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Abstract: Melt crystallization is a promising separation technique that produces ultra-high-
purity products while consuming less energy and generating lower CO2 emissions than
conventional methods. However, accurately modeling melt crystallization is challenging
due to significant non-idealities and complex phase equilibria in multicomponent sys-
tems. This study develops and evaluates two neural network-based surrogate models for
acrylic acid melt crystallization: a stand-alone (black-box) model and a thermodynamically
guided (hybrid) model. The hybrid model incorporates UNIQUAC-based solid–liquid
equilibrium constraints into the learning process. This framework combines first-principles
thermodynamic knowledge—particularly activity coefficient calculations and mass balance
equations—with multi-output regression to predict key process variables. Both models are
rigorously tested for interpolation and extrapolation, with the hybrid approach demonstrat-
ing superior accuracy even under operating conditions significantly outside the training
domain. Further analysis reveals the critical importance of accurate solid–liquid equi-
librium (SLE) data for thermodynamic parameterization. A final case study illustrates
how the hybrid approach can quickly explore feasible operating regions while adhering
to strict product purity targets. These findings confirm that integrating mechanistic con-
straints into neural networks significantly enhances predictive accuracy, especially when
processes deviate from nominal conditions, providing a practical framework for designing
and optimizing industrial-scale melt crystallization processes.

Keywords: acrylic acid; melt crystallization; hybrid neural network; thermodynamic
modeling; solid–liquid equilibrium; UNIQUAC; surrogate modeling

1. Introduction
Melt crystallization is an advanced separation and purification technique that achieves

ultra-high product purities, reaching up to 99.99% concentrations while maintaining rela-
tively low energy consumption and environmental benefits. This process relies on com-
paratively small latent heat, which significantly lowers energy requirements and reduces
CO2 emissions compared to more conventional methods [1–4]. These advantages have
attracted considerable interest from industries looking for sustainable and low-emission
processes for purifying chemicals such as acrylic acid—a versatile monomer widely used in
superabsorbent polymers and adhesive coatings [5]. Achieving ultra-high-purity of acrylic
acid is essential for maintaining product quality and performance. However, conventional
separation methods can lead to thermal degradation and high energy consumption [6,7].
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In contrast, melt crystallization, which occurs at temperatures near acrylic acid’s melting
point, can avoid these issues while consistently achieving stringent purity targets.

Melt crystallization has excellent potential for producing ultra-high-purity products,
but accurately modeling the process remains challenging. First-principles models, which
are based on thermodynamic and kinetic relationships, maintain physical consistency and
accurately capture phase equilibria and mass balances [8–10]. However, these models
often require extensive parameter fitting, rely on simplifying assumptions, and demand
significant computational resources. These issues become particularly pronounced in
multicomponent melt crystallization, where strong hydrogen bonding and notable non-
idealities complicate the development and validation of purely mechanistic models [11].
This can result in substantial errors if the underlying assumptions are violated. On the other
hand, purely data-driven techniques—such as random forests [12], gradient boosting [13],
or stand-alone neural networks [14]—often provide computational efficiency and can
learn complex input–output relationships directly from data. However, these black-box
methods usually do not incorporate thermodynamic or mass balance constraints, making
them susceptible to producing infeasible predictions or exhibiting poor extrapolation
performance when operating conditions deviate from the training dataset [15–17].

Hybrid or gray-box modeling frameworks, which combine mechanistic knowledge
with data-driven learning, have been successfully applied in various chemical processes to
enhance model interpretability and extrapolation accuracy [18–20]. For instance, hybrid
models have proven useful in distillation, biochemical reactors, and other systems where
partial process understanding can be integrated into neural network-based surrogates.
Drawing inspiration from these successes, we propose a thermodynamics-guided neural
network to model melt crystallization of acrylic acid. By integrating UNIQUAC-based
solid–liquid equilibrium (SLE) constraints into the neural network training, we aim to
maintain physical consistency while improving the model’s ability to capture complex, non-
ideal phenomena. Our primary objective is to demonstrate that a hybrid neural network
model can accurately capture the mass balance for single-stage melt crystallization while
ensuring feasibility under off-design conditions—an area where purely data-driven models
often fall short. From an industrial perspective, ensuring physically plausible predictions
is crucial for process optimization, design scale-up, and real-time control. Additionally,
extrapolating beyond the nominal domain or training data points is essential in many large-
scale operations, where feed composition or process parameters can shift unexpectedly.

Hence, in this study, we present and compare two types of neural network models for
the melt crystallization process of acrylic acid from a ternary mixture of acrylic acid, water,
and acetic acid. The first type is a stand-alone (black-box) neural network model, while the
second type is a thermodynamically guided (hybrid) neural network model that incorpo-
rates first-principles thermodynamic constraints. In the hybrid framework, we integrate
solid–liquid equilibrium (SLE) data [11] and fundamental thermodynamic principles into
the structure and training of the neural network. First, we begin by outlining a systematic
workflow for generating training data using Latin Hypercube Sampling (LHS), a widely
used stratified sampling approach to ensure diverse coverage of the design space [21]. This
process combines a UNIQUAC-based solid–liquid equilibrium model with an iterative flow-
sheet simulation. Next, we construct stand-alone and hybrid neural networks employing
multi-output regression to predict key process variables, including crystallizer temperature,
stream compositions, and flow rates. We evaluate the models in both interpolation (within
the training domain) and extrapolation (beyond the training domain) scenarios. Finally,
we highlight how this hybrid model can efficiently explore the parameter space for melt
crystallization design under stringent product purity requirements.
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2. Process Description
This section outlines the methodology used to model and analyze the melt crystal-

lization of acrylic acid from a ternary mixture of acrylic acid, water, and acetic acid. It
begins with a solid–liquid phase equilibrium perspective (Section 2.1) and then moves
on to a crystallization flowsheet simulation (Section 2.2), which utilizes these phase re-
lationships for mass balance calculations. The data generation procedure (Section 2.3)
describes how a Latin Hypercube Sampling (LHS) approach [21] systematically explores
the process parameters. Finally, the input–output representation (Section 2.4) combines the
thermodynamic and flowsheet information into a unified modeling framework suitable for
neural network training.

To conduct the mass balance simulations for the crystallization flowsheet, we de-
veloped custom scripts in Python (version 3.8) utilizing the NumPy (version 1.23) and
SciPy (version 1.7) libraries for numerical methods and optimization. We incorporated
the UNIQUAC models and their parameter estimation through in-house routines, which
were validated against experimental solubility data from our previous work [11]. We em-
ployed TensorFlow (version 2.4) to train the neural networks, taking advantage of built-in
optimizers such as Adam for multi-output regression. All simulations and training were
performed on a desktop workstation with a 6-core CPU and 16 GB of RAM.

