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Abstract

This paper presents the design of a control strategy based on exact feedback linearization
and dynamic stabilization for the mathematical model of a benchmark Quanser platform
emulating the elevation, pitch, and travel motions of a three-degree-of-freedom (3-DOF)
tandem helicopter. The orientation dynamics of the aerial vehicle are described by a set of
highly coupled, inherently unstable nonlinear differential equations. Unlike conventional
feedback linearization approaches, the core contribution of this work lies in a strategic
subsystem decoupling technique combined with a symmetric input transformation and
a formal proof of exact linearizability. Once the exact linear canonical representation
is derived, optimal Linear Quadratic Regulator (LQR) control gains are synthesized di-
rectly within the transformed coordinates. Subsequently, a trajectory tracking scheme
is developed for each degree of freedom, simulating aggressive trajectory changes that
emulate obstacle-avoidance maneuvers during a mission. Numerical simulations in MAT-
LAB/Simulink demonstrate that the proposed control scheme achieves precise tracking
and rapid stabilization while strictly adhering to the physical angular bounds of the experi-
mental platform and operational actuator constraints.

Keywords: nonlinear systems; 3DOF tandem helicopter; exact feedback linearization;
stabilization; trajectory tracking

1. Introduction
Unmanned Aerial Vehicles (UAVs), also known as Remotely Piloted Aircraft Systems

(RPAS) [1], have become widely used in civil [2], surveillance [3], and military applications.
According to ICAO standards, RPAS refer to unmanned aircraft that are piloted from a
remote pilot station. These systems may include varying levels of onboard automation
to assist flight and mission execution; however, control authority remains with a human
operator located outside the aircraft [4].

RPAS can be classified in different ways, either by their configuration—namely fixed-
wing, rotary-wing, or airships—or commonly by their weight [5,6]. For these reasons, there
is a wide variety of topics in which they are studied. For example, configurations aimed
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at optimizing energy resources; hybrid configurations between vehicles that normally
behave as fixed-wing aircraft but, through a change in rotor configuration, can operate as
rotary-wing aircraft [7]; material selection to reduce weight while preserving the desired
mechanical characteristics [8]; the design of control strategies for specific missions [9];
trajectory design for electric vertical takeoff and landing (eVTOL) [10]; design of optimal
deployment algorithms [11]; and the design of experimental platforms to validate some of
the aforementioned approaches [12], among others.

In this article, the object of study focuses on the design of a control strategy for the
Quanser 3DOF experimental platform [13], in which it is possible to represent the orienta-
tion dynamics (yaw, pitch, and roll) of a tandem helicopter. Experimental platforms play
a significant role in both industrial and academic sectors, as they allow the experimental
validation of various innovations related to RPAS without risking the physical integrity of
people or the unmanned aerial vehicles themselves, while also enabling continuous reuse.

Several research works related to the Quanser 3DOF helicopter have been reported.
In some of them, an approximate linearization of the tandem helicopter’s mathematical
model is first performed [13,14], followed by the design of a control strategy. Other works
are based on feedback linearization techniques [15,16], as well as on the development of
nonlinear control strategies [17–19].

The Quanser 3DOF helicopter platform consists of two DC motors mounted at the
ends of a helicopter-shaped frame. Two propellers are attached to the motor shafts, which,
together with the motors, represent the front and rear rotors of the aircraft; these actuators
constitute the inputs of the plant. The helicopter frame is suspended by means of a long
rod and supported by a measuring instrument that allows the pitch angle of the vehicle to
be measured with respect to the instrument axis. This configuration also allows the tandem
to travel freely.

The rotor axes are parallel and generate a thrust force normal to the frame. When
a positive voltage is supplied to the front rotor, a positive pitch motion is generated; if a
positive voltage is applied to the rear rotor, the pitch motion is in the negative direction.
A positive voltage applied to both motors produces elevation of the body. At the opposite
end of the long rod, there is a counterweight such that the mass of the aircraft is lower than
that of the counterweight; therefore, the thrust force generated by the rotors allows the
tandem to be lifted.

In this work, exact feedback linearization is proposed for the tandem helicopter with
the objective of stabilizing the system and designing a trajectory-tracking control strategy
for the aerial vehicle. Initially, the nonlinear three-degree-of-freedom (3DOF) dynamic
model is presented, describing the vehicle’s behavior in elevation, pitch, and travel motions.
The model consists of a system of nonlinear differential equations and represents an
unstable system. Subsequently, the parameters associated with the platform architecture
are introduced.

A symmetric transformation is then employed in order to partially decouple the
system dynamics, resulting in two nonlinear subsystems that are analyzed independently.
For each subsystem, the conditions for exact linearization are studied through the analysis
of the relative degree and the distributions generated by the associated Lie vector fields [20].
In the case of the subsystem corresponding to pitch and travel motions, it is verified that the
Lie distributions satisfy the necessary involutivity conditions [20,21], thereby guaranteeing
the existence of a linear transformation structured by a pure integrator chain.

Once exact linearization of the subsystems is established, a feedback control law is
implemented to achieve algebraic cancellation of the nonlinearities and obtain an equivalent
linear dynamic model. Based on the linearized model, control gains are designed to ensure
closed-loop stabilization of the subsystems. Finally, a trajectory-tracking control strategy is
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developed, based on the linearized model and applied to the nonlinear system for elevation,
pitch, and travel motions.

2. Mathematical Modeling and Decoupling
Considering Figure 1 and denote the angles as follows: θe for elevation, θt for travel

(yaw), and θp for the pitch of the 3DOF Tandem Helicopter [22]. From the free-body diagram
shown in Figure 1, the following differential equations are obtained, which describe the
dynamics of the 3DOF Helicopter:

Je
..
θe = la

(
f f + fb

)
− lw fg cos θe (1)

Jt
..
θt = −lakp sin θp (2)

Jp
..
θp = lh

(
f f − fb

)
(3)

where Je, Jt, and Jp denote the moments of inertia with respect to the elevation, travel,
and pitch axes, respectively; la, lh and lw are lengths shown in Figure 1; m f , f f , mb, fb, mh,
fg and mw are the forces acting on the helicopter at the front, rear, and due to gravity g,
respectively. Table 1 presents the parameter values assigned to the system, taken directly
from the manufacturer’s manual.

