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Abstract: Distributed interconnected systems are complex dynamic systems where every
single subsystem has an impact on other subsystems. Actuators are key components in
interconnected dynamic systems, which are prone to faults due to age and unexpected
conditions. Therefore, there is motivation to develop an effective diagnosis algorithm for
distributed interconnected systems, which is a starting point for predictive maintenance.
In this study, an actuator fault estimation approach is proposed for a class of nonlinear
interconnected systems with direct feedthrough inputs. Specifically, the original intercon-
nected system is transformed into an augmented system by setting an extended state vector
composed of an original state vector and actuator fault vector. An additional control term is
used to eliminate the impact from unknown disturbances on the estimator error dynamics.
Regional pole constraints are considered in the design of the distributed robust observer so
that the poles are placed into a desired stable region. The observer gains are obtained by
solving simultaneous linear matrix inequalities. Finally, the effectiveness of the proposed
method is demonstrated by simulation studies, and a comparison is also provided.

Keywords: actuator fault; fault estimation; interconnected systems; direct feedthrough
input term; augmented nonlinear observer

1. Introduction
Condition monitoring and fault diagnosis have been recognized as important tools for

improving reliability and safety in engineering systems such as aircraft systems [1], rolling
machines [2], hydro-turbines [3], fuel cells [4], electrical batteries [5], electrical distribu-
tion networks [6], wind turbines [7], photovoltaics [8], chemical processes [9], high-speed
trains [10], marine systems [11], cyber-physical industrial systems [12], and so forth. With
the rapid development of sensing and communication technology, modern engineering
systems are becoming more and more networked and distributed. Many engineering
systems, such as power grids, vehicle queues, flight formations, etc., have the character-
istics of the interconnection of multiple sub-systems through physical communication or
information communication [13,14]. Due to the interdependence of each subsystem, the
overall complexity of the system is significantly increased. Each individual subsystem
has different dynamic characteristics, and its control requirements are affected by other
subsystems. As a result, system design and analysis have become increasingly complex,
requiring the consideration of not only the states of individual subsystems, but also their
impact on the performance of the entire system. Recently, condition monitoring and fault
diagnosis for interconnected systems have received much attention, and significant results
were documented. In [15], a distributed fault detection approach was used for large-scale
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interconnected systems using sensor networks. In [16], a distributed fault detection method
was presented to monitor the states in interconnected subsystems, and an algorithm was
used to compute the residual signal in a distributed way for detecting a fault. In [17], an
attack detection approach was presented to detect attacks based on statistical methods for
interconnected cyber-physical systems. In [18], a passive set-based fault detection algorithm
was addressed, and an active fault isolation approach was presented for interconnected
systems subjected to local input and state constraints. In [19], a distributed fault detection
and fault isolation scheme was proposed for the formation of multi-vehicle systems.

Fault estimation can provide more information on faults, which has emerged as a
prominent technique. A variety of fault estimation approaches have been developed such as
proportional and integral observer techniques [20,21], augmented system approaches [22],
descriptor system methods [23–25], adaptive observer methods [26,27], sliding-mode ob-
server approaches [28,29], and hybrid approaches [30,31]. Recently, distributed fault estima-
tion for interconnected systems has received much attention, and interesting results have
been documented [32–37]. Specifically, in [32], an augmented system approach together
with Luenberger observer was addressed to estimate actuator faults for interconnected sys-
tems. For discrete-time interconnected systems subjected to additive faults, an augmented
descriptor system approach was presented in [33] to design an observer to reconstruct the
fault signals. In [34], for nonlinear interconnected systems with Markovian switching chan-
nels, augmented system-based distributed observers were designed to estimate additive
faults in the process. In [35], a class of nonlinear interconnected systems was represented
by the TS fuzzy model, and a fuzzy proportional and integral observer was designed to
estimate unexpected actuator faults. In [36], for discrete-time Lipschitz nonlinear inter-
connected systems, an augmented unknown input observer was presented to reconstruct
actuator faults. For interconnected systems subjected to process and measurement distur-
bances, an augmented unknown input observer was used in [37] to estimate additive faults.
When a subsystem was added, only the fault estimator of the added subsystem needed to
be designed, which indicated a plug-and-play feature was enabled in the proposed design
scheme [37]. To achieve the robustness of the fault estimation, the results above [32–37]
used either an unknown input decoupling strategy or disturbance attenuation technique
by seeking a suitable observer gain.

The existing fault diagnosis algorithms in the literature focused on distributed in-
terconnected systems with either sensor faults or actuator faults, but paid less attention
to interconnected systems with direct feedthrough input terms. In this study, the fault
estimation problem for interconnected systems is investigated, where systems with direct
feedthrough input terms subjected to actuator faults are considered. The contributions of
this paper are as listed below:

(i) Actuator fault estimation is investigated for interconnected systems with direct
feedthrough terms. By constructing an augmented state vector composed of original
system states and actuator faults, an augmented descriptor system is established. An
observer is designed for the augmented interconnected system which can achieve a
simultaneous estimate of system states and actuator faults.

(ii) An additional control term is used to mitigate the influence from the process un-
certainties to the estimation error dynamics, ensuring a robustness of the estima-
tion performance.

