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Abstract

This paper presents a novel support vector machine (SVM) classification approach that
simultaneously accounts for both overall and extreme misclassification errors via a dual-
norm regularization strategy. Traditional SVMs minimize the L;-norm of slack variables to
control global misclassification, while least squares SVM (LSSVM) minimizes the sum of
squared errors. In contrast, our method preserves the classical L{-norm penalty to maintain
overall classification fidelity and incorporates an additional Le-norm term to penalize the
largest slack variable, thereby constraining the worst-case margin violation. This composite
objective yields a more robust and generalizable classifier, particularly effective when
occasional large deviations disproportionately affect decision boundaries. The resulting
optimization problem minimizes a regularized objective combining the model norm, the
sum of slack variables, and the maximum slack variable, with two hyperparameters, C; and
C», balancing global error against extremal robustness. By formulating the problem under
convex constraints, the optimization remains tractable and guarantees a globally optimal
solution. Experimental evaluations on benchmark datasets demonstrate that the proposed
method achieves comparable or superior classification accuracy while reducing the impact
of outliers and maintaining a sparse model structure. These results underscore the advan-
tage of jointly enforcing L and L penalties, providing an effective mechanism to balance
average performance with worst-case error sensitivity in support vector classification.

Keywords: quadratic programming; structural risk minimization; L;-norm and Le-norm
minimization; support vector machine; model sparsity

1. Introduction

Support vector machines (SVMs) have long been recognized as one of the most power-
ful and widely used tools in supervised classification tasks due to their solid theoretical
foundations, generalization ability, and effectiveness in high-dimensional spaces [1-3]. Tra-
ditional SVMs operate by maximizing the margin between data classes while minimizing a
regularization term and a slack penalty, often using the L;-norm of slack variables to control
misclassification [4,5]. Despite their success, conventional SVMs often suffer from high
computational complexity and sensitivity to outliers, especially when the misclassification
errors exhibit large variance. Despite their remarkable success across a broad spectrum of
classification tasks, conventional SVMs are not without notable limitations. In particular,
they tend to incur substantial computational costs when applied to large-scale datasets and
exhibit heightened sensitivity to outliers or mislabeled instances—especially in scenarios

Processes 2025, 13, 2858

https://doi.org/10.3390/pr13092858


https://doi.org/10.3390/pr13092858
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/processes
https://www.mdpi.com
https://orcid.org/0000-0001-7085-5440
https://orcid.org/0000-0002-0726-8849
https://doi.org/10.3390/pr13092858
https://www.mdpi.com/article/10.3390/pr13092858?type=check_update&version=2

Processes 2025, 13, 2858

2 0f 23

where the misclassification errors show large variance [6-10]. The aforementioned issues
have spurred considerable research efforts aimed at improving the computational efficiency,
robustness, and generalization capability of SVM-based models. One prominent line of
work has focused on robust loss functions, such as Huber loss, ramp loss, or truncated
hinge loss, which reduce sensitivity to noise and outliers by down-weighting the influence
of misclassified samples with large residuals [8-10]. Another important direction involves
sparse SVM formulations, particularly those that incorporate L;-norm regularization to
induce sparsity in support vectors or model parameters, thus improving interpretability
and reducing computational costs [11,12]. In parallel, researchers have explored extensions
of SVM within the least squares framework (LSSVM) to simplify the optimization by con-
verting the quadratic programming problem into a set of linear equations and alleviate
the computational burden and improve training efficiency [13,14]. However, standard
LSSVM sacrifices sparsity and inherits a lack of robustness to outliers due to its reliance on
a quadratic loss function. To address data uncertainty and distribution shifts in real-world
applications, distributionally robust optimization (DRO) has been integrated into support
vector machines, significantly enhancing their reliability. For instance, ref. [15] proposed a
distributionally robust joint chance-constrained SVM that handles uncertainties by enforc-
ing probabilistic constraints across multiple data scenarios, offering a unified framework
for robust classification under ambiguous distributions. Similarly, ref. [16] developed
both robust and distributionally robust optimization models specifically for linear SVMs,
demonstrating improved generalization and stability by optimizing against the worst-case
distribution within an uncertainty set. Extending these ideas to nonlinear classification,
ref. [17] introduced a kernel-based distributionally robust chance-constrained SVM that
preserves the flexibility of feature mappings while providing probabilistic guarantees on
constraint violations. Complementing these methodological advances, ref. [18] presented a
scalable chance-constrained SVM framework designed to efficiently learn from large-scale
datasets, bridging the gap between computational tractability and theoretical robustness.
These methods have motivated various extensions to enhance the sparsity and ro-
bustness of LSSVM. Recent studies have explored non-quadratic loss functions such as
Huber loss or e-insensitive loss to mitigate the influence of outliers while retaining smooth
optimization properties [19,20]. Additionally, alternative regularization norms beyond the
standard L-norm, including Li-norm and mixed-norm strategies, have been investigated
to encourage sparsity and reduce overfitting [21,22]. To further improve performance,
hybrid optimization schemes combining convex—concave procedures, proximal algorithms,
or kernel pruning techniques have also been proposed for efficient and adaptive model
training [23,24]. Among these developments, combining different norm-based penalties
(e.g., L1, L) on slack variables has shown promising potential in simultaneously control-
ling model complexity and improving classification reliability [25,26]. Also, numerous
variants of SVM and LSSVM have been developed to address these issues. Robust SVM
formulations aim to limit the influence of outliers by using alternative loss functions or
data-driven weighting strategies [27]. Sparse SVM models incorporate Li-based regular-
ization or feature selection techniques to achieve compact decision functions [28]. Non-
convex or hybrid regularization schemes have also been introduced to balance sparsity
and accuracy [29]. In the context of LSSVM, recent advancements include fuzzy-weighted
LSSVMs [30], multi-kernel frameworks [31], and adaptive loss modifications to enhance
model robustness [32]. Recent advances in robust and sparse support vector machine
(SVM) methods have significantly improved the handling of noisy and high-dimensional
data. Generalized adaptive Huber-loss twin SVM frameworks [33] dynamically adjust
robustness parameters to mitigate the effect of outliers, achieving superior performance
in high-noise scenarios. Fast truncated Huber-loss SVM approaches [34] have been devel-
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oped for large-scale classification, leveraging efficient optimization algorithms to maintain
both computational efficiency and high accuracy. Extensions of Huber-loss SVM to multi-
task learning frameworks [35] enhance robustness and interpretability when handling
multiple related classification tasks simultaneously. Structured sparse SVM models with
ordered non-convex penalties [36] effectively ensure model sparsity and interpretability
in high-dimensional datasets with ordered covariates. In addition, sparse least-squares
Universum twin bounded SVMs [37] integrate classification with feature selection through
sparsity-inducing mechanisms, improving robustness against noisy observations while
reducing model complexity. Collectively, these developments provide a comprehensive
foundation for integrating robustness and sparsity in modern SVM frameworks. In the
past five years, the research community has renewed its focus on enhancing SVM models
to improve robustness and interpretability, particularly in the face of class imbalance and
noisy data. For instance, a capped squared-loss SVM was proposed to reduce the impact
of large-margin violations while maintaining computational efficiency in large-scale set-
tings [38]. In the domain of least squares SVMs (LSSVMs), variants using capped-norm
distance metrics have been introduced to mitigate noise and enhance robustness under
adverse conditions [39,40]. More recently, novel loss functions—such as smoothed or trun-
cated formulations—have been integrated with hybrid regularization to simultaneously
achieve sparsity and stability in classification tasks [41,42]. Although these works have
collectively advanced the trade-off between accuracy, robustness, and sparsity, most ap-
proaches still rely on a single-norm penalty and do not explicitly address both aggregate
misclassification and extreme violation in a unified framework. Motivated by the need to
construct classifiers that are both accurate and robust to extreme deviations, this work intro-
duces a dual-norm regularization framework for SVMs. By jointly enforcing the L-norm
to preserve global classification fidelity and sparsity, and the Leo-norm to constrain the
worst-case margin violation, our approach achieves a balanced trade-off between average
performance and extreme-case robustness. This novel formulation advances existing SVM
methodologies by explicitly integrating both global and extremal error control within a
convex, tractable optimization framework.

