Quantitative Performance Prediction
While Theorem 2 guarantees boundedness and recovery, it does not provide explicit 

bounds on the tracking errors during the avoidance maneuver. We now derive such 
bounds, which enable the designer to assess mission-specific error tolerances without
exhaustive simulation.

Corollary 1 (Conservative error bounds during avoidance). Under the conditions of Theorem 2, 
the peak tracking deviations satisfy

‖𝑥𝑒‖∞ ≤ |𝑥𝑒(0)| +
𝛼
𝑘𝑥

Φ(𝑑0), (32)

‖𝑦𝑒‖∞ ≤ 𝜌1(|𝑦𝑒(0)|, |𝜃𝑒(0)|) + 𝜌2(𝛼, 𝛽, 𝑑0), (33)

where Φ(𝑑0) is a conservative but computable function that decreases monotonically with 𝑑0, and 
𝜌2(𝛼, 𝛽, 𝑑0) is a conservative but computable function that increases monotonically with 𝛼, 𝛽 and 
decreases monotonically with 𝑑0.

Proof. From the definition of Δ𝑣obs in (25) and the saturation bounds (26), we have 
¯𝑢1 ≤ 𝛼 ∑𝑑𝑖<𝑑0

𝑑−3
𝑖 . During avoidance, the minimum obstacle distance is lower-bounded 

by a positive constant 𝑑min > 0 (Assumption 5). Hence,

¯𝑢1 ≤ 𝛼𝑁𝑑−3
min =∶ 𝛼Φ(𝑑0), ¯𝑢2 ≤ 𝛽Φ(𝑑0),
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where Φ(𝑑0) decreases with 𝑑0 because a larger influence radius leads to earlier, gentler 
avoidance and a larger 𝑑min. Substituting into (29) yields (32).

For the lateral bound, we make the comparison analysis of the proof of Theorem 2(ii) 
explicit. Substituting ¯𝑢1 ≤ 𝛼Φ(𝑑0) and ¯𝑢2 ≤ 𝛽Φ(𝑑0) into the constants defined there, the 
bound on the avoidance interval [0, 𝑡out] reads

𝑉0(𝑡) ≤ Γ𝑉 = 𝑒𝛼𝑐𝑡out[𝑉0(0) + 𝛽 𝑡out],

𝛼𝑐 = 8𝑘𝑦𝑣𝑟 ¯𝑥𝑒 +
𝑘𝑥
2 , 𝛽 =

¯𝑢2 Θ̄(1 + Θ̄2)
2𝑘𝑦

+
¯𝑥2
𝑒 (𝜔max + 𝑘𝜃 + ¯𝑢2)2

𝑘𝑥
, ¯𝑥𝑒 = |𝑥𝑒(0)| +

¯𝑢1
𝑘𝑥

.

Since ‖𝑦𝑒‖ ≤ √2𝑉0, we have ‖𝑦𝑒‖∞ ≤ √2Γ𝑉 . Writing √2Γ𝑉 = 𝜌1 + 𝜌2, where 
𝜌1 ∶= √2Γ𝑉 |𝑢̄1=𝑢̄2=0 depends only on the initial conditions and the nominal parameters 
(the nominal transient, evaluated with the avoidance duration 𝑡out) and 𝜌2 ∶= √2Γ𝑉 − 𝜌1 ≥ 0
collects the APF-induced contribution, yields exactly the form (33). Because 𝛼𝑐 and 𝛽
are nondecreasing in ¯𝑢1 and ¯𝑢2, the computable bound Γ𝑉—and hence 𝜌2—is nondecreas-
ing in 𝛼, 𝛽 and, through the decrease in Φ(𝑑0) with 𝑑0, nonincreasing in 𝑑0; in particular, 
𝜌2(𝛼, 𝛽, 𝑑0) = 𝒪((𝛼 + 𝛽)Φ(𝑑0)) for weak corrections. For completeness, 𝜌2 also depends on 
the a priori angular bound Θ̄ entering through 𝑐, and on the avoidance duration 𝑡out. 

