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Abstract

In recent years the use of delayed controllers has increased considerably, since they can
attenuate noise, replace derivative actions, avoid the construction of observers, and reduce
the use of extra sensors, while maintaining inherent insensitivity to high-frequency noise.
Therefore, it is important to continue improving the tuning of these controllers, including
properties such as performance, fragility and robustness that may be beneficial for this
purpose. However, currently most studies prioritize tuning using only the performance
property, some others only the fragility property, and some less only the robustness prop-
erty. This work provides the first rigorous joint analysis of performance, fragility, and
robustness for a class of systems whose characteristic equation is a quasi-polynomial of
degree two, filling a gap in the current literature. Thus, necessary and sufficient conditions
are proposed to improve the tuning of delayed-action controllers by ensuring a expo-
nential decay rate on the convergence of the closed-loop system response (performance)
and by ensuring stabilization and/or trajectory tracking in the face of changes in system
parameters (robustness) and controllers gains (fragility). To illustrate and corroborate the
effectiveness of the proposed theoretical results, a real-time implementation is presented on
a mobile prototype consisting of an omnidirectional mobile robot, to streamline/guarantee
trajectory tracking in response to variations in controller gains and robot parameters. This
implementation and application of theoretical results are possible thanks to the proposal of
anovel delayed nonlinear controller and some simple but strategic algebraic manipulations
that reduce the original problem to the study of a quasi-polynomial of degree 9 with three
commensurable delays. Finally, our results are compared with a classical proportional
nonlinear controller showing that our proposal is relevant.

Keywords: time delay systems; first-order systems; omnidirectional mobile robot; robustness

1. Introduction

Robust control theory is a branch of control theory that focuses on a controller’s ability
to maintain system stability and performance in the presence of disturbances, and it can be
studied from the perspectives of both robust performance and robust stability [1].
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The performance robustness of a system refers to its ability to maintain tracking of
reference trajectories, even in the presence of load disturbances, changes in the set point,
and to reject disturbances in general. On the other hand, robust stability refers to a system’s
ability to maintain stability despite disturbances. According to Alfaro [2], the study of
robust stability requires the examination of perturbations in both system parameters and
controller gains, with the latter being referred to as fragility, therefore, they should be
analyzed independently. For the aforementioned reasons, proper tuning of a controller
must achieve a satisfactory balance of performance, fragility, and robustness in the face of
system parameter disturbances.

It is widely recognized that one of the most used controllers in industry is of the
Proportional Integral Derivative (PID) type [3]. There is a specific subclass of controllers
within this family that approximates the derivative stage with a time delay to avoid its use.
Under certain circumstances, this approach has a stabilizing effect, and the time delay can be
used as a control parameter. This topic has been thoroughly studied in [4-7], among others.
In recent years the use of a delayed-action in the controllers has increased significantly,
because this type of action is a more efficient alternative to stabilize systems [4,8], it can
replace a classic derivative-action [9,10], thus avoiding the use of observers or additional
sensors, it usually attenuates noise present in actuators and sensor measurements [11],
besides being easy to implement in practical applications [12,13], among others. However,
there are currently few criteria for tuning delayed-action controllers. Therefore studies of
performance, fragility and robustness of the closed-loop system can help develop criteria
that improve delayed-action tuning.

Describing the system performance can be challenging due to the various approaches
and characteristics that require evaluation. These can range from analyzing transient
response to disturbance rejection. In the field of delayed controllers, the study of the
spectral abscissa has gained significant interest in recent years as it represents the dominant
roots of the system spectrum. This dominant roots determine the maximum decay that
the system can reach, therefore, its knowledge becomes essential. Analyzing the spectral
abscissa is related to study of the relative stability of the system, also known as o-stability,
as ¢ represents the real part of the dominant roots of the system spectrum. Significant
progress has been made in this area, in [14] tuning rules for PR controllers are presented,
while in [15] the tuning rules for proportional integral delayed controllers for second-order
systems are analyzed. For a linear time-invariant delay equation, in [16], conditions for the
existence of a pair of complex conjugate dominant roots are presented. An approach to find
the gains of a controller that provides the maximum decay rate of the closed-loop response
for a LTI time-delay system is presented in [17]. In [18], placement of a fourth order multiple
root for a first order system subject to a PID controller is studied: a multiplicity-induced
dominancy (MID) strategy is used to design and tune the controller gains to ensure a
specified decay rate of the closed-loop response. In [19], it is proven that the minimum
value of the spectral of a second order system subject to a delayed state feedback controller
is attained at a root of maximal multiplicity. In [20], fragility for several systems subject to
a PI controller is studied.

Controller fragility refers to the susceptibility to performance degradation or instability
due to variations in the controller gains. The point in the controller gain space that exhibits
the highest resilience to controller parameter disturbances is commonly referred to as the
least fragile point. This topic has received considerable attention in the delay-free case,
but not as much in the delayed case. However, recent significant progress has been made.
In [21], an approach that guarantees the maximal robustness with respect to controller
gains disturbances is presented. For delay models of TCP/AQM networks, a non-fragile
PI controller that admits uncertainties in the network parameters and the controller gains



Processes 2025, 13, 2749

30f23

disturbances is provided in [22]. On the other hand, ref. [23] estimates the non-fragility of
PI AQM controllers, while [24] presents an approach to analyze and design non-fragile PI
controllers using a geometric approach. In [25], a procedure to determine the non-fragility
controllers used to stabilize closed-loop systems with a delay is presented. This approach
involves identifying the center of the largest circle that can be inscribed in a stability region
of the parameter plane of the closed-loop system.

In the context of robustness, one subject that continues to interest the scientific com-
munity is determining conditions that ensures the system stability in the face of parametric
variations within a set. Frequently this requires a stability analysis of a family of polynomi-
als. Some contributions includes: interval polynomials [26], polytopes of polynomials [27],
diamonds of polynomials [28], segments of polynomials [29], and cones of polynomi-
als [30], to mention a few. However, there are few criteria that address this topic for
quasi-polynomials and even fewer when the point with the greatest robustness is desired.
Among which we can mention: in [31] for uncertain continuous singular systems with
state delay and parameter uncertainty, necessary and sufficient conditions for generalized
quadratic stability and stabilization are given, while [32] provides sufficient conditions for
parameter dependent stability and stabilizability for linear systems with state delays where
the parameters of the systems are not completely known. In [33], the robust stability of
uncertain quasi-polynomials problem is addressed, where frequency-sweeping conditions
for interval, diamond, and spherical quasi-polynomial families are given.

