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Abstract

Vertical viscous resistance and bedding deformation jointly influence hydraulic fracture
propagation in continental shale. A coupled pseudo-three-dimensional (P3D) framework
incorporates apparent fracture toughness (effective front toughness accounting for vertical
viscous resistance) and tangential bedding compliance. Near-tip aperture matching yields
an implicit toughness equation with a unique nonnegative root. A layered elastic weak
form, fluid conservation, and front updates couple pressure, aperture, and interfacial
displacement. A vertical propagation pressure relation is derived at a prescribed height
for perfectly bonded conditions with symmetric stress barriers. Existing end-of-treatment
data for stage 8 of a Sichuan Basin well are reanalyzed. The modified scheme yields an
average height of 55.6 m, within the interpreted 52–58 m range, and a half-length of 178 m,
deviating 3.49% from the interpreted 172 m. Increasing prescribed additional toughness
from 0.1 to 0.7 MPa·m1/2 reduces average height and half-length by 38.62% and 22.22%,
respectively, while maximum tangential interfacial displacement increases from 0.41 to
1.26 mm. The framework clarifies the distinct roles and coupling of propagation resistance
and elastic bedding deformation, providing theoretical and case-based support for fracture
height control, geometry analysis, and assessment of layer-crossing conditions.

Keywords: continental shale; hydraulic fracturing; apparent fracture toughness;
pseudo-three-dimensional model; bedding interface; layer-crossing conditions

1. Introduction
Continental shale oil in China occurs in diverse forms, and its development requires

consideration of variations in reservoir composition and heterogeneity [1]. Vertical hy-
draulic fracture growth directly affects the extent of reservoir stimulation and the degree of
fracture containment within the target interval. Bedding, natural fractures, and other geo-
logical discontinuities can alter fracture propagation paths, fluid movement, and proppant
transport, producing fracture geometries that differ from idealized predictions for homoge-
neous media [2]. Fracture-height analysis in layered formations therefore needs to account
for interlayer stress contrasts, rock fracture properties, and interface mechanical responses.

Hydraulic fracture propagation involves coupled mechanisms of rock deformation,
flow within the fracture, fracture processes, and fluid leakoff; their relative contributions
govern propagation behavior [3,4]. Various numerical methods have been developed to
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address this problem, and their applicability depends on the physical processes represented,
fracture geometry complexity, and validation conditions [5]. Settgast et al. developed a
fully coupled three-dimensional method combining finite element discretization of the solid
with finite volume discretization of the flow [6]. The extended finite element work of Moës
and Belytschko provided a methodological basis for cohesive crack calculations in which
crack paths need not conform to mesh boundaries [7]. Peirce and Detournay combined
near-tip asymptotic relations with an implicit level set method to track hydraulic fracture
fronts [8]. Damjanac and Cundall used distinct element methods to investigate hydraulic
fracturing in naturally fractured reservoirs [9]. These approaches provide different routes
to complex fracture simulation and demonstrate the need to interpret model results in light
of their physical assumptions and validation conditions.

Pseudo-three-dimensional (P3D) models approximate a three-dimensional fracture
using local vertical cross-sections distributed along the propagation direction, reducing
computational complexity while retaining variations in fracture height. Classical P3D mod-
els generally assume local plane-strain elasticity and uniform pressure within each cross-
section, and represent stress-barrier effects on vertical propagation through an equilibrium-
height relation [10]. To approximate viscous effects associated with vertical flow, Dontsov
and Peirce proposed an enhanced P3D model incorporating an apparent-toughness cor-
rection, together with nonlocal elasticity and lateral fracture toughness [11]. Related work
also showed that toughness criteria for lateral propagation must be consistent with the
adopted elastic approximation [12]. Apparent toughness should therefore be understood
as an effective correction associated with a particular propagation state and calibration,
with a physical meaning distinct from the material fracture toughness of the rock.

In this study, apparent fracture toughness comprises the material fracture toughness
KIC and an additional term ∆Kv. The latter represents, in toughness units, the vertical
viscous resistance not explicitly resolved under the P3D assumption of uniform cross-
sectional pressure. It varies with fluid viscosity, propagation speed, elastic properties, and
matching length, and is therefore an effective quantity dependent on the propagation state.
In contrast, KIC characterizes the intrinsic fracture resistance of the rock. Here, ∆Kv does
not replace KIC, and tangential elastic energy stored at bedding interfaces is not included in
this viscous contribution.

The effects of bedding interfaces also involve distinct mechanisms. Schoenberg’s linear
slip interface theory describes interface compliance through a relation between traction
and displacement jump, providing a basis for idealized elastic interface models [13]. Peirce
et al. subsequently investigated layered fracture models in which linear springs control
relative interlayer shear deformation and applied them to P3D analysis [14]. When fracture
penetration across an interface or deflection along it is considered, competition between
fracture paths must also be included. He and Hutchinson studied crack deflection at
interfaces between dissimilar materials by comparing energy release rates with the corre-
sponding fracture resistances [15]. Yang and Zhao combined finite element analysis with
energy release rate calculations to investigate vertical fracture penetration and deflection at
coal–mudstone interfaces [16].

For interface problems involving friction and fluid action, Zhang and Jeffrey showed
that bedding-interface slip, fluid redistribution, and new fracture initiation jointly influ-
ence the reinitiation or termination of fluid-driven fractures [17]. Lu et al. used layered
specimens to demonstrate the effects of weak interfaces and layered material properties
on fracture containment and height growth [18]. More recently, Zeng et al. analyzed
hydraulic fracture interactions with bedding planes using a three-dimensional coupled
model [19]; Shi et al. investigated hydraulic fracturing responses in laminated shale with
different bedding configurations [20]; and Li et al. coupled frictional bedding slip with
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hydraulic fracture propagation to examine its effects on fracture geometry [21]. These
studies indicate that elastic interface deformation, frictional slip, and interface fracture have
distinct governing relations, and their physical meanings should be identified separately in
simplified models.

