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Abstract: This study numerically investigates unsteady natural convection (NC) heat transfer
(HT) and entropy generation (Egen) in trapezoidal cavities filled with two thermally stratified
fluids. Both air-filled and water-filled configurations are analyzed to evaluate and compare
their thermal performance under varying conditions. The cavities are characterized by
a heated base, thermally stratified sloped walls, and a cooled top wall. The governing
equations are numerically solved using the finite volume (FV) approach. The study considers
a Prandtl number (Pr) of 0.71 for air and 7.01 for water, Rayleigh numbers (Ra) ranging
from 103 to 5 × 107, and an aspect ratio (AR) of 0.5. Flow behavior is examined through
various parameters, including temperature time series (TTS), average Nusselt number (Nu),
average entropy generation (Eavg), average Bejan number (Beavg), and ecological coefficient
of performance (ECOP). Three bifurcations are identified during the transition from steady
to chaotic flow for both fluids. The first is a pitchfork bifurcation, occurring between
Ra = 105 and 2 × 105 for air, and between Ra = 9 × 104 and 105 for water. The second, a
Hopf bifurcation, is observed between Ra = 4.7 × 105 and 4.8 × 105 for air, and between
Ra = 105 and 2 × 105 for water. The third bifurcation marks the onset of chaotic flow,
occurring between Ra = 3 × 107 and 4 × 107 for air, and between Ra = 4 × 105 and
5 × 105 for water. At Ra = 106, the average HT in the air-filled cavity is 85.35% higher than
in the water-filled cavity, while Eavg is 94.54% greater in the air-filled cavity compared to
water-filled cavity. At Ra = 106, the thermal performance of the cavity filled with water is
4.96% better than that of the air-filled cavity. These findings provide valuable insights for
optimizing thermal systems using trapezoidal cavities and varying working fluids.

Keywords: natural convection; thermal stratification; entropy generation; trapezoidal
cavity; bifurcations; heat transfer; ECOP

1. Introduction
Natural convection (NC), driven by temperature-induced density gradients in the

absence of external forces, is a key heat transfer mechanism relevant to various engi-
neering applications, including solar collectors [1], heat exchangers [2], building climate
control [3], electronic cooling [4], and thermal energy storage [5,6]. Extensive research has
focused on NC in diverse cavity geometries and boundary conditions through experimen-
tal and numerical methods to elucidate associated thermal and fluid dynamic behaviors.
Bhowmick et al. [7] numerically investigated the onset of chaotic flow in a V-shaped cavity
heated from below.
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In both natural settings, such as the atmosphere and oceans, and in a variety of indus-
trial applications, HT often occurs through NC within thermally stratified media. Despite
its significant role in influencing heat transport processes, relatively few studies have ad-
dressed NC in stratified fluids. Pioneering work by Eichhorn and his collaborators [8–10]
focused on NC heat transfer in fluids with uniform thermal characteristics, and suggested
some analytical solutions for predicting HT from perpendicular plate in stratified environ-
ments. Angirasa and Srinivasan [11] explored NC over a uniformly heated wall embedded
in a thermally stratified porous medium, highlighting the effect of stratification intensity
on HT rates. Tripathi and Nath [12] conducted a numerical study of NC in a stratified
fluid adjacent to a perpendicular isothermal boundary, revealing the impact of stratification
on boundary layer development. Further studies [13–15] examined stratification effects
across various geometries, including infinite vertical plates, vertical circular cones, and
semi-infinite plates. Their analyses yielded analytical solutions for cases with a Pr of unity,
as well as conditions involving sudden temperature changes and variable heat fluxes.
Extending their earlier work, Shapiro and Fedorovich [16] investigated the influence of the
Pr on NC in stratified fluids along vertical plates, employing a combination of analytical
and numerical techniques.

In engineering systems, NC flows are often unsteady, motivating extensive studies on
their transitional behavior in enclosures subjected to sudden thermal changes. Patterson
and Imberger [17] provided foundational insights into unsteady NC in rectangular cavities,
highlighting flow structure development, stratification effects, and the significance of
dimensionless parameters, particularly the Rayleigh number (Ra), in characterizing flow
regimes and HT. Kuhn and Oosthuizen [18] further examined transient convection under
differential heating in rectangular enclosures. Beyond rectangular geometries, Lei et al. [19]
used shadowgraph techniques to visualize time-dependent flow in a triangular cavity. Ma
and Xu [20] investigated convective enhancement in non-uniformly heated enclosures at
high Ra, focusing on HT performance and the influence of fin placement. Xu et al. [21]
analyzed the role of fin thermal conductivity, comparing adiabatic and conductive fins, and
demonstrated its impact on flow behavior and HT efficiency.