(iii) Motivated by [33,36], the pole allocation constraints are considered in the design
of the observer gains, so that the estimation error dynamics regulation has more
design freedom.
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(iv) In the proposed design, there are no constraints on the fault conditions in principle.
Therefore, the proposed fault estimation algorithm can diagnose a wide range of faults
occurring in engineering systems.

(v) To the best of our knowledge, this study would be a very pioneering work to explicitly
handle actuator fault estimation for distributed interconnected systems with direct
feedthrough input terms.

The rest of this paper is organized as follows: In Section 2, a system model is in-
troduced, and preliminary knowledge is provided. An augmented nonlinear observer
for a class of nonlinear distributed systems with direct feedthrough input terms is pro-
posed in Section 3. Simulation verification and comparison are provided in Section 4. The
conclusions of this work are drawn in Section 5.

In this paper, the following notations are used. ∥•∥2 represents the 2-norm in Euclidean
space; the super-script symbol T stands for the transpose of matrices or vectors; Rn and
Rn×m denote n-dimensional Euclidean space and the set of n×m real matrices, respectively;
0 stands for scalar zero or a zero matrix with appropriate zero entries; I is an identity matrix

with appropriate dimensionality; G† is the pseudo inverse of G; and

[
S1 S2

∗ S3

]
=

[
S1 S2

ST
2 S3

]
.

2. System Model and Preliminaries
An interconnected system with a direct control feedthrough term is considered

as follows:{ .
xi(t) = Aixi(t) + Biui(t) + ∑N

j=1,j ̸=i Hijxj(t) + Ei fi(t) + Bdidi(t) + Bgig(xi, t)
yi(t) = Cixi(t) + Diui(t) + Fi fi(t)

(1)

where the measurable output vector, control input vector, and state vector are de-
scribed by yi(t) =

[
yi1, yi2, . . . , yip

]T ∈ Rp, ui(t) = [ui1, ui2, . . . , uim]
T ∈ Rm and

xi(t) = [xi1, xi2, . . . , xin]
T ∈ Rn, respectively. fi(t) = [ fi1, fi2, . . . , fiv]

T ∈ Rv represents
additive actuator faults, d(t) = [di1, di2, . . . , diω ]

T ∈ Rω stands for unknown process dis-
turbances, and g(xi, t) ∈ Rg is a nonlinear function. Ai ∈ Rn×n, Ei ∈ Rp×v, Bi ∈ Rn×m,
Bdi ∈ Rn×ω , Bgi ∈ Rn×g, Hij ∈ Rn×n, Di ∈ Rp×m, Fi ∈ Rp×v, and Ci ∈ Rp×n denote known
matrices of the ith interconnected subsystem. Hij represents the coupling association
between subsystems i and j. It is noticed that Diui(t) is the direct feedthrough input term.

The system described by (1) is a complex dynamic system with N subsystems, and
each subsystem has an impact on other subsystems. To understand the interconnected
system (1), one needs to analyze individual subsystems and their interconnected structure.
Many practical systems can be described and analyzed as interconnected systems such as
multiple unmanned aerial vehicles, multiple robotic systems, multiple drones, distributed
power networks, and oscillators with synchronization, etc.

Assumption 1. The distribution matrix Fi is assumed to be full-column rank.

Assumption 2. The process uncertainty di(t) is supposed to be norm-bounded, that is, there is a
positive scalar µi such that ∥di(t)∥ ≤ µi.

Assumption 3 ([38,39]). The nonlinear function g(xi, t) satisfies the following conditions:

∥g(x1, t)− g(x2, t)∥ ≤ γ0∥x1(t)− x2(t)∥, ∀x1, x2 ∈ Rn,t ∈ R

where γ0 is the Lipshitz constant.
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Remark 1.

(i) The direct feedthrough input term is considered in this paper where the matrix of the direct
feedthrough input is a non-zero matrix. In many engineering systems such as aircraft
systems [40] and three-shaft gas turbine engine systems [41], the direct feedthrough input
matrix is full-column rank. Therefore, in this study, the direct feedthrough input matrix Di is
assumed to be full-column rank. The distribution matrix of the additive actuator fault acting
on the system output, that is Fi, is usually the same as Di, or partial columns of Di. As a
result, one can assume Fi is full of column rank in this study.

(ii) The bound of the process uncertainty di(t) is assumed to be known for the analysis. However,
in practical scenarios, the designer can choose a sufficiently large observer parameter to achieve
a robust estimation performance.

(iii) The nonlinear function g(xi, t) is assumed to be globally Lipschitz. γ0 is the Lipschitz constant
which quantifies how much the output of the nonlinear function changes with respect to its
input so that the change rate of the function is bounded. However, the proposed results in
this study can be applied to local Lipschitz systems. More details on Lipschitz systems can be
found in [38,39].