From the perspective of propagation mechanisms, Huang et al. [22] used a two-
dimensional discrete element method to examine the effects of interlayer stiffness ratios,
toughness ratios, and stress contrasts on fracture height growth. Their results showed
that layer-crossing behavior is closely related to whether propagation is viscosity- or
toughness-dominated. Huang et al. [23] further investigated inherent rock heterogeneity
and grain size, showing that heterogeneity can alter net fracture pressure, tortuosity, and
effective fracture resistance. These studies demonstrate that interpretations of geometry
changes and “effective toughness” must be tied to the specific mechanisms involved.
The additional apparent toughness in this study refers specifically to the vertical viscous
correction, whereas bedding compliance enters through the cross-sectional elastic relations.
Both have physical origins distinct from the effective toughness associated with grain-
scale heterogeneity.

Building on these studies, this work incorporates the apparent-toughness correction
for vertical viscous resistance and tangential elastic compliance of bedding interfaces into
a single P3D formulation. It identifies their respective roles in the front conditions and
pressure–aperture mapping, establishes the nonnegative-root properties of the implicit
toughness update, presents the layered elastic weak form and its discretization, and derives
a propagation pressure condition for a reference problem with symmetric stress barriers.
Existing end-of-treatment cases and field interpretations are then used for geometry com-
parisons and parameter-trend analysis. In relation to studies focusing on discrete fracture
paths, interface friction, or grain-scale heterogeneity, this work examines the connection
between resistance correction and elastic interfaces within a simplified P3D framework,
and its implications for fracture geometry and layer-crossing conditions.

2. Fracture Parameter Model
2.1. Geometry and Basic Assumptions

A vertical hydraulic fracture with two symmetric wings is considered. The x-direction
denotes horizontal propagation, z is vertical, and y is the aperture direction; horizontal
bedding planes are parallel to the x–y plane. The fracture half-length is L(t), the local
full height is h(x,t), and the aperture is w(x,z,t). In the reference problem, the upper and
lower fronts are symmetric about the midplane of the injection layer and lie at z = ±h/2.
The injection-layer thickness Hp is a fixed geological input. Figure 1 shows the side-view
outline and the aperture cross-section at a fixed x.

Each rock layer is assumed to exhibit small-strain, isotropic linear elasticity, with
material constants that may differ between layers. The fluid is treated as incompressible
and Newtonian, with uniform pressure within each local cross-section. The reference
description neglects gravity-induced vertical pressure differences, fluid lag, and proppant
transport. A local cross-sectional approximation is used along x, with displacements in
the y–z plane as the elastic unknowns. This dimensional reduction does not retain the full
three-dimensional elastic interactions.

In situ compressive stress is taken as positive. Fluid pressure pf and net pressure
pn satisfy

pn(x,z,t) = pf(x,t) − σh(z), σh(z) = σ1 + ∆σχb(z) (1)

Here, ∆σ = σ2 − σ1; χb equals 0 within the injection layer and 1 within the symmetric
upper and lower bounding layers. A general layered elastic problem may use a layer-
specific stress profile σh(z), whereas the quantitative calibration of the apparent-toughness
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relation in Section 2.3 is restricted to the reference problem with symmetric stress barriers.
The plane-strain modulus, viscosity parameter, and cross-sectional area are defined as

E′
ℓ =

Eℓ

1 − ν2
ℓ

, µ′ = 12µ, A(x, t) =
∫︂ h/2

−h/2
w(x, z, t)dz (2)

Figure 1. Geometry and aperture definitions for the reference P3D model. (a) Side view of the right
fracture wing in the x–z plane, with injection at the left end; (b) y–z aperture cross-section at a fixed
x. The blue-shaded regions represent the fracture extent in the x–z plane in (a) and the aperture
cross-section between the two fracture faces in (b). The x-, y-, and z-directions denote horizontal
propagation, aperture, and the vertical direction, respectively. Here, h(x,t) is the full fracture height,
L(t) the half-length, Hp the injection-layer thickness, and w(x,z,t) the aperture between the two fracture
faces. The minimum horizontal stresses in the injection layer and upper and lower bounding layers
are σ1 and σ2, respectively. The outlines and aperture proportions are schematic and do not represent
the actual mesh or relative layer thicknesses.

2.2. Elastic Opening and Reference Propagation Relations

Let a = h/2 denote the vertical fracture half-height. For a homogeneous reference
cross-section with perfectly bonded interfaces, the local plane-strain elastic relation can be
written as a singular integral [10]:

pn(z) =
E′

4π
PV

∫︂ a

−a

∂w(s)/∂s
z − s

ds (3)

Here, PV denotes the Cauchy principal value, and x and t are omitted for brevity. The
aperture vanishes at the upper and lower tips. This relation retains the effect of stress
discontinuities without prescribing an elliptical aperture profile across layers. The mode I
stress intensity factor at the upper tip of the reference cross-section is

K+
I =

1√
πa

∫︂ a

−a
pn(s)

√︃
a + s
a − s

ds (4)

The corresponding lower-tip expression is obtained by reversing the sign of s in the
weight function. For a uniform net pressure pn, the reference solution is

w(z) =
4pn

E′

√︁
a2 − z2, KI = pn

√
πa (5)
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The integral relations and analytical solution above provide checks for the perfectly
bonded limit. When compliant interfaces are present, the aperture must be obtained from
the layered problem in Section 2.4 rather than simultaneously imposing the elliptical profile
in Equation (5). For a mode I tip located within a homogeneous layer and sufficiently far
from material interfaces, KI can also be extracted from the local aperture asymptote:

KI =
E′

tip

8
lims→0+

[︄
w(s)

√︃
2π

s

]︄
(6)

Here, s is the distance from the tip, and E′
tip is the plane-strain modulus of the

layer containing the tip. When the tip reaches an interface between dissimilar materials,
the local singular field may change, so the homogeneous-tip relation cannot be applied
unconditionally. Interface-crossing assessment requires the path and energy conditions
discussed in Section 2.6.