In many engineering and geophysical applications, enclosure geometries often devi-
ate from standard shapes, making traditional triangular, square, or rectangular models
insufficient for accurate analysis. Trapezoidal enclosures, characterized by sloped walls,
pose greater challenges for studying NC compared to other complex geometries such as
elliptical [22], eccentric [23,24], and inclined enclosures [25]. Pioneering research on NC
heat transfer in trapezoidal enclosures was conducted by Iyican et al. [26,27], who provided
both analytical and experimental insights. Subsequently, Kuyper and Hoogendoorn [28]
revealed the influence of the inclination angles of uniformly heated walls and the influ-
ences of Rayleigh number on NC heat transfer within trapezoidal cavities. Moukalled and
Darwish [29] numerically examined NC flow in a divided trapezoidal enclosure with a
baffle attached to the base wall, revealing that escalating the baffle height and the Pr led
to a decrease in HT. They later extended their work in [30] to examine NC flows within
a trapezoidal cavity featuring a baffle attached to the top inclined wall. Basak et al. [31]
studied NC in trapezoidal cavities with both uniformly and non-uniformly heated base
surfaces, adiabatic top walls, and isothermal sloped sidewalls, finding that non-uniform
heating had minimal impact on the overall HT rate. More recently, Rahaman et al. [32–35]
comprehensively investigated natural convection HT within trapezoidal cavities under a
variety of fluid characteristics and boundary conditions, further advancing understanding
in this field.

A review of the existing literature reveals that most studies have primarily relied on
the first law of thermodynamics to explore NC and HT performance through experimental
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and numerical models. However, Bejan [36] introduced an alternative perspective by em-
ploying the second law of thermodynamics to quantify irreversibility in fundamental heat
transfer processes. He later formalized the concept of Egen minimization [37], emphasizing
its potential in enhancing energy saving by analyzing the degradation of existing energy
due to entropy production. In recent years, Egen minimization has emerged as a powerful
approach for the thermodynamic efficiency of various thermal systems [38,39]. Researchers
have applied this framework to classical natural convection problems, such as flow in rect-
angular cavities [40,41] with vertically heated and horizontally adiabatic walls, revealing
the thermodynamic costs associated with thermal gradients and fluid friction. Further
investigations in porous media [42–45] have explored the collective effects of HT and fluid
friction (FF) irreversibilities on system performance. More recently, Rahaman et al. [46]
studied the influence of AR on NC, HT, and Egen in trapezoidal cavities. Their results
suggested that a rise in AR leads to a reduction in the overall thermal performance of the
cavity, highlighting the relevance of geometric configuration in entropy-based analysis.

Analysis of the literature indicates that numerous studies have explored NC, HT,
and Egen analysis in various cavity geometries using different analytical, numerical, and
experimental methods. However, according to existing studies, a comprehensive com-
parative analysis of unsteady NC heat transfer and Egen in trapezoidal cavities filled with
two thermally stratified fluids, incorporating a heated base, stratified inclined walls, and a
cooled top wall has yet to be thoroughly investigated. To bridge this gap, the present study
proposes a novel numerical investigation focusing on the unsteady behavior of NC heat
transfer and Egen within such cavities. Both air-filled and water-filled configurations are
analyzed to evaluate and compare their thermal performance under varying conditions. To
ensure the reliability and accuracy of the numerical model, validation is performed through
comparisons with previously published experimental and numerical results. The findings
of this study have direct relevance to environmental fluid dynamics and the design of fluid
flow systems.

2. Mathematical Model Formulations
This research is mainly intended to analyze the influence of different fluids on unsteady

NC heat transfer, Egen, and thermal performance inside trapezoidal cavities. For this
purpose, a 2D numerical simulation methodology was used. A schematic of the physical
domain and associated boundary conditions is illustrated in Figure 1. The cavities have
a horizontal length of 2L and a vertical height of H, where L is equal to 2H, yielding an
AR of 0.5. To mitigate the singularities typically encountered at the junction between
the top and sloped walls, particularly where cold and heated boundaries meet, a minor
geometric modification was applied. Such singularities are known to produce unrealistic
local gradients and may hinder numerical convergence. In this study, approximately
4% of the material was removed from each of the upper corners, resulting in small tips
represented by minuscule vertical tips in the diagram. This approach has been validated
in several prior studies [46–48] and has been demonstrated to exert a negligible influence
on the overall fluid flow and HT characteristics in the cavity. A comparison presented in
Figure 3 demonstrates the minimal impact of this on natural convection flow. Initially, the
air-filled and water-filled cavities are thermally stratified, with the minimum temperature,
θc, at the top and the maximum temperature, θh, at the base of the cavities. The sloped
walls are thermally stratified, with the maximum temperature located near the base wall
and the minimum temperature adjacent to the top wall. Thermo-physical characteristics of
the fluids are listed in Table 1. The boundary walls are immovable and non-slip.

This investigation centers on the examination and evaluation of 2D NC flows that occur
within the enclosures characterized by trapezoidal configurations. The governing equations
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utilized in this study are provided below, incorporating the Boussinesq approximation as
(refer to [48]):

∂U
∂X

+
∂V
∂Y

= 0 (1)

∂U
∂t

+ U
∂U
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+ V
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= −1
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∂2U
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)
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∂2V
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∂T
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(
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∂2T
∂Y2

)
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Figure 1. Schematic of the physical domain and non-dimensional boundary conditions, with the
designated points P1 (0, 0.133), P2 (0, 0.533), P3 (0, 0.80), P4 (0.246, 0.213), and P5 (−0.246, 0.213), used
in the subsequent analyses.