The state xi(t) and the fault fi(t) of the ith subsystem are expanded together and

written as new state vector xi(t) =

[
xi(t)
fi(t)

]
; then, interconnected system (1) is rewritten

as follows:
[In0n×v]

[ .
xi(t).
f i(t)

]
= [Ai Ei]

[
xi(t)
fi(t)

]
+ Biui(t) + ∑N

j=1,j ̸=i
[
Hij 0n×v

][ xj(t)
f j(t)

]
+ Bdidi(t)+Bgig(xi, t)

yi(t) = [Ci Fi]

[
xi(t)
fi(t)

]
+ Diui(t)

(2)

Define

N = [In 0n×v], Ai = [Ai Ei], Ci = [Ci Fi], Hij =
[
Hij 0n×v

]
. (3)

System (2) can be rewritten as follows:{
N

.
xi(t) = Aixi(t) + Biui(t) + ∑N

j=1,j ̸=i Hijxj(t) + Bdidi(t)+Bgig(xi, t)
yi(t) = Cixi(t) + Diui(t)

(4)

Therefore, a simultaneous estimate of the faults and states can be achieved if an
observer can be designed for system (4). Notice that system (4) is a descriptor system
model [42–44], which is more general than a regular dynamic system model.

Since Fi is full column rank, the pair
(

Ni, Ci
)

is full column rank. Therefore, one can
find matrices Qi and Γi such that

Qi N + ΓiCi = I (5)

Before presenting the main result of this section, the following lemmas are provided.

Lemma 1 ([32]). For a given circular region D(o, r), the eigenvalues of the matrix W belong to
D(o, r) , if there is a symmetric matrix X > 0 that satisfies the following inequality:[

−X X(W − oI)
∗ − r2X

]
< 0 (6)
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where o + j0 is the center andr is the radius.

To ensure the stability of the matrix W , the selection of o and r needs to make the
system poles fall in the open left half-complex plane.

Lemma 2 ([33]). For matrices R1 and R2, if the condition that rank

[
R1

R2

]
= rank[R1] is satisfied,

the general solution of [ℵ1 ℵ2]R1 = R2 can be expressed as follows:

[ℵ1 ℵ2] = R2R+
1 +K

(
I −R1R+

1
)

(7)

where K is an arbitrary matrix. R+
1 is the Moore–Penrose inverse of the matrix R1 defined

as R+
1 =

(
RT

1 R1
)−1RT

1 .

Lemma 3. The solutions of Qi and Γi to (5) can be given as follows:

Qi = Ui + ZiWi, Γi = Vi + ZiTi (8)

where

Ui =

[
N
Ci

]+[
In

0p×n

]
∈ R(n+v)×n (9a)

Wi =

In+p −
[

N
Ci

][
N
Ci

]+[ In

0p×n

]
∈ R(n+p)×n (9b)

Vi =

[
N
Ci

]+[
0n×p

Ip

]
∈ R(n+v)×p (9c)

Ti =

In+p −
[

N
Ci

][
N
Ci

]+[0n×p

Ip

]
∈ R(n+p)×p (9d)

and Zi ∈ R(n+v)×(n+p) is a matrix.

Proof. From (5), one has [Qi Γi]

[
N
Ci

]
= I. It is clear that

[
N
Ci

]
=

[
I 0

Ci Fi

]
is full-column

rank, as Fi is supposed to full-column rank. According to Lemma 2, one can obtain
the following:

[Qi Γi] =

[
N
Ci

]+
+ Zi

In+p −
[

N
Ci

][
N
Ci

]+ (10)

From (10), one can obtain the matrices described in (9a)–(9d). □

Assumption 4. One assumes

rank
(
CiQiBdi

)
= rank(QiBdi) (11)

Under Assumption 4 and from the references [45,46], one can find a symmetrical
positive definite matrix Pi ∈ R(n+v)×(n+v) ∈ R(n+v)×(n+v) and a matrix Φi ∈ Rw×p so that
the following equality holds:

Pi(QiBdi) =
(
ΦiCi

)T (12)
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According to [47], one can express equality (12) as an inequality as follows:
min βi[

βi I BT
diQ

T
i Pi − ΦiCi

PiQiBdi − CT
i ΦT

i βi I

]
≥ 0

βi ≥ 0

(13)

Substituting Qi in (8) into (13), one can obtain the following:
minβi[

βi I BT
diU

T
i Pi + BT

diW
T
i MT

i − ΦiCi

PiUiBdi + MiWiBdi − CT
i ΦT

i βi I

]
βi ≥ 0

≥ 0 (14)

where Pi ∈ R(n+v)×(n+v) and Mi ∈ R(n+v)×(n+p) are solved in the linear matrix inequality
(14), and one can calculate Zi = P−1

i Mi.
Let

U = diag(U1, U2, · · · , UN) ∈ R(n+v)N×nN , (15a)

Z = diag(Z1, Z2, · · · , ZN) ∈ R(n+v)N×(n+p)N , (15b)

W = diag(W1, W2, · · · , WN) ∈ R(n+p)N×nN , (15c)

V = diag(V1, V2, · · · , VN) ∈ R(n+v)N×pN , (15d)

T = diag(T1, T2, · · · , TN) ∈ R(n+p)N×pN , (15e)

Q = diag(Q1, Q2, · · · , QN) ∈ R(n+v)N×nN , (15f)

Γ = diag(Γ1, Γ2, · · · , ΓN) ∈ R(n+v)N×pN , (15g)

P = diag(P1, P2, · · · , PN) ∈ R(n+v)N×(n+v)N , (15h)

M = diag(M1, M2, · · · , MN) ∈ R(n+v)N×(n+p)N . (15i)

From (8) and (15a)–(15i), one can obtain the following:

Q = U + ZW and Γ = V + ZT. (16)

Lemma 4 ([48]). Given constant matrices X and Y with appropriate dimensions, for any scalar
σ > 0, the following inequality holds:

XTY + YTX ≤ σXTX +
1
σ

YTY (17)

Lemma 5 ([48]). For a symmetric matrix Q =

[
Q11 Q12

∗ Q22

]
, Q < 0 is equivalent to Q22 < 0 and

Q11 − Q12Q−1
22 QT

12 < 0.