2.3. Apparent Fracture Toughness and Its Implicit Update

Let KIC and ∆Kv denote the material fracture toughness and additional apparent tough-
ness, respectively. Their sum, Keff, is the apparent fracture toughness and represents the
effective resistance to be overcome by the vertical front under the present approximation:

Keff = KIC+∆Kv (7)

The term ∆Kv converts the effect of the viscous pressure drop during vertical flow on
tip propagation into a resistance term with the same dimensions as a stress intensity factor.
Its value depends on the propagation speed and matching state, rather than being a fixed
material constant. At a reference speed V = 0, the implicit relation gives ∆Kv = 0, while the
intrinsic material toughness KIC remains. Thus, “zero additional toughness” means only
that the viscous contribution vanishes.

The term ∆Kv approximates the vertical viscous resistance that is not explicitly re-
solved. If vertical lubrication flow is already fully computed, the same contribution should
not be added again. Following the near-tip matching approach of Dontsov and Peirce [11],
matching the toughness-dominated and viscosity-dominated aperture profiles at a charac-
teristic distance d gives

∆Kv =

√︃
π

32
βm

(︁
E′)︁2/3(︁

µ′)︁1/3V1/3d1/6, βm = 21/335/6 (8)

Here, V is the vertical propagation speed of an individual tip. The matching distance
d is a characteristic model length, distinct from the actual thickness dℓ of layer ℓ in Fig-
ure 2. After absorbing the matching prefactor into the redefinition and calibration of the
characteristic length, the approximate relation for symmetric stress barriers is [11]

r = C1/6(︁µ′)︁1/3(︁E′)︁2/3V1/3h1/6
(︃

1 +
C2Hp∆σ

h1/2r

)︃−1/6

, r = ∆Kv (9)

In the original KGD reference calibration, C = 0.175 and 0.21 were used for distributed
and point sources, respectively, and C2 = 0.5 was used for the stress-barrier correction.
These are literature calibration values rather than parameters refitted to the field case in this
study. In Equations (8) to (10), E′ denotes the plane-strain modulus of the homogeneous
reference problem and is not replaced by an uncalibrated average of layered moduli. The
wellhead injection configuration for horizontal fracture propagation does not directly
determine the equivalent source type in the vertical KGD problem. The applicability of this
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approximation requires separate assessment when elastic mismatch or multiple compliant
interfaces significantly affect the vertical aperture profile.

Figure 2. Geometry and parameter definitions for the layered medium. Layers are numbered from 1
to N from bottom to top. The script lowercase letter ℓ denotes an arbitrary layer and is distinguished
from the digit 1. Layer ℓ lies between zℓ−1 and zℓ; dℓ, Eℓ, and νℓ denote its thickness, Young’s modulus,
and Poisson’s ratio, respectively, and Γℓ denotes its upper internal interface. Coordinate directions
are consistent with Figure 1. The schematic does not prescribe the actual number of layers, their
thicknesses, or interface spacing.

Let B and F denote the barrier term and viscous driving term, respectively. Raising
Equation (9) to the sixth power and rearranging gives

r6 + Br5 − F = 0, B =
C2Hp∆σ

h1/2 , F = C
(︁
µ′)︁2(︁E′)︁4V2h (10)

For h > 0, ∆σ ≥ 0, and V > 0, B ≥ 0 and F > 0. The equation has a unique positive root
in the interval from 0 to F1/6; r = 0 is used when V = 0. Uniqueness of the positive root,
dimensional consistency, and dimensionless sensitivity are discussed in Appendix B. For
symmetric propagation of the upper and lower fronts, the implicit time update requires

Vn+1 = max
(︃

0,
hn+1 − hn

2∆t

)︃
(11)

Thus, r, h, and pressure are coupled unknowns. An increase in treatment duration
alone does not establish a monotonic decrease in r, because r is jointly affected by fracture
height, the stress barrier, and propagation speed.

2.4. Layered Elastic Interface Problem and Aperture Feedback

Figure 2 defines the parameters of the layered medium. The layers are numbered from
1 to N from bottom to top. The upper and lower boundaries of layer ℓ are located at zℓ
and zℓ−1, respectively, and its thickness is dℓ = zℓ − zℓ−1. The internal interface Γℓ lies at
the upper boundary of layer ℓ, whose material properties are Eℓ and νℓ. The schematic
represents a local portion of a deep formation; its upper and lower faces do not represent a
free ground surface.

Taking the initial stress-equilibrium state as the reference, let u denote the incremental
displacement and sℓ the incremental stress in layer ℓ. In the local plane-strain cross-section,
u = (uy,uz), with the governing relations

∇ · sℓ = 0, sℓ = 2Gℓε+ λℓtr(ε)I, ε =
∇u + (∇u)T

2
(12)
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Here, Gℓ = Eℓ/[2(1 + νℓ)] and λℓ = Eℓνℓ/[(1 + νℓ)(1 − 2νℓ)]. The plane-strain conditions
are ux = 0 and ∂/∂x = 0, while the constitutive calculation retains the out-of-plane stress
induced by this constraint. Far-field conditions require perturbations relative to the initial
state to decay; the influence of boundary truncation should be checked by enlarging the
computational domain. Net pressure pn is applied to the fracture faces to avoid counting in
situ stress twice.

Following linear interface compliance theory [13] and its application to layered frac-
ture calculations [14], an intact bedding interface is represented by continuity of normal
displacement and a linear tangential spring. With a common interface-normal convention,
the interface relations are

[uz]Γℓ
= 0, τy = kt,ℓ[uy]Γℓ

, [sn]Γℓ
= 0 (13)

Square brackets denote the value on the upper side minus that on the lower side of
the interface, and kt,ℓ has units of Pa/m. The bedding displacement jump and the opening
displacement between the two hydraulic fracture faces occur at different locations and
have different physical meanings. Figure 3 shows the two tangential components of a
general three-dimensional interface; the present local y–z plane-strain model retains only
the y-component.