Figure 1. Free-body diagram of the 3-DOF helicopter.

Table 1. 3-DOF Tandem Helicopter Parameters [13].

Symbol Description Value

Je Elevation moment of inertia 0.91 kg·m2

Jt Travel moment of inertia 0.91 kg·m2

Jp Pitch moment of inertia 0.034 kg·m2

la Distance from pivot to helicopter center of mass 0.660 m
lh Distance from pivot to either rotor center of mass 0.178 m
lw Distance from pitch axis to counterweight 0.47 m
k Motor thrust constant 0.5 N/V

kp Force required to keep the body elevated 0.686 N
v f Maximum voltage of the front motor 5 V
vb Maximum voltage of the rear motor 5 V

Values obtained from the manufacturer’s manual [13].
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Equations (1)–(3) correspond to a system of nonlinear differential equations in which
the equations are coupled both in the states and in the control inputs of the system. There-
fore, an appropriate change of variables in the control inputs is proposed to decouple the
system into two separate dynamics. For this purpose, the force terms are rewritten as
follows: f f = k f v f , fb = kbvb with k = k f = kb, and fg = kpla/lw.

A symmetric transformation in terms of u f and ub is then employed [23], introducing
two new control variables with the following structure:[

v f

vb

]
=

[
− 1

2
1
2

1
2

1
2

][
u f

ub

]
(4)

Substituting Equation (4) into the system of Equations (1) and (3) allows rewrite (1)–(3)
as follows:

Je
..
θe = lakub − lw fg cos θe (5)

Jt
..
θt = −lakp sin θp (6)

Jp
..
θp = −lhku f (7)

The system (5)–(7) is no longer coupled through the control inputs and can therefore be
divided into two subsystems as follows: Equation (5) depends only on θe and the auxiliary
control signal ub; on the other hand, Equations (6) and (7) are coupled through θp and
depend only on the new auxiliary control signal u f . The problem is thus simplified for
the study of structural properties and the design of control strategies to manipulate the
dynamics of the 3DOF Tandem Helicopter.

3. Exact Linearization
In this section, the exact linearization of the decoupled nonlinear model of the three-

degree-of-freedom (3DOF) helicopter is shown, as described by Equations (4)–(6) through
a set of nonlinear differential equations. The linearization process is carried out indepen-
dently for each subsystem, taking advantage of the decoupled structure of the model.
First, the elevation subsystem is addressed. Subsequently, the linearization of the sub-
system associated with the pitch and travel dynamics is performed, considering their
possible interactions.

3.1. Exact Linearization (Elevation)

Equation (5) describes the behavior of the tandem helicopter with respect to the
elevation angle θe. To achieve exact feedback linearization, we define an auxiliary virtual
control input vb such that θ̈e = vb. By substituting this condition into Equation (5) and
solving algebraically for ub, we obtain

Jevb = lakub − lw fg cos θe (8)

Consequently, the linearizing control law that cancels the system nonlinearities is
derived as follows:

ub =
Je

lak

(
lw fg

Je
cos θe + vb

)
(9)

To incorporate an integral action into the state-space representation, a dynamic extension of
the elevation subsystem is performed. Specifically, an auxiliary state variable ζ is defined
as the integral of the elevation angle θe:

ζ̇ := θe =⇒ ζ(t) =
∫ t

0
θe(τ) dτ (10)
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By incorporating ζ alongside the physical states θe and θ̇e, the system is dynamically
extended into a third-order state-space model. This dynamic extension introduces a PID
structure directly into the state-space formulation, ensuring zero steady-state tracking error.

Consequently, the augmented linear state-space model is formulated as expressed
in Equation (11):  ζ̇

θ̇e

θ̈e

 =

 0 1 0
0 0 1
0 0 0


 ζ

θe

θ̇e

+

 0
0
1

vb (11)

3.2. Exact Linearization (Pitch and Travel)

For the subsystem described by Equations (6) and (7), corresponding to the travel
and pitch dynamics of the helicopter, it is not possible to obtain a linearizing control law
by simple inspection. Therefore, it is necessary to determine a function h(x) such that it
generate a transformed system in such a way that an exact linearizing control law can
be designed.

To this end, the existence of the function h(x) must be verified.
Let h(x) be a transformation function defined locally around a point x in the state

space, capable of reducing the system to controllable canonical form. The function h(x)
exists if and only if the following conditions are satisfied [21]:

1. The set of vectors {
g, ad f g, ad2

f g, . . . , adn−1
f g

}
is locally linearly independent around x.

2. The subset of vector fields {
g, ad f g, ad2

f g, . . . , adn−2
f g

}
is locally involutive. Let

gT =
[

0 0 0 − lhk
Jp

]
(12)

f =


ωt

− lakp
Jt

sin θp

ωp

0

 (13)

were ωt = θ̇t and ωp = θ̇p.