Remark 2. The method in Lemma 5 is called the Schur complement method [49,50], which is
important for solving optimization issues using linear matrix inequalities (LMIs). There is an LMI
toolbox and extended toolbox in MATLAB [51] for LMI-based design and synthesis [52–54].
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3. Fault Estimation for Nonlinear Distributed Systems
For system (4), a distributed robust nonlinear observer can be designed as follows:{ .

zi(t) = Kizi(t) + Ji(yi − Diui(t)) + QiBiui(t) + vi(t) + Qi∑N
j=1,j ̸=i Hij x̂j(t)+QiBgig(x̂i, t)

x̂i(t) = zi(t) + Γi(yi − Diui(t))
(18)

where Ki = Qi Ai − LiCi, Ji = Li + KiΓi. Li is the observer gain matrix to be designed.
The control term vi(t) meets the following control law:

vi =

 αi
(Qi Bdi)Φieyi(t)

∥Φieyi(t)∥ , eyi(t) ̸= 0

0, eyi(t) = 0
(19)

where αi ≥ µi,
eyi(t) = yi(t)− ŷi(t) (20)

ŷi(t) = Ci x̂i(t) + Diui(t) (21)

Remark 3. vi(t) is the nonlinear control input, and the idea is borrowed from the sliding-mode
control design [55–57]. The specified discontinuous input characteristics can be used to remove the
effect from uncertainty so that the proposed estimator has a robust suppression capability against
external interference.

Define
exi(t) = xi(t)− x̂i(t) (22)

e f i = fi(t)− f̂i(t) = Ivexi (23)

where Iv = [0, Iv].
From (4), (18) and (22), one can obtain the following:

exi(t) = xi(t)− x̂i(t)
= xi(t)− zi(t)− Γi(yi − Diui(t))
= xi(t)− zi(t)− ΓiCixi(t)

(24)

Taking the derivative of (24), one obtains
.
exi(t) =

(
I − ΓiCi

) .
xi(t)−

.
zi(t)

= Qi N
.
xi(t)−

.
zi(t)

−
(

Kizi + Ji(yi − Diui(t)) + QiBiui(t) + vi(t) + Qi
N
∑

j=1,j ̸=i
Hij x̂j(t) + QiBgig(x̂i, t)

)
= Qi Aixi(t) + QiBiddi(t)− Kizi(t)− Ji(yi − Diui(t))− vi(t)+Qi

N
∑

j=1,j ̸=i
Hijexj + QiBgi(g(xi, t)− g(x̂i, t))

= Qi Aixi(t) + QiBiddi(t)− Ki(−ΓiCixi(t) + x̂i(t))− JiCixi(t)− vi(t)+Qi
N
∑

j=1,j ̸=i
Hijexj + QiBgi(g(xi, t)− g(x̂i, t))

= Kiexi(t) +
(
Qi Ai − Ki + KiΓiCi − JiCi

)
xi + QiBdidi − vi(t)+Qi

N
∑

j=1,j ̸=i
Hijexj

+QiBgi(g(xi, t)− g(x̂i, t))

(25)

Noticing that Ki = Qi Ai − LiCi, Ji = Li + KiΓi, and letting
∼
gi = g(xi, t)− g(x̂i, t), one

can obtain

.
exi(t) = (Q i Ai − LiCi)exi(t) + QiBdidi − vi(t) + Qi

N

∑
j=1,j ̸=i

Hijexj + QiBgi
∼
gi (26)
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Equation (26) is the dynamic estimation error equation for each subsystem. To repre-
sent the entire system, define

ex(t) =


ex1(t)
ex2(t)

...
exN(t)

, H =


0 H12 · · · H1N

H21 0 · · · H2N
...

...
. . .

...
HN1 HN2 · · · 0

, A =


A1 0 · · · 0
0 A2 · · · 0
...

...
. . .

...
0 0 · · · AN

, (27a)

L =


L1 0 · · · 0
0 L2 · · · 0
...

...
. . .

...
0 0 · · · LN

, C =


C1 0 · · · 0
0 C2 · · · 0
...

...
. . .

...
0 0 · · · CN

,


Bg1 0 · · · 0
0 Bg2 · · · 0
...

...
. . .

...
0 0 · · · BgN

, (27b)

Bd =


Bd1 0 · · · 0
0 Bd2 · · · 0
...

...
. . .

...
0 0 · · · BdN

, v(t) =


v1(t)
v2(t)

...
vN(t)

, d(t) =


d1(t)
d2(t)

...
dN(t)

,
∼
g(t) =


∼
g1(t)∼
g2(t)

...
∼
gN(t)

 (27c)

In terms of (26) and (27a)–(27c), one can describe the dynamic estimation error of the
entire system as

.
ex(t) =




Q1 0 · · · 0
0 Q2 · · · 0
...

...
. . .

...
0 0 · · · QN




A1 0 · · · 0
0 A2 · · · 0
...

...
. . .

...
0 0 · · · AN

−


L1 0 · · · 0
0 L2 · · · 0
...