Figure 3. Two components of a linear tangential elastic interface. (a) Tangential traction τx and
relative displacement ∆ux in the x-direction; (b) tangential traction τy and relative displacement
∆uy in the y-direction. The stiffness kt relates tangential traction to unit displacement jump, and
the springs illustrate the linear traction–displacement relation. The present local y–z plane-strain
model solves only the tangential response in (b); (a) illustrates general three-dimensional interface
kinematics. Inclination schematically represents deformation, while normal displacement remains
continuous across the interface.

For the cross-sectional domain Ωℓ of layer ℓ and its internal interface Γℓ, let v be a test
function satisfying homogeneous outer-boundary constraints and [vz] = 0. Bulk elasticity
and interface springs together give the weak form:

∑N
ℓ=1

∫︂
Ωℓ

ε(v) : Dℓ : ε(u) dΩ + ∑N−1
ℓ=1

∫︂
Γℓ

kt,ℓ[vy][uy] dΓ =
∫︂

Γf

pn[vy]f dΓ (14)

Here, Dℓ is the plane-strain elasticity tensor, Γf denotes the fracture line segments in
the cross-section, and [vy]f is the virtual displacement difference between the two fracture
faces. The interface integral in Equation (14) covers only bedding portions not yet cut by
the main fracture. The resulting displacements give the fracture aperture and elastic energy
per unit interface area:

w =
[︁
uy

]︁
f, Ut,ℓ =

1
2

kt,ℓ
[︁
uy

]︁2
Γℓ

(15)

The weak form defines how pressure affects aperture: pressure changes rock displace-
ments, interface stiffness modifies the overall elastic response, and aperture subsequently
enters the fluid storage and flow calculations. Appendix A provides the matrix discretiza-
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tion subject to normal continuity. Bedding portions not yet cut by the main fracture are
represented as interfaces with continuous normal displacement and linear tangential elas-
ticity. Their tangential displacement is a recoverable relative shear deformation induced
by loading and recovers along the same linear relation upon unloading; Ut,ℓ is recover-
able stored energy. The model does not include frictional yielding, residual shear offset,
interface damage, or fluid transport in branches along bedding. When the main fracture
crosses an interface, the fractured portion is removed from the spring integration domain.
This treatment describes main-fracture formation and the elastic response of the remaining
interface, rather than damage evolution along bedding.

These assumptions apply when the focus is on interlayer shear compliance at small de-
formation, with normal debonding and irreversible slip not explicitly modeled. Describing
bedding opening, frictional slip, or fracture deflection along an interface requires the corre-
sponding normal-fracture, frictional constitutive, or path-competition relations [15,17,21],
together with updated fluid-partitioning conditions.

2.5. Fluid Conservation and Lateral Front Closure

Integrating the local Poiseuille flux over the actual aperture profile gives the volumetric
flow rate along x in one fracture wing [3,10]:

q(x, t) = − 1
µ′

∂pf
∂x

∫︂ h/2

−h/2
w3(x, z, t)dz (16)

Cross-sectional fluid storage and transport satisfy

∂A
∂t

+
∂q
∂x

+ qloss = 0 (17)

Here, qloss is the volumetric loss rate per unit horizontal length, with units of m2/s. It
is set to zero in the reference problem without leakoff. If leakoff is included, a consistent
description should be used for the baseline and modified schemes. An independently
prescribed empirical flow-rate distribution cannot replace the conservation equation. Let
Qf denote the injection rate allocated to a complete two-wing fracture. The inlet and front
conditions are

q(0, t) =
Qf(t)

2
, A(L(t), t) = 0, q(L(t), t) = 0 (18)

At a moving front with no fluid lag or additional tip fluid sink, the fluid particle
velocity equals the front speed. The limit approached from inside the fracture provides the
kinematic closure:

dL
dt

= limx→L(t)−
q(x, t)
A(x, t)

(19)

This limit must be evaluated using a consistent near-front discretization rather than
direct substitution of the tip values, which gives 0/0. The local elastic description used
here applies to a P3D approximation dominated by lateral viscous effects. If lateral fracture
toughness is significant, it must be treated consistently with nonlocal elasticity and the cor-
responding tip asymptotes [11,12]. The relation in Equation (19) alone does not incorporate
a complete lateral-toughness correction.

For a two-wing fracture without leakoff and with negligible wellbore storage, integral
conservation gives

2
∫︂ L(t)

0
A(x, t) dx = Vf(0) +

∫︂ t

0
Qf(τ) dτ (20)
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The stage injection rate equals the sum of the rates allocated to all active fractures.
Assigning the total stage fluid volume directly to one fracture is an additional assumption
that must be stated explicitly.

2.6. Vertical Propagation and Layer-Crossing Conditions

During propagation within a homogeneous layer, where a mode I tip description
applies, the no-recession condition can be expressed as

V ≥ 0, Keff − KI ≥ 0, V(Keff − KI) = 0 (21)

This condition allows tip arrest. During propagation at a positive speed, the tip driving
force equals the sum of material fracture toughness and equivalent viscous resistance. For
the reference problem with perfectly bonded interfaces, uniform elastic modulus, and sym-
metric stress barriers, substituting Equation (1) into the weight-function expression gives

KI =

[︃
pf − σ1 −

2∆σ

π
θh

]︃√︃
πh
2

, θh = arccos
[︃

min(1,
Hp

h
)

]︃
(22)

The pressure satisfying the condition for continued vertical propagation at a prescribed
h is therefore

pf,c = σ1 +
2∆σ

π
θh +

KIC + r√
πh/2

(23)

This relation separates the contributions of in situ stress, the stress barrier, and equiva-
lent fracture resistance. At fixed geometry and other parameters, ∂pf,c/∂r = 1/

√
(πh/2) > 0;

thus, greater additional resistance raises the pressure required to reach that fracture height.
This conditional result for the reference problem does not imply that fracture height must
decrease by the same proportion in every coupled case with a fixed injection rate. For
compliant bedding interfaces, the driving force must be recalculated from the layered
elastic solution, and Equation (23) cannot be applied directly as a universal multilayer
penetration formula.