This contribution presents a comprehensive analytical study to jointly evaluate perfor-
mance, fragility, and robustness for a class of systems whose characteristic equation is a
quasi-polynomial of degree two. This study is novel, as no prior research addressing this
framework—spanning theoretical derivations, experimental validation, and benchmarking
against established techniques in the field—has been reported in the literature. Specifically,
we derive necessary and sufficient conditions to enhance the tuning of delayed-action
controllers, ensuring performance (an exponential decay rate in the closed-loop system
response convergence), robustness (stabilization and/or trajectory tracking under varia-
tions in system parameters), and fragility (resilience to perturbations in controller gains).
Additionally, the paper presents necessary and sufficient conditions to ensure stability for
this class of systems in the presence of parameter and gain variations. To validate and
illustrate the theoretical results, we present an implementation on an experimental plat-
form. The platform consists of an omnidirectional mobile robot (OMR) used for trajectory
tracking tasks and an advanced optical motion capture system (®Vicon Motion Systems Ltd,
Oxford, UK) as sensor. Here, we experimentally analyze the performance, fragility, and
robustness in the face of parametric variations and external disturbances. Links to some
videos of the OMR performance are given. Also, a comparison with a classical control is
presented, thus showing that our proposal is a more efficient alternative.

The rest of the paper is organized as follows. Section 2 presents problem statement
and manuscript’s contribution. Results for determining the o-stability regions are given in
Section 3. While in Sections 4 and 5 results are presented to obtain the best performance
point and the least fragile point for a delayed controller, respectively. Next, in Section 6
results are also proposed to obtain the greatest robustness point. In addition, in Section 7,
results are proposed to try to obtain a balance or correction among performance, fragility
and robustness. Finally, to validate all the theoretical results, Section 8 presents the real-time
implementation on an OMR and a comparison with a classical controller from the literature.
The contribution ends with some concluding remarks in Section 9.
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2. Problem Statement and Contribution
2.1. Problem Statement
Suppose that the quasi-polynomial of degree two
q(a,k,s) = ap + ars + ark,e™ ™ 1)

is the characteristic quasi-polynomial of a closed-loop system. Here a = (ag, a1, a;) € A C
R3, 41,4, # 0 is the set of parameters of the system, k = (k,, T) € K C RT x R™ is the
set of gains of a time-delay controller, and s = ¢ + iw is a complex variable with w € R,
o € R~ and i? = —1. In this paper we study the following three properties of a system,
which we make precise later.

Performance. For a given set of system parameters, this property will be understood
as the capacity of a controller gains to enforce a prescribed convergence rate toward a
desired reference signal or set-point in the system response. Although determination of a
system’s exponential decay rate constitutes a fundamental aspect of this objective, it merely
represents one necessary condition within a comprehensive stability and performance
analysis framework. We will denote by k*7 the best performance point.

Fragility. Also, for a given set of system parameters, the fragility property consists
in determining the capacity of invariance on the stability of a system response due to
unexpected changes in the controller’s gains. We will denote by k*/ the least fragile point.

Robustness. Now, for a given set of controller gains, the robustness property consists
in determining the capacity of invariance on the stability of the response of a system due to
unexpected changes in the process parameters. We will denote by a*" the greatest robust point.

Despite the seemingly simple form of the quasi-polynomial (1), its comprehensive
analysis presents significant challenges. To the best of the authors” knowledge, no ex-
isting studies have simultaneously addressed the tripartite consideration of performance,
fragility and robustness properties for delayed-action controller tuning. This research gap
is particularly critical as these combined properties are essential for ensuring closed-loop
system stability under both parameter variations and gain perturbations. As mentioned in
[2], fragility and robustness are very similar properties, which causes confusion and/or
equal treatment. However, there are subtle differences between them, reasons why it
is recommended to analyze them independently. A clear difference between these two
properties is the working plane: while fragility is determined in the 7k;-plane, robust-
ness is determined in the apa;-plane, where (7,k;) are controller gains and (ag,a1) are
system/plant parameters.

2.2. Contribution

As previously established, time-delay controllers offer distinct advantages over clas-
sical controllers, including simplicity of implementation and inherent noise attenuation
properties. However, the existing literature reveals a fragmented approach to controller
tuning: some studies only focus on performance optimization, others address fragility
concerns, with limited attention to robustness considerations. In this contribution we
present a unified tuning methodology that simultaneously incorporates all three critical
properties. Specifically, for quasi-polynomial (1), we propose the following:

* Given a set of system parameters 2 € A, necessary and sufficient conditions are
proposed to determine the controller gains that provide best performance (k** € K),
and the controller gains that provide least fragility (k" € K).

*  Given a set of controller gains k € K, necessary and sufficient conditions are proposed
to determine the system parameters that ensure greatest robustness (a*" € A).
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. Furthermore, if a controller is tuned to the best performance k = k*7, then we
propose theoretical results to determine the invariance capability in the stability of
the system response to unexpected changes in controller gains (fragility) or system
parameters (robustness).

e  Similarly, if a controller is tuned with the least fragility k = k*/, and/or the system is
adjusted with the parameters of greatest robustness a2 = a*’, then theoretical results
can determine the system’s response performance.

*  Asan interconnection among the three properties (performance, fragility and robust-
ness), we propose necessary and sufficient conditions to determine the invariance
capacity in stabilizing the closed-loop system response in the Tk,a;1-space.

¢ Toillustrate the proposed results, an implementation is carried out on an OMR using
a novel delayed nonlinear controller.

¢  Finally, to demonstrate the efficiency of our proposal, a comparison is made with a
conventional controller using traditional techniques.

Next, we define and obtain the workspace that we call o-stability regions.

3. o-Stability Regions
The following definitions rely on continuity of roots of the quasi-polynomial 4(a, k, s)
with respect to the parameters a and the gains k, see [34].

Definition 1. Forafixeda € A and o <0, let Ty be the set of all gains k € K such that at least
one root of (1) lies on the vertical line Re(s) = o, that is,

I'yo ={ke€K:q(akss)=0forsomes=0c+iw}.