The primary contributions of this study are as follows. First, we propose a novel
support vector machine formulation that simultaneously incorporates the Li-norm and Leo-
norm of the slack variables. The L;-norm ensures global classification fidelity and promotes
sparsity in the solution, while the Le-norm explicitly penalizes the largest individual
margin violation, thereby enhancing robustness against extreme outliers. This dual-norm
strategy achieves a balanced trade-off between average-case and worst-case performance,
a combination not previously explored in the SVM literature. Second, we formulate
the dual-norm SVM problem under convex constraints, resulting in a computationally
tractable optimization task. The model includes two tunable hyperparameters, C; and Cy,
which provide flexible control over the trade-off between minimizing misclassification and
enforcing robustness. This formulation guarantees global optimality and can be efficiently
solved using standard convex optimization techniques.

The remainder of this paper is organized as follows. Section 2 reviews the background
of Support Vector Machine (SVM) and least squares SVM (LSSVM), and outlines the
motivation behind our proposed approach. Section 3 introduces the dual-norm support
vector classification model. Experimental results and analysis are presented in Section 4.
Finally, Section 5 concludes the paper.
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2. Preliminaries
2.1. Support Vector Machine (SVM)

Support vector machine (SVM) is a well-established supervised learning algorithm
used primarily for binary classification. The key idea behind SVM is to find a hyperplane
that maximizes the margin between two linearly separable classes in a given feature space.
To handle non-separable data, slack variables are introduced to allow certain samples
to violate the margin constraints. This leads to the formulation of the so-called soft-
margin SVM, which strikes a trade-off between maximizing the margin and minimizing
misclassification. SVMs use the hinge loss to penalize misclassifications. In contrast, least
squares SVM (LSSVM) reformulates the problem using equality constraints and a squared
loss function, which reduces the optimization to solving a set of linear equations. Due
to these differences, standard SVM is preferred when robustness to outliers and sparsity
of the solution are critical, as it only relies on support vectors. LSSVM is often favored
in large-scale regression or classification tasks where computational efficiency is more
important, since solving linear equations is typically faster than quadratic programming.

We consider a binary classification problem with training samples {(x;, ;) },, where
x; € RY denotes the input features and y; € {—1, +1} the corresponding class labels. Our
objective is to learn a decision function of the form

f(x) =w'g(x)+b, (1)

where w is the weight vector, b € R is the bias term, and ¢ (-) denotes a nonlinear mapping
to a high-dimensional feature space induced by a kernel function K(x;,x;) = (¢(x;), ¢(x;))-
Mathematically, the primal problem of the soft-margin SVM is formulated as [4,5]:

1 v s
min o [[w|* + l;éz

st yi(wip(x)+b)>1-¢, &=>0, i=1...,N 2)

Here, ¢; is a slack variables representing margin violations, and C > 0 is a regular-
ization parameter that controls the trade-off between margin maximization and classifica-
tion error.

The optimization problem is convex and can be solved efficiently by transforming it
into its dual form using Lagrange multipliers and Karush-Kuhn-Tucker (KKT) conditions.
The final decision function is expressed in terms of a subset of training samples called
support vectors, which lie on or within the margin boundaries.

2.2. Least Squares Support Vector Machine (LSSVM)

SVM and LSSVM are both kernel-based learning algorithms, but they differ in formula-
tion, loss functions, and optimization procedures. Standard SVM aims to find a hyperplane
that maximally separates classes by solving a quadratic programming problem with inequal-
ity constraints, using the hinge loss to penalize misclassification. This formulation results
in a sparse solution that depends only on support vectors, which enhances interpretability
and robustness to outliers. However, solving the quadratic programming problem can be
computationally intensive for large datasets. LSSVM, in contrast, reformulates the SVM
problem by replacing inequality constraints with equality constraints and using a squared
loss function. This converts the optimization into a set of linear equations, which can be
solved more efficiently, making LSSVM particularly suitable for large-scale problems or
real-time applications. The trade-off is that LSSVM typically produces a dense solution,
potentially reducing sparsity and sensitivity to outliers compared to standard SVM. In
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summary, SVM is advantageous when sparsity, robustness to outliers, and interpretability

are prioritized, while LSSVM is preferred in scenarios where computational efficiency

and scalability are more important. The choice between the two depends on the problem

requirements, dataset size, and the desired balance between robustness and efficiency.
Given a training dataset

zh:{uhwﬂxieRéyie{—L+JLi:1gPH,N}

the primal problem of LSSVM for binary classification is formulated as [13,14]
1 2, TR
min jMH+§£@
subjectto yi(w' p(x;) +b) =1-&, i=1...,N, 3)

where w € R7 is the weight vector in the feature space, b € R is the bias term, { =
[&1,...,&Nn] " are the slack variables, ¥ > O is a regularization parameter that controls the
trade-off between model complexity and training error.

The corresponding Lagrangian for the optimization problem is

1 2, T v T
£lw b gm) = 3wl + 3 16 = La[u(wgx) +0) = (1= 2],

where «; are Lagrange multipliers. By applying the Karush-Kuhn-Tucker (KKT) conditions,
the optimization can be reduced to solving the following linear system:

b2l

y Q-+ %I
wherey = [y1,...,yn] ", Qyj = yiy;K(x;, x;) with kernel K(x;, x;) = qb(x,»)Tqb(xj), and I is
the identity matrix.

The final decision function is given by

N
fx) = ; a;yiK(x;,x) +b.

Compared to standard SVMs, LSSVMs offer a significant computational advantage
by transforming the original quadratic programming problem into a set of linear equa-
tions. This simplification makes LSSVM particularly appealing for large-scale problems
and real-time applications. However, despite its efficiency, LSSVM suffers from two
notable limitations:

(1) Lack of sparsity: Unlike classical SVMs, where only a subset of support vectors
contributes to the decision function, LSSVM typically results in dense solutions
because all training samples are involved in the final model. This not only increases
storage and evaluation cost but also reduces model interpretability.