Corollary 1 is the key tool for predictable performance in the obstacle-aware setting. Al-
though the bounds are conservative due to successive inequality relaxations, they faithfully 
capture the essential monotonic relationships: increasing 𝛼, 𝛽 strengthens the avoidance 
response at the cost of larger tracking deviations, while increasing 𝑑0 softens the maneuver 
and reduces deviations. These relationships allow the designer to trade off safety margins 
against tracking accuracy without relying on extensive simulations.

Remark 3 (Design considerations). The monotone dependencies in (32) and (33) provide 
qualitative guidance for parameter selection. In practice, one first tunes the tracking gains 𝑘𝑥, 𝑘𝑦, 𝑘𝜃
using Table 1 to set the nominal recovery time 𝜏𝑦. The influence radius 𝑑0 is then chosen based on the 
required safe distance, and 𝛼, 𝛽 are adjusted to balance avoidance strength against acceptable tracking 
deviation. More specifically, 𝑑0 is not a free parameter but is constrained by physical and performance 
requirements: (i) physically, 𝑑0 must exceed the obstacle radius plus the distance traversed by the 
robot during the reaction and saturation transient of the avoidance maneuver, with a suitable margin, 
and must remain within the sensor range; (ii) performance-wise, by Corollary 1, enlarging 𝑑0 reduces 
the worst-case deviation 𝜌2 (earlier and gentler steering) at the price of a longer detour from the 
reference path. In practice, 𝑑0 is set to the smallest physically admissible value, and 𝛼, 𝛽 are then 
tuned until the deviations predicted by (32) and (33) meet the mission tolerance. The decoupled 
longitudinal channel ( .𝑥𝑒 = −𝑘𝑥𝑥𝑒 − Δ𝑣obs) ensures that 𝑘𝑥 can be tuned independently to control 
longitudinal recovery.

5. Numerical Simulation and Validation
To validate the theoretical results established in previous sections and to evaluate 

the practical effectiveness of the proposed framework, two scenarios are considered. 
The kinematic model (1) is used throughout, and the control inputs are saturated to 
represent the velocity bounds of the inner-loop velocity controller: 𝑣 ∈ [0.1, 1.5] m/s 
and 𝜔 ∈ [−2.0, 2.0] rad/s in the circular scenario of Section 5.1, and 𝑣 ∈ [0.1, 1.7] m/s and 
𝜔 ∈ [−2.0, 2.0] rad/s in the figure-eight scenario of Section 5.2. In both scenarios the bound 
exceeds the corresponding peak reference speed with margin, and all compared controllers 
share the same actuator set within each scenario.
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5.1. Circular Trajectory: Verification of Nominal Predictable Performance
The reference trajectory is a circle of radius 𝑅 = 2.0 m with constant angular speed 

Ω = 0.5 rad/s:

𝑥𝑟(𝑡) = 𝑅 cos(Ω𝑡), 𝑦𝑟(𝑡) = 𝑅 sin(Ω𝑡), 𝜃𝑟(𝑡) = Ω𝑡 +
𝜋
2 ,

yielding constant reference velocities 𝑣𝑟 = 1.0 m/s and 𝜔𝑟 = 0.5 rad/s. Since 𝑣𝑟 and 𝜔𝑟
are constant, this scenario satisfies Assumptions 1–3 exactly, and it is run in two comple-
mentary configurations. Case A employs small initial errors, 𝑥𝑒(0) = 𝑦𝑒(0) = 0.02 m and 
𝜃𝑒(0) = 0.02 rad, which keep the closed loop in the linear regime and away from input 
saturation, so that the time constants predicted in Section 3.3 can be verified quantita-
tively. Case B employs the large initial pose 𝐪(0) = [0, 0, 0]T, which by (3) corresponds to 
𝑥𝑒(0) = 2 m, 𝑦𝑒(0) = 0 and 𝜃𝑒(0) = 𝜋/2 rad; this configuration exercises the input saturation 
and serves for the comparison of the three controllers.