The curve I'y ;- divides K into subregions where the quasi-polynomial (1) has a constant
number of complex roots with a real part greater than ¢, namely,

K=K}, UK , UK}, U,
where
Ky = {k € K: q(a, k, s) has exactly n roots with real part > c’}.

The set K9, is called o-stability region of the quasi-polynomial (1), and T, = 9KJ,,
where BKQ,U denotes the boundary of the region Kglg. In particular, KS,O is known as the
stability region of (1), and I',p = aKg/O. It is important to note that the o-stability regions
K , might be unbounded.

We now obtain parametric equations for the curves I';, that delimit the o-stability
regions K{ ; of the quasi-polynomial (1). See [35] for a deeper explanation.

Proposition 1. Suppose that a = (ag, a1, ay), where ay,a # 0, is fixed.
For o = 0, the parametric equations for the curve T which bounds the stability region K¢,
are the following.

(i) If w = 0, we obtain the horizontal line k, = —Z—g, > 0.

/2 2,2
(i) Ifw # 0and ag#0, then T :—%tan_l(%w> + 50 and k= %, n>0.
(iii) Ifw;éOandaO:O,thenT:W and kr:%w,nzo.

For o < 0, the parametric equations for the curve Iy ; which bounds the o-stability region
K, are the following.

(iv) If w =0, we obtain k, = —”(’Jg%e”, T>0.
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_ + 2+2 2
(v) Ifw;éO,thenT:—%tan 1(,10‘1‘;’10)—1—% and kr:We”,nZO.

Proof. We apply Definition 1 to (1). Solving q(a, k, icw) = 0 for T and k,, we obtain Equations
(i)—(iii). And solving g(a, k, o + iw) = 0 for T and k,, we obtain Equations (iv)-(v). O

We note that the o-stability regions K0, are unbounded for the quasi-polynomial (1).

4. Best Performance Point

In this section, best performance point is defined, it is related to the o-stability regions
and it is shown a way to determine it. We recall that a dominant root of the quasi-polynomial
qg(a,k,s) is a root zj such that for any other root z we have that Re(z) < Re(z).

Definition 2. Forafixeda € A, let « : Kg,o — R be the spectral abscissa function defined as
a(k) = sup{Re(s) : q(a,k,s) = 0}. 2)

This function determines the location of the dominant roots of the quasi-polynomial q(a, k,s).
If D is a subset of KS,O/ the spectral abscissa of q(a, k, s) corresponding to the region D is defined by

a* =inf{a(k) : k € D}. 3)

We note that this number depends on the region D, and when the function w is not bounded
from below on D, we have that a* = —oo.

The following result relates frequency domain and time domain with the location of
dominant roots.

Lemma 1 ([36]). Foreach o € [a*,0), there exists a constant L > 0 such that the response y(t) of
a closed-loop system whose quasi-polynomial is (1) satisfies the following exponential decay rate

ly(t)| < L|p)lce™, t>0,

where ¢ is the initial function defined on the interval [—7,0], ||¢||r = max{|¢p(s)| : s € [-7,0]}
and | - | denotes the Euclidean norm.

Definition 3. For a fixed a € A, let D be a subset of K3 ;. A best performance point k*¥ of the
region D is a set of gains that provides the largest exponential decay rate o in the response y(t) of
the closed-loop system. This point satisfies

af = a(k*P) =07,
where o* is the real part of a root s* = o* + iw™ of the quasi-polynomial q(a, k*7?,s).
Remark 1. Since a best performance point k™7 depends on the region D, this point might not exist.

Proposition 2. Consider the quasi-polynomial (1). For a fixeda € A, let D C Kg,o be a compact
set with 0D NT 40 # @. Then a*, and k™7 exist.

Proof. It follows from Definition 3 and the continuity of the spectral abscissa function . [

Remark 2. If D C K?, is a compact set with 9D C Ty, and k*¥ is an interior point of D, it can
be shown that the spectral abscissa a* can not be attained at a single simple root of q and that under
certain conditions, the o-stability regions shrink to k™7 as o — a*. Also, depending on the root
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configuration at which ™ is attained there exists a numerical procedure to approximate o™ and k™7,
see [17].

a0
Remark 3. In [16] it has been shown that if the constants a, k, and T satisfy the relation %ﬁk’eﬂl =

e~ !, the quasi-polynomial (1) has a double, negative dominant root
§=————. 4)

Due to this result, it is possible to find an analytic expression for a point that with
additional conditions becomes k**.

Proposition 3. Consider the quasi-polynomial (1). Given a performance value o < 0, the gains
k = (7, k) of a controller that has a double, negative dominant root at o are

a a
=——1  and k=-—1e. (5)
a0 + agp arT
For a given T > 0, we have that
1 a a
c=—=—=2" gnd k= ——e. (6)
T ay arT

Proof. Equation (5) follows from solving equations q(a,k,c) =0 and a%q(a, k,c)=0fort
and k,, and (6) follows from (5). O

Remark 4. The double root (4) corresponds to the singular point (5) of the curve I') ;. For ag = 0,

the stability region KO ; is unbounded. Since the curve %zlk’ = e~ ! is inside the region D = K,
for this region there is not an optimal spectral abscissa, and o* = —oo.

Proposition 4. Let D C K with 9D NTa0 # @ be a compact set. If the point k*¥ = (T, k)
defined by (5) is in D, then it renders the maximum decay rate a* on D for the solution of a
closed-loop system whose quasi-polynomial (1).

Proof. The result follows from Proposition 3 and Remark 3. O

5. Least Fragile Point

In this section, we obtain the gains for a least fragile controller.

Definition 4. For a fixed a € A, let D be a subset of K9, such that 9D NT, s # @. The least
fragile point k*f of the region D is the set of gains with the largest distance to the boundary of D,
that is,

p(k*) = sup{p(k) : k € D},

where p(k) = inf{||l — k|| : I € 9D} is the distance from the point k to the boundary oD.

If S(k,r) = {l € R? : ||l — k|| < r} denotes the circle with center at k and radius r, then
S(k*f,p(k*1)) is the largest circle inscribed in the region D, see Figure 1.

Remark 5. Analogous to a best performance point, a least fragile point also depends on the set
D chosen, and might not exist without additional conditions over D. Since KJ, C KS’O for
o < 0, we obtain the least fragile point k* for two types of sets: the global case D C Kg,o, and
the local case D C K3, o < 0. In both cases, identifying this point constitutes a non-trivial
analytical challenge, contrary to initial intuitive expectations. Nevertheless, the following theorem



Processes 2025, 13, 2749

8 of 23

establishes a specific scenario in which the optimal point of k*f can be derived analytically in an
exact, closed-form precision.