(2) Sensitivity to outliers: The use of squared error loss on slack variables can overly
penalize large deviations, making the model less robust to noisy data or outliers.

These drawbacks have motivated various extensions to enhance the sparsity and
robustness of LSSVM. Recent studies have explored non-quadratic loss functions, alter-
native regularization norms, and hybrid optimization schemes to address these issues.
Among them, combining different norm-based penalties (e.g., L1, L) on slack variables
has shown promising potential in simultaneously controlling model complexity and im-
proving classification reliability.
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2.3. Motivation for Dual-Norm Regularization

Both SVM and LSSVM focus on aggregate error minimization: SVM uses the Li-norm
of slack variables, while LSSVM uses the Ly-norm. Neither approach explicitly addresses
the largest individual slack variable, which can represent the most severe margin violation.
However, in critical applications where worst-case misclassification must be controlled,
the Leo-norm (i.e., the maximum slack variable) becomes an essential component.

This motivates our proposed approach, which incorporates both Li- and Le-norm
regularization into a unified framework. By minimizing the total misclassification and
simultaneously constraining the maximum margin violation, our method offers improved
robustness and interpretability without sacrificing optimization tractability. The following
section presents the detailed formulation of this dual-norm model.

3. Dual-Norm Regularization for Support Vector Classification
3.1. Construction of Support Vector Classification Model Under Dual-Norm Regularization

In the context of support vector classification, various norms are employed to reg-
ularize the optimization problem. The Li-norm is defined as ||x|; = ¥’ |x;|, where x;
represents each element of the vector x. This norm promotes sparsity in solutions, making
it particularly useful in scenarios where only a subset of features or samples significantly

influences the outcome. The Ly-norm, given by ||x[>» = /¥ x?, encourages small but
non-zero values across all elements, leading to dense solutions. Lastly, the Lo-norm, ex-
pressed as ||x||co = max(|x1],|x2], ..., |xx|), focuses on penalizing the largest absolute value
among the elements, thereby controlling the worst-case scenario.

Each norm finds its application based on specific requirements. The L;-norm is
often used when the goal is to achieve a sparse solution, such as in feature selection.
The Ly-norm is beneficial for problems requiring smoothness and stability, like regression
tasks. Meanwhile, the Lo-norm is advantageous in settings where robustness against
extreme outliers is critical. From the perspective of SVM and LSSVM, these norms manifest
differently. Traditional SVMs minimize the L;-norm of slack variables to control overall
misclassification, ensuring that most data points are correctly classified while allowing
some flexibility for noisy samples. On the other hand, LSSVM employs the £,-norm to
minimize the sum of squared errors, resulting in a more computationally efficient solution
but at the cost of sensitivity to outliers due to the quadratic penalty applied to large
deviations. A schematic illustration of the proposed method is shown in Figure 1.

The proposed method integrates both the Li-norm and L.-norm penalties into the
objective function:

N 1 al
minimize : EWTW +C ; i+ A

subjectto: y;(w - ¢(x;) +b) >1-¢; (4)
yi(w-¢(x) +b) >1-A
¢i>0, A>0

Here, w denotes the weight vector, b is the bias term, ¢ (-) maps input features into
a higher-dimensional space, ¢; measures individual misclassification errors, and A con-
trols the maximum margin violation. The optimization problem presented introduces two
distinct regularization parameters, C; and C,, which govern the trade-off between classifi-
cation accuracy and robustness to extreme margin violations. These hyperparameters play
complementary roles in shaping the behavior of the resulting classifier and must be inter-
preted in the context of the dual-norm regularization strategy employed. The parameter C;
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controls the overall penalty associated with the sum of individual slack variables ¢;, which
represent the degree to which each training sample violates the margin constraint. This
term is directly analogous to the standard L;-norm penalty used in classical support vector
machines (SVMs), where a larger C; enforces stricter adherence to the margin, thereby
reducing the number of misclassified samples at the expense of a potentially less generaliz-
able decision boundary. As such, C; primarily influences the global classification fidelity
and governs the model’s tolerance to average-case errors.

Control of tolerance to
individual classification errors

Control of tolerance to global

| Obtaining input-output data set l
classification errors

|
|
|
A i C1 Cc2
Standardizing Data to Remove Scale Effects i
N

| axre || c2-4 ]
Y 4 ’
| Testing data set Training data set :
|

' v ‘ individual slack variable global slack variable

Y Y
Constructing the Ci- and Cs-driven global optimization l

Dual-Norm optimization integrating L1- :
norm and L-infinity-norm slack penalties |

Y

A
| Constructing the Ci- and C-driven global optimization ”

|
|
|
|
|
|
|
|
|
| Constraints associated with l | Constraints associated with l i
|
|
|
|
|
|
|
|
|

Robust and sparse classification model l

Figure 1. A concise flowchart for our approach.

In contrast, the parameter C, regulates the influence of the maximum slack variable A,
which upper bounds the worst-case margin violation across all training samples. By ex-
plicitly constraining the extremal deviation, C, introduces a form of robustness that is not
captured by the aggregate penalty alone. A larger C, emphasizes the minimization of
the most severe misclassification error, effectively shrinking the influence of outliers or
adversarial samples that could otherwise distort the decision boundary. This is particularly
valuable in scenarios where a single large deviation may disproportionately affect the
model’s performance on unseen data. Together, C; and C; enable a nuanced control over
the balance between average-case accuracy and worst-case robustness. While C; ensures
that the classifier remains sensitive to the majority of training instances, C, safeguards
against overfitting to extreme deviations, thereby promoting better generalization. The dual
regularization mechanism thus allows for a more adaptive and resilient classification model
compared to traditional SVMs or least squares SVMs (LSSVMs), which rely on a single
regularization parameter.

Moreover, the convexity of the formulation ensures that the interplay between C;
and C; can be analyzed in a well-defined optimization landscape, where their respective
contributions to the objective function can be systematically tuned to achieve the desired
performance-robustness trade-off. In practice, the optimal values of C; and C; are typically
determined through cross-validation or other model selection techniques, depending on
the specific characteristics of the dataset and the application context.
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To solve the above optimization problem, we introduce the Lagrangian function
N
L= Iwlw+C L &+CA
i=1
N
- ’21 ailyi(w - ¢(x;) +b) — (1—¢;)]
=
N
~ L Bilyi(w-9(x) +b) = (1= A)]
N
- ‘21 uiGi —vA
1=

where «;, B;, yi, v > 0 are Lagrange multipliers. Taking partial derivatives with respect to
w, b, ¢;, and A, and setting them to zero yields

oL N N

30~ W Y (i +Bi)yip(xi) =0, = w =) (a; + Bi)yipp(x;) (6)
i=1 i=1

oL N N

P Y (wi+Bi)yi=0, = ) (ai+Bi)yi =0 )

i=1 i=1

0

aé—cl—lxi—ﬂi—ol:Q—“i-Fﬂi (8)

oL N N

ﬁ:CZ—Zﬁi—v:O.zQ:Zﬁva 9)
i—1 i-1

The Lagrange multipliers y; and v satisfy the non-negativity conditions y; > 0 and
v > 0 and feasible ranges for «; and ; can be obtained:

