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Abstract

This paper explores the complex dynamics of mixed convective flow in a Casson fluid
saturated in a non-Darcy porous medium, focusing on the influence of gyrotactic microor-
ganisms, internal heat generation, and multiple convective mechanisms. Casson fluids,
known for their non-Newtonian behavior, are relevant in various industrial and biological
contexts where traditional fluid models are insufficient. This study addresses the limitations
of the standard Darcy’s law by examining non-Darcy flow, which accounts for nonlinear
inertial effects in porous media. The governing equations, derived from conservation laws,
are transformed into a system of no linear ordinary differential equations (ODEs) using
similarity transformations. These ODEs are solved numerically using a finite differencing
method that incorporates central differencing, tridiagonal matrix manipulation, and itera-
tive procedures to ensure accuracy across various convective regimes. The reliability of
this method is confirmed through validation with the MATLAB (R2024b) bvp4c scheme.
The investigation analyzes the impact of key parameters (such as the Casson fluid pa-
rameter, Darcy number, Biot numbers, and heat generation) on velocity, temperature, and
microorganism concentration profiles. This study reveals that the Casson fluid parameter
significantly improves the velocity, concentration, and motile microorganism profiles while
decreasing the temperature profile. Additionally, the Biot number is shown to considerably
increase the concentration and dispersion of motile microorganisms, as well as the heat
transfer rate. The findings provide valuable insights into non-Newtonian fluid behavior
in porous environments, with applications in bioengineering, environmental remediation,
and energy systems, such as bioreactor design and geothermal energy extraction.

Keywords: Casson fluid; mixed convection; non-Darcy flow; gyrotactic microorganism;
bioconvective transport; bioheat and mass transfer; non-Newtonian biofluids

1. Introduction
The study of fluid dynamics in porous media has been a topic of significant interest

due to its wide-ranging applications in engineering, biology, and environmental sciences.
In particular, the behavior of non-Newtonian fluids, such as Casson fluids, in porous
environments has garnered attention for its relevance to industrial processes, biomedical
applications, and natural phenomena [1,2]. Casson fluid, which exhibits non-Newtonian
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behavior with a yield stress, affects mixed convection by altering the flow dynamics and
heat transfer characteristics compared to Newtonian fluids. The presence of yield stress can
reduce the fluid’s ability to flow easily, leading to changes in the velocity and temperature
profiles within the convection system [3,4]. This unique property makes Casson fluids
suitable for modeling materials like blood, chocolate, and certain polymer solutions, where
traditional Newtonian fluid models fail to capture complex rheological behavior.

Casson fluids have been explored under various conditions to understand their com-
plex behavior. Initial research often focused on fundamental aspects, such as the work
by Yadav et al. [5,6], who observed chemical reactions in thermohaline convection and
investigated rotation effects in a permeable layer. In a similar manner, Hussain et al. [7]
observed the effects of chemical reactions and mass transfer over a permeable wedge in the
presence of Casson fluid.

A significant step toward more realistic modeling involves accounting for the porous
medium’s structure. In many practical situations, the flow of fluids through porous media
cannot be accurately described by Darcy’s law, which assumes a linear relationship between
the fluid velocity and the pressure gradient. Instead, a more generalized non-Darcy model is
required to account for inertial effects and nonlinearity, particularly in cases where the flow
velocity is high or the medium has complex geometrical structures. The study of non-Darcy
flow in porous media [8–10] is crucial for applications such as petroleum recovery and
chemical reactor design. Research in this area includes the work of Hemalatha et al. [11],
who observed mixed convective flow through non-Darcy porous vertical cylinders and
found that spherical nanoparticles increase the fluid temperature. Umavathi et al. [12]
proposed a mathematical formulation for mixed convection fluid flow and heat transfer
considering the surface at convective conditions and found that the thermal Grashof
number enhances the flow through buoyancy and dissipation. Bejawada et al. [13], on the
other hand, discussed the impact of thermal radiation on a non-Darcy nanofluid model,
finding that the Lewis number accelerates mass transfer. This amplification happens when
the nanofluid flow is aided as well as when it is resisted. Further combining these concepts,
Seth et al. [14] analyzed the hydromagnetic thin film flow of a Casson fluid within a non-
Darcy medium, considering Joule dissipation and partial slip conditions. Additionally,
Jat et al. [15] investigated the significance of Darcy–Forchheimer Casson fluid flow past a
curved stretching sheet, considering the impacts of heat and mass transfer.

To incorporate additional dynamical behavior relevant to biological and environmen-
tal systems, researchers have incorporated the effects of motile gyrotactic microorganisms.
These microorganisms can actively swim and orient themselves in response to external stim-
uli like gravity and light, resulting in a non-uniform distribution that profoundly modifies
the fluid properties and introduces intricate variations into the flow dynamics [16–18]. Sev-
eral studies have focused on this bioconvection in the presence of Casson fluid. For instance,
Gangadhar et al. [19] observed slip effects on Casson biofluid, finding that the Prandtl
number has the highest contribution to the heat transmission rate. Usman [20] investi-
gated the effects of the thermal radiation parameter and magnetic field on non-Newtonian
Casson fluid flow, accounting for gyrotactic microorganisms using the spectrum relax-
ation technique. They found that the Eckert number causes the temperature profile to
rise. While studying the gyrotactic microorganisms exposed to an extended sheet, Sarma
and Sarma [21] discovered that the density profile of microorganisms decreases with the
Peclet number. Elhag’s [22] 3D Darcy–Forchheimer simulation revealed that the porosity
parameter decreases the velocity profile. In related work, Nima and Ferdows [23] devel-
oped a computational model for gyrotactic free–forced bioconvective flow, highlighting the
influence of various slip effects on the system.
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Concurrently with these advancements, heat transfer characteristics, particularly the
role of internal heat generation, have been a significant area of investigation. Heat genera-
tion within the fluid can occur due to chemical reactions, biological processes, or external
heating, and it plays a critical role in determining the temperature distribution [24,25]. The
interaction between fluid flow, heat transfer, and microbial activity is of particular interest in
fields such as bioengineering, where maintaining optimal temperature conditions is essen-
tial for the growth and function of microorganisms. Various researchers have investigated
microbial flow with heat generation influence, including Kotha et al. [26] and Jumana and
Balla [27]. Elbashbeshy et al. [28] observed heat generation effects on bioconvection with
nanofluids, and they found that an inclination angle below 45 degrees accelerates skin fric-
tion, heat transfer rates, and the Sherwood number. Meanwhile, Nagendramma et al. [29]
studied Casson nanofluid-saturated microbial flow with Cattaneo–Christov heat absorption.
They discovered that gyrotactic microorganisms are significantly stimulated as the Casson
fluid parameter falls. Notably, velocity profiles with a positive Casson fluid parameter are
greater than those with a negative or infinite Casson fluid parameter.