Figure 1. The largest circle S(k*/, p(k*f)) inscribed in a region D.

Proposition 5. Consider the quasi-polynomial (1) with a = (0,a1,1) and ay > 0. If D C K{  is

_

bounded by the axes T and ky, and the hyperbola H : k, = 71, then the least fragile point is
K = (7,k) = (p. ), 7)
where p = (\/i — 1) \/Ttay is the radius of the largest inscribed circle in D.

Proof. The largest circle is tangent to the boundary dD at three points of contact. Two of
them are (p,0) and (0, p) which lie on the axes T and k;, respectively. The other one is
p = (7, 52) which lies on the hyperbola H. The values of T and p are to be determined.
Since the distance from the least fragile point (p, p) to the point p is p, this number satisfies

the equation
o (T ) 2
(t—p) +<27 p) = o
Now, since the normal line to the hyperbola H at p passes through the point (p, p), we

have that
272 ay

E(T—P)‘FP: e

Solving for T and p the foregoing equations, the result follows. [

Proposition 5 is useful and relatively simple when o = 0. However, this is not the case
when ¢ < 0, since it is necessary to perform a more extensive procedure, which has been
divided according to the possible number of contact points between the circle S(k, ) and
the boundary 0D. More details are given below.

Proposition 6. Suppose that the boundary oD of the set D can be parameterized by a smooth, simple
closed curve y(w) with w € I, where I is an interval. Let p(k) = min{||y(w) — k|| : w € I} be
the distance from the point k to the boundary oD, and let J(k) = {w € I : ||y(w) — k|| = p(k) }
be the set of all frequencies where the minimum value p(k) is attained. Then the circle S(k, p(k)) is
tangent to the boundary 0D at each point of contact y(w) with w € J(k).

Proof. Differentiating ||y(w) — k|| with respect to w, we obtain that
[V(w) = k] -7 (w) =0 (8)

for each frequency w € J(k). Thus the circle S(k, p(k)) its tangent to the boundary at each
point of contact. [
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Proposition 7. Let y be a smooth curve and suppose that the largest circle S(k*/, o(k*f)) has
exactly two points of contact with the boundary, say -y(w,) and v (wy), where w1, wy € J(k*1).
Then the frequencies w1 and wy satisfy the system of equations

) =0,
0 ©)

w1
[Y(w2) = 7(w1)] -7 (w2) =
Proof. Let ¢(k,w) = ||7v(w) — k||. We obtain Equation (9) using the fact that for this

minimax problem the vector zero is in the convex hull of the set { Vo (k*/, w), w € J(k*f)},
where gradient is taken with respect to the variable k. [

Equation (9) also shows that the line passing through the contact points is orthogonal
to the curve at these points.

Proposition 8. Let 7 be a smooth curve and suppose that the largest circle S(k*f, p(k*f)) has three
or more points of contact with the boundary, say y(w1), y(w2) and y(ws), where wy, wy, w3 € J(k).
Then the frequencies w1, wy and w3 satisfy the system of equations

2)] -7 (@)}l (@) 2 = {[r(@1) = v(@2)] -7 (1)}l (@) | =0,

)] -7 (w3) Y1 (@n)? = {[r(w1) = v(@s)] -7 (@1) 117 (ws) |2 = 0, (10)
3] -7 (@3) 217 (@2 = {[v(w2) = 1(@3)] -7 (w2) )17 (ws) |2 = 0.

HH
2
g
|
=
S
3

—_
=
g
=
|
=
g

H_
2
S
&
|
=
3
S

Proof. Suppose that ¢ : I — R? is a simple closed curve, and let S(k, p) be a circle with
center k and radius p inside the curve 7. Let us also assume that S(k, p) is tangent to the
curve 7 at three distinct points y(w1), y(w2) and y(w3). Then using the normal vectors at
these points we can write k in three different ways, leading to a system of three equations
with three unknowns: wi, wy and ws. Now using the relationship between tangent and
normal vectors, the system can be transformed into (10). O

The largest circle inscribed in a region D does not need to be unique, and it may have
two or more points of contact with the boundary curve.

Remark 6. To determine k*f and p(k*1), follow the steps of the algorithm described below. For
clarity, the algorithm is summarized in the flowchart in Figure 2.

(i)  Choose an approximation k of k*f, and solve Equation (8). Let Q = {wi,, wiy, wi, ... } be
the solution set. Some of these solutions may not correspond to contact points.

(ii)  If S(k*f, p(k*!)) has two points of contact, choose wy, wy € Q) in such a way that the angle
between the vectors y(wq) — k and y(w,) — k is close to 7t radians. Then take these frequency
values as an initial approximation for solving numerically system (9).

(iii) If S(k*f,p(k*/)) has more than two points of contact, choose wy,wy, w3 € O in such
a way that the angle among the vectors y(wq) — k,y(wy) — k and y(ws3) — k is close to
27t/3 radians. Then take these frequency values as an initial approximation for solving
numerically system (10).

(iv) Repeat steps (i)—(iii) until satisfied.

Systems (8)—(10) may be solved numerically by using Newton’s method.
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Choose an approximation k of k/*.

Find the solution set

Q= {(U,'l,w,'z,wis,. }
of Equation (8).

Choose wq, wy, w3, € Q) such
that Z(y(w; — k), v(w; —
k)) = 2m/3, i # ],
and solve Equation (10).

S(kI*, (k"))

may have two

Choose wy, wy € O such that
Z(y(wr = k), v(w2 —k)) =
7t, and solve Equation (9).

> 2

or more points

of contact.

We obtain k, which is a better Make k = k, and
approximation of k/* than k. return to start.

Does k satisfy
your

requirements?

Figure 2. Flow chart for numerical procedure.

6. Greatest Robustness Point

In this section, we obtain the gains for the most robust controller.
The parameters of the system can be treated in a similar way to the control gains. For
a fixed k € K, the curve

I't={a€ A:q(aks)=0 forsome s =iw}

splits A into subregions where the quasi-polynomial (1) has a constant number of roots
with positive real part. That is

A=AYUALUAIU- -,
where
v ={a € A:q(ak,s) has exactly mroots with positive real part}.