Geometric layer crossing requires the front to pass the specified interface position. The
number of interfaces within the currently fractured interval is defined as

NΓ(x, t) = ∑N−1
ℓ=1 1[−h(x, t)/2 < zℓ < h(x, t)/2] (24)

The indicator function equals 1 when the condition holds and 0 otherwise. A front
that has only reached an interface is not counted as having penetrated it. Assessment also
requires the actual interface elevations, front positions, and feasible propagation conditions
beyond the interface. For models that explicitly compare penetration and deflection paths,
an energy-competition approach [15,16] gives

ηp =
Gp

Gpc
, ηd =

Gd
Gdc

(25)

Here, Gp and Gd are the energy release rates for the two candidate paths, and the
denominators are their respective critical values. Path selection also depends on material
mismatch, mixed-mode fracture resistance, and fluid partitioning. The present elastic
interface with continuous normal displacement cannot generate a fracture branch that
opens along bedding. The criterion in Equation (25) therefore identifies quantities that an
extended model would need to compare, rather than a deflection algorithm implemented
in this study.
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2.7. Coupled Discretization and Solution Procedure

Equations (14), (16) and (17) connect the elastic interface response to fluid transport,
while Equations (10), (11) and (21) govern updates of the symmetric vertical fronts. For hor-
izontal control volume i, the conservation residual under backward time discretization is

Ri =
An+1

i − An
i

∆t
+

qn+1
i+1/2 − qn+1

i−1/2

∆xi
+ qn+1

loss,i (26)

The control-volume face flux in Equation (26) is calculated from the aperture-cubed
integral in Equation (16) and the pressure difference between adjacent control volumes.
Each time step is initialized using the pressure, fracture height, and lateral front position
at the previous converged time. For the current geometry, the layered elastic matrices in
Appendix A are assembled and normal continuity is imposed to solve for aperture, interfa-
cial displacement, and tip driving force. Cross-sectional area and flux are then calculated,
the vertical speed is updated using Equation (11), and the additional toughness is updated
using Equation (10). Pressure, fracture height, and front position are iterated jointly through
mass conservation and propagation conditions, with the lateral front updated according
to Equation (19). When the main fracture crosses an interface, the fractured portion is
removed from the interface spring integration domain.

The solution procedure controls the scalar root-finding error separately from the
coupled iteration error within each time step [5,8]. When F = 0, r = 0 is assigned directly.
When F > 0, bisection is performed over [0, F1/6] for the B and F values specified by
the current outer iteration. The scalar solve terminates when both the absolute equation
residual normalized by F and the root-bracket width normalized by F1/6 are no greater
than 10−8. For B = 0, the root is the upper endpoint F1/6. The unique nonnegative-root
property established in Appendix B ensures the validity of this bracket.

The outer loop uses successive iteration with a relaxation factor of 0.5 to update
pressure and front position. Elastic aperture, interfacial displacement, cross-sectional
flux, and additional toughness are recalculated from the updated pressure and geometry.
Iterative changes in pressure, aperture, and front position are normalized by positive
characteristic scales with the corresponding dimensions. Once all normalized changes are
no greater than 10−5 and the normalized mass-conservation residual in Equation (26) is
no greater than 10−6, the front-propagation conditions in Equation (21) are checked. For
an advancing front, the tip driving force must balance the effective fracture resistance;
for an arrested front, the driving force must not exceed that resistance. The calculation
advances to the next time step only when the variable-update, conservation-residual, and
front conditions are all satisfied.

The outer iteration limit is 50 iterations per time step. If convergence is not reached
within this limit, the time-step size is halved and the calculation restarts from the previous
converged time. For zero leakoff and negligible wellbore storage, the cumulative injected
volume is checked against the stored fracture-fluid volume using Equation (20). These
settings were used to solve the original cases; Section 3 organizes and reanalyzes the
existing end-of-treatment results.

3. Case Data and Parameter Comparisons
3.1. Data Scope and Evaluation Metrics

The cases are taken from stage 8 of an anonymized sidetracked horizontal well in
the Sichuan Basin, designated Well A. The well has a measured depth of 5720.00 m, a
true vertical depth of 4069.55 m, and a horizontal-section length of 1520.00 m. The target
interval contains interbedded shale, argillaceous sandstone, and siltstone. This section
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organizes and reanalyzes existing end-of-treatment case results for this stage. The original
solution settings are given in Section 2.7, and the sources and adopted values of treatment
and material parameters are listed in Table 1.

Table 1. Treatment and material parameters for stage 8 of Well A, with their sources and adopted values.

Parameter Value Source and Basis for the Adopted Value

Minimum horizontal stress in the
injection layer, σ1

42.6 MPa Representative value from the in situ stress interpretation for
the injection layer.

Minimum horizontal stress in the
bounding layers, σ2

47.3 MPa Representative interpreted stress for the bounding layers; the
same value is used above and below the injection layer.

Stress contrast, ∆σ 4.7 MPa Calculated as σ2 − σ1.

Young’s modulus, E 24.8 GPa Representative value from the rock-mechanics interpretation
for the target interval.

Poisson’s ratio, ν 0.23 Rock-mechanics interpretation value paired with Young’s
modulus.

Matrix fracture toughness, KIC 0.72 MPa·m1/2 Value prescribed in the original case.

Dynamic viscosity, µ 3 mPa·s From fracturing-fluid property data; treated as constant in
the calculation.

Stage injection rate 10 m3/min
From treatment records; used as a constant stage-level

injection rate.

Injection duration 140 min Injection duration recorded for the treatment.

Total stage fluid volume 1400 m3 Calculated as injection rate multiplied by injection duration.