Three controllers are compared:
1. Proposed nominal controller: The control law (10) with gains 𝑘𝑥 = 8.0, 𝑘𝑦 = 4.0, and 

𝑘𝜃 = 32.0. These gains follow the tuning guidelines of Section 3 (Table 1) and yield the 
time constants 𝜏𝑥 = 1/𝑘𝑥 = 0.125 s and 𝜏𝑦 = 𝑘𝜃/(4𝑘𝑦𝑣2

𝑟) = 2.0 s, while satisfying the 
separation condition (22) with ratio 𝜅 = 𝑘𝜃/(4𝑣𝑟√𝑘𝑦) = 4 ≥ 2.5.

2. Kanayama controller [6]: The standard form

𝑣 = 𝑣𝑟 cos 𝜃𝑒 + 𝑘𝑥𝑥𝑒, 𝜔 = 𝜔𝑟 + 𝑘𝜃 sin 𝜃𝑒 + 𝑘𝑦𝑣𝑟𝑦𝑒,

with the same gain values 𝑘𝑥 = 8.0, 𝑘𝑦 = 4.0, 𝑘𝜃 = 32.0 for a fair comparison.
3. Bai et al. controller [28]: The self-tuning law with an online steepest-descent mech-

anism. Following the original reference, the initial gains are 𝑘𝑥 = 8.0, 𝑘𝑦 = 1, and 
𝑘𝜃 = 0.4, learning rates are 𝜂𝑥 = 𝜂𝑦 = 𝜂𝜃 = 0.1, and 𝛼 = 𝛽 = 1.
Throughout this subsection, the 5% settling time of an error channel is the first time 

instant after which the error remains within ±0.05 (in m or rad) at all later times, and the 
integral squared error is ISE = ∫𝑇

0 𝑒2 d𝑡 with 𝑇 = 20 s.
Case A (linear regime):  None of the three controllers saturates, and the closed loop 

operates in the regime where the analysis of Section 3.3 applies; the results are shown in 
Figure 3. The longitudinal error follows (16): regression of ln |𝑥𝑒| over 𝑡 ∈ [0.2, 1.5] s yields 

ˆ𝜏𝑥 = 0.124 s (𝑅2 = 0.99996), within 1% of the design value 𝜏𝑥 = 0.125 s. For the lateral 
channel, the heading error decays at the fast rate 𝜆𝑓 ≈ −31.5 s−1 within about 0.2 s and 
is then slaved to the slow lateral mode at the predicted ratio 𝜃𝑒 ≈ −0.5 𝑦𝑒, observed as 
a steady-state ratio of −0.50. Regression of ln |𝑦𝑒| over 𝑡 ∈ [0.5, 7] s yields ˆ𝜏𝑦 = 2.013 s
(𝑅2 = 0.99992), within 1% of 𝜏𝑦 = 2.0 s and consistent with the slow eigenvalue
𝜆𝑠 = −0.508 s−1 (1/|𝜆𝑠| = 1.97 s); the residual deviation reflects the second-order terms ne-
glected in the linearisation. The tuning procedure of Table 1 thus translates desired settling 
times into gains without trial and error. We emphasise that this quantitative verification 
is obtained for a reference moving with 𝜔𝑟 = 0.5 rad/s ≠ 0: consistent with the spectral 
invariance established in Section 3.3, the predicted time constants 𝜏𝑥 and 𝜏𝑦 remain valid 
under a nonzero constant reference angular velocity, and none of the results in this paper 
rely on 𝜔𝑟 = 0.
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Case B (large error and saturation): The performance metrics are summarised in Table 2, 
and the time histories are depicted in Figure 4. The key difference lies in the end-of-run longi-
tudinal accuracy. The proposed controller drives 𝑥𝑒 to ≈4.2 × 10−9 m (numerical precision), 
confirming the exact decoupling .𝑥𝑒 = −𝑘𝑥𝑥𝑒; Bai et al. leaves 4.7 × 10−6 m. The Kanayama 
residual is three orders of magnitude larger (−3.0 × 10−3 m) and structural in origin: with 