2.1. Solid–Liquid Phase Equilibrium

Figure 1 presents the ternary solid–liquid equilibrium (SLE) phase diagram for the
acrylic acid, water, and acetic acid system. This phase diagram was calculated by fitting
UNIQUAC parameters to combined binary and ternary experimental data. These parame-
ters, thoroughly regressed in our previous study [11], capture intermolecular interactions,
particularly the effects of hydrogen bonding.

Processes 2025, 13, x FOR PEER REVIEW 4 of 25 
 

 

 

Figure 1. Ternary solid–liquid equilibrium (SLE) phase diagram for acrylic acid (1) + water (2) + 
acetic acid (3) system through polythermal projection using UNIQUAC model. The UNIQUAC pa-
rameters are derived from our previous study [11]. Symbols indicate the binary eutectic point (▲), 
the ternary eutectic point (■), and the thermodynamic boundary (--). 

The equilibrium concentration in the liquid melt at a given temperature for a multi-
component mixture can be calculated as shown in Equation (1): 𝑙𝑛 𝛶௜𝑥௜  =  − ௱ு೑ೠೞ,೔ோ்೑ೠೞ,೔ ቀ1 − ்೑ೠೞ,೔் ቁ, (1) 

where 𝛶௜ is the activity coefficient, 𝑥௜ is the mole fraction, 𝛥𝐻௙௨௦,௜ the molar enthalpy of 
fusion, and 𝑇௙௨௦,௜ the melting point temperature of component 𝑖. Since the acrylic acid, 
water, and acetic acid system is non-ideal, accurately estimating 𝛶௜ (via UNIQUAC [22]) 
is vital for capturing the complex molecular interactions and, consequently, the correct 
solid–liquid phase behavior. 

2.2. Modeling of the Crystallization Process 

2.2.1. Process Overview 

A single-stage continuous crystallization process separates acrylic acid from a ter-
nary feed consisting of acrylic acid, water, and acetic acid. Scheme S1 in supporting infor-
mation illustrates the overall diagram of the process. The feed stream, with a known com-
position and flow, is mixed with a recycled mother liquor stream (ζ) to create the crystal-
lizer feed. Inside the crystallizer, acrylic acid solidifies under solid–liquid equilibrium 
(SLE) conditions, producing a slurry. This slurry is then processed through a solid–liquid 
separation unit (such as a centrifuge or wash column) with a finite distribution coefficient 
(𝑘ௗ௜௙௙) [9]. As a result, some impurities (water and acetic acid) may be entrained in the 
crystal product due to incomplete solid–liquid separation. The remaining mother liquor 
stream is divided into a recycle stream (ζ) and a purge stream to prevent excessive buildup 
of impurities. 

Figure 1. Ternary solid–liquid equilibrium (SLE) phase diagram for acrylic acid (1) + water (2) + acetic
acid (3) system through polythermal projection using UNIQUAC model. The UNIQUAC parameters
are derived from our previous study [11]. Symbols indicate the binary eutectic point (▲), the ternary
eutectic point (■), and the thermodynamic boundary (--).
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Accurately identifying the binary and ternary eutectic points and thermodynamic
boundaries is crucial for designing melt crystallization processes to achieve ultra-high-
purity products. The polythermal projection in Figure 1 illustrates how variations in melt
compositions and temperature affect the equilibrium between the solid and liquid phases.
This information is crucial for identifying the feasible regions within the thermodynamic
boundary where acrylic acid crystallizes exclusively and for accurately predicting the mass
balance of the crystallization process.

The equilibrium concentration in the liquid melt at a given temperature for a multi-
component mixture can be calculated as shown in Equation (1):

ln Yixi = −
∆H f us,i

RTf us,i

(
1 −

Tf us,i

T

)
, (1)

where Yi is the activity coefficient, xi is the mole fraction, ∆H f us,i the molar enthalpy of
fusion, and Tf us,i the melting point temperature of component i. Since the acrylic acid,
water, and acetic acid system is non-ideal, accurately estimating Yi (via UNIQUAC [22])
is vital for capturing the complex molecular interactions and, consequently, the correct
solid–liquid phase behavior.

2.2. Modeling of the Crystallization Process
2.2.1. Process Overview

A single-stage continuous crystallization process separates acrylic acid from a ternary
feed consisting of acrylic acid, water, and acetic acid. Scheme S1 in supporting information
illustrates the overall diagram of the process. The feed stream, with a known composition
and flow, is mixed with a recycled mother liquor stream (ζ) to create the crystallizer feed.
Inside the crystallizer, acrylic acid solidifies under solid–liquid equilibrium (SLE) condi-
tions, producing a slurry. This slurry is then processed through a solid–liquid separation
unit (such as a centrifuge or wash column) with a finite distribution coefficient (kdi f f ) [9].
As a result, some impurities (water and acetic acid) may be entrained in the crystal product
due to incomplete solid–liquid separation. The remaining mother liquor stream is divided
into a recycle stream (ζ) and a purge stream to prevent excessive buildup of impurities.

Scheme S2 in supporting information provides a high-level flowchart that details
these operations, along with the relevant Equation (1) and Equations (5)–(8) discussed in
Sections 2.2.2–2.2.5. The algorithm begins with an initial guess for the recycle stream (ζ)
and crystallizer temperature. It then iteratively updates the solid–liquid equilibrium (using
the UNIQUAC-based model), distribution coefficient (kdi f f ), and the recycle–purge split (ζ)
until the composition and flow of the recycle stream converges.

If a target crystal fraction (χtarget) is specified, an outer loop adjusts the temperature
as outlined in Section 2.2.5 to ensure that the desired fraction of acrylic acid crystallizes at
a steady state. This integrated approach guarantees that thermodynamic constraints and
mass balance requirements are met.

2.2.2. Application of the Solid–Liquid Equilibrium

In this section, we focus on the crystallization of acrylic acid under thermodynamic
constraints based on the UNIQUAC model. Let α represent the flow rate of acrylic acid that
crystallizes from the feed. The total feed to the crystallizer consists of three components:
(1) acrylic acid, (2) water, and (3) acetic acid.

We define T as the crystallization temperature and
.

mi, f eed as the flow rate of component
i in the fresh feed. After partial crystallization, the remaining flow rate of acrylic acid in the
mother liquor becomes (

.
m1, f eed − α). In contrast, the flow rates of water and acetic acid in
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the mother liquor are
.

m2, f eed and
.

m3, f eed, respectively. We assume that no solid formation
occurs for these impurities.