Tangential stiffness of the bedding
interface, kt,ℓ

2.2 GPa/m Recorded value from the original case, used as the tangential
stiffness in Equation (13).

Note: kt,ℓ is the tangential stiffness of bedding interface ℓ, relating tangential traction to tangential
displacement jump in Equation (13). Its unit is Pa/m; the tabulated value of 2.2 GPa/m equals
2.2 × 109 Pa/m. Normal displacement remains continuous across the interface. Injection rate and
total fluid volume are stage-level parameters.

The stress parameters in Table 1 are representative values selected for the injection and
bounding layers from the in situ stress interpretation for this well; both upper and lower
bounding layers are assigned σ2. Young’s modulus and Poisson’s ratio are paired rock-
mechanics interpretation values for the target interval and are used as equivalent linear
elastic properties. Dynamic viscosity is taken from fracturing-fluid property data, whereas
injection rate and duration are taken from treatment records. Viscosity and injection rate
are treated as constant in the model. Matrix fracture toughness and tangential interface
stiffness retain the values prescribed in the original case and enter the front-propagation
condition and the elastic interface relation in Equation (13), respectively. Stress contrast
and total stage fluid volume are calculated from the parameters listed in the table.

The parameters C and C2 in Section 2.3 are literature calibration parameters for the
dynamic apparent-toughness update. Tables 2 and 3 group cases by prescribed additional
toughness to compare end-of-treatment fracture geometry and interfacial displacement;
these comparisons are discussed separately from the dynamic update in Equation (10).
The field-interpreted height range of 52–58 m and half-length of 172 m provide geometry
comparison references and are listed separately from the model inputs.
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Table 2. Relationship between prescribed additional toughness and maximum fracture height in the
first dataset.

Additional Apparent Toughness (MPa·m1/2) Maximum Fracture Height (m)

0 86.2
0.4 72.5
0.8 58.1
1.2 43.6
1.6 33.4

Table 3. Fracture geometry and interfacial displacement at 140 min for the second set of prescribed-
toughness cases.

Case
Additional
Toughness
(MPa·m1/2)

Average Fracture Height
(m)

Fracture Half-Length
(m)

Maximum Tangential
Displacement

(mm)

1 0.1 71.2 207 0.41
2 0.3 60.5 189 0.67
3 0.5 52.1 174 0.93
4 0.7 43.7 161 1.26

The average and maximum fracture heights are defined as

h(t) =
1

L(t)

∫︂ L(t)

0
h(x, t) dx , hmax(t) = max0≤x≤L(t)h(x, t) (27)

Average and maximum fracture heights in the data are discussed separately and
are not used interchangeably. The field-interpreted fracture height is 52–58 m, and the
half-length is 172 m. The former is an interpreted range rather than a statistical confidence
interval. For a specified scalar reference value, the descriptive relative deviation is

eX =
|Xcase − Xref|

Xref
× 100% (28)

The height-range midpoint of 55 m is used only as a common calculation reference
and is not treated as an error-free true fracture height.

3.2. Fracture Geometry Comparison with Field Interpretations

Table 4 retains the labels “conventional P3D” and “modified P3D” from the exist-
ing cases. The conventional scheme gives a fracture height of 74.3 m, exceeding the
upper bound of the interpreted range by 16.3 m; the modified value of 55.6 m lies within
that range. Relative to its midpoint of 55 m, the descriptive deviations are 35.09% and
1.09%, respectively.

Table 4. Comparison of reported end-of-treatment case values with field interpretations.

Metric Field Interpretation Conventional P3D Modified P3D

Average fracture height (m) 52–58 74.3 55.6
Deviation from the 55 m midpoint (%) / 35.09 1.09

Within the interpreted height range / No Yes
Fracture half-length (m) 172 216 178

Half-length relative deviation (%) / 25.58 3.49
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The modified half-length of 178 m differs from the field-interpreted value of 172 m
by 6 m, giving a relative deviation of 3.49%. The conventional half-length is 216 m, with a
relative deviation of 25.58%. Figure 4 compares the fracture geometry from both schemes
with the field interpretations, using the interpreted range of 52–58 m for fracture height and
the interpreted scalar value of 172 m for half-length. For the stage examined, the modified
height of 55.6 m lies within the interpreted range, and its half-length deviation is smaller
than that of the conventional scheme. The modified scheme therefore agrees more closely
with the field-interpreted fracture geometry in this case.

Figure 4. Comparison of end-of-treatment fracture geometry with field interpretations for stage 8.
(a) Average fracture height; the two red horizontal solid lines mark the lower and upper bounds of
the interpreted range, 52 and 58 m. (b) Fracture half-length; the red horizontal solid line marks the
interpreted value of 172 m. Orange-red and blue circles denote the conventional and modified P3D
schemes, respectively, and the numbers beside the points give their values. Data are from Table 4; the
height range is a field-interpreted interval.

3.3. Parameter Trends at Prescribed Additional Toughness

The first dataset covers additional apparent toughness values of 0–1.6 MPa·m1/2,
over which the maximum fracture height decreases from 86.2 to 33.4 m, a reduction of
61.25% (Table 2). Zero additional toughness removes only the equivalent viscous resistance;
it does not set the matrix fracture toughness to zero. The maximum end-of-treatment
height alone does not determine the number of crossed interfaces. Assessment using
Equation (24) also requires the actual interface elevations and the fracture profile along the
propagation direction.

The second dataset corresponds to a treatment duration of 140 min and includes
four prescribed additional-toughness values (Table 3). As additional toughness increases
from 0.1 to 0.7 MPa·m1/2, the average fracture height decreases from 71.2 to 43.7 m, a
reduction of 38.62%, and the fracture half-length decreases from 207 to 161 m, a reduction
of 22.22%. The maximum tangential interfacial displacement increases from 0.41 to 1.26 mm,
approximately 3.07 times its initial value.