Mz

0<wa;<C, 0<) Bi<Cy (10)

l
=

i

which reflect the upper bounds imposed by the corresponding regularization parameters
Cq and Cp.
Substituting Equations (6)—(9) back into the (5) results in the dual function

N

W, B) =) (a;+Bi)

i=1

I\J\'—‘

N N
ZZ o+ Bi)( +ﬁ])yz]/] (xi, x ) (11)

i=1j

where K(x;,xj) = gb(x,-)Tgb(xj) represents the kernel function, which typically includes
commonly used types such as the linear kernel, polynomial kernel, radial basis function
(RBF) kernel, sigmoid kernel, and cosine similarity kernel. Among these, the radial basis
function kernel is selected in this study due to its favorable properties, such as strong
nonlinearity and locality [43]. Specifically, the RBF kernel is defined as

K(x;, xj) = eXP(-’YHXi - Xj||§)/
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where v > 0is a kernel hyperparameter that controls the width of the Gaussian function.
The dual optimization problem then becomes

N N
minimize :  — Zl(“i +Bi)+35 Zl("‘i + Bi) (& + Bj)yiyiK(xi, x;)
i= ij=
N
subject to : El(zxi +Bi)yi =0 (12)
0 S o S Cl, Vi
N
0<Bi, ,Zl Bi < G
i=

Further, the above optimization problem can be expressed in compact vector-matrix
form to facilitate numerical implementation and theoretical analysis.

1
minimize —17(a 4+ B) + 5 (et B)'K(a + B) (13)
subjectto (a+B)Ty =0 (14)
0<a<(C1 (15)
>0, 1"<C, (16)
wherey = [y1,y2, ..., yn]T, & = [a1, 42, ...,an], Q € RN*N the Gram matrix with entries

Qij = yiyjK(xi,xj) and B = [B1, B2, . .- ,Bn]T denote the vectors of Lagrange multipliers
corresponding to the L1-norm and Le-norm constraints, respectively; 1is an N-dimensional
column vector of ones; y = [y1, Y2, - - ., yn]" represents the vector of class labels; K € RN*N
is the kernel matrix with entries K;j = K(x;,x;); 0 is an N-dimensional column vector
of zeros.

This convex quadratic programming problem ensures a globally optimal solution
and computational tractability. Furthermore, the proposed method inherits the sparsity
property from classical SVMs. Specifically, only those samples with non-zero «; or j;
contribute to the final decision function:

1=z

f(x) =) (a; + Bi)yiK(x;,x) +b

I
—

Thus, the model remains sparse, with only a subset of training samples—those either
misclassified or contributing to the worst-case margin violation—affecting the decision
boundary. This characteristic, combined with the robustness provided by the Lo-norm
constraint, makes the proposed method highly effective in scenarios where occasional large
deviations can disproportionately impact decision boundaries. Through careful tuning of
hyperparameters C; and Cy, one can achieve a balanced performance between average-case
accuracy and worst-case robustness, offering an improved mechanism for support vector
classification under challenging conditions.

The incorporation of the Li-norm and Le-norm into the regularization strategy pro-
vides a powerful tool for mitigating the influence of outliers while preserving model
sparsity. By enforcing these penalties simultaneously, the proposed approach addresses
limitations inherent in traditional SVM formulations, delivering enhanced robustness and
interpretability. These properties make it especially suitable for applications where reliabil-
ity and resistance to extreme deviations are paramount, such as financial risk assessment,
medical diagnosis, and autonomous systems.

Moreover, the theoretical foundation of the proposed method guarantees that the
optimization problem remains convex, ensuring that any local optimum found is indeed
a global one. This aspect is crucial for practical implementation, as it allows for efficient
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and reliable computation of the classifier parameters. Experimental evaluations on bench-
mark datasets further validate the effectiveness of the proposed technique, demonstrating
its ability to achieve comparable or superior classification accuracy compared to conven-
tional methods while effectively reducing the impact of outliers and maintaining a sparse
model structure.

The proposed dual-norm regularized SVM framework presented here offers signif-
icant improvements over existing techniques by combining the benefits of both L; and
Lo norms. It achieves a delicate balance between minimizing overall misclassification
errors and controlling worst-case deviations, providing a versatile and robust classification
tool tailored for modern machine learning challenges. Through rigorous mathematical
derivation and empirical validation, this work highlights the potential of integrating mul-
tiple regularization strategies to enhance the performance and applicability of support
vector machines.

3.2. Hyperparameter Roles, Interaction, and Selection Strategy

The proposed optimization problem introduces two hyperparameters, C; and Cp,
formulated as Equation (4), as shown in Table 1, which provides a concise summary of
their distinct roles in our method.

Table 1. Roles of the regularization terms in the proposed optimization problem.

Term

Parameter Function Effect on Model Problem Addressed

Local slack variables

Global slack variable

Controls classification
accuracy vs. robustness:

Handles local noise and
larger C; reduces

Allows individual

N ) . . .1
C1Yi G ;?::_pilss to violate the misclassification but Zzilsisﬁ Ztszﬂiiz:rs the
& increases the number of y
support vectors
Controls sparsity: Enhances sparsity,
larger C, suppresses reduces model
Penalizes the global oo complexity, ensures that
A non-critical samples,

the decision boundary
is determined by
key samples

laxation A
relaxation reduces the number of

support vectors

The two hyperparameters serve complementary but distinct functions:

(1) Theterm Cq Zil\i 1 i penalizes individual slack variables ¢;, thereby controlling sample-
level accuracy. A larger C; enforces stricter adherence to the training samples, which
may reduce misclassification but increase the risk of overfitting.

(2) The term CyA penalizes the global slack variable A, thereby regulating global sparsity
and robustness. Increasing C; enforces tighter margin consistency across all samples,
resulting in sparser solutions that are less sensitive to noise. Thus, C; emphasizes local
accuracy, whereas C, emphasizes global structure and robustness. The performance
of the optimization model depends on the relative magnitudes of C; and Cy:

(I)  When C; > (C,, the model behaves similarly to a standard SVM, focusing
primarily on minimizing sample-level errors.

(2)  When C; > C, the optimization emphasizes global sparsity, producing more
compact models that are robust to outliers, albeit at the potential cost of re-
duced accuracy.

(©)] A balanced configuration achieves a trade-off between classification accuracy and
sparsity, which is the central motivation for introducing both hyperparameters.
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To ensure reproducibility and fair comparison with baseline methods, the following
procedure is adopted for hyperparameter selection:

(1) Hyperparameter Search Strategy: The hyperparameters C; and C; are optimized
using a two-stage grid search procedure consisting of coarse tuning and fine tuning.
In the coarse tuning stage, both C; and C, are explored over a wide logarithmic grid:

C1,Cp € {1073,1072,1071,10% 10%,10%,10%}.

This stage aims to roughly identify the region in which the optimal hyperparameters
lie. For instance, if the best performance during coarse tuning is observed at C; = 10?
and C, = 10!, the fine-tuning stage further refines the search within a narrower range
centered around these values. Specifically, the fine-tuning grid is constructed as

C; € [1015,10%%], G, € [10°°,10'),

with smaller incremental steps on the logarithmic scale, such as 0.1 in the exponent.
This hierarchical strategy ensures that the search process is computationally efficient
while maintaining a high likelihood of locating the optimal hyperparameters.