.𝑥𝑒 = 𝑦𝑒𝜔 − 𝑘𝑥𝑥𝑒, the still-decaying lateral motion (𝑦𝑒 ≈ −4.7 × 10−2 m on the slow time-scale 
𝜏Kan

𝑦 = 8 s, 𝜔 ≈ 0.5 rad/s) produces the quasi-static residual 𝑥𝑒 ≈ 𝑦𝑒𝜔/𝑘𝑥 ≈ −2.9 × 10−3 m, in 
agreement with the observed value. The residual vanishes only as 𝑦𝑒 → 0; it quantifies the 
missing 𝑦𝑒𝜔 cancellation rather than a permanent offset.

For the lateral channel, identical gains map to different performance in the two struc-
tures: the linearised slow mode is 2.0 s for the proposed law (𝜆2 + 𝑘𝜃𝜆 + 4𝑘𝑦𝑣2

𝑟 = 0) versus 
8.0 s for Kanayama (𝜆2 + 𝑘𝜃𝜆 + 𝑘𝑦𝑣2

𝑟 = 0), and the observed settling times (7.66 s vs. 19.62 s) 
are consistent with these values up to the saturation-induced delay: the large initial heading 
error necessarily saturates 𝜔 (3.1% occupancy; 𝑣: 5.3%), which also explains the larger 
lateral peak (1.375 m). Bai et al. settles fastest laterally (4.64 s) since its adaptive gains are 
not bound by a prescribed 𝜏𝑦, but offers no a priori gain-to-performance map or decoupling 
guarantee, as evidenced by its longitudinal residual.

In all runs max𝑡 |𝜃𝑒(𝑡)| = 𝜃𝑒(0) = 𝜋/2 < 𝜋, which verifies the angular-domain condition 
of Assumption 4 a posteriori in the nominal (obstacle-free) case; no unwinding occurs. 
After the saturation transient, |𝑥𝑒| resumes the 𝑒−𝑘𝑥𝑡 decay (Figure 4), and the lateral error 
recovers consistently with the prescribed 𝜏𝑦 once the inputs leave saturation.

In summary, the circular results validate the exact longitudinal decoupling to numerical 
precision, the predictable convergence via the verified time constants, the angular-domain 
invariance, and bounded recovery under large errors and saturation, while delineating the 
trade-off between prescribed, verifiable performance and raw settling speed.

0 2 4 6 8
10

−4

10
−3

10
−2

10
−1

Time (s)

|y
e
| 
(m

)

|y
e
|: fitted τ

y
 = 2.01 s, theory = 2.00 s

 

 

|y
e
|

regression

e
−t/τ

y (theory)

0 0.5 1 1.5 2 2.5
10

−15

10
−10

10
−5

10
0

Time (s)

|x
e
| 
(m

)

|x
e
| vs e

−k
x
 t
 (k

x
 = 8.0)

 

 

|x
e
|

e
−k

x
 t

0 0.5 1 1.5
−0.01

−0.005

0

0.005

0.01

0.015

0.02

0.025

Time (s)

θ
e
 (

ra
d
)

Heading error (fast mode λ
f
 ≈ −31.5 s

−1
)

−2 −1 0 1 2
−2

−1

0

1

2

X (m)

Y
 (

m
)

Path tracking (Run A)

 

 

Reference

Proposed

Start

Figure 3. Case A (linear regime), proposed controller: (a) |𝑦𝑒| (semilog) with the regression line and 
the theoretical envelope 𝑒−𝑡/𝜏𝑦; (b) |𝑥𝑒| (semilog) versus |𝑥𝑒(0)|𝑒−𝑘𝑥𝑡; (c) heading error 𝜃𝑒 (fast mode 
followed by slaving to the slow lateral mode); (d) path tracking.
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Figure 4. Case B (large initial error): (a) Lateral error 𝑦𝑒; (b) heading error 𝜃𝑒; (c) longitudinal error 
|𝑥𝑒| (semilog) with the 𝑒−𝑘𝑥𝑡 slope reference; (d) path tracking.