Now, the set AY is the robustness region of the quasi-polynomial (1), and we have that
T = 0AY.
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Definition 5. For a fixed k € K, let E be a subset of A such that OE C Ty. A point of greatest
robustness of a systems is a set of parameters a*" € E with the largest distance to the boundary oE.
This point satisfies

p(a™") = sup{p(a) :a € E},

where p(a) = inf{||l —a|| : | € OE} is the distance from the point a to the boundary oE.
Next, we obtain the curves I’y to delimit the stability region A? of quasi-polynomial (1).

Proposition 9. Consider the quasi-polynomial (1), and suppose that k = (t,k,) is fixed. The
parametric equations of the curve T which bounds the robustness region Ag are the following.

(i) If w = 0, we obtain the vertical line ag = —ayk;.

(i) Ifw # 0, then ag = —azk, cos(tw) and a, = 2

= "o Sin(TC(J).

Proof. Line (i) is obtained by evaluating (1) at s = 0, and solving for a9. While the parametric
equations (ii) are obtained by evaluating (1) at s = iw, and solving for ag and a;. O

The following result provides an approach for the computation of a*”.

Proposition 10. Consider the quasi-polynomial (1), and suppose that k = (t,k;,) is fixed. If
ayg = 0 and aj is given, then the robustness interval is

a1 € (a;,+c0) C AY, (11)

2tayk,
T
by the user, we have that

where a; = sin(% ). Furthermore, choosing a compact set E = [ay,a1], where @y is proposed

wr a1 +aq
1 - 2 .

at =

(12)

Proof. This result is obtained using (ii) of Proposition 9 and substituting tw = 7. O

From the previous result, we can observe that the robustness depends on the controller
gains, thus the gains can be used to maximize the robustness of the system. Furthermore, it
is easy to infer the following.

Remark 7. Ifr:= afl and aq satisfies (11), then

-1
-1 a
re (0ah), andr = (a;) " = S (13)
Since the greatest robustness point a*" shares the same properties as a least fragile point, we
can apply Propositions 6-8 to obtain these points in the corresponding regions AY.

7. Relationship Among Performance, Fragility and Robustness

Previous sections have presented theoretical results for determining the performance,
fragility, and robustness properties of systems characterized by the quasi-polynomial (1).
As noted in the problem statement, it is essential to establish conditions under which system
stability is maintained in the presence of both independent parameter variations and gain
perturbations. However, a comprehensive analysis also requires simultaneous examination
of stability regions as functions of both parameters and gains, enabling the determination of
performance and stability invariance in the system response. The following results address
these objectives.

To determine a stability region in Tk,a;-space for quasi-polynomial (1) we apply the
following result.
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Lemma 2 ([37]). The roots of z = ce* all lie to the right of Re(z) = A if and only if A < 1 and
Ae™ < ¢ < e M/A2 + 12, where v is the unique root of v cotv = A in the interval (0, 7).

For v € (0, %), we define the functions c;(v) = Ae™* and c(v) = e M2+ 12,
where A = v cotv. The graphs of these functions are shown in Figure 3.

A, ¢q, C2

1.4

1.2 AV
1.01 — (V)
0.8 — C2(v)
0.6]

0.4

0.2

0.0 05 10 5V

Figure 3. Functions c1,¢; and A.

Proposition 11. Let v € (0, §) be fixed, and consider the quasi-polynomial (1), with a = (0,a1,1)
and ay # 0. If the positive quantities T, k, and ay satisfy the inequality

a(v) < T—kr < ca(v), (14)
a1

then the quasi-polynomial (1) is stable.

Proof. If ap = 0 and ap = 1, the quasi-polynomial (1) becomes

q(a,k,s) = a;s + ke ™. (15)
Making the change of variable z = —7s, T > 0, and applying Lemma 2, we obtain
that all the roots of quasi-polynomial (15) lie to the left of Re(s) = —2 if and only if the
inequality
Ae ™ < %kr <e M/AZ 42, (16)
1

holds. Now using the definitions of functions c¢; and ¢, in (16) we obtain (14). O

Fora = (0,a1,1) and A € (0,1), denote by R(v) the corresponding region in tk,a1-
space defined by inequality (14).

Proposition 12. Ifa = (0,a1,1),and A € (0,1), then
inf{a(a, k) : (a1,kr, 7) € R(v)} = —00, (17)

where
a(a, k) = sup{Re(s) : q(a,k,s) = 0}.

Proof. We have that
A
a(a k) < - forall (ay,kr,T) € R(v), (18)
and we need to verify the inequality

a)<el<eov) for ve (0,%). (19)
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Since A and v are interchangeable variables, (19) is quivalent to say that
p(A)=A—e*1<0 for Ae€(0,1) (20)

and
P(v) =vescv —eVV Tl <0 for ve (0, g) (21)

Using calculus, inequalities (20) and (21) are readily stated. Thus the unbounded

region R(v) contains the surface TT]? = e~ !, and there is not a finite value for the spectral

abscissa of the quasi-polynomial q(a, k, s) in this region. [

8. Implementation of the Theoretical Results

Next, without loss of generality, we implement the theoretical results presented above
on an experimental platform consisting of an omnidirectional mobile robot.

8.1. Description of the Experimental Platform

The OMR is built using three 12[V] POLOLU 37D gearmotors, with a gear ra-
tio 1:70 and encoder with a resolution of 64 counts per revolution, and wheels with
radius r = 0.03 [m], see Figure 4. An STM32F4 Discovery (® STMmicroelectronics,
Geneva, Switzerland) board is used as a data acquisition card and the communica-
tion between the computer and the robot is realized in real-time using the public
and available Waijung 1 (STM32 target 2018 for ®Matlab, Natick, MA, USA) library
via Bluetooth using an ESP32 microcontroller © Espressif Systems, Shanghai, China.
The setup runs inside an indoor environment with a set of 10 infrared © Vicon Mo-
tion Systems Ltd, Oxford, UK cameras with precision of 0.5 [mm] which measure
the position and orientation of each robot in an area of 5 x 4 [m] with a sample
time of 0.005 [s]. The robot has several reflective markers with different patterns,
in order to be detected by the TRACKER 3.0 software,® Vicon Motion Systems Ltd.,
Oxford, UK.