Thus, the total flow rate of the mother liquor after crystallization can be represented as:

.
mML =

( .
m1, f eed − α

)
+

.
m2, f eed +

.
m3, f eed, (2)

Let us define the total concentration in the mother liquor as ntot = ∑3
i=1 ni. The

liquid-phase fraction of the mother liquor is given by:

x1,ML =

(
n1

ntot

)
, x2,ML =

(
n2

ntot

)
, x3,ML =

(
n3

ntot

)
, (3)

To account for non-ideal interactions among the components, we compute the activity
coefficients (Yi) using the UNIQUAC model. By numerically solving the appropriate
equation for α (the flow rate of crystallized acrylic acid), we can establish the solid–liquid
equilibrium at a specified temperature T. This process is carried out using a simplex
algorithm [23].

2.2.3. Distribution Coefficient and Imperfect Separation

Water and acetic acid become entrained in the crystal product due to incomplete
solid–liquid separation. A single distribution coefficient (kdi f f ) [9], defined as Equation (4),
quantifies this effect.

kdi f f =
impurity concentration in solid phase
impurity concentration in liquid phase

, (4)

The entrained ratio of impurities is assumed to be the same for both water and acetic
acid. A lower value of this coefficient indicates a more efficient separation of these impuri-
ties from the acrylic acid crystals. For example, a value of 0.05 implies that approximately
5% of the impurity concentration in the mother liquor is carried into the crystalline product.

Following the determination of the flow rate (α) of acrylic acid that crystallizes (as
discussed in Section 2.2.2), the impurity flow rate

.
mimpurity,product is allocated to the product

according to Equation (5), where wi denotes the mass fraction of component i.

wimpurity,product = kdi f f wimpurity,mother liq, (5)

This relationship ensures that a fraction of the impurities from the mother liquor
is entrained into the crystal product, thus maintaining mass balance consistency in the
overall process.

Once the product stream is removed, the remaining mother liquor stream is divided
into a recycle stream (returned to the crystallizer) and a purge stream to prevent excessive
impurity buildup. Depending on the type of solid–liquid separation unit used (e.g., wash
column, centrifuge, or simple filtration), typical values for the distribution coefficient (kdi f f )
range approximately from 0.005 to 0.05 for wash columns, from 0.05 to 0.10 for centrifuges,
and above 0.10 for simple filtration. These variations depend on the separation capabilities
of the equipment [3]. Therefore, selecting an appropriate solid–liquid separation unit is
crucial for achieving the desired purity of the crystals.

Figure 2a,b illustrate how changes in the distribution coefficient (kdi f f ) affect the final
product and mother liquor compositions under polythermal movements on the ternary
solid–liquid equilibrium (SLE) diagram. In Figure 2a, a distribution coefficient (kdi f f ) of
0 implies that there is no entrainment of impurities from the mother liquor into the product,
resulting in a higher-purity acrylic acid stream. In contrast, Figure 2b shows a scenario
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where a higher distribution coefficient (kdi f f ) allows a more significant fraction of water
and acetic acid into the crystals. Consequently, the product purity decreases, and the
composition of the mother liquor shifts accordingly. The markers (black, red, and blue) in
Figure 2 represent the product, feed, and liquid-phase compositions across the temperature
range, highlighting how thermodynamics (as discussed in Section 2.1) and distribution
coefficient (kdi f f ) jointly determine the outcome of the crystallization process.
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and • denote the product, feed, and liquid-phase compositions, respectively. The phase diagram
also marks the binary eutectic point (▲), the ternary eutectic point (■), and the thermodynamic
boundary (--).

2.2.4. Recycle, Purge, and Tear-Stream Convergence

After the solid–liquid separation, the mother liquor stream is partially recycled back to
the crystallizer and partially purged to eliminate accumulated impurities. Let ζ represent
the fraction of the recycled mother liquor flow. The flow rates for the recycle and purge
streams can be expressed as follows:

.
mrecycle = ζ

.
mML,

.
mpurge = (1 − ζ)

.
mML, (6)

where
.

mML is the total mother liquor flow leaving the crystallizer. Since the composition
of the recycled stream is unknown beforehand, a tear-stream approach is implemented.
This begins with an initial guess for the mother liquor composition, followed by simulating
the entire flowsheet (fresh feed → crystallizer → separation → split). The resulting recycle
outlet is then compared to the guessed recycle inlet. This process continues iteratively until
the following convergence criterion is met:

max
{∣∣∣ .

m(k+1)
recyle −

.
m(k)

recyle

∣∣∣, ∣∣∣w(k+1)
1,reycle − w(k)

1,reycle

∣∣∣, ...
}
≤ ε, (7)

Here, k denotes the iteration index, and ε represents a small tolerance (e.g., 10−7). In
practice, only a few iterations are typically needed for the mother liquor composition to
stabilize at a steady-state solution.
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2.2.5. Temperature Targeting for Specified Crystal Formation

In many practical situations, it is essential to achieve a specific crystal fraction χtarget

(i.e., the ratio of the mass of the product crystals to the mass of the crystallizer feed) at a
chosen operating temperature, T. An outer loop or bracketed root-finding routine [24] is
used to adjust T until the desired condition is met.

f (T) =
.

mproduct(T)
.

mcrystallizer f eed
− χtarget = 0, (8)

The function
.

mproduct(T) is determined by executing the flowsheet (including the
tear-stream approach discussed in Section 2.2.4) at each temperature T. A suitable bracket
[Tmin, Tmax]—such as [220–290 K]—is established to ensure that the function values of
f (Tmin) and f (Tmax) differ in sign, which allows a root-finding algorithm [24] to pinpoint
the correct temperature.

This integrated thermodynamic and mass balance solution effectively underscores
the relationship among feed composition, the distribution coefficient (kdi f f ), the recycle
ratio (ζ), and the specific crystal fraction (χtarget) in determining crystal product purity and
overall yield. In industrial applications, handling slurries is crucial when choosing the
crystallizer configuration and the target crystal fraction. Practical experience indicates that
typical vessel-type crystallizers can manage slurries with a concentration (target crystal
fraction) of approximately 30 wt% [1].