Table 1. Thermo-physical characteristics of stratified air and water (refer to [47,49], for details).

Property (Unit) Stratified Air Stratified Water

ρ (kg/m3) 1.177 998.4
Cp (J/kg K) 1012 4182
k (W/m K) 0.0257887 0.566

β (1/K) 0.008045 3.109 × 10−4

µ (kg/m s) 1.8093 × 10−5 9.4748 × 10−4

The dimensionless variables that were employed are as follows:

x =
X
H

, y =
Y
H

, u =
UH

κRa
1
2

, v =
VH

κRa
1
2

, p =
PH2

ρκ2Ra
, θ =

T − T∞

Th − Tc
, τ =

tκRa2

H2 . (5)

The analysis is governed by three controlling parameters: the AR, the Pr, and the Ra,
defined as follows:

AR =
H
L

, Pr =
ν

κ
, and Ra =

gβ(Th − Tc)H3

νκ
. (6)

By substituting the above dimensionless variables, Equations (1)–(4) are transformed
into the following form as follows (refer to [48]):

∂u
∂x

+
∂v
∂y

= 0 (7)
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=

Pr

Ra
1
2

(
∂2θ

∂x2 +
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)
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In Equations (7) and (8), the variables x, y, u, v, p, τ, and θ demonstrate the non-
dimensional forms of X, Y, U, V, P, t, and T, respectively.

The average Nusselt number (Nu) at the horizontal and sloped walls is defined as
follows (refer to [46], for details):

Nu =
1
l

∫ 1

0

∂θ

∂y
dxand Nu =

1
l

∫ 1

0

∂θ

∂n
ds (11)

In a NC arrangement, thermodynamics irreversibility arises primarily from two mech-
anisms: HT and FF. The normalized local Egen corresponding to these processes can be
expressed as follows (refer to [48] for details):

Eht =
(

∂θ
∂x

)2
+

(
∂θ
∂y

)2
,

E f f = φ

[
2
{(

∂u
∂x

)2
+

(
∂v
∂y

)2
}
+

(
∂u
∂y + ∂v

∂x

)2
]

.
(12)

where Eht and Eff denote the local Egen arising from HT and FF. The irreversibility distribu-
tion ratio φ is defined as (refer to [48]):

φ =
µT
k

( κ

L∆T

)2
(13)

The local Egen inside the enclosure, denoted as El, is derived from the sum of Egen due
to HT (Eht) and Egen due to FF (Eff) (refer to [48]):

El = Eht + E f f (14)

The local Bejan number (Bel) is defined as follows [46]:

Bel =
Eht

Eht + E f f
(15)

The average Bejan number (Beavg) is defined as follows [46]:

Beavg =

1∫
0

∫ 1
0 Bel dx dy

1∫
0

∫ 1
0 dx dy

(16)

The ecological coefficient of performance (ECOP) is defined as follows (refer to [48]
for details):

ECOP =
Nu
Eavg

(17)

In the present study, the finite volume (FV) based ANSYS fluent 17.0 software was
employed to solve the governing Equations (7)–(10), together with the specified initial and
boundary conditions. To solve Equations (7)–(10), the SIMPLE algorithm was utilized for
pressure–velocity coupling. The advection terms were discretized by using the QUICK
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scheme. Central differencing scheme with second order accurate was applied to discretize
the advection terms. Also, for the unsteady term a second order implicit time-marching
scheme was used. The non-uniform 2D grid system was generated using the commercial
software ICEM CFD 17.0. The iterative solutions were deemed converged when the absolute
difference between successive iterations was less than 10−5. All numerical computations
were carried out on a personal computer equipped with an Intel Core i7-12700K processor
operating at a 3.6 GHz clock speed and 32 GB of RAM. The maximum computation time
required for solving a single case was approximately 340 h, while the minimum was about
3 h. A flowchart of the SIMPLE scheme is presented in Figure 2.

Figure 2. Flowchart of the SIMPLE scheme for unsteady flow.

3. Grid Dependency Test
The grid resolution used in the computational domain plays a crucial role in deter-

mining the stability and accuracy of numerical results. To assess the sensitivity to grid
size and time step, a comparative analysis was performed for the maximum Ra, under
the hypothesis that the grid and time step optimized for this extreme Ra would remain
adequate for cases with smaller Ra values. For this comparison, three symmetric grids
(225 × 75, 300 × 100, and 375 × 125) and two time steps (0.01 and 0.005) were systematically
selected. These grids were designed with finer grids along the boundaries and coarser
grids in the central region. Specifically, in the 300 × 100 grid, the grid width increases by
3% per unit distance, ranging from 0.00075 near the wall to 0.0075 in the interior region.
Figure 3 presents the time series of temperature at position P1 (0, 0.133), obtained using
different grids and time steps for Ra = 5 × 107 (air) and Ra = 106 (water). The recorded
temperatures, derived from the various grids and time steps, show consistency during
the initial period and slight divergence in the later stages. Additionally, Table 2 provides
the time-averaged temperatures computed for the fully developed stage. The total vari-
ation in the results across all grid and time step configurations was found to be within
an acceptable range, measuring less than 1% for cavities filled with both air and water.
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Consequently, a grid resolution of 300 × 100 and a time step of 0.01 were adopted for the
present numerical model.