A crucial theme across all these areas is the mode of heat transfer, be it free, forced,
or mixed convection. Understanding the interplay between these regimes is essential for
accurately simulating real-world processes. In industrial stretching and coating processes,
forced convection is more common than free convection, which is driven by buoyancy in
thermally active environments. In many real-world scenarios, mixed convection, which
blends the two phenomena, is employed. A detailed study is essential for applications
in manufacturing, energy systems, and biomedical engineering, as the non-Newtonian
characteristics of the Casson fluid and the additional resistance brought on by non-Darcy
effects significantly alter flow behavior. Makanda et al. [30] examined the effects of ra-
diation on MHD free convection from a cylinder with partial slip in a Casson fluid in a
non-Darcy porous medium because of their useful applications. Using a bivariate quasi-
linearization (BQLM) approach, they found that the Lorentz force decreases the velocity
profile. In the context of mixed convection, Baitharu et al. [31] developed a solution for
non-Darcy mixed convective flow of a non-Newtonian fluid past a vertical surface in the
presence of a volumetric heat source and discovered that a decrease in surface cooling from
pseudoplasticity to dilatancy through Newtonian occurs when all flow and heat transfer
parameters are increased. Ashraf et al. [32] documented that the Casson parameter helps
lower skin friction intensity for unsteady mixed convection flow. Prasad et al. [33] analyzed
the double diffusive effects on mixed convection Casson fluid flow past a wavy inclined
plate within a Darcian porous medium.

Other studies have addressed a range of complex phenomena within these convec-
tion regimes. Animasaun et al. [34] conducted a simulation of electrically conducting
Casson thin film fluid, discovering that velocity slip tends to decrease fluid velocity. Hu-
mane et al. [35] found that a magnetic field can be used to regulate flow motion on an
inclined surface containing microorganisms. In forced convection, Qawasmeh et al. [36]
discovered that an increase in porosity lowers heat transfer rates for Casson nanofluid
on a flat plate, while Farooq et al. [37] found that an increase in the porous resistance
parameter raises the velocity profile in a non-similar model. More recently, Saha et al. [38]
studied MHD Oldroyd B fluid flow using the Darcy–Forchheimer–Brinkman model with
microorganisms exposed to a permeable sheet. This problem was solved computationally
using an effective numerical methodology called the finite difference method, and the study
showed that bio-convection parameters improve the transfer of motile microorganisms and
lower the local Nusselt number.

Recent advancements in CFD coupling research have significantly enhanced the under-
standing of non-Newtonian fluid dynamics in porous media. For instance, Sadeghi et al. [39]
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conducted CFD simulations to analyze turbulent non-Newtonian slurry flows in horizon-
tal pipelines, providing insights into flow behavior under varying conditions. Similarly,
Jithin et al. [40] utilized the lattice Boltzmann method for pore-scale simulations of shear-
thinning fluid flow, emphasizing the impact of microstructural features on macroscopic flow
properties. These studies underscore the importance of coupling techniques in accurately
modeling complex fluid behaviors.

Building upon these developments, the current research explores the combined effects
of non-Darcy flow, Casson fluid behavior, gyrotactic microorganisms, and heat generation
in a porous medium over inclined surfaces. While numerous studies have addressed
bioconvection in the presence of Casson fluid [21] and through non-Darcy porous media [41]
separately, the integration of multiple convective phenomena on bioconvective Casson
fluid flow through non-Darcy porous media for inclined surfaces is novel. Additionally,
this study examines different flow profiles over vertical and horizontal surfaces for the
entire region of free and forced convection, providing a comprehensive view of how surface
orientation affects the system dynamics.

A primary motivation for this theoretical investigation is its application in modeling
biological systems. Casson fluids, characterized by a yield stress that must be exceeded
before flow can occur, are particularly suitable for representing fluids like blood, where
red blood cell aggregation contributes to non-Newtonian behavior. Although the model
is primarily designed for blood, its scope can be extended to other biological fluids with
similar characteristics, such as synovial fluid, cerebrospinal fluid, and interstitial fluid.
The framework established in this study therefore holds potential for broad application in
bio-fluid dynamics.

To highlight the innovation of this study, Table 1 presents a comparison of the major
parameters and convection mechanisms considered in previous studies, emphasizing the
unique approach of the current research in integrating multiple factors such as surface
orientation, non-Darcy terms, and microbial effects.

Table 1. Comparative analysis of existing studies with the present study.

Study Surface
Orientation

Fluid and
Microbial Type

Non-Darcy Term
Treatment

Convection
Mechanisms Remarks

Yadav et al. [5] _ Casson fluid (no
microorganism) Darcy model Thermohaline

convection
Does not consider bioconvection or
non-Darcy effects.

Hemalatha
et al. [11]

Vertical
cylinder

Nanofluid (no
microorganisms) Non-Darcy model Mixed convection Limited to vertical orientation and

nanofluids; no microbial dynamics.

Gangadhar
et al. [19]

Stretching
surface

Casson fluid with gyrotactic
microorganisms _ Bioconvection Does not incorporate non-Darcy

porous media effects.

Usman [20] _ Casson fluid with gyrotactic
microorganisms _ Bioconvection Lacks analysis of porous media or

mixed convection regimes.

Bejawada
et al. [13]

Inclined
wavy
Surface

Nanofluid (no
microorganism) Non-Darcy model Mixed convection Focuses on nanofluids; does not

include gyrotactic microorganisms.

Jat et al. [15] Curved
surface

Casson fluid (no
microorganisms)

Darcy–Forchheimer
model _ Does not consider microbial effects.

Nima and
Ferdows [23] Vertical Gyrotactic microorganism Darcy model Free forced convection Limited to Darcy flow and a single

surface orientation (vertical).

Current study
Inclined,
vertical, and
horizontal

Casson fluid with gyrotactic
microorganism Non-Darcy model Free, mixed, and

forced convection

Integrates multiple physical
phenomena across varied surface
inclinations and all convection regimes.

This comparison demonstrates how the present study goes beyond previous work, of-
fering a holistic approach to understanding the interplay of these complex physical phenomena.

Overall, this research seeks to address several key questions:

• How do Biot numbers influence the flow profiles of bioconvective Casson fluid through
non-Darcy porous media?
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• What are the comparative impacts of inclined, vertical, and horizontal surfaces on
velocity, temperature, and microbial distributions?

• How do variations in mixed convection parameters affect the interplay between forced
and free convection regimes in the presence of gyrotactic microorganisms?

By developing a comprehensive mathematical model and employing robust computa-
tional techniques, this research aims to capture the intricate dynamics of the system. The
findings not only advance the understanding of non-Newtonian fluid dynamics in porous
media but also offer practical implications. In bioengineering, the insights can inform the
design of bioreactors and systems where fluid flow and microbial activity are critical. In
environmental engineering, the results contribute to strategies for managing microbial
populations in soil and water systems. Furthermore, in energy systems, understanding heat
transfer in porous materials is vital for applications like geothermal energy extraction and
thermal management. This study’s holistic approach to examining the interplay between
fluid flow, heat transfer, and microbial dynamics represents a significant contribution to
the field.