(2) Cross-Validation: A grid search with 5-fold cross-validation is applied to jointly
optimize (Cy, Cp).

(3) Selection Criterion: The optimal pair is determined by a composite evaluation index:

J(Cy,Cy) = - Accuracy — (1 —a) - SV_ratio, a € [0,1],

where SV_ratio denotes the proportion of support vectors. Unless otherwise specified,
we set & = 0.5 to balance accuracy and sparsity.

Next, two classification datasets are generated using two random functions (X =
[randn(N,2) + 1; randn(N,2) — 1] generated in MATLAB2025a) to provide a preliminary
analysis of the roles of the two hyperparameters, C; and C;, in the proposed method,
where identifying data points located on or near the classification boundary poses certain
challenges. When C; is fixed and C; is varied, the classification accuracy and sparsity
characteristics are shown in Figure 2, and Table 2 presents a comparison of performance
metrics with varying C,.

When C; is fixed and Cj is increased, Figure 3 illustrates the classification accuracy
and sparsity characteristics, which are further summarized in Table 2.

For example, when C; is fixed at 10, varying C, from 0 to 10 shows that the support
vector ratio gradually decreases from 0.56 to 0.55, indicating that the model becomes slightly
sparser as the influence of the global slack regularization increases. The sum of B values
rises with C,, reflecting stronger activation of the A-related constraints, while the median A
remains close to 0.99, suggesting consistent enforcement of the upper-bound constraint.
Across all C; values, both training and test accuracies remain high (>97%), demonstrating
that the model maintains robust classification performance even under increasing global
slack penalties. Overall, the results highlight that, with a large C;, the model effectively
balances sparsity, constraint enforcement, and predictive accuracy as C, varies.
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C1=1, C2=0.00, SV=33.0%, lambda=0, Acc=97.00%

C1=1, C2=0.50, SV=33.5%, lambda=2, Acc=97.00%

C1=1, C2=1.00, SV=33.0%, lambda=1.89, Acc=97.00%

Figure 2. The decision boundaries of the dual-norm regularized SVM for varying C, values while

keeping C; fixed at 0.1.

Table 2. Comparison results for different C; and Cj.

Cq C; SV_Ratio B A Training Accuracy Test Accuracy
0.0 100.00% 0.0 0.00 96.0% 95.00%
0.5 100.00% 0.5 1.044 92.00% 92.00%
1.0 100.00% 1.0 1.010 91.00% 93.00%
0.1 2.0 100.00% 2.0 1.003 90.00% 92.00%
5.0 100.00% 5.0 0.978 100.00% 92.00%
10.0 100.00% 10.0 0.795 97.00% 93.00%
0.0 76.00% 0.0 0.0 97.00% 95.00%
0.5 74.00% 0.5 1.718 96.00% 95.00%
1.0 74.00% 1.0 1.411 96.00% 95.00%
0.5 2.0 73.00% 2.0 1.050 94.00% 98.00%
5.0 77.00% 5.0 1.015 95.00% 97.00%
10.0 76.00% 10.0 0.961 100.00% 96.00%
0.0 66.00% 0.0 0.0 97.00% 95.00%
0.5 67.00% 0.5 2.003 97.00% 95.00%
1.0 66.00% 1.0 1.886 97.00% 95.00%
1.0 2.0 67.00% 2.0 1.342 97.00% 95.00%
5.0 67.00% 5.0 1.029 96.00% 98.00%
10.0 65.00% 10.0 0.983 100.00% 97.00%
0.0 60.00% 0.0 0.0 98.00% 95.00%
0.5 60.00% 0.5 1.712 98.00% 95.00%
1.0 60.00% 1.0 1.644 98.00% 95.00%
5.0 2.0 59.00% 2.0 1.506 98.00% 95.00%
5.0 57.00% 5.0 1.104 98.00% 96.00%
10.0 56.00% 10.0 0.985 100.00% 96.00%
0.0 56.00% 0.0 0.0 99.00% 97.00%
0.5 57.00% 0.5 1.499 99.00% 97.00%
1.0 57.00% 1.0 1.435 99.00% 98.00%
10.0 2.0 57.00% 2.0 1.306 99.00% 98.00%
5.0 56.00% 5.0 1.017 98.00% 98.00%
10.0 55.00% 10.0 0.990 100.00% 98.00%
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C1=0.05, C2=10, SV=50.0%, lambda=0.931, Acc=100.00% €1=0.10, C2=10, SV=50.0%, lambda=0.795, Acc=97.00% €1=0.50, C2=10,8V=38.0%, lambda=0.961, Acc=100.00%

x

1
C1=5.00, C2=10, SV=28.0%, lambda=0.985, Acc=100.00%

Figure 3. The decision boundaries of the dual-norm regularized SVM for varying C; values with Cp
fixed at 10.

3.3. Sparsity Analysis Under Dual-Norm Regularization

This formulation differs from the standard soft-margin SVM only by introducing a
single additional global slack variable A with a linear penalty term C, - A. As a result,
we have the following characteristics:

(1) The primal problem remains a convex quadratic program (QP) with d + N + 2 vari-
ables (d: feature dimension; N: number of samples, 1; additional variables: A).

(2) The dual problem introduces an additional dual variable corresponding to A, but the
kernelized QP structure remains intact.

(3) The complexity of solving the dual remains O(N?) in the worst case for standard QP
solvers, similar to standard SVM, because the Hessian structure is still dominated by
the N x N kernel matrix.

(4) The only overhead is one additional constraint and one additional variable, which is
negligible compared to the N slack variables already present in classical SVM.

Therefore, the theoretical complexity remains asymptotically equivalent to that of
standard SVM formulations.

To analyze the sparse solutions of the proposed optimization problem, we leverage
the Karush-Kuhn-Tucker (KKT) conditions, which characterize the optimality of primal
and dual variables. Now, we define the function g;(-) as

8i() =yi(w-p(x;) +b) - (1-Gi) >0,
and h;(-) as
hi(-) = yi(w-¢(x;) +b0) —(1-1) =0

The KKT conditions include complementary slackness, which is critical for sparsity
analysis: a;g;(-) =0, Bih;(-) = 0, u;s;(-) = 0, and vt(-) = 0, where a;, B;, t;, v > 0 are dual
variables. Below is the classification of sparse solutions based on these conditions:

(1) Sparse Solutions Induced by Li-Norm Slack Variables (¢;)
The L1-norm penalty on ¢; contributes to sparsity through the relationship a; + y; = C;
(derived from Lagrangian derivatives) and complementary slackness y;¢; = 0:
Case 1: a; = 0 Here, y; = C; > 0,50 ¢; = 0 (from y;¢; = 0). The first constraint
becomes y;(w - ¢(x;) +b) > 1, meaning the sample x; lies on or within the correct side
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of the margin. Since &; = 0, this sample does not contribute to the model parameter
w= jl\il (aj + Bj)yj¢(x;), making it a non-support vector and enhancing sparsity.
Case 2: 0 < o; < Cy Here, yj = C1 —a; > 0,50 ¢; = 0 (from p;¢; = 0). The first
constraint is active: y;(w - ¢(x;) +b) = 1, indicating x; is a support vector lying
exactly on the margin. Though «; # 0, such samples are sparse in practice because
only margin-boundary samples satisfy this condition.
Case 3: a; = C; Here, y; = 0, allowing &; > 0. The first constraint may be inactive
(y;iw - @(x;) + b) < 1), meaning x; is a misclassified sample or lies outside the margin.
However, a; = C; is bounded, and such samples are rare in well-regularized models,
preventing dense solutions.