] =
S

~

L W
Omnidirectional 7//‘ L
mobile robot (OMR) ) 4
E X

(a) (b)

Figure 4. OMR experimental platform. (a) OMR with disturbance (ramp). (b) Notation in the
considered OMR.

To corroborate the theoretical results, we determine performance, fragility and ro-
bustness of the OMR for a trajectory tracking task in the xy-plane, using the experimental
platform described below. Here the kinematic model (22) is considered. For tuning the
delayed-action controller (25), a quasi-polynomial of the form (1), where a = (0,41, 1) with
ap = r~! = 33.333, is used.
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The control objective is a trajectory tracking task of the OMR position in the xy-plane.
The reference signal is a circle of radius 0.5 [m], which will be denoted by Ref.

To illustrate the effectiveness of tracking in the presence of external disturbances, a
ramp is utilized to change the surface of the path traveled, see Figure 4a. While to quantify
the efficiency in the tracking task, the mean square error (MSE) index is obtained.

8.2. Kinematic Model of the OMR

An OMR is a mobile vehicle with mecanum or omnidirectional wheels that allow
it to move in any direction instantly and increase the maneuverability of the robot. The
system has three independent control inputs, which can be decoupled to control its three
degrees of freedom fully [x y ]. This feature is not present in other mobile robots, such as
differential or Ackerman steering robots, which have only two control inputs involving
non-holonomic constraints [38].

A kinematic model of the OMR, schematized in Figure 4b, is of the form

X cos(yp) —sin(y) 0 |Vi
y| = |sin(yp) cos(yp) Of [V, (22)
" 0 0 1] (W
\\/-/
g R(y) u

where (x,y) € R? represents the robot position in the plane, ¢ € R is the robot orientation
angle, and Vy, V;, W € R are the longitudinal, lateral, and angular velocities, respectively.
The term R (¢) represents the non-singular rotation matrix around the Z axis and U is the
control input vector.

In order to implement a controller, the following transformation of robot velocities U
to velocities of OMR wheels ) is required

w1 (F) —sin(d) cos(d) L| |Vy
1 .
wy(t)| = b sin(6) —cos(6) L| |Vy], (23)
ws(t) 1 o L|l|w
a/—/ N’
O R(S) u

where L is the distance from any wheel to the center of mass of the robot, r is the radius
of the wheel and § = %, see Figure 4b. Thus, solving (23) for U and substituting into (22),
we have

&=rR(p)R(5)1Q. (24)

Now, we propose the following novel nonlinear controller with delayed-action, which
will be called delayed nonlinear controller (D-NLC):

Q= R(6)R(yp) ! %g’* —Kreg(t—1)|, (25)

where T € R is the time-delay, K, = k,I3, withk, € Rand I5 € R3*3 is the identity matrix,
and ex(t) = ¢(t) — &*(t) € R3, whith £*(t) is the desired vector of position and orientation
of the robot. From (25) and (24), the close-loop error dynamic is

ez(t) = —rKyeg(t — 7). (26)

Defining a1 = 1/r, the characteristic equation of this dynamics is
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3
Qla,k,s) =Y pj(s)e” ¥ =0. (27)
=0

Here, po(s) = ajs®, p1(s) = 3a3k,s?, pa(s) = 3a1k3s, p3(s) = k3, 9 = 0,14 = T,

Ty = 27, and 13 = 37. Note that (27) is a quasi-polynomial of degree 9 with commensurable

delays, see [39]. However, (27) can be written as the product of three quasi-polynomials of
degree 2 of the form

g(a,k,s) = a;s + ke ™. (28)

Namely,
Q(a,k,s) = [g(a,k,s)]’.

Thus, thanks to the OMR modeling structure suggested in (22) and (23), the novel
delayed nonlinear controller proposed in (25) and some simple but strategic algebraic
manipulations, we can now streamline/guarantee OMR trajectory tracking in the event of
variations in controller gains and vehicle parameters using the results given in the previous
sections on the quasi-polynomial (28). This framework will serve to validate the efficacy
and relevance of our proposed control strategy.

8.3. General Scheme to Obtain Performance, Fragility and Robustness of the OMR

In this section the theoretical results are applied to obtain best performance, least
fragile and greatest robustness points for the OMR. The steps are as follow.
For steps S1 to S4, fix a = (0,33.333, 1), and for steps S5-S6, fix k = (0.0625,196.20).

S1. Use Proposition 1 to determine the o-stability regions KJ;, o < 0. For n = 0, Figure 5
shows the stability region Kg,o (— —) obtained by using (i)—(iii) of Proposition 1, and the
o-stability regions Kg,g (—) and (—), witho = —1,—6,—13, —15, —16, —18, obtained
by using (iv)-(v) of Proposition 1. Figure 5 also shows the singular points obtained by
(5) for several values of o, see Remark 4.

52.  Choose a compact set D C Kg,a for some o < 0oro = 0.

(a) If ¢ = 0, pick a compact set D C Kg,o bounded by a vertical line T = t, and a
horizontal line k, = x as indicated in Figure 6a.

(b) If o < 0, pick a compact set D C KB,U delimited by the o-stability region Kg/a
and a horizontal line k, = «x as indicated in Figure 6b.

S3. Obtaining the best performance point k*? of a set D C KJ,, ¢ < 0. Usu-
ally, this point is obtained geometrically, but it can be obtained analytically using
Formulas (5) and (6) or Proposition 4. Some points k*7 are given in Table 1 for some
values of o < 0.

S4. The least fragile point k*f of a set D C K?,, 0 < 0, can be obtained by using
the algorithm described in Remark 6. Without loss of generality, we illustrate this
algorithm for two values of ¢.

(a) For ¢ = 0, Figure 7a shows the set D bounded by the straight lines T = 0,
k, = 0, and the hyperbola (iii), which is inside the stability region Kg,o. Here,
the least fragile point is k*/ = (4.23874,4.23874) and p = 4.23874.

(b) For ¢ = —6, Figure 7b shows the set D bounded by the axis k;, and the curves
(iif) and (iv), which is inside the o-stability region Kfl)’a. Here, the least fragile
point is k*/ = (0.0527804,199.998) and p = 0.0527804.

S5.  Use Proposition 9 to determine the robustness region Ag. For illustrative purposes
and without loss of generality, Figure 8 shows a representative robustness region of
quasi-polynomial (1) when a; = 1.
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S6. Obtaining the greatest robustness point a* of the chosen set E C A?, using (12) from
Proposition 10 or (13) from Remark 7.