5.2. Figure-Eight Trajectory: Comparative Obstacle Avoidance
This subsection evaluates the obstacle-aware framework on a planar figure-eight reference

𝑥𝑟(𝑡) = 𝑎 sin(𝜔0𝑡), 𝑦𝑟(𝑡) = 𝑏 sin(2𝜔0𝑡), 𝜃𝑟(𝑡) = atan2( .𝑦𝑟, .𝑥𝑟), (34)

with 𝑎 = 2.5 m, 𝑏 = 1.5 m and 𝜔0 = 0.4 rad/s (period 5𝜋 ≈ 15.7 s). In contrast to the 
circular trajectory, the reference velocities are time-varying, 𝑣𝑟(𝑡) ∈ [0.676, 1.562] m/s 
and |𝜔𝑟(𝑡)| ≤ 1.472 rad/s, so that the prescribed lateral time constant (23) varies along 
the path as 𝜏𝑦(𝑡) = 𝑘𝜃/(4𝑘𝑦𝑣2

𝑟(𝑡)) ∈ [0.8, 4.4] s and the separation ratio takes values 𝜅 ∈
[2.6, 5.9], satisfying the standing condition 𝜅 ≥ 2.5 of Section 3.3 at every speed. The 
robot starts at 𝐪(0) = [1.0, 0.2, 0.5]T, which by (3) corresponds to 𝑥𝑒(0) = −0.973 m, 
𝑦𝑒(0) = 0.304 m and 𝜃𝑒(0) = 0.376 rad. Two obstacle scenarios are considered. Case A (single 
obstacle, three controllers) places one obstacle of radius 𝑟obs = 0.2 m at 𝐨 = [−1.0, 1.0]T, 
only 0.074 m from the reference path and inside a high-curvature segment (influence-
window |𝜔𝑟| up to 1.47 rad/s); this deliberately demanding placement lies outside the 
guideline below and serves as a stress case. The simulation horizon of Case A is 𝑇sim = 38 s 
(2.4 periods); by periodicity, a third encounter would begin at ≈39.5 s, so the horizon ends 
shortly before it, ensuring that the final recovery of every controller—including the slowest, 
Kanayama+APF—completes within the recorded run. Case B (two obstacles, proposed vs. 
CBF-QP) follows the guideline: obstacle 𝐨𝐴 = [2.3, 0]T (𝑟obs = 0.2 m, 0.20 m from the path; 
hard case) on the right lobe and 𝐨𝐵 = [−2.95, 0]T (𝑟obs = 0.25 m, 0.45 m from the path) on 
the left lobe, 5.25 m apart, producing five encounter clusters over the 𝑇sim = 42 s horizon 
(2.7 periods) with inter-cluster gaps of 6.3–6.5 s.