(2) Sparse Solutions Induced by Le.-Norm Slack Variable (A)
The Lo-norm penalty on A contributes to sparsity through YN, 8; + v = C; and
complementary slackness B;1;(-) = 0:
Case 1: B; = 0 The second constraint y;(w - ¢(x;) +b) > 1 — A may be inactive or
active, but 8; = 0 means x; does not contribute to the worst-case margin violation.
Such samples do not affect w (since B; = 0), reinforcing sparsity.
Case 2: B; > 0 Here, h;(-) = 0 (from B;h;(-) = 0), so y;(w - ¢(x;) +b) =1 — A. This
indicates x; is associated with the maximum slack variable A (i.e., it is a worst-case
violator). However, the constraint Zfil Bi < C; limits the number of such samples—
only a few worst-case violators can have 8; > 0, ensuring sparsity.

(3) Joint Sparsity from Li-Norm and Le-Norm Fusion
The combination of L1 and L« penalties amplifies sparsity through Mutual Exclusion
of Non-Support Vectors: Samples with both &; = 0 and ; = 0 are completely excluded
from w, as they contribute nothing to the model. These samples form the majority
in sparse solutions. Bounded Dual Variables: The constraints 0 < a; < C; and
Zfil Bi < C, prevent excessive non-zero dual variables, ensuring that only critical
samples (margin-boundary or worst-case violators) retain non-zero «; or f3;.

Consequently, the sparsity in the proposed model is driven by the following com-
plementary mechanisms: the L;j-norm promotes sparsity in the coefficients «; by forcing
them to zero for samples that lie within the margin, effectively excluding them from
the support vector set, while the Lo-norm encourages sparsity in the coefficients §; by
assigning non-zero values only to the worst-case margin violators, constrained by the
global budget parameter C,. Overall, the dual-norm regularization framework induces a
two-level sparse solution:

(1) Local sparsity: arising from the selective activation of w; for margin-violating or
support vectors, regulated by the Li-norm.

(2) Extreme-point sparsity: due to the activation of only the most significant margin
violator(s) through B;, regulated by the Le-like component.

This structured sparsity not only reduces model complexity but also improves inter-
pretability and generalization performance, especially in scenarios involving outliers or
imbalanced errors.

3.4. Discussion

The proposed dual-norm SVM framework retains the core principles of large-margin
learning, thereby inheriting the generalization guarantees associated with margin-based
classifiers. Under the PAC-learning framework, the generalization error of SVMs is pri-
marily governed by the margin and the capacity of the hypothesis space, often quantified
through VC-dimension or Rademacher complexity. By introducing an additional Le
penalty on slack variables, our method explicitly limits the largest margin violation, pre-
venting a single extreme outlier from significantly reducing the effective margin. This
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modification does not alter the hypothesis space complexity, as the kernel-induced fea-
ture mapping remains unchanged; rather, it refines the empirical risk component, making
it more robust under heavy-tailed or noisy distributions. Consequently, the dual-norm
penalty can be viewed as a regularized risk minimization strategy that achieves better
alignment between empirical and true risk in scenarios where variance in margin violations
is high. A formal derivation of Rademacher complexity bounds for this composite slack
regularization constitutes a promising avenue for future theoretical analysis.

While this work focuses on binary classification, the dual-norm concept can be natu-
rally extended to multi-class SVM frameworks. Conventional strategies such as one-vs.-one
(OvO) and one-vs.-all (OvA) can incorporate the dual-norm penalty into each binary sub-
problem, ensuring robustness and sparsity across all decision boundaries. Furthermore,
direct multi-class formulations (e.g., the Crammer-Singer model) can be adapted to include
a global or class-specific worst-case slack variable, thereby bounding the largest inter-class
margin violation. Such an extension would be particularly valuable for high-dimensional,
imbalanced, or noise-prone multi-class datasets. Regarding the choice of kernel, the RBF
kernel was adopted in this study due to its universal approximation capability and strong
empirical performance on nonlinearly separable problems. Its flexibility in capturing com-
plex decision boundaries complements the sparsity-inducing property of L, regularization,
thereby achieving an effective balance between model complexity and robustness. How-
ever, the proposed framework is kernel-agnostic and readily applicable to other kernel
functions, including polynomial, sigmoid, and linear kernels. Future research may also ex-
plore the integration of dual-norm regularization with adaptive kernel learning or multiple
kernel learning paradigms, enabling dynamic adaptation to varying data structures and
noise characteristics.

4. Experimental Studies

Considering that classical SVM and LSSVM remain mainstream classification methods
with readily available software packages, we employ them to demonstrate our approach
while minimizing potential subjective bias in performance comparisons. Moreover, imple-
menting other algorithms is relatively challenging due to complex experimental procedures,
and their comparison results are less satisfactory. To evaluate and compare the performance
of the proposed dual-norm regularized classifier against standard SVM [5] and least squares
SVM (LSSVM) [13], we consider three primary metrics:

Training Accuracy: The classification accuracy achieved on the training set, reflecting the
model’s capacity to fit the training data.

Testing Accuracy: The accuracy measured on the testing set, indicating the model’s gener-
alization ability to unseen data.

Model Sparsity SVs%: Defined as the proportion of zero-valued coefficients in the model’s
weight representation,

SVs% = % % 100%. (17)

N is the count of non-support vectors, has a fundamental influence on the model’s struc-
tural composition. In the optimization of classification models, a training sample is deemed
a non-support vector if the absolute value of model coefficients is below a predefined
threshold of 1 x 10~8. Specifically, for the dual-norm model, sparsity is computed as the
ratio of zero-valued «; + B; coefficients to the total number of training samples. In standard
SVM, sparsity is evaluated by the proportion of non-support vectors. A higher sparsity
value corresponds to a more compact model, which is favorable for interpretability and
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computational efficiency. Hyperparameters are selected using cross-validation on the
training set to ensure fairness in comparison.

These metrics collectively reveal not only the predictive performance of each model
but also its structural complexity and robustness.