2.3. Data Generation

A Latin Hypercube Sampling (LHS) scheme [21] systematically explores the parameter
space, which includes feed composition and flow, distribution coefficients (kdi f f ), recycle
ratios (ζ), and target crystal fractions (χtarget). Unlike simple random sampling, LHS
strategically divides each input variable’s range into equal probability intervals and then
selects one sample from each interval. This method ensures a more uniform and diverse
representation of the design space, even when multiple parameters vary simultaneously.
As a result, LHS generates a comprehensive set of input conditions for the crystallization
flowsheet, capturing both typical and extreme operating scenarios. As illustrated in Figure 3,
each sampled point is placed on the ternary solid–liquid equilibrium (SLE) phase diagram,
ensuring comprehensive coverage of both typical and extreme crystallization scenarios.

For each sample, the simulation first calculates the crystallizer temperature required
to achieve the specified crystal fraction. Then, it performs steady-state mass balances to
determine stream flows and compositions (χtarget). Any infeasible points, such as negative
component fractions or compositions outside the thermodynamic boundary, are discarded
to ensure only valid operating conditions are retained. This LHS-based methodology
generates a robust dataset of input–output observations, which serves as the foundation
for subsequent hybrid neural network modeling, enhancing model generalizability across
various process conditions.
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2.4. Input–Output Representation of the Crystallization Process

The input–output relationships for the crystallization process are illustrated in Scheme
S3 within the supporting information. Key process parameters—feed composition, feed
flow, distribution coefficient (kdi f f ), and recycle ratio (ζ)—serve as inputs for the flowsheet
simulation. We specifically highlight feed composition and flow among these inputs
because, in many industrial applications, multiple crystallization stages are often employed
in series (for example, a second or even a third single-crystallizer unit). Varying the feed
conditions at each stage is crucial for achieving the desired separation outcomes across the
different units.

The thermodynamics-guided process (as discussed in Sections 2.1–2.3) calculates
essential output variables, such as crystallizer temperature and the composition and flow
of the crystallizer feed stream, product stream, mother liquor stream, recycle stream,
and purge stream. Accurately predicting the mother liquor composition and flow is
particularly important because, in large-scale processes, they are frequently recycled back
to the crystallizer and other upstream operations, such as absorbers, distillation columns,
or reactors [25]. Accurately capturing this information is vital for maintaining overall mass
balance and preventing the accumulation of impurities throughout the plant.

Together, these paired inputs and outputs create a comprehensive dataset for
training a hybrid neural network, ensuring that the learned model accurately reflects
the ternary system’s fundamental thermodynamics and the flowsheet’s practical mass
balance constraints.
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3. Neural Network Models
3.1. Stand-Alone Neural Network Model

A purely data-driven neural network model can be a surrogate for an entire crystal-
lization flowsheet, eliminating the need to incorporate explicit thermodynamic or mass
balance equations. This model is trained using simulated datasets that cover various
operating conditions, allowing it to learn complex input–output mapping. Typical input
variables include the compositions and flow of acrylic acid, water, and acetic acid in the
feed, distribution coefficient (kdi f f ), and recycle ratio (ζ). The primary outputs include
the crystallizer temperature and the composition and flow of the crystallizer feed stream,
product stream, mother liquor stream, recycle stream, and purge stream.

Once the data are organized, feature scaling is applied to inputs and outputs. This
step aligns all variables within comparable numerical ranges, enhancing the stability of
the neural network [26]. A test subset—usually around 20% of the data—is reserved
for evaluating the model’s generalization capabilities. The stand-alone model typically
employs a multi-layer perceptron (MLP) architecture [27,28] with multiple hidden layers
and ReLU activation functions. It is trained to minimize the mean squared error across all
outputs [29]. In a multi-output regression setting, the network’s weights are adjusted to
reduce the overall difference between predicted and observed values, effectively capturing
the behavior of the flowsheet from the input conditions to the final output without relying
on thermodynamic or mass balance equations. Further details on the modeling context,
including hyperparameter selection and data preprocessing steps, are provided in the
Supplementary Information.

Scheme S4 in supporting information illustrates this process, starting from the assem-
bly of input–output datasets, followed by normalization, splitting the data into training
and test sets, training a multi-output MLP, and finally, generating flow and composition
predictions based purely on learned patterns. Once trained, the stand-alone neural network
can quickly approximate the flowsheet outputs, although it operates without an embedded
understanding of non-ideal solution thermodynamics or fundamental mass balances.

3.2. Hybrid (Gray-Box) Neural Network Model

A hybrid or gray-box neural network model combines first-principles process knowl-
edge and data-driven learning, providing a more robust alternative to a purely data-driven
approach for crystallization systems [18,19]. Mechanistic subroutines offer baseline esti-
mates, such as UNIQUAC-based phase equilibrium calculations or simplified mass balance
equations. The neural network then refines or corrects the complex aspects not adequately
described by theory alone. This approach particularly applies to melt crystallization, where
equilibrium relationships are well defined for key variables.

A typical hybrid framework starts with a baseline prediction for selected outputs, such
as compositions at a nominal temperature or under the assumption of ideal separation.
The neural network learns a residual adjustment—often in a transformed domain like
logit space—to ensure that predicted compositions remain physically realistic (e.g., mass
fractions within the range [0, 1]) and that fundamental constraints, such as total mass
conservation, are not violated [30,31]. Flow rates for products, recycling, and purging can
also be partly derived from thermodynamic principles and partly corrected by the neural
network. Since partial domain knowledge is incorporated, hybrid models generally require
fewer training data and tend to extrapolate more reliably than purely black-box models.
Further details on the hybrid modeling framework, including specific residual architectures
and training protocols, are available in the Supplementary Information.

Scheme S5 in the supporting information summarizes the significant steps in this
hybrid approach, which involves incorporating UNIQUAC-based equilibrium estimates,
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applying consistent scaling and data partitioning, predicting crystallizer temperature and
flow variables within thermodynamic boundaries, and refining composition predictions
through a residual network. The training pipeline is typically more complex than a stand-
alone network, often requiring additional sub-networks for each type of correction (e.g.,
different streams). However, it usually results in greater consistency with thermodynamic
constraints and improved performance across various operating conditions.

3.3. Neural Network Model Evaluation

After training, the stand-alone and hybrid neural networks are evaluated on a held-out
test set using two metrics: the coefficient of determination (R2) and the root mean squared
error (RMSE). For a given output dimension k, we define:

R2
k =

∑i

(
y(i)k,true − y(i)k,pred)

2

∑i

(
y(i)k,true − yk,true)

2
, (9)

RMSE =

√
1

Ntest
∑

i
(y(i)k,true − y(i)k,pred )2, (10)

Here, Ntest is the total number of test samples, and y(i)k,true and y(i)k,pred are the ground-
truth and predicted values, respectively, for the k-th output of the i-th test sample. The
quantity yk,true is the mean of all ground-truth values for the k-th output in the test set. An
R2

k value closer to 1 indicates that the model predictions explain more of the variance in the
observed data, whereas lower or negative values suggest weaker predictive performance.
The RMSE measures the average magnitude of prediction errors, so lower RMSE values
signify tighter agreement between predicted and true outputs.