...
. . .

...
0 0 · · · LN




C1 0 · · · 0
0 C2 · · · 0
...

...
. . .

...
0 0 · · · CN




×


ex1(t)
ex2(t)

...
exN(t)

+


Q1 0 · · · 0
0 Q2 · · · 0
...

...
. . .

...
0 0 · · · QN




Bd1 0 · · · 0
0 Bd2 · · · 0
...

...
. . .

...
0 0 · · · BdN




d1(t)
d2(t)

...
dN(t)

−


v1(t)
v2(t)

...
vN(t)



+


Q1 0 · · · 0
0 Q2 · · · 0
...

...
. . .

...
0 0 · · · QN




0 H12 · · · H1N

H21 0 · · · H2N
...

...
. . .

...
HN1 HN2 · · · 0




ex1(t)
ex2(t)

...
exN(t)



+


Q1 0 · · · 0
0 Q2 · · · 0
...

...
. . .

...
0 0 · · · QN




Bg1 0 · · · 0
0 Bg2 · · · 0
...

...
. . .

...
0 0 · · · BgN




∼
g1(t)∼
g2(t)

...
∼
gN(t)


=
(
QA + QH − LC

)
ex(t) + QBdd(t)− v(t) + QBg

∼
g(t)

(28)

One also can obtain
e f (t) =

(
IN
⊗

Iv

)
ex(t) (29)

where e f (t)=
[
eT

f 1(t), eT
f 2(t), · · · , eT

f N(t)
]T

and
⊗

stands for the Kronecker product.
The estimation error dynamic equations (28) and (29) are important to derive the main

results in this study. Before giving the main results, the following definitions are provided:

Φ= diag(Φ1, Φ2, · · · , ΦN), (30a)

Θ = diag(Θ1, Θ2, · · · , ΘN), (30b)
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ε = diag(ε1, ε2, · · · , εN ,) (30c)

γ = diag(γ1, γ2, · · · , γN) (30d)

Theorem 1. For the augmented interconnected system (4), there is an observer in the form of (18) and
(19) such that the estimator error dynamics are asymptotically stable if there exists a symmetric def-
inite matrix P = diag(P1, P2, · · · , PN) ∈ R(n+v)N×(n+v)N , ε = diag(ε1, ε2, · · · , εN) ∈ RN×N ,
matrices M = diag(M1, M2, · · · , MN) ∈ R(n+v)N×(n+p)N , and Y = diag(Y1, Y2, · · · , YN) ∈
R(n+v)N×pNsuch that the following hold:

(
PUA + MWA + PUH + MWH − YC

)T
+ PUA + MWA + PUH + MWH − YC PUBg + MWBg ΘT

∗ −εI 0

∗ ∗ −
(
εγ2)−1 I

 < 0 (31)

PUBd + MWBd =
(
ΦC
)T (32)

where γ = diag(γ1, γ2, · · · , γN), and γi is Lipschitz constant of the nonlinear term in the ith
subsystem. Based on the solutions to (31) and (32), one can further calculate L = P−1Y and Z =

P−1M.

Proof. Choose a Lyapunov function candidate as follows:

V(t) = eT
x (t)Pex(t) (33)

Using (28) and (33), one can obtain the following:

.
V(t) =

.
e

T
x (t)Pex(t) + eT

x (t)P
.
ex(t)

= eT
x (t)

[(
QA + QH − LC

)T P + P
(
QA + QH − LC

)]
ex(t)

+2eT
x (t)PQBdd(t) + 2eT

x (t)PQBg
∼
g(t)− 2eT

x (t)Pv(t)

(34)

Since Q = U + ZW and M = PZ, (32) implies PQBd =
(
ΦC
)T , which is equivalent

to (11).
Therefore, one can obtain the following:

2eT
xiPiQiBdidi(t)= 2eT

xi
(
ΦiCi

)Tdi(t) (35)
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From (35), one can obtain

2eT
x (t)PQBdd(t)

= 2
[

eT
x1(t) eT

x2(t) · · · eT
xN(t)

]T


P1 0 · · · 0
0 P2 · · · 0
...

...
. . .

...
0 0 · · · PN



×


Q1 0 · · · 0
0 Q2 · · · 0
...

...
. . .

...
0 0 · · · QN




Bd1 0 · · · 0
0 Bd2 · · · 0
...

...
. . .

...
0 0 · · · BdN




d1(t)
d2(t)
...
dN(t)


= 2

N
∑

i=1
eT

xi(t)PiQiBdidi(t)

= 2
N
∑

i=1
eT

xi(t)
(
ΦiCi

)Tdi(t)

≤ 2
N
∑

i=1

∥∥ΦiCiexi(t)
∥∥∥di(t)∥

≤ 2∑N
i=1 µi

∥∥Φi Ciexi(t)
∥∥

(36)

Using the control law in the form of (19), one obtains

−2eT
xi(t)Pivi(t)

= −2eT
xi(t)Piαi

(Qi Bdi)Φieyi(t)

∥Φieyi(t)∥
= −2αi

eT
xi(t)Pi(Qi Bdi)ΦiCiexi(t)

∥ΦiCiexi(t)∥

= −2αi
eT

xi(t)(ΦiCi)
T

ΦiCiexi(t)

∥ΦiCiexi(t)∥
= −2αi

∥∥ΦiCiexi(t)
∥∥

(37)

From (37), one can obtain the following:

−2eT
x (t)Pv(t)

= −2
[

eT
x1(t) eT

x2(t) · · · eT
xN (t)

]T


P1 0 · · · 0
0 P2 · · · 0
...