Figure 5 shows that, over the listed parameter range, greater additional toughness
corresponds to smaller average fracture height and half-length and greater maximum tan-
gential interfacial displacement. This displacement is the recoverable jump defined by the
linear elastic relation in Equation (13). It reflects interlayer shear-deformation adjustment
rather than frictional slip or interface damage. Table 3 compares end-of-treatment responses
at different prescribed additional toughness values.
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Figure 5. End-of-treatment responses at 140 min for prescribed additional toughness. (a) Average
fracture height, shown as open circles; (b) fracture half-length, shown as open squares; (c) maximum
tangential interfacial displacement, shown as open triangles. The symbols correspond to the four
cases in Table 3. The horizontal axis in each panel is prescribed additional toughness, and connecting
lines illustrate trends between the discrete data points. The displacement in (c) is the recoverable
elastic displacement jump of the linear interface.

4. Discussion
4.1. Roles of Vertical Propagation Resistance and Interlayer Deformation

Apparent toughness and interface compliance act at different stages of fracture prop-
agation. The former represents the viscous effects of vertical flow as an equivalent front
resistance, whose magnitude depends on the propagation state and matching length [11].
The latter changes the cross-sectional elastic response through relative deformation between
layers. Their coupling therefore reflects the interaction between propagation resistance
and deformation capacity: interface compliance adjusts the pressure-induced aperture
distribution, aperture changes fluid storage and transport, and changes in pressure and
front speed further affect the additional apparent toughness.

The relation in Equation (23) shows that, at fixed geometry in the reference problem,
increasing additional toughness raises the pressure required for continued vertical propa-
gation. At a fixed injection rate, fracture height, length, and aperture jointly determine fluid
storage and flow. Changes in height and half-length must therefore be interpreted together
with pressure and fluid volume balance. The end-of-treatment trends in Tables 2 and 3
describe geometric responses within the listed parameter ranges.

Bedding compliance modifies the cross-sectional elastic response through the linear
relation between tangential traction and relative displacement [13,14]. The increase in
maximum tangential displacement in Table 3 indicates greater local recoverable shear
deformation. Total energy stored at the interface also depends on stiffness and the spatial
distribution of displacement. This elastic deformation has a different physical meaning
from dissipation caused by frictional slip or damage.

4.2. Engineering Interpretation of Field Comparisons and Fluid Volume Balance

The interpreted height range and scalar half-length are compared using interval
inclusion and relative deviation, respectively. For both metrics, the modified scheme
more closely matches the field interpretation for the stage studied. Manjunath et al. [24]
noted that microseismic events can include shear-failure responses in regions not directly
connected to the injected fluid; the event distribution can therefore differ from the extent
of the fluid-filled fracture. Their multistage fracturing experiments and modeling with
PMMA specimens demonstrated the complementary value of injection- and monitoring-
well pressure information for interpreting fracture geometry. This finding indicates that
field interpretations should be analyzed in light of the physical meaning of the monitoring
measurements and fluid volume constraints. Accordingly, this study uses the interpreted
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height range and half-length as geometry comparison references and examines the link
between fracture dimensions and injected volume through the volume relations below.

Geometric agreement also needs to be interpreted in terms of fluid volume balance.
The treatment rate and duration in Table 1 give a total stage injection volume of 1400 m3.
In an idealized scenario with no leakoff and all fluid entering one two-wing fracture,
conversion of this volume using the modified half-length and average height gives an
equivalent mean aperture of approximately 70.7 mm. This value corresponds to the stated
single-fracture allocation assumption and illustrates the scale relationship between stage-
level injection volume and individual fracture volume. In multicluster fracturing, the stage
injection rate is partitioned among active fractures and contributes to their respective fluid
storage and propagation. Cluster-level flow partitioning is therefore an important link
between treatment parameters and fracture geometry.

The relationship between fracture height and half-length can be expressed through
the volume of a two-wing fracture. Let w̄ denote the fracture-area-weighted mean aperture.
Then Vf = 2Lh̄w̄, where h̄ is defined in Equation (27). At the same effective stored fluid
volume, simultaneous decreases in height and half-length require an increase in mean
aperture. If leakoff, storage, or flow partitioning differs, changes in effective fluid volume
must also be included. The geometry trends in Table 3 should therefore be interpreted
together with aperture and fluid volume constraints.

4.3. Layer-Crossing Analysis and Model Application

Fracture crossing of layers has both geometric and mechanical aspects. Geometrically,
it concerns the relative positions of the front and formation interfaces and the process of
crossing them. Mechanically, it concerns the driving forces and corresponding fracture
resistances of candidate propagation paths. Combining interface elevations, front positions,
and local propagation conditions distinguishes propagation within a layer, arrival at an
interface, and crossing of an interface, linking the analysis to the actual layered structure.

The linear tangential interface used here focuses on elastic deformation between layers.
Fracture along bedding, frictional slip, and flow into branches involve fracture-path compe-
tition, frictional constitutive behavior, and fluid partitioning, respectively [15,17,21]. These
mechanisms connect to the present framework through interface tractions, displacement
jumps, and local pressure states. Incorporating the corresponding relations would extend
the analysis to fracture penetration, deflection, and propagation along bedding.

Section 2.4 and Appendix A allow elastic properties, layer thicknesses, and tangential
interface stiffnesses to be specified separately for individual layers, providing a local
elastic description of multiple layers with contrasting properties. The apparent-toughness
calibration and pressure relation in Equation (23), however, correspond to the stated
reference conditions. For formations with pronounced interlayer property contrasts or
asymmetric upper and lower stress barriers, the tip driving force should be obtained from
the actual layered solution, and the applicability of the apparent-toughness approximation
should be assessed.

The model uses a local plane-strain P3D approximation and represents bedding as
interfaces with continuous normal displacement and linear tangential elasticity. Frictional
slip, interface damage, and fluid branches opening along bedding are not explicitly repre-
sented. The field comparison uses end-of-treatment geometry from a single stage in one
well, without matching complete pressure–time histories. The results therefore primarily
describe geometric responses and parameter trends under the specified conditions.
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5. Conclusions
(1) A coupled P3D framework incorporating apparent fracture toughness and elastic

compliance of bedding interfaces was developed. The weak formulation of layered elasticity,
fluid conservation, and front-update conditions establish the computational links among
fracture pressure, aperture, interfacial displacement, and propagation speed.