2. Mathematical Modeling
2.1. Flow Model

To mathematically formulate the problem of mixed convective Casson fluid flow in a
non-Darcy porous medium, a physical model is developed based on a set of foundational
assumptions. These assumptions are carefully chosen to accurately represent the essential
physics of the system while ensuring the resulting governing equations are tractable. The
key factors defining the model are detailed below, and the corresponding flow geometry is
depicted in Figure 1.

a. Steady Two-Dimensional Laminar Non-Darcy Flow Model: The flow is assumed to
be steady and laminar, suitable for low Reynolds number conditions. The use of a
non-Darcy model accounts for the inertial effects in the porous medium, making it
applicable to a wider range of flow conditions beyond the linear Darcy regime.

b. Boussinesq Approximation: The density variation is considered only in the buoy-
ancy term, which is a standard assumption for free and mixed convection analysis,
ensuring mathematical simplicity without significant loss of accuracy for moderate
temperature differences.

c. Free, Mixed, and Forced Convection in an Incompressible Casson Fluid Over an In-
clined Surface: The model captures the combined effects of buoyancy (free convection),
external driving forces (forced convection), and their interaction (mixed convection).
Casson fluid, representing a non-Newtonian fluid with yield stress, is selected to
model complex biological fluids like blood.

d. Coordinate System Definition: The x∗ -axis is taken along the inclined surface, and the
y∗ -axis is perpendicular to it. This coordinate system aligns with the flow direction,
providing a clear understanding of the velocity and temperature distributions.

e. Slip Condition at Surface: A velocity slip condition is introduced at the surface,
accounting for real-world scenarios where the fluid does not perfectly adhere to the
surface, enhancing the model’s flexibility.

f. Non-Darcy Porous Medium Saturated with Gyrotactic Microorganisms: The porous
medium is isotropic, ensuring uniform permeability, and it is populated with gyrotac-
tic microorganisms (e.g., Chlamydomonas nivalis), which align and swim in response to
external stimuli like gravity.

g. Convective Boundary Conditions at Surface: Convective boundary conditions are
applied, allowing the surface to exchange heat with the surrounding fluid, making the
model more adaptable to practical scenarios like geothermal reservoirs or bioreactors.
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h. Model Validity for Low Reynolds Number: The model is particularly suitable for low
Reynolds number conditions, ensuring that the flow remains laminar and avoiding
complexities of turbulence.

Figure 1. Flow diagram and graphical system.

By formulating an isotropic and incompressible flow model for Casson fluid, the
rheological equation of state has been derived as demonstrated by Jat et al. [15] and
Prasad et al. [33].

τ∗
i,j =

2
(

µ∗
β +

p∗y√
2π

)
e∗ij; π > πc(

µ∗
β +

p∗y√
2πc

)
e∗ij; π < πc

(1)

Here, π = ei,j
∗ei,j

∗, ei,j
∗ is the deformation rate of the

(
i, j)th component, π is the

product based on the non-Newtonian fluid, πc is a critical value of the product, and µ∗
B is

the plastic dynamic viscosity of the non-Newtonian fluid,

py
∗ =

µB
∗
(√

2π
)

γ
(2)

And the Kinematic viscosity of Casson fluid is expressed as follows:

ν =
µB

∗

ρ
(1 +

1
β∗ ) = ν(1 +

1
β∗ ) (3)

2.2. Governing Equations and Boundary Conditions

Based on the assumptions outlined above and the fundamental principles established
in the works of Seth et al. [14], Jat et al. [15], and Nima and Ferdows [23], the governing
equations for continuity, momentum, energy, concentration, and microorganism density
are formulated as follows:

∂u∗

∂x∗
+

∂v∗

∂y∗
= 0 (4)

u∗ ∂u∗

∂x∗
+ v∗

∂u∗

∂y∗
= ν

(
1 +

1
β∗

)
∂2u∗

∂y∗2 + gcosω

[
βT∗(T∗ − T∞

∗) + βC∗(C∗ − C∞
∗)

+βH∗(H∗ − H∞
∗)

]
− Cb√

k∗
u∗2 − ν

k∗
(1 +

1
β∗ )u

∗ (5)

u∗ ∂T∗

∂x∗
+ v

∂T∗

∂y∗
= αT∗

∂2T∗

∂y∗2 + Q(T∗ − T∞
∗) +

υ

Cp
(1 +

1
β∗ )

(
∂u∗

∂y∗

)2
(6)
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u∗ ∂C∗

∂x∗
+ v∗

∂C∗

∂y∗
= Dc∗

∂2C∗

∂y∗2 (7)

u∗ ∂H∗

∂x∗
+ v∗

∂H∗

∂y∗
+

b∗Wc

Cw
∗ − C∞

∗ (
∂

∂y∗
(H∗ ∂C∗

∂y∗
)) = DH∗

∂2H∗

∂y∗2 (8)

With the boundary conditions are of the following form:

v∗ = 0, u∗ = auw
∗ + uslip

∗ = aαT
∗(Re

1
2 +Ra

1
5 )2

L + B1(x∗) ∂u∗
∂y∗ ,−ke f f

∗ ∂T∗
∂y∗ = h f (x∗)(T∗

w − T∗),

−Dc
∗ ∂C∗

∂y∗ = kc(x∗)(C∗
w − C∗),−DH

∗ ∂H∗
∂y∗ = kH(x∗)(H∗

w − H∗)at y = 0
(9)

u∗ → u∞
∗, T∗ → T∞

∗ , C∗ → C∞
∗ , H∗ → H∞

∗ at y → ∞ (10)

Here, T∗, C∗, H∗ are the dimensional temperature, concentration, and volume fraction
of motile microorganisms, respectively. k∗ is the constant permeability factor, g is the
acceleration due to gravity, αT

∗ is the effective thermal diffusivity of the porous medium,
ke f f

∗ is the thermal conductivity of the fluid, Dc
∗ is the solute diffusivity, and DH

∗ is the
diffusivity of the microorganism.

The microorganism equation integrates fluid dynamics with microbial behavior by
incorporating parameters such as the chemotaxis constant b∗ and microbial cell speed
Wc to explain how microorganisms migrate and proliferate. The swimming speed of
the cells determines how rapidly microorganisms can move through the fluid, affecting
their responsiveness to environmental variations. Additionally, microorganism diffusivity
DH

∗ represents the random movement of micro-organisms, which plays a crucial role in
accurately modeling their dispersion within the fluid.

The governing partial differential Equations (4)–(8) with their associated boundary
conditions (9) to (10) form a complex system that is challenging to solve in its dimensional
form. To facilitate a solution, a similarity transformation is employed. This powerful
technique converts the system of PDEs into a set of nonlinear ordinary differential equations,
which are more suitable for numerical computation. This is achieved by defining a similarity
variable (ξ) and rewriting the velocity, temperature, concentration, and microorganism
profiles as dimensionless functions. The specific dimensionless quantities used for this
transformation are defined in Equation (11).