Table 2. Variation in average temperature in the fully developed stage for various grids and time steps.

Grids and Time Steps
Air Water

Average Temperature Variance Average Temperature Variance

225 × 75 and ∆τ = 0.01 0.2007 0.89% 0.2889 0.73%
300 × 100 and ∆τ = 0.01 0.2025 – 0.2924 –

300 × 100 and ∆τ = 0.005 0.2036 0.54% 0.2937 0.44%
375 × 125 and ∆τ = 0.01 0.2030 0.25% 0.2931 0.24%





100 101 102 103
0.08

0.26

0.44
225  75,  = 0.01
300  100,  = 0.01
300  100,  = 0.005
375  125,  = 0.01

(a)

Air

Ra = 5  107





10-1 100 101 102 103
0.00

0.25

0.50

225  75,  = 0.01
300  100,  = 0.01
300  100,  = 0.005
375  125,  = 0.01

Ra = 106(b)

Water

Figure 3. Grid and time step dependency test at point P1 (0, 0.133): (a) air-filled cavity for
Ra = 5 × 107, and (b) water-filled cavity for Ra = 106.

4. Validation
A qualitative validation of the present numerical results was performed by compar-

ing them with the numerical data reported by Basak et al. [31], as shown in Figure 4.
Basak et al. [31] investigated laminar NC heat transfer inside a trapezoidal cavity, where the
base wall was uniformly heated, the vertical walls were kept at a fixed cold temperature,
and the top wall was thermally insulated. For the comparison, dimensionless parame-
ters were selected with Ra = 105, Pr = 0.71, and a tilt angle of ψ = 45◦. This comparison
demonstrates a remarkable consistency between the present findings and those described
by Basak et al. [31].

 

Figure 4. Comparison of isotherm contours: (a) results from Basak et al. [31], and (b) results from the
current study.

Additionally, a quantitative validation was performed by comparing the current
results with previously published numerical data [49] and experimental findings [27], as
summarized in Table 3. This comparison was also based on dimensionless parameters,
using Pr = 0.7, a Ra range from 103 and 107, and a slope angle of 90◦. The strong correlation
observed in these comparisons confirms the reliability of the present numerical approach in
capturing transitional flow behavior within the enclosure. Therefore, the numerical method
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employed in this study can be regarded as a valid tool for analyzing complex unsteady
flow structures in similar geometrical configurations.

Table 3. Comparison of the present numerical results with experimental data form [27], and numerical
results from [49] for the correlation between Nu and Ra.

Ra Experimental [27] Numerical [49] Present Study

103 – 1.66 1.56
104 2.20 2.33 2.31
105 5.20 6.09 5.99
106 12.50 13.40 13.10
107 29.52 – 29.21

5. Results and Discussions
This study presents a comparative analysis of transitional flow evolution within

trapezoidal cavities filled with two different fluids. Numerical simulations were performed
for Ra ranging from 103 to 5 × 107, with Pr of 0.71 for air and 7.01 for water, and an
AR of 0.5. The results classify the flow dynamics into three distinct regimes: symmetric,
asymmetric, and unsteady flow. The aim of this investigation is to explore the conditions
under which thermal performance is maximized for different working fluids, while also
providing a foundation for future research focused on optimizing heat management in
various applications.

5.1. Transition from Symmetric to Asymmetric Flow

The results reveal a clear progression from steady-state behavior characterized by
symmetric flow patterns to asymmetric configurations as the Ra increases. This transition
is notably marked by the occurrence of a pitchfork bifurcation, signifying the onset of flow
instability and a critical shift in fluid dynamics within the cavity.

To quantify the temperature discrepancies induced by the asymmetrical flow struc-
tures, the degree of asymmetry in the isotherms within the enclosure is evaluated using the
following expression (for further details, refer to [50]:

I =
∫
[θ(x, y)− θ(−x, y)]2dxdy

4
∫
[θ(x, y)]2dxdy

(18)

A degree of asymmetry, denoted by I, with a value of zero indicates a steady, sym-
metrically reflective state. In contrast, a positive value of I signifies the emergence of an
asymmetric state. The variation in I over a range of Ra from 103 to 106 is presented in
Figure 5a,b. As shown in Figure 5a, I remains approximately zero up to Ra = 105 in the
air-filled cavity, indicating symmetry. However, at Ra = 2 × 105, I exhibits a significant
increase, suggesting a transition from a symmetry to an asymmetry state. A similar trend is
observed for the cavity filled with water, as depicted in Figure 5b. Here, I remains close to
zero up to Ra = 9 × 104, while a significant increase is observed at Ra = 105, again indicating
the onset of asymmetry. Furthermore, it is evident from Figure 5a,b that I continues to rise
with increasing Ra values, reinforcing the progressive development of asymmetry at higher
thermal driving forces.