S7.  Finally, Figure 9 shows the finite portion of the stability region R(1.34) in Tk,a;-space,
which is inside the box B = {0 < 7 < 0.1, 160 < k, < 222, 1.8 < a1 < 34}. See
Proposition 11.

2221

0055 0061 0.066 0,076

12.271 1
0 L L
0 0.076 0.166 ,7— 0.999

Figure 5. o-stability regions for quasi-polynomial (1).

222 A 1 222
KJp,m>1 Kgp,m=>1
160} . 160}
a D cC K9, . =
a ~_ a0 — KO

7387 T~ Tap == 0Kz 4 7387} VIia;o = 0K
12,27 ! 1 1227}

0 P 2SN R ol [ 2N I

0 0.5 1 0 0.5 1

T T
(a) (b)

Figure 6. Choosing a compact set D. (a) Compact set D C Kg o- (b) Compact set D C Kg/m o= —6.

222 kS K" m>1|
200 \ a,00 1% = % 4
\201 zoom in
Q k*-,f
200 f———
— 0
73877 DCKSU ) ~,_\Ij'f‘?faKa'o
199
0.053 0.11
| 0 L L 4
0.053 0.166 0.999
0 4.238 T 10 T
(a (b)

Figure 7. Finding the least fragile point. (a) The least fragile point of region D. (b) The least fragile
point k*/ € D for o = —6.
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Figure 8. Robustness region of the quasi-polynomial (1) in plane ag—a; with a; fixed.
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Figure 9. The finite portion R(1.34) N B of the stability region R(1.34) in Tk,a;-space. (a) Vertex
V = (0.1,160,15.9255) in blue, and sphere with center k;p = (0.075,191,28) and radius p = 0.025 in
red. (b) Zoom in of the red sphere in (a).

(b)

8.4. Validation and Implementation of Results

This section presents experimental validation of the theoretical framework developed
in previous sections, implemented on the OMR platform.

8.4.1. Experimental Tests of OMR Performance

The best performance points k*? of the OMR are obtained using (5), as described in
step S3 from Section 8.3. Table 1 shows the controller gains k*? = (7, k,) for a given o < 0.

Figure 10a shows the performance of the OMR without a disturbance (ramp) in a
tracking task, Ref (——), using three points k™ from Table 1 to tune the delayed-action
of the controller (25). Figure 10b shows the performance of the OMR using the same
points as in Figure 10a, but with a disturbance (ramp). In addition, Table 1 shows the
mean square error (MSE) between the desired position (Ref) and the OMR response. Some
videos on the performance of the OMR, when k = (0.055,220.72), can be found at the fol-
lowing links: https://drive.google.com/file/d/14C6eixNj5i5PK3Ix7KYzKSEyu4rZolLgz/
view?usp=sharing (accessed on 20 August 2025), with platform and https:/ /drive.google.
com/file/d/1akloBalt]gwGHSGs8Hq1kOPKKQO03zXTg/view?usp=sharing (accessed on
20 August 2025), without platform.


https://drive.google.com/file/d/14C6eixNj5i5PK3lx7KYzKSEyu4rZoLgz/view?usp=sharing
https://drive.google.com/file/d/14C6eixNj5i5PK3lx7KYzKSEyu4rZoLgz/view?usp=sharing
https://drive.google.com/file/d/1ak1oBaItJgwGHSGs8Hq1kOPKKQ03zXTg/view?usp=sharing
https://drive.google.com/file/d/1ak1oBaItJgwGHSGs8Hq1kOPKKQ03zXTg/view?usp=sharing
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Table 1. The best performance points k*? for a o-stability region and MSE between OMR and Ref,
with a = (0,33.333, 1) fixed.

o Given k*P = (T,ky) MSE of Figure 10a, MSE of Figure 10b,
Obtained w/o Ramp, [m] w Ramp, [m]
—13 (0.0769,159.41) 0.0043 0.0054
—16 (0.0625,196.20) 0.0026 0.0037
—18 (0.0555,220.72) 0.0028 0.0043
0.6 : ‘ i 0.6 —
ol ////,& S //; :_:T‘}::t\ \ k-\:(0.0SS, 220,72)- ol //// 0. N N k"”:\l(\).ﬂSS.ZZOJZi
/ 2B N\ / TN \
— [ 0T 005 0 005 0.l N\ — / 049l A \
= f\ ~0.49 - zoom 1n y /7 = ‘\ _04 S zoom In y /’h
-0.3F \\\ ) \\,—/ ’/,// . -03F \\\‘ N \V\/\// //I
R \7”;1“555 e g '\ff,::g‘x N im’,//
06 03 0 03 06 Y 03 0 03 0.6
’ ’ x[m] z[m]
(@) (b)

Figure 10. OMR position performance in the xy-plane. (a) Without disturbance/ramp. (b) With
disturbances/ramp.

8.4.2. Experimental Tests of OMR Fragility

Figure 11 shows the position of the OMR, without ramp, using the least fragile points
kef = (7, kr) from Table 2 to tune the delayed-action of the controller (25), as described
in step 84 from Section 8.3. For ¢ = 0, k*f is obtained by applying Proposition 5, while
for o = —0.27, —0.48 and ¢ = —6, the (local) least fragile points of the closed o-stability
regions are obtained by applying the numerical procedure mentioned in Remark 6, see
Figure 7b.

As expected, poor performance is observed, since the exponential decay rate ¢ is close
to zero. However, due to the proposed analysis, a less fragility to variations in the gains
of the delayed-action of the controller (25) is guaranteed. Table 2 shows that the closer
o to zero the less fragile the controller. Also shows the MSE obtained between the OMR
response and the desired position Ref.