ξ = y∗

x∗
1
2 L

1
2
(Re

1
2 +Ra

1
5 ) ψ = α (Re

1
2 +Ra

1
5 ) x∗

1
2

L
1
2

f (ξ)

T∗ = T∗
∞ + L∇T∗

x∗
(

R
1
2 +Ra

1
5

) θ(ξ), C∗ = C∗
∞ + L∇C∗

x∗
(

R
1
2 +Ra

1
5

)ϕ(ξ), H∗ = H∗
∞ + L∇H∗

x∗
(

Re
1
2 +Ra

1
5

) ζ(ξ)

h f (x∗) = x∗
−1
2 h f , kc(x∗) = x∗

−1
2 kc, kH(x∗) = x∗

−1
2 kH , B1(x∗) = x∗

−1
2 B

(11)

The governing equations transformed using (11) are as follows:

Pr∗(1 + 1
β∗ ) f ′′′ + 1

2 f f ′′ + Pr∗λm
5(θ + Nc φ + NHχ)cosω − Pr∗ × Fc(1 − λm)2( f ′)2

−(Pr∗(1 − λm))2k1(1 + 1
β∗ ) f ′ = 0

(12)

θ′′ +
1
2

f θ′ − f ′θ + Pr∗ × Hg(1 − λm)
2 + Gr∗Ec∗(1 +

1
β∗ )( f ′′ )2 = 0 (13)

ϕ′′ +
Le∗

2
f ϕ′ − Le∗ f ′ϕ = 0 (14)

ζ ′′ +
Lb∗

2
f ζ ′ − Lb∗ f ′ζ − Pen(ϕ

′ζ ′ + (A∗ + ζ)ϕ′′ ) = 0 (15)

And the transformed boundary conditions are as follows:
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f = 0, f ′ = a + B f ′′(0), θ′ = −B1,i(1 − θ(0)), φ′ = −B2,i(1 − φ(0)), χ′ = −B3,i(1 − ζ(0))
f ′ = Pr∗(1 − λm)2, θ = 0, ϕ = 0, ζ = 0

(16)

The defining parameters are as follows:

λm = Ra
1
5

Re
1
2 +Ra

1
5

, Le∗ = αT
∗

DC
∗ , Lb∗ = αT

∗

DH
∗ , Pen = b∗Wc

DH
∗ , Fc =

cbx∗√
k∗u∞∗ , k1 = Lx∗

k∗u∞∗ , B1,i =
h f

ke f f
∗

L
1
2(

Re
1
2 +Ra

1
5

) B2,i =

kc
Dc

∗
L

1
2(

Re
1
2 +Ra

1
5

) , B3,i =
kH

DH
∗

L
1
2(

Re
1
2 +Ra

1
5

) , B = B1
Re

1
2 +Ra

1
5

L
1
2

, Hg = QLx∗
αT∗ρcpu∞∗ , Gr∗ = gβ∆T∗x∗

u∞∗2 , Ec∗ = u∞
∗2

cp∆T∗

(17)

Finally, following Ferdows et al. [42], flow transfer rates can be defined as follows:

1
2 Pr∗Re

1
2
x (1 − λm)

3C f = (1 + 1
β∗ ) f ′′(0), Re−

1
2

x (1 − λm)Nux∗ = −θ′(0),

Re−
1
2

x (1 − λm)Shx∗ = −φ′(0), Re−
1
2

x (1 − λm)Nnx∗ = −ζ ′(0),
(18)

3. Numerical Methodology
The system of nonlinear ordinary differential Equations (12)–(15) along with the

boundary conditions (16) is solved using two distinct numerical approaches. This section
details the primary method, an efficient finite difference scheme, and the secondary method
used for validation, the built-in bvp4c solver in MATLAB.

3.1. The Kafoussias–Williams Method:

To handle boundary layer issues and similarity difficulties in fluid mechanics, this
study adopts an efficient numerical approach devised by Kafoussias and Williams [43].
This method is recognized for being simple, quick, and accurate when compared to other
contemporary numerical techniques. Following the implementation method used by
Kafoussias and Williams [43], this technique is a multi-step process that combines:

(i) the common finite difference method with central differencing;
(ii) a tridiagonal matrix modification;
(iii) a final iterative procedure to ensure convergence.

According to this study, at first momentum, Equation (12) can be rewritten as follows:

Pr∗(1 + 1
β ) ( f ′)′′ + 1

2 f ( f ′)′ −
[
Pr∗ × Fc(1 − λm)2 f ′ + (Pr∗(1 − λm))2k1(1 + 1

β∗ )
]

f ′

= −Pr∗λm
5(θ + Nc φ + NHχ)cosω

(19)

Now, by setting ε(x) = f (ξ), Equation (19) is formed as follows, which represents a
second-order differential equation:

M(x)ε′′(x) + N(x)ε′(x) + O(x)ε(x) = P(x) (20)

where

M(x) = Pr∗(1 +
1
β∗ ) , N(x) =

1
2

f , O(x) = −
[

Pr∗ × Fc(1 − λm)
2 f ′ + (Pr∗(1 − λm))

2k1(1 +
1
β∗ )

]
, (21)

P(x) = −Pr∗λm
5(θ + Nc φ + NHχ)cosω (22)

Following [43], the numerical procedure will begin with a few initial assump-
tions which ultimately satisfy the given boundary conditions between ξ = 0 and
ξ = ξ∞(ξ → ∞), given as follows:
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f ′(ξ) =
(

1 − ξ

ξ∞

) (
1 + B f ′′(0)

)
, θ′(ξ) =

(
1 − ξ

ξ∞

)
(−B1,i(1 − θ(0))), (23)

φ′(ξ) =

(
1 − ξ

ξ∞

)
(−B2,i(1 − φ(0))), χ′(ξ) =

(
1 − ξ

ξ∞

)
(−B3,i(1 − χ(0))) (24)

These selected curves meet the boundary requirements. Integrating f ′(ξ) yields the
distribution of f (ξ). The momentum Equation (12) is solved using a tridiagonal technique,
resulting in a new approximation f ′(ξ). θ(ξ) is then kept. The distribution of f (ξ) is
updated by integrating the new estimate f ′(ξ). The updated f ′(ξ) and f (ξ) profiles are
applied to fresh inputs, among other things. As a result, the momentum Equation (12)
is iteratively solved until convergence is achieved. The convergence criteria include the
values of the physically significant gradient f ′′(0). Iterations halt when the difference in
the values of f ′′(0) between two subsequent iterations is smaller than a small number µ.

After obtaining f ′(ξ), we solve the energy Equation (13) with boundary conditions
(16) using the same approach, but without iterations. The energy Equation (13) is linear
and may be represented as follows:

θ′′ +
1
2

f θ′ − f ′θ = −Pr∗ × Hg(1 − λm)
2 − Gr∗Ec∗(1 +

1
β∗ )( f ′′ )2 (25)

To put Equation (15) in second-order linear differential equation form, set ε(x) = θ(ξ)

as follows:
M(x)ε′′(x) + N(x)ε′(x) + O(x)ε(x) = P(x) (26)

where

M(x) = 1, N(x) =
1
2

f , O(x) = − f ′, P(x) = −Pr∗ × Hg(1 − λm)
2 − Gr∗Ec∗(1 +

1
β∗ )( f ′′ )2 (27)

Similarly, the concentration and microorganism Equations, i.e., (14) and (15), respec-
tively are written as follows, as already discussed.