The influence radius, the obstacle positions and the actuator budget interact: trajec-
tory tracking consumes the angular-rate budget |𝜔𝑟|, and avoidance must operate on the 
remainder. Based on systematic placement trials, we adopt two sufficient design rules, both 
verified automatically before each simulation: (i) within every obstacle influence window, 
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max |𝜔𝑟| ≤ 0.5 𝜔max, so that at least half of the angular-rate budget remains available for the 
avoidance correction—placements violating this rule (e.g., at the curvature extrema of the 
lemniscate, where |𝜔𝑟| → 1.47 rad/s) can render avoidance infeasible; (ii) obstacles are offset 
from the path by 0.1–0.5 m rather than centered on tangent points, where the repulsive field 
is nearly anti-parallel to the motion and the correction loses authority. Both obstacles in 
Case B satisfy rule (i) (0.61 and 0.50 rad/s against the bound 1.0 rad/s), and the initial pose 
is verified to lie outside all influence zones (𝑑𝑖(0) ≥ 𝑑0), checking Assumption 5 a priori. 
Consistent with Remark 3, the influence radius 𝑑0 = 1.0 m is chosen as the smallest value 
that (a) exceeds the reaction distance at the reference speed with margin, (b) yields short 
encounter windows (1.3–1.7 s for the proposed controller) separated by gaps of 6.3–6.5 s, 
so that per-encounter recovery is measurable against 3𝜏𝑦, and (c) remains well inside the 
sensing range.

All controllers use the tracking gains presented in Section 5.1 (𝑘𝑥 = 8.0, 𝑘𝑦 = 4.0, 
𝑘𝜃 = 32.0); hence, the nominal recovery constants are 𝜏𝑥 = 0.125 s and 𝜏𝑦 = 2/𝑣2

𝑟(𝑡) ∈
[0.8, 4.4] s. Additionally, all controllers are subject to the common actuator set 𝑣 ∈
[0.1, 1.7] m/s and |𝜔| ≤ 2.0 rad/s. The APF corrections use 𝛼 = 5, 𝛽 = 8, 𝑑0 = 1.0 m, 
saturated to |Δ𝑣obs| ≤ 1.0 m/s and |Δ𝜔obs| ≤ 40 rad/s (the latter non-binding over the operat-
ing envelope; the binding bound is the actuator limit on 𝜔). To respect the angular-domain 
condition of Assumption 4, the angular correction is gated as prescribed in Section 4 with 
𝜃gate = 1.2 rad. The CBF-QP baseline employs ℎ(𝐩) = ‖𝐩−𝐨‖−(𝑟obs+𝑑safe) with 𝑑safe = 0.45 m 
and 𝛾1 = 1.2, implemented as the analytic solution of the 𝑣-only QP, 𝑣 ← min{𝑣, 𝛾1ℎ𝑖/ cos 𝜙𝑖}
over active obstacles with cos 𝜙𝑖 > 0, subject to the same saturation set; 𝜔 is not modified. 
The Kanayama+APF baseline augments the classic law of Section 5.1 with the same APF 
corrections additively, 𝑣 = 𝑣𝑟 cos 𝜃𝑒 + 𝑘𝑥𝑥𝑒 + Δ𝑣obs and 𝜔 = 𝜔𝑟 + 𝑘𝜃 sin 𝜃𝑒 + 𝑘𝑦𝑣𝑟𝑦𝑒 + Δ𝜔obs; 
the avoidance terms therefore enter the longitudinal channel through the parasitic coupling 
𝑦𝑒Δ𝜔obs, in contrast to the structure-preserving design.

Beyond the per-channel metrics of Section 5.1, integrated over the full horizon, we 
report the per-obstacle minimum distance 𝑑𝑖,min; encounter clusters (maximal intervals with 
min𝑖 𝑑𝑖(𝑡) < 𝑑0); the per-cluster recovery time of 𝑦𝑒 (last exit from the ±0.05 m band after 
each cluster); the post-encounter settling time 𝑡rel

𝑠 = 𝑡𝑦𝑒
𝑠 − 𝑡last

out , which isolates recovery speed 
from encounter timing; the saturation occupancies; and the heading-inversion occupancy 
(|𝜃𝑒| > 2.5 rad). The input and distance profiles of Case A are shown in Figure 5 and the 
two-obstacle geometry of Case B is shown in Figure 6; quantitative results are summarised 
in Tables 3 and 4.

Table 3. Case A (single obstacle, 𝑇sim = 38 s): Per-channel performance; 𝑡𝑠 = 5% settling time.