To verify Condition 1, the Lie brackets of f and g must be computed as follows:

ad f g = [ f , g] =
∂g
∂x

f − ∂ f
∂x

g (14)

adn
f g =

[
f , adn−1

f g
]
, n ⩾ 1 (15)

ad f g =


0
0

lhk
Jp

0

 (16)

ad2
f g =

[
f , ad f g

]
=


0

− lhk
Jp

lakp
Jt

cos θp

0
0

 (17)
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ad3
f g =

[
f , ad2

f g
]
=


lhk
Jp

lakp
Jt

cos θp
lhk
Jp

lakp
Jt

ωp sin θp

0
0

 (18)

Concatenating the vectors from Equations (12), (16)–(18) yields the following matrix
arrangement:

←→




0
0
0
− lhk

Jp

,


0
0

lhk
Jp

0

,


0

− lhk
Jp

lakp
Jt

cos θp

0
0

,


lhk
Jp

lakp
Jt

cos θp
lhk
Jp

lakp
Jt

ωp sin θp

0
0


 (19)

where θp ̸= π
2 + κπ, κ = ±0,±1,±2, . . .

rank
{

g(x0), ad f g(x0), ad2
f g(x0), ad3

f g(x0)
}
= 4 (20)

The vectors in Equation (19) are linearly independent. Therefore, the rank of the matrix
in Equation (20) is full, which verifies that Condition 1 is satisfied.

Next, Condition 2 is analyzed in order to determine whether there exists a transforma-
tion that exactly linearizes the system defined by Equations (6) and (7).

Consider
g× ad f g = 0 (21)

g× ad2
f g =

[
∂

∂x
ad2

f g
]

g− ∂g
∂x

ad2
f g = 0 (22)

ad f g× ad2
f g =


0

− lhk
Jp

lakp
Jt

sin θp

0
0

 (23)

Thus, δ =
{

g, ad f g, ad2
f g
}

is involutive.

←→




0
0
0
− lhk

Jp

,


0
0

lhk
Jp

0

,


0

− lhk
Jp

lakp
Jt

cos θp

0
0

,


0

− lhk
Jp

lakp
Jt

sin θp

0
0



〈
∀θp

〉
(24)

rank




0
0
0
− lhk

Jp

,


0
0

lhk
Jp

0

,


0

− lhk
Jp

lakp
Jt

cos θp

0
0

,


0

− lhk
Jp

lakp
Jt

sin θp

0
0


 = 3 (25)

According to the Frobenius theorem [21], Equation (25) corresponds to an involutive
system. Therefore, Conditions 1 and 2 of the Lemma in [21] are satisfied, which implies
that the system can be exactly linearized.

To determine a scalar vector field h(x) that generates the state transformation, the fol-
lowing system of partial differential equations must be satisfied:

∂h
∂x

(
g, ad f g, ad2

f g
)
= 0 (26)

https://doi.org/10.3390/pr14182931

https://doi.org/10.3390/pr14182931


Processes 2026, 14, 2931 7 of 23


∂h
∂x1
∂h
∂x2
∂h
∂x3
∂h
∂x4


T


0 0 0

0 0 − lhk
Jp

lakp
Jt

cos θp

0 − lhk
Jp

0

− lhk
Jp

0 0

 =

 0
0
0


T

(27)

Based on Equations (26) and (27), selecting the function h(x) = x1 satisfies the system
conditions, allowing the following linearizing transformation to be established:

z := ϑ(x) =


h(x)

L f h(x)
L2

f h(x)
L3

f h(x)

 (28)

A particular solution that satisfies the previous conditions yields the explicit
transformation

z =


z1

z2

z3

z4

 :=


x1

x2

− lakp
Jt

sin x3

− lakp
Jt

x4 cos x3

 (29)

From (29), the inverse transformation that maps the state variables from z to x can be
determined as follows:

z1 = x1 ⇒ x1 = z1 (30)

z2 = x2 ⇒ x2 = z2 (31)

z3 = −
lakp

Jt
sin x3 ⇒ x3 = arcsin

− z3
lakp

Jt

 (32)

z4 = −
lakp

Jt
x4 cos x3 ⇒ x4 = − z4

lakp
Jt

cos x3

; where cos x3 ̸= 0; −π

2
< x3 <

π

2
. (33)

The transformed model can now be written in controllable canonical form as
ż1

ż2

ż3

ż4

 =


z2

z3

z4
lakp

Jt
x2

4 sin x3 + u f
lakp

Jt

lhk
Jp

cos x3

 (34)

It can be readily observed that system (34) can be immediately linearized. To this end,
an auxiliary external control variable v is introduced. In order to obtain a linear model,
the control input u is defined as

u f =
v− lakp

Jt
x2

4 sin x3
lakp

Jt

lhk
Jp

cos x3

(35)

It can be observed that the control law presented in Equation (35) exhibits a singularity
in the denominator associated with the term cos x3. Therefore, this control law is valid only
when cos x3 ̸= 0, a condition that holds for −π

2 < x3 < π
2 .

From a physical standpoint, when the pitch angle reaches π/2 (90 [deg]), the rotor
thrust vector completely loses its vertical alignment, failing to generate the necessary lift
force. Consequently, the helicopter loses its ability to sustain elevation, rendering the
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system strictly non-operational. However, due to the physical mechanical constraints of the
experimental platform which restrict the pitch angle to a range of ±32 [deg] the proposed
controller operates safely and effectively well within this functional regime.

Substituting (35) into (34) results in the linear system
ż1

ż2

ż3

ż4

 =


z2

z3

z4

v

 (36)

The resulting model exhibits a pure chain-of-integrators structure, which greatly
facilitates controller design using linear control techniques.

4. Stabilization
4.1. Elevation

The poles of the linear system shown in Equation (11) are located at the origin; there-
fore, the system is unstable. In order to stabilize it, a state-feedback control law is proposed,
where the input vb is defined as

vb = −kexe = −ke0ζ − ke1θe − ke2θ̇e (37)

where xe = [ζ θe θ̇e]T is the state vector of the linear system (11) corresponding to the
elevation dynamics, and ke = [ke0 ke1 ke2] is the gain vector that stabilizes the system.