φ′′ +
Le∗

2
f φ′ − Le∗ f ′φ = 0 (28)

Taking ε(x) = φ(ξ), Equation (27) is transferred as follows:

M(x)ε′′(x) + N(x)ε′(x) + O(x)ε(x) = P(x) (29)

where
M(x) = 1, N(x) =

Le∗

2
f , O(x) = −Le∗ f ′, P(x) = 0 (30)

And, by setting ε(x) = ζ(ξ), the microorganism equations are written as follows:

ζ ′′ +
Lb∗

2
f ζ ′ − Lb∗ f ′ζ − Pen

(
φ′ζ ′ + (A∗ + ζ)ϕ′′) = 0 (31)

M(x)ε′′(x) + N(x)ε′(x) + O(x)ε(x) = P(x) (32)

where

M(x) = 1, N(x) =
Lb∗

2
f − Penϕ′, O(x) = −Lb∗ f ′ − Penϕ′′ , P(x) = Pen A∗ϕ′′ (33)
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The numerical technique uses a step size of h = ∆ξ = 0.01, with ξmin and ξmax. The
solution converges with an approximation of 10−3.

3.2. The bvp4c Technique

To validate the results from the primary finite difference scheme, a second solution was
generated using the robust bvp4c function, a standard solver in MATLAB. A prerequisite
for using this solver is the reduction of the governing higher-order ODEs (12) to (15) into
an equivalent system of first-order ODEs. This conversion is accomplished through the
following variable substitutions:

f = ε1, f ′ = ε2, f ′′′ = ε3, θ = ε4, θ′ = ε5, φ = ε6, φ′ = ε7, χ = ε8, χ′ = ε9.
f ′ = ε2, f ′′′ = ε′2 = ε3

f ′′′ = ε′3 = − 1
Pr∗(1+ 1

β∗ )
[ 1

2 ε1ε3 + Pr∗λm
5(ε4 + Ncε6 + NHε8)cosω − Pr∗ × Fc(1 − λm)2ε2

2

−(Pr∗(1 − λm))2k1(1 + 1
β∗ )ε2]

θ′ = ε5

θ′′ = ε′5 = −[ 1
2 ε1ε5 − ε2ε4 + Pr∗ × Hg(1 − λm)2 + Gr∗Ec∗(1 + 1

β )ε3
2]

φ′ = ε7

φ′′ = ε′7 = −[ Le∗
2 ε1ε7 − Le∗ε2ε6]

χ′ = ε9

χ′′ = ε′9 = −[ Lb∗
2 ε1ε9 − Lb∗ε2ε8 − Pen(ε7ε9 + (A∗ + ε8)ε

′
7)]

(34)

Along with the following boundary conditions:

ε1(0) = 0, ε2(0) = 1 + Bε3(0), ε5(0) = −B1,i(1 − ε4(0)),
ε7(0) = −B2,i(1 − ε6(0)), ε9(0) = −B3,i(1 − ε8(0)),
ε2(∞) = Pr∗(1 − λm)2, ε4(∞) = 0, ε6(∞) = 0, ε8(∞) = 0

(35)

The system of first-order Equation (34) with the transformed boundary conditions (35)
is then solved directly using the bvp4c function in MATLAB.

3.3. Validation

To ensure the accuracy and reliability of the numerical results presented in this study,
a multi-faceted validation process was undertaken. This process involved three key steps:
a comparative analysis of two independent numerical methods, a grid independence test
to ensure solution stability, and a direct comparison of results against previously published
and well-regarded studies.

Numerical method comparison: First, the system of governing equations was solved
using two distinct numerical techniques. The primary method, an efficient finite difference
scheme, was compared against the well-established bvp4c solver in MATLAB. The compar-
isons were performed for key physical quantities, namely the wall shear stress, f ′′(0), and
the heat transfer rate, −θ′(0), across a range of values for the Casson fluid parameter (β∗)

and the mixed convection parameter ( λm). The results, detailed in Tables 2–5, demonstrate
a high level of agreement between the two numerical approaches. This strong correlation
confirms the accuracy and reliability of both methods in solving this complex boundary
value problem.
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Table 2. Comparison of f ’’(0) for different values of β∗ when: B = 0.3, B2,i = 0.6, B3,i = B1,i =

N1 = 0.5, N2 = Le∗ = Lb∗ = Pen = A∗ = 0.0, k1 = Ec∗ = 0.5, a = 1, Pr∗ =Gr∗ = 0.3, Fc = Hg =

1, ω = π
4 .

β∗ f’’(0)
Finite Difference Scheme

f’’(0)
Bvp4c Scheme

λm=0 λm=0.5 λm=1.0 λm=0 λm=0.5 λm=1.0

0.2 −0.4588 −0.3471 −0.2191 −0.4590 −0.3476 −0.2192
0.3 −0.4953 −0.3819 −0.2298 −0.4959 −0.3824 −0.2297
0.5 −0.5458 −0.4313 −0.2398 −0.5464 −0.4301 −0.2422
0.6 −0.5641 −0.4467 −0.2461 −0.5646 −0.4474 −0.2460
0.8 −0.5921 −0.4733 −0.2511 −0.5927 −0.4738 −0.2512
1.0 −0.6470 −0.5252 −0.2585 −0.6477 −0.5252 −0.2585

Table 3. Comparison of −θ’(0) for different values of β∗ when: B = 0.3, B2,i = 0.6, B3,i = B1,i =

N1 = 0.5, N2 = Le∗ = Lb∗ = Pen = A∗ = 0.0, k1 = Ec∗ = 0.5, a = 1, Pr∗ =Gr∗ = 0.3, Fc = Hg =

1, ω = π
4 .

β∗ −θ’(0)
Finite Difference Scheme

−θ’(0)
Bvp4c Scheme

λm = 0 λm = 0.5 λm = 1.0 λm = 0 λm = 0.5 λm = 1.0

0.2 0.2479 0.2479 0.2479 0.2481 0.2481 0.2481
0.3 0.2511 0.2511 0.2511 0.2512 0.2512 0.2512
0.5 0.2509 0.2509 0.2509 0.2509 0.2509 0.2509
0.6 0.2500 0.2500 0.2500 0.2501 0.2501 0.2501
0.8 0.2488 0.2488 0.2488 0.2482 0.2482 0.2482
1.0 0.2463 0.2463 0.2463 0.2464 0.2464 0.2464

Table 4. Comparison of f ′′(0) for different values of k1 when: B = 0.3, B2,i = 0.6, B3,i = B1,i = N1 =

0.5, N2 = Le∗ = Lb∗ = Pen = A∗ = 0.0, Ec∗ = 0.5, a = 1, Pr∗ =Gr∗ = 0.3, β∗ = 0.8, Fc = Hg =

1, ω = π
4 .

k1
f’’(0)

Finite Difference Scheme
f’’(0)

Bvp4c Scheme

λm=0 λm=0.5 λm=1.0 λm=0 λm=0.5 λm=1.0

0.0 −0.5156 −0.4515 −0.2511 −0.5157 −0.4515 −0.2512
0.8 −0.6331 −0.4866 −0.2512 −0.6332 −0.4867 −0.2512
1.0 −0.6579 −0.4951 −0.2512 −0.6581 −0.4951 −0.2512
1.5 −0.7139 −0.5155 −0.2513 −0.7141 −0.5154 −0.2512

Table 5. Comparison of −θ’(0) for different values of k1 when: B = 0.3, B2,i = 0.6, B3,i = B1,i =