...
. . .

...
0 0 · · · PN




v1(t)
v2(t)
...
vN(t)


= −2

N
∑

i=1
eT

xi(t)Pivi(t)

= −2∑N
i=1 αi

∥∥ΦiCiexi(t)
∥∥

(38)

It is noticed that∥∥∥∼gi

∥∥∥ = ∥g(xi, t)− g(x̂i, t)∥ ≤ γi∥xi − x̂i∥ = γi
∥∥Θi

(
xi − x̂i

)∥∥ = γi∥Θiexi∥ (39)

where Θi = [In 0n×v].
According to Lemma 4, one can obtain

∼
gi

T(
QiBgi

)T Piexi(t) + eT
xi(t)PiQiBgi

∼
gi

≤ εi
∼
gi

T∼
gi +

1
εi

eT
xi(t)PiQiBgi

(
QiBgi

)T Piexi(t)

≤ εiγ
2
i eT

xi(t)Θ
T
i Θiexi(t) + 1

εi
eT

xi(t)PiQiBgi
(
QiBgi

)T Piexi

(40)

From (40), one obtains the following:



Processes 2025, 13, 1283 11 of 25

2eT
x (t)PQBg

∼
g(t)

= 2
[

eT
x1(t) eT

x2(t) · · · eT
xN (t)

]T


P1 0 · · · 0
0 P2 · · · 0
...

...
. . .

...
0 0 · · · PN



×


Q1 0 · · · 0
0 Q2 · · · 0
...

...
. . .

...
0 0 · · · QN




Bg1 0 · · · 0
0 Bg2 · · · 0
...

...
. . .

...
0 0 · · · BgN




∼
g1(t)∼
g2(t)
...
∼
gN(t)


= 2

N
∑

i=1
eT

xi(t)PiQiBgi
∼
gi(t)

≤
N
∑

i=1

(
εiγ

2
i eT

xi(t)Θ
T
i Θiexi(t) +

1
εi

eT
xi(t)PiQiBgi

(
QiBgi

)T Piexi

)

=
[

eT
x1(t) eT

x2(t) · · · eT
xN (t)

]T


ε1γ2

1 0 · · · 0
0 ε2γ2

2 · · · 0
...

...
. . .

...
0 0 · · · εNγ2

N



×


Θ1 0 · · · 0
0 Θ2 · · · 0
...

...
. . .

...
0 0 · · · ΘN


T

Θ1 0 · · · 0
0 Θ2 · · · 0
...

...
. . .

...
0 0 · · · ΘN




ex1(t)
ex2(t)
...
exN(t)



+
[

eT
x1(t) eT

x2(t) · · · eT
xN (t)

]T



1
ε1

0 · · · 0

0
1
ε2

· · · 0

...
...

. . .
...

0 0 · · · 1
εN



×


P1 0 · · · 0
0 P2 · · · 0
...

...
. . .

...
0 0 · · · PN




Q1 0 · · · 0
0 Q2 · · · 0
...

...
. . .

...
0 0 · · · QN




Bg1 0 · · · 0
0 Bg2 · · · 0
...

...
. . .

...
0 0 · · · BgN



×




Q1 0 · · · 0
0 Q2 · · · 0
...

...
. . .

...
0 0 · · · QN




Bg1 0 · · · 0
0 Bg2 · · · 0
...

...
. . .

...
0 0 · · · BgN




T
P1 0 · · · 0
0 P2 · · · 0
...

...
. . .

...
0 0 · · · PN




ex1(t)
ex2(t)
...
exN(t)


= εγ2eT

x (t)ΘTΘex(t) + ε−1eT
x (t)PQBg

(
QBg

)T Pex(t)

(41)

Substituting (36), (38), and (41) into (34), one obtains the following:

.
V(t) = eT

x (t)
[(

QA + QH − LC
)T P + P

(
QA + QH − LC

)]
ex(t)

+2eT
x (t)PQBdd(t) + 2eT

x (t)PQBg
∼
g(t)− 2eT

x (t)Pv(t)

≤ eT
x (t)

[(
QA + QH − LC

)T P + P
(
QA + QH − LC

)]
ex(t) + 2

N
∑

i=1
µi
∥∥ΦiCiexi(t)

∥∥
+εγ2eT

x (t)ΘTΘex(t) + ε−1eT
x (t)PQBg

(
QBg

)T Pex(t)− 2∑N
i=1 αi

∥∥ΦiCiexi(t)
∥∥

= eT
x (t)

[(
QA + QH − LC

)T P + P
(
QA + QH − LC

)
+ εγ2ΘTΘε−1PQBg

(
QBg

)T P
]
ex(t)

+∑N
i=1
(
2(µi − αi)

∥∥ΦiCiexi
∥∥)

(42)

Since αi > µi, (42) becomes the following:
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.
V(t) ≤ eT

x (t)
[(

QA + QH − LC
)T P + P

(
QA + QH − LC

)
+ εγ2ΘTΘ + ε−1PQBg

(
QBg

)T P
]
ex(t)