4.1. Spiral Dataset

The complex spiral dataset [13] exhibits tightly intertwined nonlinear patterns, making
classification particularly challenging. It consists of two spirals with opposite orientations:
one labeled +1 and the other —1. Together, these spirals form a highly complex nonlinear
dataset, which is commonly used to assess the capability of classification algorithms to han-
dle intricate patterns. A total of 300 samples was generated from a two-class spiral dataset.
First, a simple spiral dataset is discussed, in which the data points form a symmetric double-
spiral configuration. Each class constitutes a smooth and uniformly distributed spiral arm.
The angular component 6 is evenly spaced, and the radius r is linearly proportional to 6.
The two classes are mirrored to ensure a balanced and challenging classification boundary.
Among these, 70% (210 samples) are randomly selected for training, and the remaining
30% (90 samples) are used for testing. Figure 4 presents the testing results obtained using
the dual-norm-based classification method on the standard spiral dataset.

Our method: Train 99.05%, Test 97.78%, SV 14.76% SVM: Train 99.05%, Test 96.67%, SV 62.38%  LSSVM: Train 99.05%, Test 96.67%, SV=99.05%
57 4 5F 7 = 2 ]
/ :* o Se,
o b
Class regions
Decision boundary

o label:+1 ol
® label:-1
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Figure 4. Predicted outputs of the dual-norm support vector classification method on the standard
spiral dataset.

To evaluate the performance of the proposed method, a comparative experiment was
conducted against the standard SVM and LSSVM models under optimized hyperparameter
settings. The proposed method was configured with C; = 23.4, C; = 0.1, and o = 2.15,
achieving a training accuracy of 99.05%, a testing accuracy of 97.78%, and a support vector
ratio of 14.76%. For comparison, the conventional SVM model with C = 1 and ¢ = 0.278
yielded a training accuracy of 99.05%, a testing accuracy of 96.67%, and a support vector
ratio of 52.38%. Similarly, the LSSVM model with C;; = 10 and ¢ = 0.278 achieved a
training accuracy of 99.05%, a testing accuracy of 96.67%, but exhibited an extremely high
support vector ratio of approximately 99.05%, indicating that nearly all training samples
were utilized as support vectors. These results clearly demonstrate that the proposed
method maintains high classification accuracy comparable to SVM and LSSVM while
significantly improving model sparsity. Specifically, the proposed approach reduces the
support vector ratio by more than 70% compared to SVM and by over 80% compared to
LSSVM, thereby enhancing computational efficiency and generalization capability.

Table 3 summarizes the classification performance of SVM, LSSVM, and the proposed
dual-norm method on the standard spiral dataset. Three metrics are reported: training
accuracy, testing accuracy, and model sparsity. These metrics collectively assess the model’s
predictive performance and structural compactness. These support vectors, accounting
for 14.76% of the total, have non-zero coefficients («; + ; # 0), and define the effective
decision boundary, as shown in Figure 5. This highlights the effectiveness of the dual-norm
regularization in promoting sparsity without sacrificing classification accuracy.

Next, to evaluate the effectiveness of the proposed method, experiments are conducted
on a complex spiral dataset characterized by locally varying structures and intricate classi-
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fication boundaries. The results are summarized in Table 4 and present the classification
performance on the complex spiral dataset. The proposed dual-norm approach achieves a
testing accuracy of 99.00%, which is slightly lower than that of LSSVM (100.00%) but higher
than that of SVM (96.00%). Notably, it exhibits superior model sparsity at 32.14%, outper-
forming both SVM (23.33%) and LSSVM, which uses all training samples (0.00% sparsity).
This demonstrates the dual-norm method’s ability to balance classification accuracy and
model compactness more effectively.

The results highlight the advantage of the proposed dual-norm formulation. This
benefit stems from the model structure: the «; coefficients control overall model sparsity,
while the B; coefficients emphasize correction of extreme misclassifications. As a result,
the dual-norm classifier constructs a sparse yet robust classification surface, which is
particularly well-suited for data with intense local variations, such as the spiral patterns
used in this study.

Table 3. Comparison of classifier performance on the standard spiral dataset.

Method Training Accuracy (%) Testing Accuracy (%) Zero Sparsity (%)
SVM 99.52 100.00 22.38
LSSVM 99.52 100.00 0.00
Dual-Norm 99.52 100.00 84.76

Table 4. Comparison of classifier performance on the complex spiral dataset.

Method Training Accuracy (%) Testing Accuracy (%) Zero Sparsity(%)
SVM 99.05 97.78 47.62
LSSVM 99.05 96.67 0.00
Dual-Norm 99.05 97.78 85.24
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Figure 5. The distribution of the magnitudes of the model coefficients (« + ) corresponding to
31 support vectors is shown and all remaining magnitudes are zero.

4.2. UCI Dataset

The binary classification task was evaluated on the well-known UCI Breast Cancer
Wisconsin (Diagnostic) dataset [44]. This dataset consists of 569 instances, each described
by 30 numerical features derived from digitized images of fine needle aspirate (FNA) of
breast masses. Each instance is labeled as either malignant or benign, making it a standard
benchmark for evaluating the classification performance of machine learning models in
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biomedical domains. In this experiment, 80% of the dataset was randomly selected for
training, and the remaining 20% was used for testing.

We compared the proposed dual-norm regularized classification model with standard
support vector machine (SVM) and least squares SVM (LSSVM) on this dataset. The results
include training accuracy, testing accuracy, and model sparsity. The comparative results
are summarized in Table 5. The classification performance of the proposed dual-norm
method, standard SVM, and LSSVM was evaluated on the test dataset. The dual-norm
approach achieved a training accuracy of 98.68% and a testing accuracy of 95.61%, with a
sparsity level of 92.97%, indicating that the majority of the dual variables were zero and
the model is highly compact. In comparison, the standard SVM attained a similar training
accuracy of 98.68%, a slightly lower testing accuracy of 94.74%, and a sparsity of 84.84%,
reflecting a larger number of support vectors. The LSSVM achieved the highest training
and testing accuracies of 99.12% and 96.49%, respectively, but exhibited no sparsity (0.00%),
as all the training samples contributed to the model. These results demonstrate that the
proposed dual-norm method provides a favorable balance between classification accuracy
and model sparsity compared to SVM and LSSVM. These results highlight the superior
performance of the dual-norm regularized model in balancing classification accuracy and
model sparsity, making it particularly advantageous for interpretable and computationally
efficient classification in biomedical applications. Further, we analyze the behavior of the
dual-norm regularized model. Figure 6 is the test classification result, which visualizes the
predicted class labels against the ground truth, showing a clear separation between benign
and malignant samples. These visual results not only validate the model’s classification
accuracy but also demonstrate its structural compactness, which is desirable for high-stakes
biomedical decision-making systems that require transparency and robustness.

Table 5. Classification performance comparison on the UCI Breast Cancer dataset.