N1 = 0.5, N2 = Le∗ = Lb∗ = Pen = A∗ = 0.0, Ec∗ = 0.5, a = 1, Pr∗ =Gr∗ = 0.3, β∗ = 0.8, Fc =

Hg = 1, ω = π
4 .

k1
−θ’(0)

Finite Difference Scheme
−θ’(0)

Bvp4c Scheme

λm=0 λm=0.5 λm=1.0 λm=0 λm=0.5 λm=1.0

0.0 0.2673 0.2967 0.3190 0.2673 0.2967 0.3191
0.8 0.2360 0.2925 0.3191 0.2359 0.2924 0.3191
1.0 0.2371 0.2914 0.3191 0.2273 0.2914 0.3191
1.5 0.2048 0.2883 0.3192 0.2048 0.2888 0.3191

Grid independence test: Second, a grid independence test was conducted to determine
the optimal grid resolution necessary for achieving stable and accurate solutions. As shown
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in Table 6, the numerical solution was tested with various step sizes (∆η) for different
Grashof numbers (Gr∗).

Table 6. Grid independence test for Gr∗ = 0 and Gr∗ = 5 when: B = 0.3, B2 = 0.6, B3 = B1 = N1 =

N2 = Le∗ = Lb∗ = k1 = Ec∗ = λm = 0.5, Pr∗ =0.3, Pen = A∗ = 0.1, a = 1, Fc = Hg = 1, ω = π
4 .

Step Size
h=∆η

η
Gr∗=0 Gr∗=5 CPU

Timef’ θ f’ θ

0.01
0.04 −0.9556 0.0015 −0.9555 0.02725

0.226 s
0.08 −0.9113 0.00287 −0.9112 0.05221

0.02
0.04 −0.9551 0.00148 −0.9550 0.02745

0.117 s
0.08 −0.9104 0.00283 −0.9104 0.05257

0.04
0.04 −0.9543 0.00144 −0.9542 0.02788

0.098 s
0.08 −0.9086 0.00277 −0.9086 0.05333

Based on the analysis, a step size of ∆η = 0.01 was found to produce satisfactorily
accurate results across the entire range of flow conditions considered. While this fine step
size requires slightly more CPU computation time, its superior precision and ability to
reliably capture the essential flow characteristics justified its use for all computations in
this study.

Comparative validation with published literature: Finally, while direct experimental
data for the combined effects of Casson fluid, non-Darcy flow, and gyrotactic microor-
ganisms on an inclined surface is not available, the validity of our model is further sub-
stantiated by comparing its results with established findings from the literature under
limiting conditions.

• A graphical comparison of the velocity profile f ′(ξ) and shear stress profile f ′′(ξ) was
made against the results reported by Bhattacharyya et al. [44] for mixed convective
boundary layer slip flow. As illustrated in Figure 2, the outcomes of the present study
show an excellent correlation with their published data, confirming the accuracy of
the underlying mathematical and computational framework.

• Furthermore, a comparative analysis for the velocity profile f ′(0), surface temperature
θ(0), and heat transfer rate −θ′(0) was conducted against the findings of Nima and Fer-
dows [23]. This comparison, shown in Table 7, also revealed remarkable compatibility,
providing additional confidence in the model’s predictive capabilities.

Figure 2. Comparison of f ′(ξ) and f ′′(ξ) with Bhattacharyya (2013) [44].



Processes 2025, 13, 2295 13 of 23

Table 7. Comparison of f ’(0),−θ’(0), θ(0) for λm = 0, when:
B = 0.3, B1,i → ∞, B2,i → ∞, B3,i → ∞, Nc = 0.5, NH = 0.6, Pr∗ =1, β∗ → ∞, a = 0 .

Mixed Convection (λm=0) f’(0) θ(0) −θ’(0)

Present Study 0.098066 1.01000 0.621745
Nima and Ferdows [23] 0.098166 1.00000 0.623746

The rigorous, multi-step validation process presented above, which combines inter-
nal consistency checks with external benchmarking against established literature, pro-
vides strong support for the accuracy and physical relevance of the results obtained in
this research.

4. Results and Discussion
The analysis begins by examining the skin friction at the surface, a key measure of

shear stress. As shown in Table 8, skin friction increases with a higher velocity slip parame-
ter (B) across all convection regimes. This is because greater slip at the boundary creates
a steeper velocity gradient near the surface, leading to higher shear stress. This effect is
most pronounced in the free convection region (λm ≈ 1) compared to the forced convec-
tion region (λm ≈ 0). In free convection, buoyancy forces dominate the flow behavior,
enhancing natural circulation and increasing the velocity near the surface. This leads to a
stronger velocity gradient at the boundary layer, amplifying skin friction. In contrast, in
the forced convection region, external forces primarily drive the flow, reducing the reliance
on boundary-layer interactions, thus diminishing the relative impact of velocity slip on
skin friction.

Table 8. Variation of skin friction for different values of slip parameter B in the region of pure
forced, mixed, and free convection when: B1,i = 1.0, B2,i = 1.5, B3,i = 1.0, Pr∗ =0.3, N1 = 0.5, N2 =

0.6, Le∗ = 1.0, Lb∗ = 0.3, Pen = 0.5, A∗ = 0.2, Fc = 1, β∗ = 1.0, k1 = 0.5, Hg = 0.5, Gr∗ =

0.8, Ec∗ = 0.5, ω = π
4 .

B f’’(0)
(

1 + 1
β∗

)
f’’(0)

λm = 0 λm = 0.5 λm = 1.0 λm = 0 λm = 0.5 λm = 1.0

0.1 −0.7391 −0.5729 −0.2439 −1.4783 −1.1458 −0.4878
0.3 −0.6135 −0.4914 −0.2096 −1.2271 −0.9829 −0.4192
0.5 −0.5274 −0.4321 −0.1839 −1.0548 −0.8642 −0.3678
0.8 −0.4382 −0.3676 −0.1555 −0.8765 −0.7353 −0.3110
1.0 −0.3948 −0.3351 −0.1410 −0.7896 −0.6702 −0.2820

It is also observed that the surface inclination significantly influences skin friction,
particularly in mixed and free convection, as detailed in Table 9. While skin friction
is unchanged by inclination in the pure forced convection region, it is observed to be
higher for horizontal surfaces

(
ω = π

2
)

compared to inclined
(
ω = π

6 , π
4 , π

3
)

and vertical
surfaces (ω = 0) in the mixed and free convection regimes. This is because, in these regions,
buoyancy forces act more directly along the horizontal surface, enhancing velocity gradients
and shear stress. In contrast, for inclined and vertical surfaces, the component of buoyancy
forces acting parallel to the surface decreases with increasing inclination, reducing the
velocity gradients and, consequently, the skin friction.



Processes 2025, 13, 2295 14 of 23

Table 9. Variation of skin friction for different inclinations of surfaces in the region of pure forced,
mixed, and free convection when: B1,i = 1.0, B2,i = 1.5, B3,i = 1.0, Pr∗ =0.3, N1 = 0.5, N2 =

0.6, Le∗ = 1.0, Lb∗ = 0.3, Pen = 0.5, A∗ = 0.2, Fc = 1, β∗ = 1.0, k1 = 0.5, Hg = 0.5, Gr∗ =

0.8, Ec∗ = 0.5, B = 1.0.