4. Results and Discussion
This section evaluates the performance of stand-alone and hybrid neural network

models in interpolation tasks (Section 4.1) and extrapolation tasks (Section 4.2). It also
analyzes the influence of thermodynamic parameter selection (Section 4.3) and presents a
case study on single-stage melt crystallization design (Section 4.4).

The baseline parameter ranges used for training are summarized in Table 1, which
outlines the Latin Hypercube Sampling (LHS) domain for several factors: feed composition,
feed flow, distribution coefficient (kdi f f ), and recycle ratio (ζ). Each model was trained
using this domain, with further evaluations conducted outside these ranges to assess its
extrapolation capability.

Table 1. Parameter ranges considered for sampling and training the neural network models. The
target crystal fraction is fixed at 30 wt%.

Input Variable Range Unit

Feed composition
xacrylic acid 0.8–1.0 mass fraction

xwater 0.0–0.16 mass fraction
xacetic acid 0.0–0.04 mass fraction

Feed flow 1000–10,000 kg/h
Distribution coefficient

(
kdi f f

)
0.0–0.1 -

Recycle ratio (ζ) 0.0–0.3 -
Target crystal fraction

(
χtarget

)
30 %
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4.1. Interpolation Performance

Both the stand-alone and hybrid neural network models were trained on datasets
detailed in Table 1 to evaluate interpolation accuracy. Two sample sizes were considered:
(i) 500 data points, which provide relatively sparse coverage, and (ii) 3000 data points,
which offer denser coverage of the operating space. Table 2 compares the interpolation
accuracies for the output variables (e.g., crystallizer temperature and the composition and
flow of the crystallizer feed stream, product stream, mother liquor stream, recycle stream,
and purge stream).

Table 2. Interpolation performance using 500 vs. 3000 training samples for selected output variables.
The coefficient of determination (R2) and the root mean squared error (RMSE) are shown for both the
stand-alone and hybrid neural network models.

Output Variable 500 Samples 3000 Samples
(Stand-Alone NN) (Hybrid NN) (Stand-Alone NN) (Hybrid NN)

R2 RMSE R2 RMSE R2 RMSE R2 RMSE

Crystallizer temperature 0.989 0.426 0.997 0.223 0.994 0.314 1.000 0.081
Product flow 0.991 83.223 0.998 42.281 0.996 52.513 1.000 11.288

Mother liquor flow 0.992 183.722 0.998 96.019 0.997 117.930 1.000 21.486
Recycle flow 0.981 77.025 0.993 45.680 0.992 50.241 1.000 9.580
Purge flow 0.992 152.073 0.998 76.544 0.997 94.147 1.000 20.509

Crystallizer feed flow 0.993 250.751 0.998 131.825 0.996 175.155 1.000 30.989
Product composition x1 0.990 0.001 1.000 0.000 0.994 0.001 1.000 0.000
Product composition x2 0.982 0.001 1.000 0.000 0.991 0.000 1.000 0.000
Product composition x3 0.984 0.001 1.000 0.000 0.990 0.000 1.000 0.000

Mother liquor composition x1 0.994 0.005 1.000 0.001 0.997 0.004 1.000 0.000
Mother liquor composition x2 0.991 0.006 1.000 0.001 0.997 0.004 1.000 0.000
Mother liquor composition x3 0.994 0.006 1.000 0.001 0.997 0.004 1.000 0.000

Crystallizer feed composition x1 0.994 0.004 0.999 0.002 0.997 0.003 1.000 0.001
Crystallizer feed composition x2 0.993 0.004 0.998 0.002 0.997 0.002 1.000 0.001
Crystallizer feed composition x3 0.993 0.004 0.998 0.002 0.997 0.003 1.000 0.001

With 500 training samples, both models achieve high R2 values (≥0.98). However, the
hybrid model consistently exhibits lower RMSE values—especially for large flows such
as recycle and mother liquor flow. For instance, the hybrid network reduces the recycle
flow RMSE from 77.03 kg/h to 45.68 kg/h and the product flow RMSE from 83.22 kg/h to
42.28 kg/h compared to the stand-alone network.

When the training set is increased to 3000 samples, both models benefit from the larger
dataset, achieving higher R2 values and lower RMSE. Notably, the hybrid network reaches
near-perfect accuracy (R2 ≈ 1.000) for many outputs, showcasing its ability to leverage
data-driven fitting and first-principles constraints. Although the stand-alone model also
improves (e.g., the crystallizer temperature RMSE decreases from 0.426 K to 0.314 K), it still
falls short of the hybrid model’s near-unity R2.

Figures 4 and 5 illustrate these interpolation results for four representative outputs—
crystallizer temperature, recycle flow, crystallizer feed composition, and product
composition—using 500 and 3000 training samples, respectively. In each figure, the pre-
dictions of the hybrid model are more closely aligned with the diagonal line, indicating
better overall accuracy and less systematic deviation compared to the stand-alone approach.
This improvement is particularly noticeable for variables closely related to thermodynamic
constraints and mass balances (e.g., compositions and major flow splits).



Processes 2025, 13, 1414 12 of 25

Processes 2025, 13, x FOR PEER REVIEW 12 of 25 
 

 

improvement is particularly noticeable for variables closely related to thermodynamic 
constraints and mass balances (e.g., compositions and major flow splits). 

  
(a) (b) 

Figure 4. Interpolation estimates obtained with 500 training samples for (a) the stand-alone NN and 
(b) the hybrid NN, illustrating crystallizer temperature, recycle flow, crystallizer feed composition, 
and product purity. 

Figure 4. Interpolation estimates obtained with 500 training samples for (a) the stand-alone NN and
(b) the hybrid NN, illustrating crystallizer temperature, recycle flow, crystallizer feed composition,
and product purity.



Processes 2025, 13, 1414 13 of 25

Processes 2025, 13, x FOR PEER REVIEW 13 of 25 
 

 

  
(a) (b) 

Figure 5. Interpolation estimates obtained with 3000 training samples for (a) the stand-alone NN 
and (b) the hybrid NN, illustrating crystallizer temperature, recycle flow, crystallizer feed compo-
sition, and product purity. 