Method Error 𝒕𝒔 (s) Max |𝒆| ISE

Proposed SP-APF
𝑥𝑒 25.46 0.974 0.288
𝑦𝑒 30.21 0.891 1.538
𝜃𝑒 28.31 0.576 0.676

CBF-QP (v)
𝑥𝑒 27.28 1.490 7.919
𝑦𝑒 31.86 1.428 8.859
𝜃𝑒 31.68 0.633 1.807

Kanayama + APF
𝑥𝑒 26.30 0.974 0.192
𝑦𝑒 35.33 0.683 2.431
𝜃𝑒 25.23 0.613 0.468
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Table 4. Obstacle avoidance summary.

Method Case 𝒅min (m) Recovery (s) Post-enc. 𝒕𝒔 Sat. v/𝝎 (%) ISE

Proposed A 0.302 4.90, 4.91 4.91 6.3/5.0 2.50
CBF-QP (v) A 0.675 4.94, 4.96 4.96 8.9/1.2 18.59
Kanayama+APF A 0.323 9.76, 10.03 10.03 6.2/3.9 3.09

Proposed B 0.270 / 0.586 3.23, 2.72, 3.13, 2.72, 3.13 3.13 8.8/4.2 2.80
CBF-QP (v) B 0.574 / 0.725 4.72, 5.11, –, 5.10, – – 28.6/1.0 56.91

Case A (single obstacle): All three controllers are collision-free, with 𝑑min = 0.302 m 
(proposed), 0.675 m (CBF-QP) and 0.323 m (Kanayama+APF) against 𝑟obs = 0.2 m. The 
CBF-QP clearance matches its certificate 𝑟obs + 𝑑safe = 0.65 m up to discretisation (Figure 5), 
confirming the formal invariance property; its encounter window is longer (2.6 s vs. 1.5 s) 
because the filter brakes earlier and exits slower—the velocity-choking signature visible 
in Figure 5—at the price of a longitudinal lag peaking at 1.49 m and a total ISE of 18.59, 
i.e., 7.4× the proposed value (2.50). The proposed controller preserves exact longitudinal 
decoupling during both encounters: after each cluster exits ([8.1, 9.6] s and [23.8, 25.3] s), 
|𝑥𝑒| resumes the 𝑒−𝑘𝑥𝑡 decay of Figure 3 and the end-of-run residual is 3.9 × 10−5 m, while the 
lateral recovery completes in 4.90/4.91 s, consistent with the position-dependent constant 
𝜏𝑦(𝑡) = 2/𝑣2

𝑟(𝑡) (≈4.3 s at the exit speed 𝑣𝑟 ≈ 0.68 m/s, below 1 s once the reference re-
accelerates). Kanayama + APF deflects less (max |𝑦𝑒| = 0.683 vs. 0.891 m) but recovers in 
9.76/10.03 s—a factor of 2 slower, in line with its 4× larger 𝜏Kan

𝑦 = 8/𝑣2
𝑟(𝑡)—and its lateral 

error still exceeds the 0.05 m band at 35.3 s. No heading inversion occurs for any controller, 
and max𝑡 |𝜃𝑒| ≤ 0.64 < 𝜋, verifying Assumption 4 a posteriori.

The saturation occupancies in Table 4 complement this picture: the proposed controller 
steers (𝜔 occupancy 5.0%) with moderate 𝑣 usage (6.3%), whereas the CBF-QP filter spends 
its actuation budget on braking (𝑣: 8.9%, 𝜔: 1.2%).
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Figure 5. Case A (single obstacle): (a) Lateral error 𝑦𝑒; (b) heading error 𝜃𝑒; (c) longitudinal error 
|𝑥𝑒| (semilog); (d) path tracking.
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Case B (two obstacles): Table 4 summarises the scenario. The proposed controller 
maintains clearances of 0.270 m (obstacle A, margin 0.07 m over the radius) and 0.586 m 
(obstacle B), with per-cluster recoveries of 3.23, 2.72, 3.13, 2.72 and 3.13 s; since the inter-
cluster gaps exceed 3𝜏𝑦 ≈ 5 s at the encounter speeds (𝑣𝑟 ≈ 1.1 m/s), each encounter is 
fully absorbed before the next and no error accumulates across laps (Figure 6). All three 
channels settle within the horizon (𝑡𝑠 = 36.09, 39.20, 39.02 s), with end-of-run residuals of 
2.5 × 10−5 m, 7.2 × 10−3 m and 2.9 × 10−3 rad.