To demonstrate the occurrence of a pitchfork bifurcation, the TTS were analyzed at
two symmetrically positioned points, P5 and P6. These investigations were conducted
for Ra = 105 and 2 × 105 in the air-filled enclosure, and for Ra = 9 × 104 and 105 in the
water-filled enclosure. As illustrated in Figure 5c for the air-filled enclosure, the TTS at
Ra = 105 remain closely aligned over an extended period, indicating the persistence of
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symmetrical flow with respect to the enclosure’s mid-plane. Though, at Ra = 2 × 105,
a noticeable divergence in the TTS is observed. Specifically, within the time interval
τ = 450 to 500, this divergence confirms the occurrence of a pitchfork bifurcation, signifying
a transition from symmetric to asymmetric flow behavior. A similar pattern is observed in
terms of the water-filled enclosure, as depicted in Figure 5d. Here, the TTS at Ra = 9 × 104

exhibit close alignment, consistent with symmetric flow. In contrast, at Ra = 105, a clear
deviation between the TTS emerges within the interval τ = 300 to 450, further confirming
the onset of a pitchfork bifurcation and the associated symmetry-breaking transition.

   

   

Ra

I

103 104 105 106 107
0.00

0.01

0.02

0.03

Ra = 105
Ra = 2  105




(a) Air

Ra
I

103 104 105 106
0.00

0.03

0.06

Ra = 9  104Ra = 9  104
Ra = 105





(b) Water



v

200 450 700
-0.006

0

0.006
P4 (0.246, 0.213)
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Ra = 2  105 



(c) Air



v

200 450 700
-0.005

0.001
P4 (0.246, 0.213)
P5 (-0.246, 0.213)
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Ra = 9  104





(d)

Water

Figure 5. Transition form symmetry to asymmetry state: (a,b) asymmetry index I as a function of Ra
in the cavities, respectively; (c,d) TTS at two symmetrical points in the cavities, respectively.

5.2. Transition from Steady to Chaotic Flow

A dynamic transition from a symmetric to an asymmetric flow regime is identified
within the trapezoidal cavities, as evidenced by the asymmetry index analysis and the
y-velocity time series recorded at the geometrically symmetric points P4 (0.246, 0.213) and
P5 (−0.246, 0.213). These measurements indicate that the transition from symmetry to
asymmetry occurs at comparatively lower Rayleigh numbers in the enclosure filled with
water than in the enclosure filled with air.

To further analyze the unsteady flow behavior, the TTS at the fully developed stage
(FDS) are presented in Figures 6 and 7. At this stage, the TTS at point P3 (0, 0.80) attains a
steady state at Ra = 4.7 × 105, as shown in Figure 6a. However, when the Ra is increased to
4.8 × 105, the TTS display periodic oscillations, indicating the onset of a Hopf bifurcation
within the interval between Ra = 4.7 × 105 and 4.8 × 105, as depicted in Figure 6b for
the air-filled cavity. The emergence of this Hopf bifurcation signifies the development of
oscillatory flow arising from the previously asymmetric steady state. The presence of this bi-
furcation has been further validated through spectral analysis of the TTS, as demonstrated
in the author’s previous studies [47,48]. Notably, the periodic behavior persists up to
Ra = 3 × 107, as shown in Figure 6c, beyond which it transitions to chaotic flow at
Ra = 4 × 107, as illustrated in Figure 6d.

For the cavity filled with water, at the FDS, the TTS at point P3 (0, 0.80) attain a steady
state at Ra = 105, as shown in Figure 7a. In contrast, when the Ra is increased to 2 × 105,
the TTS display periodic oscillations, indicating the occurrence of a Hopf bifurcation in the
interval between Ra = 105 and 2 × 105, as portrayed in Figure 7b. The emergence of this
Hopf bifurcation signifies the development of oscillatory flow arising from an asymmetric
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state. This periodic behavior persists up to Ra = 4 × 105, as depicted in Figure 7c, beyond
which it transitions to chaotic flow at Ra = 5 × 105, as demonstrated in Figure 7d. These
observations indicate that the transitions from steady to periodic and from periodic to
chaotic flow states occur at comparatively lower Ra values in the water-filled enclosure
than in the air-filled enclosure.

   

 





900 950 1000
0.55

0.61

(a)

Ra = 4.7  105

Air





960 980 1000
0.26

0.29
(b) Air

Ra = 4.8  105





980 990 1000
0.25

0.32

(c) Air

Ra = 3  107





940 970 1000
0.15

0.40
(d) Air

Ra = 4  107

Figure 6. Transition form steady to chaotic state in the air-filled cavity at different Ra: (a) steady at
Ra = 4.7 × 105, (b) periodic at Ra = 4.8 × 105, (c) sustained periodic at Ra = 3 × 107, and (d) chaotic at
Ra = 4 × 107.
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Figure 7. Transition form steady to chaotic state in the water-filled cavity at different Ra: (a) steady
at Ra = 105, (b) periodic at Ra = 2 × 105, (c) continued periodic at Ra = 4 × 105, and (d) chaotic at
Ra = 5 × 105.