Overall, the interpolation results confirm that incorporating mechanistic knowledge 
yields higher fidelity predictions, especially when training data are limited. As the sample 
size increases, both approaches converge to high performance; however, the hybrid model 

Figure 5. Interpolation estimates obtained with 3000 training samples for (a) the stand-alone NN and
(b) the hybrid NN, illustrating crystallizer temperature, recycle flow, crystallizer feed composition,
and product purity.

Overall, the interpolation results confirm that incorporating mechanistic knowledge
yields higher fidelity predictions, especially when training data are limited. As the
sample size increases, both approaches converge to high performance; however, the hy-
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brid model consistently excels at capturing mass balance relationships and the effects of
non-ideal solutions.

4.2. Extrapolation Performance

The extrapolation capabilities of the models were evaluated by applying them to
operating conditions outside the domain specified in Table 1. Three main scenarios were
tested: (1) broadening the acrylic acid feed composition to a range of 0.70–1.00 (with wa-
ter content up to 0.25), (2) extending the distribution coefficient from 0.10 to 0.20, and
(3) simultaneously expanding multiple parameters, which included acrylic acid com-
position (0.70–1.00), water (0.00–0.25), feed flow rate (1000–15,000 kg/h), recycle ratio
(0.00–0.40), and distribution coefficient (0.00–0.20). Tables 3–5 summarize the results of this
extrapolation performance.

Table 3. Extrapolation results under a broadened acrylic acid feed composition range of 0.70–1.00
(with water up to 0.25). Each row lists the coefficient of determination (R2) and root mean squared
error (RMSE) for the stand-alone neural network and the hybrid neural network.

Output Variable Stand-Alone NN Hybrid NN

R2 RMSE R2 RMSE

Crystallizer temperature 0.979 0.914 0.994 0.483
Product flow 0.990 86.721 0.999 22.710

Mother liquor flow 0.994 161.033 0.999 56.110
Recycle flow 0.979 76.965 0.997 28.296
Purge flow 0.992 151.362 0.999 48.039

Crystallizer feed flow 0.991 276.659 0.999 72.167
Product composition x1 0.963 0.002 0.999 0.000
Product composition x2 0.957 0.002 0.998 0.000
Product composition x3 0.955 0.002 1.000 0.000

Mother liquor composition x1 0.993 0.009 1.000 0.002
Mother liquor composition x2 0.994 0.008 1.000 0.002
Mother liquor composition x3 0.990 0.010 1.000 0.001

Crystallizer feed composition x1 0.992 0.007 0.999 0.002
Crystallizer feed composition x2 0.996 0.005 0.999 0.002
Crystallizer feed composition x3 0.995 0.005 0.999 0.002

Table 4. Extrapolation results under an extended distribution coefficient (kdi f f ) range from 0.10 to 0.20,
lying beyond the original training domain. Each row lists the coefficient of determination (R2) and
root mean squared error (RMSE) for the stand-alone neural network and the hybrid neural network.

Output Variable Stand-Alone NN Hybrid NN

R2 RMSE R2 RMSE

Crystallizer temperature 0.990 0.411 0.999 0.153
Product flow 0.990 89.706 0.999 30.654

Mother liquor flow 0.993 170.459 0.999 63.888
Recycle flow 0.970 102.225 0.998 27.533
Purge flow 0.987 197.116 0.999 54.496

Crystallizer feed flow 0.993 251.532 0.999 92.362
Product composition x1 0.968 0.002 1.000 0.000
Product composition x2 0.932 0.002 1.000 0.000
Product composition x3 0.937 0.002 1.000 0.000

Mother liquor composition x1 0.994 0.005 1.000 0.001
Mother liquor composition x2 0.992 0.006 1.000 0.001
Mother liquor composition x3 0.988 0.008 1.000 0.001
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Table 4. Cont.

Output Variable Stand-Alone NN Hybrid NN

R2 RMSE R2 RMSE

Crystallizer feed composition x1 0.988 0.005 0.999 0.002
Crystallizer feed composition x2 0.986 0.005 0.998 0.002
Crystallizer feed composition x3 0.994 0.004 0.998 0.002

Table 5. Extrapolation results under a multi-parameter expansion, where acrylic acid composi-
tion (0.70–1.00), water (0.00–0.25), feed flow (1000–15,000 kg/h), recycle ratio (0.00–0.40), and kdi f f
(0.00–0.20) are all broadened beyond the original training domain. Each row lists the coefficient
of determination (R2) and root mean squared error (RMSE) for the stand-alone and hybrid neural
network models.

Output Variable Stand-Alone NN Hybrid NN

R2 RMSE R2 RMSE

Crystallizer temperature 0.973 1.028 0.994 0.498
Product flow 0.973 233.078 0.998 61.957

Mother liquor flow 0.980 466.914 0.999 112.385
Recycle flow 0.893 380.161 0.980 164.496
Purge flow 0.987 302.825 0.999 81.968

Crystallizer feed flow 0.985 575.308 0.999 172.276
Product composition x1 0.896 0.007 0.998 0.001
Product composition x2 0.874 0.005 0.999 0.000
Product composition x3 0.872 0.005 0.997 0.001

Mother liquor composition x1 0.988 0.011 0.998 0.004
Mother liquor composition x2 0.991 0.009 0.999 0.002
Mother liquor composition x3 0.986 0.011 0.999 0.003

Crystallizer feed composition x1 0.970 0.013 0.998 0.004
Crystallizer feed composition x2 0.990 0.007 0.998 0.003
Crystallizer feed composition x3 0.987 0.008 0.998 0.003

In each scenario, the hybrid model demonstrated higher R2 values and significantly
lower root mean square errors (RMSEs) than the stand-alone model, indicating a more
robust response to off-design conditions. For example, when the feed composition was
broadened from 0.80–1.00 to 0.70–1.00, the stand-alone model exhibited an RMSE for a
crystallizer temperature of 0.91 K. In contrast, the hybrid model achieved an RMSE of
0.48 K. Additionally, the RMSE for product flow decreased from 86.72 kg/h for the stand-
alone model to 22.71 kg/h for the hybrid model. Similarly, when the distribution coefficient
was extended beyond 0.10, the stand-alone model showed significant error growth in its
predictions, whereas the hybrid network consistently maintained R2 > 0.99. In a multi-
parameter expansion involving acrylic acid composition (ranging from 0.70 to 1.00), water
(from 0.00 to 0.25), feed flow (between 1000 and 15,000 kg/h), recycle ratio (from 0.00 to
0.40), and kdi f f (ranging from 0.00 to 0.20), the extrapolation deviations of the stand-alone
model increased significantly, particularly at higher flow rates. In contrast, the hybrid
model maintained high accuracy for all outputs. For example, the R2 value for the recycle
flow in the stand-alone model dropped to 0.893, while the crystallizer temperature’s root
mean square error (RMSE) rose to 1.028 K. On the other hand, the hybrid model retained an
R2 value of 0.980 for recycle flow and an RMSE of just 0.498 K for temperature predictions.
This demonstrates the superior robustness of the hybrid approach when multiple input
parameters are pushed beyond their training range.