The CBF-QP filter again provides the largest clearance (0.574 and 0.725 m) but at 
56.9 total ISE (20× the proposed value 2.80) and a 𝑣-saturation occupancy of 28.6%. The 
clearance at obstacle A falls 0.076 m below the certificate 𝑟obs + 𝑑safe = 0.65 m: in this 
head-on encounter the barrier demands 𝑣 below the actuator floor 𝑣min = 0.1 m/s, which the 
saturated implementation cannot honor; the margin still exceeds 2.9× the obstacle radius. 
More consequentially, its per-encounter recovery (4.7–5.1 s, measurable after clusters 1, 
2 and 4) exceeds the windows available at the third encounter (4.0 s) and after the fifth 
(3.3 s), so |𝑦𝑒| is still 0.17 m at the end of the run and the settling times of 𝑦𝑒 and 𝜃𝑒 remain 
undefined. Under repeated encounters, the 𝑣-only retrofit thus compounds its per-encounter 
accuracy deficit (ISE gap widening from 7.4× to 20×) and fails to regain nominal precision 
between encounters.

The 𝑣-only CBF retrofit purchases a formal forward-invariance certificate—visible 
in the largest clearance—at a substantial performance cost: it removes velocity authority 
precisely when the tracker needs it, and under repeated encounters the recovery deficit 
compounds. This cost is a property of the retrofit architecture rather than of CBF method-
ology itself: recent co-designs integrate the barrier constraint into the tracking law di-
rectly, e.g., prescribed-time tracking with a CBF safety filter for WMRs [29] and CBF-based 
safe tracking validated on a physical WMR [30]; combining such full-channel certificates 
with the structure-preserving tracker—retaining the predictable recovery constants 𝜏𝑥, 𝜏𝑦
while gaining formal invariance—is a natural extension. Conversely, the proposed APF 
design offers no formal invariance guarantee: safety rests on the placement guideline, the 
bounded-correction analysis of Theorem 2, and a posteriori verification. The two archi-
tectures thus mark complementary points on the safety–performance spectrum that this
section quantifies.
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Figure 6. Case B (two obstacles): Trajectories tracking and obstacle avoidance.
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6. Conclusions
This paper proposed a unified framework for trajectory tracking and static obstacle 

avoidance of differential-drive mobile robots. The nominal controller achieves exact lon-
gitudinal decoupling and an explicit gain-to-settling-time map, with the predicted time 
constants verified to within 1% in simulations. The obstacle-aware extension superimposes 
APF corrections in a structure-preserving manner, and a BIBS analysis with quantitative 
error bounds guarantees bounded deviations during avoidance and exponential recovery 
at the prescribed rates. Simulations on circular and figure-eight trajectories with single and 
multiple static obstacles, conducted at the kinematic level, confirm the predicted recovery 
behaviour: compared with a CBF-QP safety filter, the total ISE is reduced by factors of 7.4
and 20 in the single- and two-obstacle scenarios, and lateral recovery is twice as fast as 
that of a Kanayama controller augmented by APF, while operation remains collision-free 
with minimum clearances of 0.27–0.30 m. Future work includes experimental validation, 
genuinely time-varying references and dynamic-level effects (actuator dynamics, model 
uncertainty, wheel slip), and integration with CBF-based safety certificates.
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