To further elucidate the Hopf bifurcation and the onset of chaotic behavior, Figures 8 and 9
present the phase-space trajectories in the v-θ plane at point P2 (0, 0.533) over the time interval
τ = 700 and 1000. For the air-filled cavity, as depicted in Figure 8a, at a Ra of 4.7 × 105, the
trajectory converges to a static point (indicated by the blue rounded point). Conversely, Figure 8b
illustrates the trajectory evolving into a closed limit cycle at Ra = 4.8 × 105 (characterized by the
blue trajectory). This changeover from a fixed point to a limit cycle attractor, as Ra increases
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from 4.7 × 105 to 4.8 × 105, confirms the occurrence of a Hopf bifurcation. The periodic behavior
persists at Ra = 3 × 107, as depicted in Figure 8c, while it disappears and transitions to chaotic
flow at Ra = 4 × 107, as shown in Figure 8d.
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Figure 8. Phase-space trajectories showing the changeover from steady to chaotic states in the air-
filled cavity at different Ra values: (a) fixed point at Ra = 4.7 × 105, (b) limit cycle at Ra = 4.8 × 105,
(c) sustained periodic orbit at Ra = 3 × 107, and (d) chaotic trajectory at Ra = 4 × 107.
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Figure 9. Phase-space trajectories showing the changeover from steady to chaotic states in the
water-filled cavity at different Ra values: (a) fixed point at Ra = 105, (b) limit cycle at Ra = 2 × 105,
(c) sustained periodic orbit at Ra = 4 × 105, and (d) chaotic trajectory at Ra = 5 × 105.

For the cavity filled with water, as demonstrated in Figure 9a, at Ra = 105, the trajectory
approaches a static point (indicated by the purple circular point). Conversely, Figure 9b
illustrates the trajectory transitioning to a closed limit cycle at Ra = 2 × 105 (characterized
by the purple trajectory). This shift from a fixed point to a limit cycle attractor as the Ra
rises from 105 to 2 × 105 marks the onset of a Hopf bifurcation. The periodic behavior
persists up to Ra = 4 × 105, as depicted in Figure 9c, while at Ra = 5 × 105, the periodic
behavior disappears and the flow becomes chaotic, as shown in Figure 9d.
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The above analysis provides a comprehensive account of the critical transformations
occurring within the cavities as thermal forcing increases. The results underscore the
sensitivity of flow dynamics to variations in Ra and demonstrate the progression from
stable convection to complex chaotic behavior through successive bifurcations. A detailed
examination of these dynamics offers valuable insights into the nature of convection
within geometrically confined spaces, thereby contributing to a broader understanding
of fluid mechanics and HT processes. The transition from stable to chaotic flow, driven
by various bifurcations, highlights the intricate interplay between thermal driving forces
and fluid response, a key consideration for predicting and managing flow behaviors in
engineering applications.

A summary is presented in Table 4, that outlines the transition points between different
flow regimes, specifically, steady, periodic, and chaotic flows.

Table 4. Transition points between different flow regimes and their corresponding physical applica-
tions.

Cavity: Rayleigh Numbers Flow Regimes Applications

Air-filled cavity

Ra ≤ 105 Symmetric steady in fluid transport, cooling, microfluidics, and aerodynamics.

Ra = 2 × 105 to 4.7 × 105 Asymmetric steady in transport systems, biomedical devices, thermal management,
and aerodynamics.

Ra = 4.8 × 105 to 3 × 107 Periodic in biological systems, engineering devices, and natural phenomena.

Ra ≥ 4 × 107 Chaotic in biomedical flows, thermal systems, chemical reactors, and
natural environments.

Water-filled cavity

Ra ≤ 9 × 104 Symmetric steady in fluid flow systems, heat dissipation technologies, microfluidic devices, and
aerodynamic analysis.

Ra = 105 Asymmetric steady within transportation design, medical device development, thermal systems
engineering, and aerodynamic analysis.

Ra = 2 × 105 to 4 × 105 Periodic in living organisms, technological applications, and environmental systems.

Ra ≥ 5 × 105 Chaotic in biological fluid systems, thermal management, industrial reactors, and
environmental processes.

5.3. Heat Transfer

Convective HT plays a dominant role in the thermal transport processes in the trape-
zoidal cavities, particularly during the transitional phase of fluid flow. The onset of
asymmetrical oscillations and vortex formation significantly enhances fluid mixing, thereby
facilitating more efficient convective HT. To quantify the effectiveness of this mechanism,
the average Nu is employed, representing the ratio of convective to conductive HT in
the fluid. Figure 10 demonstrates time series of the Nu at the bottom wall, serving as an
indicator of the HT rate through the cavity’s wall. The Nu is defined in Equation (11), and
the observed HT behavior provides critical insights into the underlying thermal dynamics.
For Ra = 103, the Nu is 3.166 for both the air-filled and water-filled cavities. However, at
Ra = 106, the Nu increases to 32.098 for the air-filled cavity, while it reaches 25.858 for the
water-filled cavity. Consequently, at Ra = 106, the HT rate in the air-filled cavity is 24.13%
greater than that in the water-filled cavity.
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Figure 10. Nu time series at the bottom wall for Ra values ranging from 103 to 106: (a) in the air-filled
enclosure, and (b) in the water-filled enclosure.
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The variation in average HT within the cavities with respect to Ra values for both air
and water is shown in Figure 11. For Ra = 103, the average HT from the air-filled cavity is
2.84, while the average HT from the water-filled cavity is 2.83. Thus, at Ra = 103, the HT rate
is nearly identical for both fluids. However, at Ra = 106, the average HT from the air-filled
cavity increases to 27.79, while it is 14.9935 in the water-filled cavity. Therefore, at Ra = 106,
the average HT in the air-filled cavity is 85.35% higher than that in the water-filled cavity.