(2) Under calibration for symmetric stress barriers, the implicit additional apparent-
toughness relation can be transformed into an algebraic equation with a unique nonnegative
root. For the perfectly bonded reference conditions, a vertical propagation pressure rela-
tion was derived at a prescribed fracture height, establishing the conditional relationship
between increased additional resistance and higher propagation pressure.

(3) In the end-of-treatment comparison for the stage examined, the modified fracture
height of 55.6 m lies within the field-interpreted range of 52-58 m. The half-length of 178 m
has a relative deviation of 3.49% from the interpreted value of 172 m. Both geometric
metrics from the modified scheme are closer to the field interpretations than those from the
conventional scheme.

(4) Increasing prescribed additional toughness from 0.1 to 0.7 MPa·m1/2 corresponds
to decreases of 38.62% and 22.22% in average fracture height and half-length, respectively,
and an increase in maximum tangential interfacial displacement from 0.41 to 1.26 mm.
These end-of-treatment data show the associated trends in additional resistance, fracture
dimensions, and recoverable elastic deformation between layers. Joint interpretation
of fracture height and half-length requires consistency with aperture and effective fluid
volume constraints.
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Appendix A. Matrix Discretization of the Layered Elastic Weak Form
A displacement approximation u = Nℓd, compatible with the fracture and interfaces,

is used in each layer. Separate displacement degrees of freedom are assigned to the two
sides of each interface to allow tangential jumps. Let Bℓ be the strain–displacement matrix
and Jt,ℓ the interpolation matrix for the tangential interface jump. The bulk and interface
stiffness matrices are

Kb = ∑N
ℓ=1

∫︂
Ωℓ

BT
ℓ DℓBℓ dΩ, Kt = ∑N−1

ℓ=1

∫︂
Γℓ

JT
t,ℓkt,ℓJt,ℓ dΓ (A1)

Pressure can be represented using fracture-face nodes or piecewise basis functions
Np. Let Jf map nodal displacements to fracture-face opening. The consistent surface-load
matrix is

Fp =
∫︂

Γf

JT
f Np dΓ, f = Fppn (A2)
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Normal continuity and homogeneous displacement constraints on the outer boundary
are written as Cd = 0. Let P be a full-column-rank matrix whose columns span the admissible
displacement space, such that CP = 0, and set d = Pa. Substitution into the weak form gives
the equations after constraint elimination:

Kra = PTFppn, Kr = PT(Kb + Kt)P (A3)

When the elastic constants satisfy stability conditions, tangential stiffnesses are posi-
tive, rigid-body degrees of freedom are removed, and the constraints are independent, Kr

is symmetric positive definite. Fracture aperture and tangential interfacial displacement
are extracted from the displacement solution as

w = JfPK−1
r PTFppn, ∆ut,ℓ = Jt,ℓPa (A4)

These relations give the complete discrete mapping from pressure to aperture. Imple-
mentation should solve the linear system rather than explicitly calculate a matrix inverse.
Changes in geometry require consistent updates of integration domains, fractured surfaces,
and the corresponding matrices.

The discrete elastic energy is

Ue =
1
2

dTKbd +
1
2

dTKtd (A5)

As kt,ℓ increases while elastic energy remains bounded, the corresponding tangential
displacement jump tends to zero. Together with normal continuity, this recovers a perfectly
bonded interface. As kt,ℓ approaches zero, the interfacial shear traction tends to zero, but
additional rigid-body motions may arise, requiring checks on constraints and uniqueness.
These limits provide checks on interface compliance; an arbitrarily large stiffness value
alone does not establish numerical convergence.

Appendix B. Dimensional Consistency and Uniqueness of the
Apparent-Toughness Equation

From Equation (8), the product of (E′)2/3, (µ′)1/3, V1/3, and d1/6 has units of Pa·m1/2.
In Equation (10), B has the same units as r and F has units of r6, so all terms are dimensionally
consistent. Let f(r) = r6 + Br5 − F. Then,

ξ6 + ζξ5 = 1, 0< ξ ≤ 1,
dξ
dζ

= − ξ

6ξ+ 5ζ
< 0 (A6)

For V > 0, f(0) = −F < 0 and f(F1/6) = BF5/6 ≥ 0. Continuity and strict monotonicity
therefore establish a unique positive root. For V = 0, the unique nonnegative root of
r5(r + B) = 0 is zero. Accordingly, a positive viscous correction inde

A =
2πpna2

E′ ,
∫︂ a

−a
w3(z) dz =

24πp3
na4

(E′)3 (A7)

ndent of speed should not be retained when the reference speed V is zero.
For F > 0, introducing r0 = F1/6, ξ = r/r0, and ζ = B/r0 reduces the root equation to

ξ6 + ζξ5 = 1, 0< ξ ≤ 1,
dξ
dζ

= − ξ

6ξ+ 5ζ
< 0 (A8)

This relation shows that, at fixed r0, increasing the barrier correction parameter ζ de-
creases the dimensionless additional toughness ξ = r/r0. The stress barrier also contributes
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to the tip driving-force calculation through the elastic loading. Vertical propagation condi-
tions are jointly determined by material fracture toughness, additional apparent toughness,
and stress-barrier loading. At fixed h and B, r increases with positive propagation speed
V. During time evolution, fracture height, propagation speed, and the corresponding bar-
rier term jointly control the additional toughness, whose evolution is determined by the
coupled state at each instant.

Integrating the area and hydraulic conductance of the perfectly bonded reference
solution gives another set of testable relations:

A =
2πpna2

E′ ,
∫︂ a

−a
w3(z) dz =

24πp3
na4

(E′)3 (A9)

These relations follow directly by integrating Equation (5) and provide checks on area
and flow discretization. They do not apply to general aperture distributions with stress
discontinuities or compliant interfaces.
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