0.6 Rl
K'5(1.153,9.23)

—K"(0.66,16.04)

—K'=(4.239,4.239)|

0.3f

-0.6 . . . .
-0.6 -0.3 0 0.3 0.6

x[m]

Figure 11. OMR position fragility in the xy-plane using the parameters given in Table 2.
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Table 2. The least fragile points for a o-stability region and MSE between OMR and Ref, with
a = (0,33.333,1) fixed.

o Given k*f = (t,k;) MSE of Figure 11,
Obtained w/o Ramp, [m]
0 (4.2387,4.2387) 0.0221
-0.27 (1.1527,9.2304) 0.0496
—0.48 (0.6585,16.0426) 0.0532

8.4.3. Experimental Tests of OMR Robustness

Next, we get the greatest robustness point using the step S6 from Section 8.3. Figure 12a
depicts a robustness test of the OMR platform in closed-loop with the controller (25), when
there are parametric variations. This figure shows the OMR position on xy-plane when
k*P = (0.0769,159.41), and r = a;l € {0.03, 0.05, 0.08}[m] is varied. While, Figure 12b
depicts the robustness when k*” = (0.0555,220.72), and r = a; ' € {0.03, 0.05, 0.08}[m] is
varied. Both without disturbance (ramp). Table 3 presents the MSE between the desired
position (Ref) and the OMR response, due to the variation of the parameter a;.

0.

0.

03 03F

/
0.3+ 4 B ~0.3+

(b)

Figure 12. OMR robustness. (a) k*? = (0.0769,159.41) and varying r = afl = 0.03, 0.05, 0.08.
(b) k*¥ = (0.0555,220.7) and varying r = a; ' = 0.03, 0.05, 0.08.

Table 3. The greatest robustness point and MSE between OMR and Ref, with k = (7, k) fixed.

k= (t,k) Robustness Greatest Robustness MSE MSE MSE
Given Interval Point r=2003 r=005 r=0.08
(0.0769,159.41) r € (0,0.128138)[m] r*" = 0.064069[m] 0.0043 0.0131 0.0231
(0.0555,220.72)  r € (0,0.128228)[m] " = 0.064114[m]  0.0028  0.018 0.025

8.4.4. Experimental Tests of OMR in tk;a;-Space

Figure 9 depicts a portion of the robust stability region R(1.34) in tk,a;-space,
as described in step S7 from Section 8.3. To corroborate the veracity of this region,
Figure 13 shows the OMR position using an approximation of the non-fragile point
k;p = (0.075,191,28) of R(1.34) (with radius p = 0.025), Figure 14a using the vertex
point V = (0.1,160, 15.9255), and Figure 14b the point W = (0.5,191, 10) outside of the
region R(1.34).
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0.5 0.5

y[m)]
=)

y[m]

—0.5F

—0.5

Figure 13. OMR position using the point k5, = (0.075,191,28) of the region R(1.34) given in

Figure 9b. (a) Without disturbance/ramp. (b) With disturbances/ramp.

y[m]

y[m]

(b)

Figure 14. OMR position using the points V and W of the region R(1.34) given in Figure 9a, without
disturbances/ramp. (a) V = (0.1,160,15.9255). (b) W = (0.5,191, 10).

8.5. Comparison: D-NLC vs. P-NLC

As extensively discussed in previous sections, incorporating time-delay elements in
controllers can enhance system response performance and attenuate control signal noise. To

validate these advantages, we propose a natural and fair performance comparison between
our proposed controller (25) and controllers of the form:

Q:=0Q; = R(OR(p)™? [15 — ui(t)}, i=1,2,3; (29)

where u1(t) = Kyég, ux(t) = K; [5° ez(g)dg and uz(t) = Kpeg are classical controllers. Here,
Ky = kyl3, K; = k;I3, and Kp = ka?), with kg, k;, kp eR.

Remark 8. Note that the nonlinear controller (29), with a derivative-action uy(t) = Kyég, or with

an integral-action uy (t) = K; [ ez(¢)dg are not suitable for ensuring the tracking of trajectories
of the system (24).

Because of this, we use the nonlinear controller (29) with a proportional action
uz(t) = Kpeg, which we call proportional nonlinear controller (P-NLC). It seems to be

the only option to make the corresponding comparison. Thus, note that the closed-loop
systems (24) with P-NLC is of the form
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210f23
arés(t) = —Kpeg(t),
whose characteristic equation is
Qp(a,k,s) = [p(a,ks)P° =0.
where
plak,s) = ais+kp. (30)

To ensure an equitable comparison, the gain k, of the proportional-action is tuned to
match the performance level o achieved by the proposed delayed-action, i.e., the dominant
roots of (28) and (30) are placed on the vertical line Re(s) = ¢ < 0. Thus

ky = —ay-0. (31)

Figure 15 shows the OMR position using the D-NLC and P-NLC controllers, both
controllers tuned to obtain a performance of o = —13 in the closed-loop system response.
Here, k*? = (0.0769,159.41) is taken from Table 1 and k, = 433.3 is obtained from (31). A
similar behavior in the performance of the OMS is observed when we tune the controlled
for o0 = —16 and 0 = —18, respectively.

] = = =Ref
o3 B e g o5} =T
e < e ~
4 N yd N
/ \ /' ‘\
/ z ‘\‘
T o d N o= )9 \
E | £ of
= POE o j
\ / \ 4
A / A\ )
X 7 \ 7
N 7 \\ /
\5\ ‘/‘/ \\\ e
05 SRSy ] 0516 R e
05 0 05 05 0 05
x[m] z[m]

(a) (b)

Figure 15. Comparison when ¢ = —13: k7 = (0.0769,159.41) and k, = 433.3. (a) Without
disturbance/ramp. (b) With disturbances/ramp.

Remark 9. Comparisons of robustness and fragility properties are beyond the scope of this work,
since these two properties will not be determined here for controllers of the form (29). However we
have highlighted this as a key area for future investigation.

9. Conclusions

This manuscript presents an exhaustive analysis to jointly determine performance,
fragility and robustness on a class of quasi-polynomial of degree 2. Derived from this
analysis, necessary and sufficient conditions are given to obtain the controller gains that
provide best performance k*? € K and least fragility k*/ € K, as well as the most robust
parametric point a*” € A. Furthermore, as an interconnection between the properties of
performance, fragility and robustness, we propose necessary and sufficient conditions to
determine the invariance capacity in stabilizing the closed-loop system response in the
Tk,a1-space. The proposed theoretical results are satisfactorily validated by experimental
tests on an OMR in trajectory tracking tasks using an advanced optical motion capture
system (©Vicon Motion Systems Ltd, Oxford, UK). Furthermore, the experimental imple-
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mentations and comparative analysis presented in this contribution demonstrate that our
approach provides both a more efficient tuning alternative for delayed controllers and a
promising alternative for robotic system control applications.
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