Method Training Accuracy Test Accuracy Zero Sparsity
LSSVM 99.56% 99.12% 0.00%
SVM 98.46% 98.25% 80.66%
Dual-Norm 98.02% 99.12% 90.55%
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Figure 6. Predicted outputs of the dual-norm support vector classification method on the standard
spiral dataset.
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To comprehensively evaluate the proposed dual-norm SVM, we extended our experi-
ments to include 12 widely-used benchmark datasets from the UCI repository, incorporating
diverse data characteristics in terms of dimensionality, sample size, and class distribution.
These range from low-dimensional examples such as Balance Scale (4 features) to higher-
dimensional ones such as Ionosphere (34 features); from small datasets like Hepatitis
(155 samples) to larger ones such as Banknote Authentication (1372 samples); several
datasets, including Hepatitis and Haberman, also exhibit significant class imbalance. Each
dataset was preprocessed uniformly, and hyperparameters were selected via five-fold cross-
validation under consistent evaluation protocols. As summarized in Table 6 , in which all
experimental results are based on optimal parameters, the proposed method was compared
against standard SVM and LSSVM based on training accuracy, test accuracy, and model
sparsity (i.e., the proportion of non-zero support vectors). The results demonstrate that our
approach achieves competitive or superior generalization performance across most datasets.
For instance, it attains 94.29% test accuracy on the Transfusion dataset, outperforming
SVM (91.43%) and LSSVM (96.19%); 90.00% on Raisin, exceeding LSSVM (87.78%) and
matching closely with SVM (88.52%); and 84.78% on Hepatitis, significantly improving
upon both baselines (80.44%). Moreover, the proposed method consistently yields sparser
models—greatly reducing non-zero support vectors without sacrificing accuracy. On Can-
cer, it attains 97.14% test accuracy with only 10.63% non-zero support vectors, compared to
LSSVM (88.98%) and SVM (19.22%). Similarly, on Transfusion, it uses only 32.93% non-zero
support vectors versus SVM (72.36%) and LSSVM (100%). These results confirm that the
proposed dual-norm SVM effectively balances predictive accuracy and model simplicity,
demonstrating robustness across varying data dimensions, sizes, and imbalance ratios.

Table 6. Classification performance comparison on the UCI dataset.

Datasets (im X n) Method Training Accuracy Test Accuracy Non-Zero Sparsity
LSSVM 91.78% (402/438) 91.44% (314/483) 100.00% (438/438)
Balance (625 x 4) SVM 100.00% (483/483) 99.47% (186/187) 20.40% (89/438)
Proposed 100.00% (438 /438) 100.00% (187 /187) 20.40% (89/438)
LSSVM 98.10% (104 /105) 93.33% (42/45) 100% (100/100)
Fisheriris (150 x 4) SVM 99.05 % (104/105) 95.56% (43/45) 32.38% (34/105)
Proposed 99.05% (104/105) 95.56% (43/45) 28.57% (30/105)
LSSVM 87.37% (422 /483) 90.34% (187 /207) 99.59% (481/483)
Australian (690 x 14) SVM 86.34% (417 /483) 89.86% (186/207) 65.01% (314/483)
Proposed 86.54% (418/483) 89.86% (186/207) 64.18% (310/483)
LSSVM 100.00% (409/409) 71.84% (125/174) 100.00% (409 /409)
ILPD (583 x 10) SVM 100.00% (409/409) 71.84% (125/174) 65.01% (404/409)
Proposed 90.22% (369/409) 73.00% (127 /174) 64.18% (394 /409)
LSSVM 89.91% (98/109) 80.44% (37/46) 100.00% (109/109)
Hepatitis (155 x 19) SVM 89.91% (98/109) 80.44% (37/46) 41.28% (45/109)
Proposed 96.33% (105/109) 84.78% (39/46) 56.88% (62/109)
LSSVM 80.92% (424 /524) 76.79% (172/224) 100.00% (524/524)
Ionosphere (351 x 34) SVM 81.30% (426/524) 73.66% (165/224) 70.42% (369/524)
Proposed 94.72% (233/246) 77.68% (174/224) 60.69% (318/524)
LSSVM 100.00% (246/246) 96.19% (101/105) 100.00% (246/246)
Transfusion (748 x 4) SVM 96.34% (237 /246) 91.43% (96/105) 72.36% (178/246)
Proposed 84.35% (442/524) 94.29% (99/105) 32.93% (81/246)
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Table 6. Cont.

Datasets (im X n) Method Training Accuracy Test Accuracy Non-Zero Sparsity
LSSVM 72.08% (222/308) 71.21% (94/132) 100.00% ( 308/308)
Wholesale (440 x 7) SVM 100.00% (308 /308) 71.32% (94/132) 66.88% (206/308)
Proposed 72.08% (222/308) 71.97% (95/132) 73.05% (222/308)
LSSVM 97.14% (475/489) 96.19% (202 /210) 88.98% (440/489)
Cancer (699 x 9) SVM 97.14% (475/489) 96.19% (202/210) 19.22% (94/489)
Proposed 97.34% (476/489) 97.14% (204/210) 10.63% (52/489)
LSSVM 100.00% (960/960) 100.00% (412/412) 100.00% (960/960)
Banknote (1372 x 4) SVM 99.90% (959/960) 99.51% (410/412) 100.00% (960/960)
Proposed 100.00% (960/960) 100.00% (412/412) 36.15% (347 /960)
LSSVM 76.64% (164/214 ) 70.65% (65/92) 100.00% (214/214)
Haberman (306 x 3) SVM 98.13% (210/214) 66.30% (61/92) 94.86% (203/214)
Proposed 77.10% (165/214) 69.57% (64/92) 88.32% (189/214)
LSSVM 87.14% (549/630) 87.78% (237 /270) 100.00% (630/630)
Raisin (900 x 7) SVM 86.67% (546/630) 88.52% (239/270) 50.79% (320/630)
Proposed 77.10% (165/214) 90.00% (243/270) 48.41% (305/630)

Next, the convergence behavior of the proposed method is further evaluated using

two benchmark datasets: Raisin and Cancer. Figures 7 and 8 illustrate the evolution of the
objective function values across successive iterations of the optimization process. As shown,
the algorithm consistently reaches the optimal solution within fewer than 15 iterations for
both datasets. This observation confirms that the proposed iterative optimization scheme
exhibits rapid and stable convergence, thereby demonstrating its computational efficiency
and practical applicability in real-world scenarios.
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Figure 7. The objective function values of the proposed method decrease as the iteration number
increases on Raisin dataset.
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increases on Cancer datasets.

5. Conclusions

This paper introduced a dual-norm support vector machine framework that integrates
both Lj and L, slack penalties to achieve robust and sparse binary classification. By simul-
taneously minimizing the total misclassification error and the worst-case slack violation,
the proposed method effectively balances average performance with robustness to outliers.
The inclusion of the Ls-norm term enables explicit control over extreme margin violations,
which are often overlooked in traditional SVM and LSSVM formulations.

The resulting convex optimization problem, governed by two hyperparameters C;
and C,, maintains computational tractability while offering increased flexibility in tuning
the trade-off between global accuracy and worst-case robustness. Experimental results on
synthetic and real-world benchmark datasets demonstrate that the dual-norm classifier
achieves competitive or superior classification accuracy compared to standard SVM and
LSSVM approaches. Moreover, the proposed method consistently produces sparser models,
enhancing interpretability and computational efficiency.

Overall, this study highlights the effectiveness of combining L; and L« regularization
in support vector classification, providing a principled approach to constructing classifiers
that are not only accurate but also structurally compact and robust against extreme misclas-
sifications. Future work may explore kernel extensions and multi-class generalizations of
the dual-norm strategy.
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