ω f’’(0)
(

1+ 1
β∗

)
f’’(0)

λm=0 λm=0.5 λm=1.0 λm=0 λm=0.5 λm=1.0

0 −0.3948 −0.3323 −0.0808 −0.7896 −0.6647 −0.1617
π
6 −0.3948 −0.3336 −0.1077 −0.7896 −0.6672 −0.2155
π
4 −0.3948 −0.3351 −0.1410 −0.7896 −0.6702 −0.2820
π
3 −0.3948 −0.3370 −0.1872 −0.7896 −0.6741 −0.3745
π
2 −0.3948 −0.3418 −0.3240 −0.7896 −0.6837 −0.6480

The velocity profile in the fluid flow system exhibits a significant dependence on the
permeability parameter k1 of the porous medium, as illustrated in Figure 3a. The parameter
k1 is the inverse of the medium’s permeability when it comes to flow through porous
media; hence, a rise in k1 is associated with a fall in permeability and an increase in flow
resistance. The non-Darcy (Forchheimer) model adds an extra inertial resistance element
that is proportional to the square of the velocity, in contrast to Darcy’s law, which only
considers linear drag. At higher speeds and in areas close to the stretched surface, where
velocity gradients are severe, this quadratic drag becomes very noticeable. This inertial
resistance grows in magnitude as k1 increases, providing a larger opposing force to the
fluid motion. As seen in Figure 3a, this results in a noticeable decrease in fluid velocity
inside the boundary layer. Physically, a thinner boundary layer and lower overall flow
velocities are the results of the higher resistance, which inhibits momentum transfer away
from the wall. When k1 is zero, representing a non-porous medium, the velocity reaches its
peak due to minimal resistance. This behavior is crucial in applications such as filtration,
oil recovery, and biological transport, where controlled fluid movement through porous
media is necessary for optimal performance.

The ratio of momentum diffusivity (kinematic viscosity) to thermal diffusivity, or
Pr∗ = υ

α , is known as the Prandtl number. Fluids with lower thermal diffusivity (like oil)
have higher Pr∗ values, whereas fluids with higher thermal diffusivity (like gases and air)
have lower Pr∗ values. The fluid transmits heat less effectively as Pr∗ rises, which thins
the thermal boundary layer. This increases buoyant forces in flows with thermal coupling
(like free or mixed convection) by steepening the temperature gradient close to the wall.
Stronger thermal gradients cause more thermal energy to be converted to kinetic energy
close to the wall, which speeds up the fluid and raises its velocity inside the momentum
barrier layer. Because of the stronger thermal driving force, this explains the pattern shown
in Figure 3b, where velocity rises with increasing Prandtl number. When buoyancy terms
are present, this interaction is more important since temperature gradients have a direct
impact on momentum transfer.

Figure 3c illustrates the critical role of the fluid’s non-Newtonian nature by examining
the Casson parameter, β∗. A decrease in β∗ corresponds to an increase in fluid’s yield stress,
which enhances the internal resistance to flow. Consequently, the velocity profile is sup-
pressed. This phenomenon is vital in biomedical applications like microcirculation, where
the yield stress of blood dictates flow behavior in small vessels. The results underscore the
significance of considering Casson fluid dynamics in engineering and biomedical contexts,
ensuring accurate modeling and optimization of fluid flow systems.
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(a) (b) 

(c)

Figure 3. Observations of velocity profile for different values of (a) k1, (b) Pr∗, and (c) β∗.

The rate of heat transfer is significantly influenced by porous media and thermal
parameters, as shown in Figure 4. An increase in either the Forchheimer constant Fc or the
heat generation parameter Hg is observed to decrease the heat transfer rate [Figure 4a,b].
This phenomenon can be attributed to the fact that the Forchheimer constant represents
the inertial resistance in porous media, which disrupts the convective heat transfer by
impeding fluid flow. Meanwhile, the heat generation parameter adds internal energy to
the system, creating thermal stratification that reduces the overall heat transfer efficiency.
The effects of both parameters are particularly prominent in the forced convection regime
(mixed convection parameter range: 0 to 0.5), where external forces dominate. In the
mixed convection region, where both natural and forced convection coexist, the rate of heat
transfer reduction is comparatively slower due to the interplay of buoyancy and forced
flow effects. However, in the free convection region, where buoyancy forces dominate,
an increment in heat transfer rate is noted, and the influence of the Forchheimer constant
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and heat generation parameter becomes negligible, as natural convection mechanisms
overpower the resistive effects introduced by these parameters.

   
(a) (b) (c) 

Figure 4. Observations of heat transfer rate in the region of forced to free convection for different
values of (a) Fr, (b) Hg and (c) B1,i.

In contrast, Figure 4c shows that the heat transfer rate increases with a rising heat
transfer Biot number B1,i, with the most significant increment occurring in the free convec-
tion region. This behavior can be explained by the fact that the B1,i represents the ratio
of internal thermal resistance within the fluid to the thermal resistance at the boundary
surface. As B1,i increases, it indicates improved thermal conductivity at the surface, en-
hancing the rate of heat transfer between the fluid and the boundary. In the free convection
region, buoyancy-driven flow dominates, which naturally enhances heat transfer. The
combination of increased surface heat transfer due to higher B1,i and the buoyancy-driven
mechanisms in free convection leads to a more pronounced rise in the overall heat transfer
rate. Conversely, in forced convection regimes, the external forces already dominate heat
transfer, making the impact of Biot number less significant.

The thermal behavior of the fluid is detailed in Figure 5, which illustrates the tempera-
ture profile’s response to various parameters. As shown in Figure 5a,b, the temperature
profile decreases with increasing modified Grashof Gr∗ and Eckert numbers Ec∗. The
Gr∗ represent the ratio of buoyancy to viscous forces in the fluid. As the Gr∗ increases,
buoyancy forces dominate, enhancing fluid motion and promoting convective heat transfer.
This results in more efficient heat dissipation from the fluid, leading to a decrease in the
temperature profile. Similarly, the Eckert number quantifies the ratio of kinetic energy
to enthalpy. A higher Ec∗ indicates increased viscous dissipation, where more kinetic
energy is converted into heat, but this process also enhances the movement of fluid layers,
facilitating heat diffusion and reducing the overall temperature.

Furthermore, the non-Newtonian nature of the fluid plays a key role, as seen in
Figure 5c. It is observed that the temperature profile decreases with increasing Casson
fluid parameter β∗. β∗ reflects the fluid’s yield stress, with higher values indicating more
resistance to flow. As β∗ increases, the fluid’s ability to flow freely is reduced, leading to
lower convective heat transfer efficiency. The restricted flow limits the transport of thermal
energy within the fluid, causing a pronounced decrease in the temperature profile.



Processes 2025, 13, 2295 17 of 23

   
(a) (b) (c) 

Figure 5. Observations of temperature profile for different values of (a) Gr
∗, (b) Ec

∗, and (c) β∗.