Ra

N
u

103 104 105 106
1

15

29

Air
Water

Figure 11. Variation in Nu with respect to the Ra values for the air-filled and water-filled cavities.

5.4. Entropy Generation Analysis

In this section, the average energy generation (Eavg) within the cavities for different
fluids is investigated, as illustrated in Figure 12. At lower Ra values, the influence of buoy-
ancy forces is minimal, and the flow remains steady. Under these conditions, conductive
HT dominates the thermal transport process, and thus, conduction effects primarily govern
both the fluid motion and the associated energy generation (Egen).

Ra

E
av
g

103 104 105 106
0

75

150

Air
Water

Figure 12. Variation in average energy generation (Eavg) with respect to the Ra values for air-filled
and water-filled cavities.

As the Ra increases, buoyancy-driven convection becomes progressively more domi-
nant, resulting in enhanced fluid motion and a corresponding increase in Egen. From the
authors’ previous study [46,48], it is evident that for Ra values up to 105, the contours of
local Egen closely resemble those of Egen due to the HT. This suggests that for Ra values up
to 105, Egen due to FF is less substantial, and the fluid flow is predominately influenced
by Egen due to HT. In contrast, at higher Ra values, particularly at Ra = 106, the contours
of local Egen closely match those of Egen due to FF. This shift suggests that, at this higher
Ra value, frictional forces become the primary contributor to Egen. The intensified flow
dynamics at this higher Ra value leads to greater viscous dissipation, thereby amplifying
the role of FF-induced Egen relative to HT. At Ra = 106, the Eavg within the air-filled en-
closure is 139.29, while in the water-filled enclosure it is 71.5994. This indicates that fluid
friction irreversibilities are significantly higher in the air-filled enclosure compared to the
water-filled enclosure. Accordingly, at Ra = 106, the Eavg in the air-filled enclosure is 94.54%
greater than that in the water-filled enclosure.

A clear inverse relationship is observed between the Beavg and the Ra value, with Beavg

decreasing as Ra increases. The highest value of Beavg (Beavg, max ≈ 1) is recorded under con-
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ditions where Egen is predominantly attributed to irreversibilities due to HT. This indicates
that, at lower Ra values, thermal diffusion remains the dominant mechanism governing
entropy production. As Ra increases, the declines in Beavg signifies the growing influence
of FF on the overall Egen. As illustrated in Figure 13, for Ra values ranging from 103 to 105,
Beavg consistently exceeds 0.5. This indicates that, within this range, irreversibilities due
to HT contribute more significantly to Egen than those due to FF. Conversely, at the higher
Ra value of 106, Beavg falls below 0.5, signaling a transition in the dominant source of Egen,
where viscous effects associated with FF become more substantial than those arising from
thermal gradients. For Ra = 103, the average HT from the air-filled cavity is 2.84, while
the average HT from the water-filled cavity is 2.83. Thus, at Ra = 103, the Beavg is nearly
identical for both the air-filled and water-filled cavities. However, at Ra = 106, the Beavg

decreases to 0.36 in the air-filled cavity and to 0.286 in the water-filled cavity. Therefore, at
Ra = 106, the Beavg in the water-filled cavity is 20.56% lower than that in the air-filled cavity.
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Figure 13. Variation in average Bejan number (Beavg) with respect to the Ra values for air-filled and
water-filled cavities.

The analysis of ECOP, which reflects the thermal performance in the computational
domain, is presented in terms of Ra for both air-filled and water-filled cavities, as illustrated
in Figure 14. A higher ECOP value suggests a decrease in the system’s entropy generation,
signifying improved thermal efficiency, whereas a smaller ECOP value reflects a reduction
in HT efficiency due to increased thermal convection. The results demonstrate that the
magnitude of ECOP diminishes as the Ra value increases. The highest ECOP value of
0.95302 is observed at the lowest Ra of 103 in the cavity filled with air, while the corre-
sponding highest ECOP value in the water-filled cavity is 0.78515. This suggests that, at
Ra = 103, thermal efficiency is 21.38% higher in the air-filled cavity compared to the water-
filled one. However, at Ra = 105, the thermal efficiency of the water-filled cavity exceeds
that of the air-filled cavity by 7.11%. For Ra = 106, the efficiency remains 4.96% greater in the
enclosure filled with water than the enclosure filled with air. These findings suggest that,
with increasing Ra, thermal performance improves more significantly in the water-filled
enclosure than in the air-filled enclosure.
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Figure 14. Variation in ECOP with respect to the Ra values for air-filled and water-filled cavities.
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6. Conclusions
In this study, CFD method was employed to rigorously investigate transitional two-