To select the gains that stabilize the subsystem, the MATLAB LQR (version R2020a)
command is employed. The following weighting matrix Q and scalar value R, obtained
from the manufacturer’s manual [13], are proposed:

Q =

 100 0 0
0 0 0
0 0 10

 (38)

and
R = 0.05 (39)

The resulting gain vector is

ke =
[

44.7214 38.5889 16.6487
]

(40)

The following figures present the numerical simulation results obtained in the MAT-
LAB/Simulink (version R2020a) environment using the Runge–Kutta integration method
to validate the computed control gains for the tandem helicopter. These simulations are
based on the dynamic model of the benchmark Quanser 3-DOF Helicopter platform, con-
sidering two distinct operational scenarios with different subsystem initial conditions.
To preserve physical feasibility and avoid unrealistic behaviors, the Quanser platform is
strictly constrained within the actual physical angular bounds of the platform across its
three degrees of freedom [13]. Specifically, the pitch axis is restricted to θp ∈ [−32.0 [deg],
+32.0 [deg]], a total stroke of 64 [deg], while the elevation motion operates within a physical
stroke of 63.5 [deg] ranging from −27.5 [deg] to +36.0 [deg]. In contrast, the travel axis
features an unconstrained continuous 360 [deg] rotational capability. Furthermore, for all
simulations, the initial conditions were proposed to lie strictly within these ranges, and all
simulations conducted throughout this work adhere to these physical limits, using the
system parameters listed in Table 1.
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First, it is assumed that the vehicle is initially at rest with the motors turned off and
positioned horizontally, that is, with θe(0) = 0 [deg], θp(0) = 0 [deg], θt(0) = 0 [deg],
θ̇e(0) = 0 [deg/s], θ̇p(0) = 0 [deg/s] and θ̇t(0) = 0 [deg/s]. Additionally, it is assumed that
no external disturbances are present. In Figure 2, it can be observed that due to the weight
of the aerial vehicle body, θe(t) takes negative values in the elevation angular position
for 0[s] < t < 2.5[s] approximately, indicating that the vehicle tends to descend due to
gravitational force. Subsequently θe(t) increase once the motors are activated, the control
law acts to stabilize the subsystem at the equilibrium point, i.e., θe = 0 [deg], maintaining
the vehicle in a horizontal position and ensuring that the lift force balances the weight of
the tandem helicopter.

0 1 2 3 4 5 6 7

Time [s]

-0.03

-0.025

-0.02

-0.015

-0.01

-0.005

0

0.005

e
 [

d
e
g

re
e
s
]

Figure 2. Elevation response with θe(0) = 0 [deg], θp(0) = 0 [deg], θt(0) = 0 [deg], θ̇e(0) = 0 [deg/s],
θ̇p(0) = 0 [deg/s] and θ̇t(0) = 0 [deg/s], assuming constant system parameters.

In Figure 3, the voltages corresponding to the front and rear motors of the aerial vehicle
are shown. Both actuators exhibit a transient response at the beginning, characterized
by a small overshoot. Subsequently, both signals converge toward a value of +0.3835 V,
indicating that the control action required to maintain the equilibrium condition stabilizes.
Furthermore, the motor voltages remain within the maximum operating limits throughout
the process.
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Figure 3. Motor voltage response during the approach of the 3-DOF tandem helicopter to its
equilibrium condition with θe(0) = 0 [deg], θp(0) = 0 [deg], θt(0) = 0 [deg], θ̇e(0) = 0 [deg/s],
θ̇p(0) = 0 [deg/s] and θ̇t(0) = 0 [deg/s], assuming constant system parameters: (a) Rear motor
voltage. (b) Front motor voltage.
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Subsequently, a nonzero initial condition is considered only for the elevation; that is,
the helicopter is initially elevated with an angle θe(0) = 3 [deg], while θp(0) = 0 [deg],
θt(0) = 0 [deg], θ̇e(0) = 0 [deg/s], θ̇p(0) = 0 [deg/s] and θ̇t(0) = 0 [deg/s]. Additionally,
it is assumed that no external disturbances are present. In Figure 4, it can be observed that
the control law acts on the system and drives the helicopter toward the equilibrium point
corresponding to θe = 0 [deg], maintaining it stable at this position.
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Figure 4. Elevation response with θe(0) = 3 [deg], θp(0) = 0 [deg], θt(0) = 0 [deg], θ̇e(0) = 0 [deg/s],
θ̇p(0) = 0 [deg/s] and θ̇t(0) = 0 [deg/s], assuming constant system parameters.

Figure 5 shows the dynamic response of the control signals vb and v f over a 7 s
time interval. Both variables exhibit a symmetric and smooth response to maintain the
vehicle at the equilibrium point, demonstrating a coordinated control performance between
the actuators. At the beginning of the simulation (t = 0 s), an initial transient peak of
−2.5 V occurs, attributed to rapid compensation for the initial position error. Subsequently,
the signals respond with a moderate overshoot of +0.62 V around t = 0.35 s, followed
by progressive damping that stabilizes the system after 3 s at a steady-state value of
+0.3835 V. The absence of high-frequency oscillations or prolonged saturation evidences
suitable controller performance, keeping the effort within appropriate operational limits
for the motors.
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Figure 5. Motor voltage response during the approach of the 3-DOF tandem helicopter to its
equilibrium condition with θe(0) = 3 [deg], θp(0) = 0 [deg], θt(0) = 0 [deg], θ̇e(0) = 0 [deg/s],
θ̇p(0) = 0 [deg/s] and θ̇t(0) = 0 [deg/s], assuming constant system parameters: (a) Rear motor
voltage. (b) Front motor voltage.
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4.2. Pitch and Travel

By selecting v as in Equation (37), corresponding to linear state feedback, asymptotic
regulation of the subsystem is guaranteed.

v = −ktz = −kt0z1 − kt1z2 − kt2z3 − kt3z4 (41)

where z is the state vector of the transformed linear system (36) associated with the pitch
and travel dynamics, and kt = [kt0 kt1 kt2 kt3] is the gain vector that stabilizes the system.