The hybrid model incorporates embedded thermodynamic constraints, such as mass
balances and UNIQUAC-based solid–liquid equilibrium (SLE) calculations, which safe-
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guard against unphysical predictions. By aligning with fundamental phase equilibrium
and conservation laws, this hybrid framework ensures that the model’s learned function
remains within the plausible limits of the process behavior, even when inputs deviate
significantly from the training data. In contrast, a purely data-driven stand-alone approach
lacks these first-principles “anchors” making it more prone to producing unrealistic out-
puts when extrapolating beyond its original calibration domain. As a result, the hybrid
model yields more reliable and physically meaningful predictions across a broader range
of operating conditions.

Figures 6–8 illustrate the extrapolation results for four representative outputs: crystal-
lizer temperature, recycle flow, crystallizer feed composition, and product composition. In
each figure’s panel (a), the stand-alone model displayed increased scatter and systematic
bias, indicating a tendency to over- or under-predict as inputs moved beyond the training
domain. In contrast, panel (b) of each figure shows that the hybrid network consistently
aligns more closely with the diagonal line, suggesting a better ability to maintain physically
plausible relationships even under stress. This robustness stems from the integrated ther-
modynamic framework, which ensures that the model respects mass balances and accounts
for non-ideal solution effects, even at extreme parameter values.
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Overall, these extrapolation results underscore the significant advantage of combin-
ing first-principles knowledge with data-driven learning. While the stand-alone model
performs well under trained conditions (see Section 4.1), it struggles to make reliable predic-
tions once feed composition, separation efficiency, or flow rates exceed its calibration space.
In contrast, the hybrid approach leverages mechanistic constraints to maintain stability and
accuracy across a broader range of operating scenarios. It highlights its value for industrial
crystallization design and optimization where off-design conditions are common.

4.3. Further Discussion on Thermodynamic Parameter Selection

A key factor in the success of the hybrid neural network approach is the quality of
the underlying thermodynamic model. In this study, the UNIQUAC framework provides
baseline activity coefficients for acrylic acid, water, and acetic acid, and the neural network
refines any discrepancies as residual corrections. Naturally, if the UNIQUAC parameters
fail to capture the major non-idealities, the hybrid model must compensate for a more
significant systematic error, which can adversely affect accuracy and robustness.

To examine this dependence, three different UNIQUAC parameter sets were tested
for the hybrid network under interpolation conditions with 3000 training samples: (i) pa-
rameter fitted to both binary and ternary solid–liquid equilibrium data [11], (ii) parameters
based exclusively on binary solid–liquid equilibrium (SLE) data [32,33], and (iii) parameters
relying on binary vapor–liquid equilibrium (VLE) data [34]. Table 6 compares the resulting
interpolation performance for crystallizer temperature. When combined binary–ternary
SLE parameters are used, the hybrid model achieves near-perfect accuracy (R2 ≈ 1.000,
RMSE = 0.081 K). By contrast, relying on binary SLE data alone leads to moderate errors
(RMSE = 0.683 K), whereas using binary VLE parameters drastically degrades the model



Processes 2025, 13, 1414 20 of 25

(R2 = −4.257, RMSE = 9.508 K). Figure 9 further illustrates these differences, showing
predicted versus actual crystallizer temperatures for each parameter set. With the binary
VLE parameters, the baseline UNIQUAC predictions deviate sharply, forcing the neural
network to correct substantial systematic bias and often failing to stay within realistic
thermodynamic bounds.

Table 6. Interpolation results (3000 training samples) for the hybrid neural network under three
different UNIQUAC parameter sets. Each cell shows the coefficient of determination (R2) and root
mean squared error (RMSE) for the crystallizer temperature.

UNIQUAC Parameter Set R2 RMSE (K)

Combined binary and ternary SLE 1.000 0.081
Binary SLE 0.973 0.683
Binary VLE −4.257 9.508

Processes 2025, 13, x FOR PEER REVIEW 20 of 25 
 

 

(𝑅ଶ ≈ 1.000, RMSE = 0.081 K). By contrast, relying on binary SLE data alone leads to mod-
erate errors (RMSE = 0.683 K), whereas using binary VLE parameters drastically degrades 
the model (𝑅ଶ = −4.257, RMSE = 9.508 K). Figure 9 further illustrates these differences, 
showing predicted versus actual crystallizer temperatures for each parameter set. With 
the binary VLE parameters, the baseline UNIQUAC predictions deviate sharply, forcing 
the neural network to correct substantial systematic bias and often failing to stay within 
realistic thermodynamic bounds. 

Table 6. Interpolation results (3000 training samples) for the hybrid neural network under three 
different UNIQUAC parameter sets. Each cell shows the coefficient of determination (𝑅ଶ) and root 
mean squared error (RMSE) for the crystallizer temperature. 

UNIQUAC Parameter Set R2 RMSE (K) 
Combined binary and ternary SLE 1.000 0.081 
Binary SLE 0.973 0.683 
Binary VLE −4.257 9.508 

 

 
(a) 

 
(b) 

 
(c) 

Figure 9. Interpolation estimates for crystallizer temperature using 3000 training samples under
(a) parameter fitted to both binary and ternary solid–liquid equilibrium data, (b) parameters based
exclusively on binary solid–liquid equilibrium data, and (c) parameters relying on binary vapor–
liquid equilibrium data.
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These results confirm that system-specific thermodynamic data—particularly for solid–
liquid equilibrium—are essential for maximizing the hybrid model’s accuracy and physical
consistency. While the residual learning component can partially correct moderate errors, a
poorly calibrated thermodynamic baseline imposes an excessive correction burden on the
neural network, limiting its reliability under interpolation and extrapolation. Consequently,
for industrial crystallization processes, performing or acquiring direct SLE measurements
(rather than relying solely on VLE or binary data) is recommended to ensure the most accu-
rate UNIQUAC parameterization and, thus, the highest-fidelity hybrid model predictions.