= eT
x (t)Ωex(t)

(43)

where

Ω =
(
QA + QH − LC

)T P + P
(
QA + QH − LC

)
+ εγ2ΘTΘ + ε−1PQBg

(
QBg

)T P (44)

From Lemma 5, one can find that Ω < 0 in (43) is equivalent to the following:

Ωm =


(
QA + QH − LC

)T P + P
(
QA + QH − LC

)
PQBg ΘT

∗ −εI 0

∗ ∗ −
(
εγ2)−1 I

 < 0 (45)

Substituting Q = U + ZW, Y = PL, and M = PZ into Ωm in (45), one can obtain the
left-hand term in (31). As a result, (31) holds implies that (45) holds, which further implies
Ω < 0 in (44). From (43), one obtains

.
V(t) < 0. Therefore, the estimator error dynamics in

(28) are asymptotically stable. This completes the proof. □

Theorem 2. For the augmented interconnected system (4), there is an observer in the form of (18)
and (19) such that the estimator error dynamics are asymptotically stable, and the eigenvalues of the
system matrix in estimation error dynamics Equation (28) are allocated to the desired stable region
D(o, r) if there exists a symmetric definite matrix P = diag(P1, P2, · · · , PN) ∈ R(n+v)N×(n+v)N ,
ε = diag(ε1, ε2, · · · , εN) ∈ RN×N , matrices M = diag(M1, M2, · · · , MN) ∈ R(n+v)N×(n+p)N ,
and Y = diag(Y1, Y2, · · · , YN) ∈ R(n+v)N×pN such that (31), (32), and the following hold:[

−P PUA + MWA + PUH + MWH − YC − oP
∗ −r2P

]
< 0 (46)

where o + j0 is center and r is the radius of the stable region D(o, r).

Proof. According to Lemma 1, one can assign the eigenvalues of the system matrix
QA + QH − LC into the region D(o, r) if the following holds:[

−P P
(
QA + QH − LC − oI

)
∗ − r2P

]
< 0 (47)

Noticing that Q = U + ZW, M = PZ, and Y = PL, (47) is equivalent to (46). This
completes the proof. □

Remark 4. When all of the poles of the estimation error dynamics are allocated within the open
left half-complex plane, the estimation error dynamics are asymptotically stable. The stable region
D(o, r) is the subset of the open left half-complex plane. For instance, o = −2 and r = 1, D(o, r) is
a stable region.

Remark 5. Equality (32) can be solved by the following formula:
minβ[

βI BT
d UT PT + BT

d WT MT − ΦC
∗ βI

]
β ≥ 0

≥ 0 (48)

which is equivalent to (13) when β = diag(β1, β2, · · · , βN).
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It is noticed that (48) is easier to solve by using the linear matrix inequality tool.

Remark 6. By solving (31), (46), and (48) simultaneously, one can obtain the matrices P =

diag(P1, P2, · · · , PN), Y = diag(Y1, Y2, · · · , YN), and M = diag(M1, M2, · · · , MN). One can
further calculate the following:

L = P−1Y =


P−1

1 Y1 0 · · · 0
0 P−1

2 Y2 · · · 0
...

...
. . .

...
0 0 · · · P−1

N YN



=


L1 0 · · · 0
0 L2 · · · 0
...

...
. . .

...
0 0 · · · LN

,

(49a)

Z = P−1M =


P−1

1 M1 0 · · · 0
0 P−1

2 M2 · · · 0
...

...
. . .

...
0 0 · · · P−1

N MN



=


Z1 0 · · · 0
0 Z2 · · · 0
...

...
. . .

...
0 0 · · · ZN

,

(49b)

Q = U + ZW =


U1 + Z1W1 0 · · · 0
0 U2 + Z2W2 · · · 0
...

...
. . .

...
0 0 · · · UN + ZNWN



=


Q1 0 · · · 0
0 Q2 · · · 0
...

...
. . .

...
0 0 · · · QN

,

(49c)

Γ = V + ZT =


V1 + Z1T1 0 · · · 0
0 V2 + Z2T2 · · · 0
...

...
. . .

...
0 0 · · · VN + ZNTN



=


Γ1 0 · · · 0
0 Γ2 · · · 0
...

...
. . .

...
0 0 · · · ΓN

,

(49d)
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K = QA − LC =


Q1 A1 − L1C1 0 · · · 0
0 Q2 A2 − L2C2 · · · 0
...

...
. . .

...
0 0 · · · QN AN − LNCN



=


K1 0 · · · 0
0 K2 · · · 0
...

...
. . .

...
0 0 · · · KN

,

(49e)

J = L + KΓ =


L1 + K1Γ1 0 · · · 0
0 L2 + K2Γ2 · · · 0
...

...
. . .

...
0 0 · · · LN + KNΓN



=


J1 0 · · · 0
0 J2 · · · 0
...

...
. . .

...
0 0 · · · JN


(49f)

where Ui, Vi, Wi, and Ti are calculated by (9a)–(9d), and Ai and Ci are defined in (3). As a result,
the observer parameters are obtained in compact forms.