The study of mass transfer, depicted in Figures 6 and 7, reveals how solute transport
is affected by fluid properties. The rate of mass transfer at the surface is enhanced by both
a higher Lewis number (Le∗) and a higher Casson parameter (β∗), as shown in Figure 6a,b.
Le∗ represents the ratio of thermal diffusivity to mass diffusivity. A higher Le∗ indicates that
thermal diffusion dominates mass diffusion. This creates steeper concentration gradients
within the fluid, enhancing the mass transfer rate. Essentially, the slower diffusion of
mass compared to heat promotes stronger concentration differences, which drives a more
efficient mass transfer process. Similarly, a higher β∗ restricts fluid motion, as the yield stress
increases, reducing internal mixing. This restriction leads to sharper concentration gradients
in the fluid, which in turn enhances the mass transfer rate. The stronger concentration
gradients act as a driving force, pushing mass transfer more effectively despite the limited
fluid flow. These effects directly influence the concentration profile within the boundary
layer, as seen in Figure 7.

  
(a) (b) 

Figure 6. Observations of mass transfer rate in the region of forced to free convection for different
values of (a) Le∗ and (b) β∗.
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(a) (b) 

Figure 7. Observations of concentration profile for different values of (a) B2,i and (b) β∗.

The concentration profile is observed to increase with the Biot number of mass transfer
B2,i, as depicted in Figure 7a. An increase in B2,i indicates that the rate of mass transfer
at the boundary is more effective compared to the internal diffusion within the fluid.
This enhanced boundary mass transfer facilitates a greater influx of species into the fluid,
leading to a buildup of concentration near the boundary layers and throughout the fluid
domain. Similarly, Figure 7b illustrates that the concentration profile increases with β∗. As
the Casson parameter β∗ rises, it restricts internal mixing, causing transported particles
to accumulate, thus increasing the overall concentration profile. The reduced mobility
of the fluid prevents uniform dispersion, allowing concentration gradients to become
more pronounced.

The dynamics of the gyrotactic microorganisms, from their transfer at the surface to
their distribution within the fluid, are detailed in Figures 8 and 9. The transfer rate of
motile microorganisms at the surface, shown in Figure 8, is governed by their diffusive
and advective properties. Figure 8a shows that the transfer rate increases with the bio-
convection Lewis number (Lb∗). This number represents the ratio of thermal diffusivity
to microorganism diffusivity. A higher Lb∗ indicates that microorganisms diffuse more
slowly relative to heat, leading to the formation of a sharper microorganism concentration
gradient near the surface and thus a higher transfer rate. Similarly, Figure 8b demonstrates
that the transfer rate is enhanced by a larger bioconvection Peclet number (Pen). The Peclet
number is the ratio of transport by directed cell swimming (advection) to transport by
random diffusion. As Pen increases, the directed swimming of microorganisms toward
the surface dominates over diffusion, causing them to accumulate in the boundary layer
and increasing the transfer rate. These surface transfer rates directly influence the overall
concentration of motile microorganisms within the boundary layer, as depicted in Figure 9.

An increase in the Biot number for microorganism transfer (B3,i) enhances the efficiency
of microorganism influx from the boundary into the fluid, thereby increasing the overall
profile, as seen in Figure 9a. Furthermore, the fluid’s rheology plays a significant role.
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(a) (b) 

Figure 8. Observations of motile microorganism transfer rate in the region of forced to free convection
for different values of (a) Lb∗ and (b) Pen.

 
(a) (b) 

Figure 9. Observations of microorganism profile for different values of (a) B3,i, and (b) β∗.

Figure 9b shows that the microorganism profile also increases with the Casson pa-
rameter (β∗). A higher β∗ corresponds to greater yield stress, which restricts fluid
flow and reduces internal mixing. This diminished flow allows microorganisms to ac-
cumulate rather than being uniformly dispersed. Additionally, the reduced fluid shear
can favor the formation of stable bioconvective patterns, further increasing localized
microorganism concentration.

5. Conclusions
This study presented a comprehensive analysis of the mixed convective flow of a

Casson fluid containing gyrotactic microorganisms over inclined, vertical, and horizontal
surfaces. The analysis revealed that velocity profiles are suppressed by increased perme-
ability and the fluid’s yield stress (Casson parameter), while temperature profiles decrease
with enhanced buoyancy (Grashof number) and viscous dissipation (Eckert number). In
terms of transport phenomena, the heat transfer rate was significantly enhanced by the
Biot number in the free convection regime, while mass and microorganism transfer rates
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increased with higher Lewis and Peclet numbers, respectively. Furthermore, skin friction
was found to be highest on horizontal surfaces in buoyancy-driven flows, an important
consideration for practical applications.

While this study is theoretical, the findings provide a strong basis for future experi-
mental work. The model has significant potential for validation through methods such as
microchannel flow experiments to simulate blood flow, Micro-PIV (Particle Image Velocime-
try) for detailed flow visualization, and rheometric measurements to quantify the fluid’s
shear stress behavior. The use of analog fluids could also offer a controlled validation
pathway before any in vivo studies are considered.

Building on this work, future theoretical research could extend the model to include
more complex physics. Important avenues for exploration include investigating unsteady
flow conditions to better simulate real-world applications, searching for dual or multiple
solutions to understand system stability, and expanding the model to include nanofluids or
magnetohydrodynamic effects to broaden its applicability in biomedical engineering and
advanced energy systems.
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Nomenclature
A∗ Microorganism concentration difference parameter
a Slip coefficient
B Slip parameter
B1,i Biot number of heat transfer
B2,i Biot number of mass transfer
B3,i Biot number of microorganism transfer
C∗ Volume fraction of oxygen species
C∗

w Wall volume fraction of oxygen species
C∗

∞ Ambient volume fraction of oxygen species
Ec∗ Modified Eckert number
Fc Forchheimer constant
Gr∗ Modified Grashof number
g Acceleration due to gravity
Hg Heat generation parameter
k1 Permeability parameter
Lb∗ Bioconvection Lewis number
Le∗ Lewis number
Nc Buoyancy ratio parameter
NH Buoyancy ratio parameter
H∗ Volume fraction of gyrotactic motile microorganisms
H∗

∞ Ambient concentration of motile microorganism
Pen Bioconvection Peclet number
Pr∗ Prandtl number
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Ra Rayleigh number for the porous medium
Re Reynolds number
T∗ Temperature
T∗

w Wall temperature
T∗

∞ Ambient temperature
Wc Maximum cell swimming speed
u∗, v∗ Velocity components along x and y axes

x∗, y∗
Cartesian coordinates (x-axis aligned along the horizontal surface and y-axis is normal
to it)

α∗T Thermal diffusivity of the porous medium
βT∗ Buoyancy parameter due to temperature
βc∗ Buoyancy parameter due to concentration
βH∗ Buoyancy parameter due to motile microorganisms
φ(ξ) Dimensionless oxygen species concentration distribution
ξ Similarity variable
λm Mixed convection parameter
β∗ Casson fluid parameter
θ(ξ) Dimensionless temperature
µ Dynamic viscosity of fluid
ν Kinematic viscosity of fluid
ρ Fluid density
ζ(ξ) Dimensionless density of gyrotactic motile microorganisms
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