dimensional NC flows within trapezoidal cavities filled with two thermally stratified fluids,
with a heated base, thermally stratified inclined walls, and a cooled top wall. Simulations
were performed over a Ra range from 103 to 5 × 107, considering Prandtl numbers of 0.71
for air and 7.1 for water, with an AR of 0.5. The results provide detailed insights into the
flow dynamics and thermal performance in both the air-filled and water-filled cavities,
demonstrating a clear dependence of HT efficiency and Egen analysis on both the working
fluids and the Ra.

The key outcomes are outlined as follows:

• The transition from symmetric to asymmetric, steady to periodic, and periodic to
chaotic states were analyzed for both air-filled and water-filled cavities. All these
transitions were observed to occur at comparatively lower Ra values in the water-filled
enclosure than in the air-filled one.

• Transition from a symmetric to an asymmetric state occurs in the air-filled cavity
between the Ra values of Ra = 105 and 2 × 105, and in the water-filled cavity between
Ra = 9 × 104 and 105.

• Transition from a steady to a periodic state occurs in the air-filled cavity between
the Ra values of Ra = 4.8 × 105 and 3 × 107, and in the water-filled cavity between
Ra = 2 × 105 and 4 × 105.

• Transition from a periodic to a chaotic state occurs in the air-filled cavity between
the Ra values of Ra = 3 × 107 and 4 × 107, and in the water-filled cavity between
Ra = 4 × 105 and 5 × 105.

• At Ra = 106, the HT rate at the bottom wall is 24.13% higher in the air-filled cavity than
in the water-filled cavity.

• At Ra = 106, the average HT from the entire cavity is 85.35% greater in the air-filled
enclosure than in the water-filled one.

• At Ra = 106, the average entropy production in the air-filled cavity is 94.54% higher
than that in the water-filled cavity.

• At Ra = 106, the average Bejan number in the enclosure filled with water is 20.56%
lower than that of the enclosure filled with air.

• At Ra = 106, the thermal efficiency of the enclosure filled with water is 4.96% higher
than that of the enclosure filled with air.

These results enhance the understanding of NC heat transfer and Egen in geometrically
complex cavities and provide critical insights, indicating that the thermal performance of
the cavity is more efficient when filled with water compared to air.

7. Limitations and Future Research
While this study provides valuable insights, several limitations should be acknowl-

edged. The numerical model is restricted to two-dimensional, laminar flow with constant
fluid properties under the Boussinesq approximation. These assumptions, though widely
adopted in thermal–fluid simulations, may neglect important three-dimensional and tran-
sient effects, particularly near flow transition regimes. Future investigations incorporating
variable properties, turbulence modeling, and three-dimensional analyses would further
enhance the generality and applicability of the present results.

Building on the insights gained from the present study of transitional natural con-
vection across Rayleigh numbers ranging from Ra = 103 to 5 × 107, future research can
further advance this work in several directions. Incorporating three-dimensional simu-
lations would allow for the capture of spatially complex flow instabilities that are not
resolved in two-dimensional models but are critical in real-world applications. Addi-
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tionally, accounting for variable thermophysical properties would improve the model’s
accuracy, particularly under large temperature gradients. Extending the analysis to include
non-Newtonian fluids could uncover novel convection behaviors in rheologically complex
media. Finally, implementing appropriate turbulence models would be essential to accu-
rately represent and analyze fully developed turbulent regimes. These extensions would
contribute to a deeper theoretical understanding and support the development of more
efficient and robust thermal management systems.
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Nomenclature

AR aspect ratio Bel local Bejan number
L, H half-length and height of the cavity (m) Beavg average Bejan number
g gravitational force (m/s2) k thermal conductivity (W/(m·K))
t time (s) X, Y coordinates
Cp specific heat (J/kg K) x, y dimensionless coordinates
P pressure (N/m2) U, V velocity components (m/s)
p dimensionless pressure u, v dimensionless velocity components
T temperature (K) Greek symbols
T∞ environmental temperature (K) κ thermal diffusivity (m2/s)
Th temperature of the bottom wall (K) θ dimensionless temperature
Tc temperature of the top wall (K) ν kinematic viscosity (m2/s)

Ti temperature of the inclined walls (K)
φ irreversibility distribution ratio
ψ inclination angle

∆T temperature difference, (Th−Tc) ρ density (kg/m3)
Eht entropy generation due to heat transfer τ dimensionless time
Pr Prandtl number ∆τ dimensionless time step
Egen entropy generation

θh
dimensionless temperature of the bottom

Ra Rayleigh number, gβ(Th − Tc)H3/νκ wall
Nu average Nusselt number

θi
dimensionless temperature of the inclined

Eff entropy generation due to fluid friction walls
El local entropy generation

θc
dimensionless temperature of the top

Eavg average entropy generation wall
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