To obtain the gains that stabilize the pitch and travel subsystem, the MATLAB LQR
command is again employed. The following weighting matrix Q and scalar value R,
obtained from the manufacturer’s manual [13], are proposed:

Q =


10 0 0 0
0 2 0 0
0 0 1 0
0 0 0 0

 (42)

and
R = 0.05 (43)

The resulting gain vector is

kt =
[

14.1421 21.6658 15.1818 5.5103
]

(44)

Finally, substituting v from Equation (41) into Equation (35) yields

u f =
(−kt0z1 − kt1z2 − kt2z3 − kt3z4)−

lakp
Jt

x2
4 sin x3

lakp
Jt

lhk
Jp

cos x3

(45)

To validate the LQR gains obtained for the pitch and travel control law, non-zero
initial conditions are established for the pitch state, with θe(0) = 0 [deg], θp(0) = 30 [deg],
θt(0) = 0 [deg], θ̇e(0) = 0 [deg/s], θ̇p(0) = 0 [deg/s], and θ̇t(0) = 0 [deg/s]. In
Figures 6 and 7, it can be observed that, under the action of the control law described
in Equation (45), the subsystem converges to the equilibrium points θp = 0 [deg] and
θt = 0 [deg], remaining stable once equilibrium is reached.

Figure 8 shows the dynamic response of the control voltages vb(t) and v f (t) applied to
the 3 DOF tandem helicopter over a 7 s period. Unlike the symmetrical response obtained
in the elevation simulation, the initial signals reflect the asymmetry required by the control
action to compensate for the system’s initial conditions in pitch, while vb starts from a
positive value of +2 V, v f begins at a negative level of −1.35 V. Following the initial
compensation phase, both signals exhibit damped behavior, reaching transient peaks
of +0.48 V at t = 2.2 s for vb, and +0.78 V at t = 0.8 s for v f . Finally, the coordinated
action of the actuators enables the system to converge smoothly to a steady-state value of
+0.3835 V after 4 s, ensuring stability around the equilibrium point without high-frequency
oscillations or saturation.

To quantitatively evaluate the stabilization performance of the proposed controller,
the root-mean-square error (RMSE), maximum absolute error, settling time, and steady-
state error were calculated directly from the simulation data. The stabilization error was
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defined with respect to the desired equilibrium condition. The RMSE was calculated over
the complete simulation interval according to

RMSE =

√√√√ 1
N

N

∑
k=1

e2(k), (46)

where e(k) denotes the stabilization error and N is the total number of simulation samples.
The maximum absolute error corresponds to the largest magnitude of the stabilization error
during the transient response. The settling time was determined as the time required for the
response to converge to and remain around the desired equilibrium, while the steady-state
error was evaluated from the final portion of the simulation. The resulting quantitative
stabilization metrics are summarized in Table 2.
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Figure 6. Pitch response of the 3-DOF helicopter: with θe(0) = 0 [deg], θp(0) = 30 [deg],
θt(0) = 0 [deg], θ̇e(0) = 0 [deg/s], θ̇p(0) = 0 [deg/s] and θ̇t(0) = 0 [deg/s], assuming constant sys-
tem parameters.
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Figure 7. Travel response of the 3-DOF helicopter: with θe(0) = 0 [deg], θp(0) = 30 [deg],
θt(0) = 0 [deg], θ̇e(0) = 0 [deg/s], θ̇p(0) = 0 [deg/s] and θ̇t(0) = 0 [deg/s], assuming constant
system parameters.
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Figure 8. Motor voltage response during the approach of the 3-DOF tandem helicopter to its
equilibrium condition with θe(0) = 0 [deg], θp(0) = 30 [deg], θt(0) = 0 [deg], θ̇e(0) = 0 [deg/s],
θ̇p(0) = 0 [deg/s] and θ̇t(0) = 0 [deg/s], assuming constant system parameters: (a) Rear motor
voltage. (b) Front motor voltage.

Table 2. Quantitative stabilization performance of the 3-DOF tandem helicopter.

Figure Variable RMSE Maximum Error Settling Time Steady-State Error

Figure 2 Elevation (deg) 0.009600 0.026026 3.509000 −0.000018
Figure 4 Elevation (deg) 0.590001 3.000007 6.7760 −0.001142
Figure 6 Pitch (deg) 1.483609 3.614941 7.0000 0.000167
Figure 7 Travel (deg) 7.799265 30.000013 7.0000 0.028871

The reported metrics were calculated directly from the simulation data corresponding to each stabilization response.

The results in Table 2 show that the proposed controller achieves accurate stabilization
of the helicopter states. In particular, the steady-state errors remain close to zero for the
elevation, pitch, and travel responses, indicating that the controller effectively eliminates
the residual error after the transient response. The RMSE and maximum absolute error
values quantify the transient deviation from the desired equilibrium, while the settling-time
results provide a direct measure of the convergence rate.

5. Trajectory Tracking
5.1. Stability Analysis via Lyapunov Theory

Theorem 1 (Lyapunov’s Direct Method [24]). Consider an autonomous non-linear system
ė = f (e), where f : D → Rn is continuously differentiable on an open domain D ⊂ Rn containing
the origin e = 0. Let V : D → R be a continuously differentiable function such that:

(i) V(0) = 0,
(ii) V(e) > 0, ∀e ∈ D \ {0},
(iii) V̇(e) < 0, ∀e ∈ D \ {0}.
Then, the equilibrium point e = 0 is asymptotically stable. Furthermore, if D = Rn and V(e)
is radially unbounded (i.e., V(e) → ∞ as ∥e∥ → ∞), then the equilibrium point is globally
asymptotically stable.