4.4. Case Study: Single-Stage Melt Crystallization Design Using a Hybrid Neural Network Model

This section demonstrates how a hybrid neural network model can quickly identify
the feasible operating region for single-stage melt crystallization process, especially under
strict product purity constraints. By circumventing many of the computational overheads
associated with detailed thermodynamic simulations, the hybrid model efficiently samples
large portions of the operating parameter space, significantly reducing the time needed for
process optimization.

In this scenario, a product purity constraint of 99.5 wt% acrylic acid is imposed. The
hybrid neural network model finds feasible combinations of the distribution coefficient
(kdi f f ) and the recycle ratio. Figure 10 presents these results for four feed compositions
ranging from 80 to 95 wt% acrylic acid. The colored contours indicate the total product
flow rate at each (kdi f f , recycle ratio) operating condition. At the same time, the red-labeled
isopleths mark the points where product purity reaches exactly 0.995, delineating the
feasibility boundary.

As the recycle ratio increases, the product flow rate rises, reflecting a greater over-
all throughput. However, higher recycle ratios restrict the feasible region for achieving
99.5 wt% purity, as more impurities are continuously recirculated into the crystallizer.
Lower feed compositions, such as 80 wt% acrylic acid, further limit the permissible
range (kdi f f ), suggesting that more effective solid–liquid separation techniques (e.g., wash
columns or multiple washing steps) may be required to attain the desired purity level.
Suppose kdi f f remains significantly large (indicating a low separation efficiency of the
selected unit). In that case, multiple crystallization stages may be necessary instead of
relying on a single-stage crystallizer to achieve the targeted high purity.
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Figure 10. Effect of the distribution coefficient and recycle ratio on product composition, highlighting
the feasible operating region for the crystallization process. The colored contours indicate the product
flow rate (kg/h) at each (kdi f f , recycle ratio) operating condition, while the red-labeled lines (crystal
purity = 0.995) represent isopleths defining the boundary at which crystal product purity reaches
0.995. Panels (a), (b), (c), and (d) correspond to feed compositions of acrylic acid at 95 wt%, 90 wt%,
85 wt%, and 80 wt%, respectively.

In practical applications, these contour and isopleth plots facilitate rapid “what-if”
analyses for industrial design and operation. Rather than conducting computationally
intensive crystallization simulations at every parameter point, the hybrid model quickly
estimates product purity, throughput, and impurity accumulation under various conditions.
Although this example focuses on a single crystallizer, the same approach can be extended
to multi-stage processes or integrated with economic and energy considerations, provid-
ing a robust framework for identifying cost-effective, high-purity strategies for acrylic
acid production.

4.5. Future Work

In addition to our current single-stage crystallization framework, our next objective is
to perform a comprehensive techno-economic assessment of melt crystallization for acrylic
acid production using our developed hybrid neural network model. This assessment will
incorporate operating expenditures (OPEX), capital expenditures (CAPEX), total annualized
costs (TACs), and greenhouse gas (CO2) emissions.

We plan to explore various configurations, including multi-stage crystallization units,
hybrid distillation–crystallization processes, and cocurrent and countercurrent cascade
schemes for continuous suspension-based melt crystallization. These extended studies
aim to evaluate the potential of melt crystallization to outperform conventional separation
processes in terms of energy efficiency, economic viability, and environmental impact.

By integrating robust modeling with comprehensive cost and sustainability metrics,
we aim to demonstrate the broader applicability of melt crystallization as a competitive
and eco-friendly alternative for industrial-scale acrylic acid purification.

Furthermore, although our current work shows strong predictive capabilities, it relies
solely on simulated datasets derived from mass balance models and thermodynamic calcu-
lations. We plan to conduct lab-scale continuous solid–liquid separation experiments for
acrylic acid under various operating conditions to address real-world performance. These
experiments will allow us to measure solid–liquid separation efficiency—particularly for
multicomponent feeds—and compare the results directly with the model’s predictions. In-
corporating these empirical findings will help refine the hybrid neural network framework,
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ensuring it accounts for practical aspects such as wash column performance and potential
non-idealities not captured by pure simulation. In this way, future experimental validation
will enhance the reliability of our surrogate models and provide stronger guidance for
industrial melt crystallization processes.

5. Conclusions
This study demonstrates that incorporating thermodynamics-guided neural network

(NN) modeling significantly improves melt crystallization predictions in the acrylic–water–
acetic acid system. By embedding UNIQUAC-based solid–liquid equilibrium (SLE) con-
straints, the hybrid model shows more accurate and robust performance than a stand-alone
(black-box) NN, especially when operating conditions deviate from or extend beyond the
training domain. Our results highlight the importance of high-quality thermodynamic
parameterization: Combining binary and ternary SLE data minimizes residual corrections
and enhances reliability.

From a practical perspective, the hybrid NN approach enables rapid “what-if” analyses
for single-stage crystallization design, significantly reducing computational overhead
compared to fully rigorous thermodynamic simulations. For example, at a target product
purity of 99.5 wt%, the hybrid model quickly identifies feasible operating zones for the
distribution coefficient and recycle ratio under varying feed compositions. This capability
is particularly beneficial in large-scale acrylic acid production, where feedstock impurities
may vary, and near real-time process optimization is often necessary.

However, the current study relies on thermodynamic-based mass balance simulations
(conceptual design) and does not account for crystal size distribution effects, such as
nucleation and growth rates. In future work, we plan to incorporate pilot-scale or real-
plant data to validate and refine the model’s accuracy while including population balance
considerations. Additionally, we aim to explore multi-stage crystallization or hybrid
distillation–melt crystallization flowsheets and conduct comprehensive techno-economic
analyses addressing capital expenditures (CAPEX), operational expenditures (OPEX), and
CO2 emissions. With ongoing advancements, thermodynamics-guided neural networks
have the potential to become a powerful tool for designing and optimizing sustainable,
high-purity melt crystallization processes on an industrial scale.
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Abbreviations
The following abbreviations are used in this manuscript:

SLE Solid–Liquid Equilibrium
UNIQUAC Universal Quasi-Chemical (activity coefficient model)
LHS Latin Hypercube Sampling
NN Neural Network
MLP Multi-layer Perceptron
RMSE Root Mean Squared Error
R2 Coefficient of Determination
kdi f f Distribution Coefficient
VLE Vapor–Liquid Equilibrium
OPEX Operating Expenditures
CAPEX Capital Expenditures
TAC Total Annualized Costs
CO2 Carbon Dioxide
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