Let the tracking errors be defined as

e1 = ζd − ζ, e2 = θed − θe, e3 = θ̇ed − θ̇e, (47)

e4 = z1d − z1, e5 = z2d − z2, e6 = z3d − z3, e7 = z4d − z4. (48)
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Thus, the error vector is given by

e =
[
e1 e2 e3 e4 e5 e6 e7

]T
. (49)

After applying exact feedback linearization, the tracking error dynamics can be
expressed as

ė = Ae + Bw, (50)

where

A =



0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0


, B =



0 0
0 0
1 0
0 0
0 0
0 0
0 1


, w =

[
ve

vp

]
. (51)

The system can be decomposed into two decoupled subsystems:

ee =

e1

e2

e3

, ep =


e4

e5

e6

e7

. (52)

The control inputs are defined as

ve = −keee, vp = −ktep, (53)

where
ke =

[
44.7214 38.5889 16.6487

]
, (54)

kt =
[
14.1421 21.6658 15.1818 5.5103

]
. (55)

Substituting the control law w = −Ke yields the closed-loop error dynamics

ė = (A− BK)e, (56)

where the block-diagonal gain matrix K ∈ R2×7 is given by

K =

[
ke 01×4

01×3 kt

]
. (57)

Due to the decoupled structural property, the closed-loop system can be rewritten as

ėe = Aeee, ėp = Apep, (58)

where

Ae =

 0 1 0
0 0 1

−44.7214 −38.5889 −16.6487

, (59)

Ap =


0 1 0 0
0 0 1 0
0 0 0 1

−14.1421 −21.6658 −15.1818 −5.5103

. (60)
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The characteristic polynomial of Ae is

s3 + 16.6487s2 + 38.5889s + 44.7214 = 0, (61)

with eigenvalues
λ(Ae) = {−14.14395, −1.25237± j1.26231}. (62)

For Ap, the characteristic polynomial is

s4 + 5.5103s3 + 15.1818s2 + 21.6658s + 14.1421 = 0, (63)

with eigenvalues

λ(Ap) = {−1.22323± j1.77171, −1.53192± j0.83917}. (64)

Since all eigenvalues have strictly negative real parts, both Ae and Ap are Hurwitz
matrices.

By choosing symmetric positive-definite matrices Qe = I3 and Qp = I4, the algebraic
Lyapunov equations

AT
e Pe + Pe Ae = −I3, (65)

AT
p Pp + Pp Ap = −I4 (66)

yield unique positive-definite solutions:

Pe =

2.95910 1.68105 0.01118
1.68105 2.21973 0.05652
0.01118 0.05652 0.03343

, (67)

Pp =


4.69251 5.51544 2.38158 0.03536
5.51544 9.46096 4.84470 0.27765
2.38158 4.84470 4.00977 0.35205
0.03536 0.27765 0.35205 0.15463

. (68)

Consider the positive-definite quadratic Lyapunov candidate function:

V(e) = eT
e Peee + eT

p Ppep. (69)

Since Pe > 0 and Pp > 0, it guarantees that

V(e) > 0, ∀e ̸= 0. (70)

The time derivative of V(e) along the closed-loop error trajectories is computed as

V̇(e) = eT
e (AT

e Pe + Pe Ae)ee + eT
p (AT

p Pp + Pp Ap)ep. (71)

Substituting the Lyapunov equations yields

V̇(e) = −eT
e ee − eT

p ep. (72)

Thus,
V̇(e) = −∥e∥2 < 0, ∀e ̸= 0. (73)

Since V(e) is positive definite, radially unbounded, and V̇(e) is strictly negative
definite, according to Theorem 1 (Lyapunov’s Direct Method [24]), the tracking error
equilibrium point e = 0 is globally asymptotically stable.
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5.2. Elevation

In this section, a control law for trajectory tracking of the elevation subsystem of
the tandem helicopter is proposed. Equation (74) shows the structure of the linear error
model employed, where both the desired trajectories and the actual subsystem trajectories
are incorporated. ζ̇d − ζ̇

θ̇ed − θ̇e

θ̈ed − θ̈e

 =

 0 1 0
0 0 1
0 0 0


 ζd − ζ

θed − θe

θ̇ed − θ̇e

+

 0
0
1

[φe − vb] (74)

where ζd and θed correspond to the desired reference trajectories, and φe = θ̈ed represents the
feedforward reference acceleration. The previous expression can be rewritten in compact
state-space form as shown in Equation (75), demonstrating that the system dynamics
remain linear in the error space:

ėe = Aeee + Beve (75)

where ee = [ζd − ζ, θed − θe, θ̇ed − θ̇e]T is the error state vector, and ve represents the
auxiliary control input.

The auxiliary control input ve is defined as ve = φe − vb, where vb is the feedback
control law that stabilizes the error dynamics and drives the system toward the desired
trajectory. Equation (76) presents the closed-loop feedback structure for vb:

vb = Keee (76)

where Ke corresponds to the LQR feedback gain matrix obtained in Equation (40). Conse-
quently, the complete auxiliary control input is expressed as ve = φe − Keee.

ub =
Je

lak

(
lw fg

Je
cos θe + φe − Keee

)
(77)

The reference θed used for trajectory tracking in the elevation subsystem corresponds
to a periodic trapezoidal signal characterized by an upper position of 18 [deg] and a
lower position of 2 [deg], with rise and fall times of 3 s and a dwell time of 16 s at each
reference level.

This type of signal is proposed to emulate elevation or descent maneuvers in the
presence of obstacles during a potential aerial mission, thereby allowing evaluation of the
trajectory tracking capability and response time of the subsystem under abrupt changes in
elevation position.

In Figure 9, the comparison between the desired trajectory (red dashed line) and the
helicopter response in the elevation variable (blue solid line) is presented. The results show
that the proposed control strategy effectively guides the aerial vehicle along the desired
path, exhibiting maximum overshoots of 1.9979 [deg] at the upper and lower direction
change points. Despite these minor transient peaks, the entire response remains strictly
within the physical operating limits of the elevation axis, demonstrating high tracking
efficiency and smooth closed-loop behavior.
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Figure 9. Trajectory tracking for the elevation state of the 3-DOF helicopter with initial conditions
θe(0) = 16 [deg], θp(0) = 0 [deg], θt(0) = 0 [deg], θ̇e(0) = 0 [deg/s], θ̇p(0) = 0 [deg/s], and
θ̇t(0) = 0 [deg/s], assuming constant system parameters.

Figure 10 shows the time evolution of the control voltages vb(t) and v f (t) throughout
the 60 s simulation. The response demonstrates a coordinated periodic behavior between
the actuators, characterized by sharp transient peaks reaching maximums of +2.8 V and
minimums of −2.1 V during abrupt trajectory transitions. Minor impulses (≈±0.6 V)
associated with secondary corrections can also be observed. In the intervals between
reference changes, both control signals swiftly return to a stable steady-state level of
+0.34 V. Notably, the peak values remain well below the maximum operating voltage
of 5 V specified in Table 1, demonstrating the controller’s ability to handle repetitive
maneuvers without saturating the power stages or exhibiting drift.
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Figure 10. Motor voltage response during elevation trajectory tracking for the 3-DOF tandem
helicopter: (a) Rear motor voltage. (b) Front motor voltage.

5.3. Pitch

For the trajectory tracking design of the pitch motion, the transformed linear system
presented in Equation (36) is employed. The desired reference vector in the transformed
state space zd = [z1d, z2d, z3d, z4d]

T is obtained directly by mapping the desired physical

https://doi.org/10.3390/pr14182931

https://doi.org/10.3390/pr14182931


Processes 2026, 14, 2931 18 of 23

trajectories through the linearizing diffeomorphic transformation. Equation (78) details the
proposed canonical error model structure:

ż1d − ż1

ż2d − ż2

ż3d − ż3

ż4d − ż4

 =


0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0




z1d − z1

z2d − z2

z3d − z3

z4d − z4

+


0
0
0
1

[φp − v
]

(78)

where v represents the auxiliary control input and φp = z(4)1d represents the fourth derivative
of the desired trajectory in the transformed domain. The previous system can be rewritten
in compact state-space form as

ėp = Apep + Bpvp (79)

where ep = zd − z corresponds to the tracking error vector in the transformed space. The
auxiliary control input vp is designed incorporating both the feedforward acceleration term
and the LQR state feedback law:

vp = φp − v (80)

and
vp = −Ktep (81)

where Kt = [kt0, kt1, kt2, kt3] is the LQR feedback gain vector. Finally, by substituting vp

into the fourth component of the transformed canonical model and solving for the physical
input u f , the explicit control law applied to the actuators is obtained:

u f =
(φp − Ktep)−

lakp
Jt

x2
4 sin x3

lakp
Jt

lhk
Jp

cos x3

(82)

Once again, a periodic trapezoidal reference signal is proposed θpd, characterized by
an upper position of 30 [deg] and a lower position of −30 [deg], with rise and fall times of
3 s. The dwell time at the lower extreme of the signal is 13 s, while at the upper position it
is 17 s.

Figure 11 illustrates the response of the nonlinear subsystem under the designed
trajectory tracking control law. In this simulation, a non-zero initial condition is considered
(θp(0) = 28.75 [deg]), requiring the controller to drive the helicopter toward the reference
signal and subsequently maintain it along the desired path. It can also be observed that
the maximum overshoot during direction changes, in both upper and lower directions, is
2.2059 [deg]. This highlights the excellent performance of the proposed control law, as the
output signal remains well within the operational physical bounds of ±32 [deg], even
though the desired trajectory operates in close proximity to this physical boundary.

As depicted in Figure 12, the control effort required during pitch trajectory tracking
displays a significantly smaller magnitude compared to the elevation degree of freedom.
While the motor voltages for elevation vary between −2.1 V and +2.8 V, the pitch com-
mands demand much lower actuation effort, remaining well within [0 V, 0.75 V] with
transients between 0.05 V and 0.75 V. This highlights that pitch attitude adjustments re-
quire substantially less control energy, while both degrees of freedom operate comfortably
within the physical actuator bounds (±5 V).
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Figure 11. Trajectory tracking for the pitch state of the 3-DOF helicopter with initial conditions
θe(0) = 0 [deg], θp(0) = 28.75 [deg], θt(0) = 0 [deg], θ̇e(0) = 0 [deg/s], θ̇p(0) = 0 [deg/s],
and θ̇t(0) = 0 [deg/s], assuming constant system parameters.
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Figure 12. Motor voltage response during pitch trajectory tracking for the 3-DOF tandem helicopter:
(a) Rear motor voltage. (b) Front motor voltage.

5.4. Travel

Finally, the trajectory tracking control law for the travel degree of freedom is presented.
Although the pitch and travel axes are physically coupled in the original nonlinear model,
the diffeomorphic transformation completely decouples their dynamics. Consequently,
the linear canonical system structure introduced in Equation (36) is employed, where
the transformed reference vector zd = [z1d, z2d, z3d, z4d]

T is mapped from the desired
travel trajectory.

Equation (83) details the decoupled canonical error model structure for the travel
subsystem: 

ż1d − ż1

ż2d − ż2

ż3d − ż3

ż4d − ż4

 =


0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0




z1d − z1

z2d − z2

z3d − z3

z4d − z4

+


0
0
0
1

[φt − v] (83)

where v represents the auxiliary control input and φt = z(4)1d denotes the fourth-order
feedforward reference acceleration.

https://doi.org/10.3390/pr14182931

https://doi.org/10.3390/pr14182931


Processes 2026, 14, 2931 20 of 23

The travel tracking error dynamics can be expressed in compact state-space form as

ėt = Apet + Bvt (84)

where et = zd − z is the travel error vector, Ap corresponds to the 4th-order canonical
matrix defined in Equation (79), and B = [0, 0, 0, 1]T .

The auxiliary control input vt is constructed by combining the feedforward term with
the LQR state feedback law:

vt = φt − v (85)

and
vt = −Ktet (86)

where Kt = [kt0, kt1, kt2, kt3] is the LQR feedback gain vector synthesized specifically for the
travel subsystem parameters. Finally, input u f the explicit control function applied to the
actuators is obtained:

u f =
(φt − Ktet)−

lakp
Jt

x2
4 sin x3

lakp
Jt

lhk
Jp

cos x3

(87)

For the reference trajectory θtd, a periodic trapezoidal signal is proposed, characterized
by an upper position of 30 [deg] and a lower position of −30 [deg], with rise and fall times
of 3 s. The dwell time at the lower extreme of the signal is 13 s, while at the upper position
it is 17 s.

Figure 13 presents a comparison between the reference signal (red dashed line) and the
trajectory followed by the helicopter (blue solid line). It can be observed that the proposed
control law effectively tracks the desired path, displaying moderate overshoots resulting
from the abrupt positive and negative step changes in the reference signal. Furthermore,
the controller rapidly drives the trajectory of the 3-DOF system toward the steady state,
where it remains stable. It is worth emphasizing that for the travel state, the physical
operational capability is an unconstrained 360 [deg] range; within this regime, the controller
operates properly, exhibiting maximum overshoots and undershoots of up to 10.0518 [deg]
during sharp reference transitions.
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Figure 13. Trajectory tracking for the travel state of the 3-DOF helicopter with initial conditions
θe(0) = 0 [deg], θp(0) = 0 [deg], θt(0) = 28.65 [deg], θ̇e(0) = 0 [deg/s], θ̇p(0) = 0 [deg/s] and
θ̇t(0) = 0 [deg/s], assuming constant system parameters.
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The dynamic response of the required control signal for the proposed exact feedback
linearization and tracking scheme is shown in Figure 14. Figures 14a and 14b show the time
responses of the back motor voltage (vb) and front motor voltage (v f ), respectively. The fast
voltage spikes observed at reference transitions are inherently driven by the feedforward
acceleration terms required for aggressive trajectory tracking, reaching bounded extrema
between −3.6 V and 4.4 V. These values remain well within the operational limit of ±5 V,
ensuring that no actuator saturation occurs. Once the system settles, the control inputs
quickly stabilize to baseline operating levels, demonstrating the practical feasibility and
smooth performance of the control law under steady-state conditions.
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Figure 14. Motor voltage response during travel trajectory tracking for the 3-DOF tandem helicopter:
(a) Rear motor voltage. (b) Front motor voltage.

To provide a quantitative assessment of the trajectory-tracking performance, the dy-
namic responses presented in Figures 9, 11 and 13 were evaluated using the root-mean-
square error (RMSE), maximum absolute tracking error, settling time, and steady-state
error. The resulting quantitative tracking performance metrics for each degree of freedom
are summarized in Table 3.

Table 3. Quantitative trajectory tracking performance of the 3-DOF tandem helicopter.

Figure Variable RMSE Maximum Error Settling Time Steady-State Error

Figure 9 Elevation (deg) 0.6699 1.9979 0.4067 0.5515
Figure 11 Pitch (deg) 0.5796 2.2059 1.9410 0.0590
Figure 13 Travel (deg) 3.2168 10.0518 3.5020 0.0901

The reported metrics were calculated directly from the simulation data corresponding to each figure.

The quantitative metrics in Table 3 confirm the tracking capability and effective axis
decoupling achieved by the proposed controller. While elevation and pitch exhibit rapid
transient convergence, the travel axis experiences a larger transient excursion due to
physical coupling and inertial forces, which are effectively dampened by the feedback
control law to maintain steady-state tracking errors below 0.6 [deg] across all states.

In Figure 9, the elevation response (θe) achieves rapid convergence under step transi-
tions with a settling time of 0.4067 s and a maximum tracking error of 1.9979 [deg], yielding
an overall RMSE of 0.6699 [deg] and a steady-state error of 0.5515 [deg]. For the pitch angle
(θp) in Figure 11, the state closely follows the trapezoidal reference with minimal corner
oscillations (maximum error of 2.2059 [deg], settling time of 1.9410 s), resulting in a low
RMSE of 0.5796 [deg] and a negligible steady-state error of 0.0590 [deg]. Finally, the travel
state (θt) in Figure 13 exhibits an inertial overshoot during ramp transitions (maximum
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error of 10.0518 [deg], RMSE of 3.2168 [deg]), but stabilizes within 3.5020 s to reach a low
steady-state error of 0.0901 [deg], confirming long-term positioning robustness.

6. Conclusions
In this work, a control strategy based on exact feedback linearization was presented

for a Quanser 3-DOF tandem helicopter. Starting from the nonlinear dynamic model of
the system, a symmetric transformation was employed to decouple the dynamics, and the
resulting subsystems were analyzed independently.

The relative degree analysis and Lie distribution calculations verified that the sub-
system containing the pitch and travel dynamics is involutive and can be exactly lin-
earized, yielding a transformation that represents the system as a pure chain of integrators.
By canceling the nonlinearities and designing appropriate control gains, the system was
stabilized and the internal dynamics were guaranteed to remain stable. Additionally,
the proposed strategy enabled trajectory tracking for obstacle avoidance in the elevation,
pitch, and travel motions.

The results obtained demonstrate that exact feedback linearization is an effective tool
for controlling nonlinear aerial systems with coupled dynamics. Furthermore, although the
control law derived for the pitch and travel dynamics exhibits a singularity at θp = ±π/2,
the mechanical constraints of the platform strictly prevent the controller from reaching these
critical values. Finally, future work envisions extending the proposed approach to account
for model uncertainties, external disturbances, and physical hardware experimentation.
Additionally, future research will focus on analyzing key motor metrics to evaluate overall
system efficiency and performance.
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