Corollary 1. For the augmented interconnected system (4), there is an observer in the form of (18)
and (19) such that the estimator error dynamics are asymptotically stable, and the eigenvalues of the
system matrices in estimation error dynamics Equation (28) are allocated to the desired stable region
D(o, r) if there exist symmetric definite matrices Pi ∈ R(n+v)×(n+v), positive scalars εi, matrices
Mi ∈ R(n+v)×(n+p), and Yi ∈ R(n+v)×p, i = 1, 2, . . . , N, such that the following hold: Σ11 Σ12 Σ13

∗ Σ22 Σ23

∗ ∗ Σ33

 < 0 (50)

[
Ξ11 Ξ12

∗ Ξ22

]
< 0 (51)

PiUiBdi + MiWiBdi =
(
ΦiCi

)T (52)

where

Σ11 =


Λ11 Λ12 · · · Λ1N

Λ21 Λ22 · · · Λ1N
...

...
. . .

...
ΛN1 ΛN2 · · · ΛNN

,

Λii = PiUi Ai + MiWi Ai − YiCi +
(

PiUi Ai + MiWi Ai − YiCi
)T , i ∈ {1, 2, · · · , N},

Λij = PiUi Hij + MiWi Hij + HT
jiUT

j Pj + HT
jiWT

j MT
j , i ̸= j, i, j ∈ {1, 2, · · · , N},

Σ12 = diag
(

P1U1Bg1 + M1W1Bg1, P2U2Bg2 + M2W2Bg2, · · · , PNUN BgN + MNWN BgN
)
,

Σ13 = diag
(
ΘT

1 , ΘT
2 , · · · , ΘT

N
)
,

Σ22 = diag(−ε1,−ε2, · · · ,−εN),
Σ23 = 0N×nN ,

Σ33 = diag
(
− 1

ε1γ2
1
,− 1

ε2γ2
2
, · · · ,− 1

εN γ2
N

)
;

Ξ11 = diag(−P1,−P2, · · · ,−PN),
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Ξ12 =


Π11 Π12 · · · Π1N

Π21 Π22 · · · Π2N
...

...
. . .

...
ΠN1 ΠN2 · · · ΠNN

,

Ξ22 = diag
(
−r2P1,−r2P2, · · · ,−r2PN

)
,

Πii = PiUi Ai + MiWi Ai − YiCi − oPi, i ∈ {1, 2, · · · , N},
Πij = PiUi Hij + MiWi Hij, i ̸= j, i, j ∈ {1, 2, · · · , N}.

Proof. Substituting H in (27a) and other symbols defined in (15a)–(15i) and (30a)–(30d)
into (31) and (46), one can obtain (50) and (51), respectively. Moreover, (32) is equivalent to
(52). This completes the proof. □

Remark 7. Equality (52) can be solved by using inequality (14). By solving (14), (50), and (51),
one can obtain the matrices Pi, Mi, and Yi. For i ∈ {1, 2, · · · , N}, one can then calculate the
observer gains as follows:

Li = P−1
i Yi, (53a)

Zi = P−1
i Mi, (53b)

Qi = Ui + ZiWi, (53c)

Γi = Vi + ZiTi, (53d)

Ki = Qi Ai − LiCi, (53e)

Ji = Li + KiΓi (53f)

Remark 8. Implementing the observer in the form of (18) and (19), one can obtain the estimates of
the actual actuator fault signals and system state signals as follows:

f̂i(t) = [0v×n Iv]x̂i(t) (54)

x̂i(t) = [In 0n×v]x̂i(t) (55)

From (54), one can determine when a fault occurs, which component is faulty, and the size and
shape of the fault.

Procedure 1. Distributed fault estimation for linear interconnected system

(i) Construct an augmented descriptor distributed interconnected system in the form of
(4), and the system matrices are defined in (3).

(ii) Calculate matrices Ui, Wi, Vi, and Ti using (9a)–(9d).
(iii) Solve the linear matrix inequalities (14), (50), and (51) simultaneously to obtain Pi and

Yi. One can then calculate Li = P−1
i Yi, Ki = Φi Ai − LiCi, and Ji = Li + KiΓi.

(iv) Implementing the distributed fault estimation observer (18) and (19), one can have a
simultaneous estimate of system states and actuator fault signals in the form of (54)
and (55).
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Remark 9. In this study, we have developed a novel fault diagnosis approach for interconnected
systems with direct feedthrough input subjected to actuator faults. We can determine when a fault
occurs, and the location, size, and shape of the fault, which is crucial for predictive maintenance for
industrial systems. The proposed diagnosis approach is offline design but real-time implementation,
which can be applied to industrial systems if the model is available to the designer.

4. Simulation Study and Discussion
4.1. Simulation Study

Consider the interconnected system in the form of (1), where the parameters are given
as follows:

A1 =

 −1.5 0 2.5
0 −1.5 −1
0.1 0 −2

, B1 = E1 =

 1 0
0 1
1 0

,

C1 =

 1 0 0
0 1 0
0 0 1

, D1 = F1 =

 1 0
−1 0
−1 1

,

Bd1 =

 0.13
0.2
0.1

, H12 =

 0.3 −0.1 0.1
0.1 0 0.1
0.2 0.2 0.1

,

g(x1, t) = 0.5sin(x12(t)), Bg1 =

 0
0
1

,x1(t) =

 x11(t)
x12(t)
x13(t)

,

A2 =

 −1 0 3
−1 − 3 − 0.5
0.4 0 − 2

, B2 = E2 =

 0 1
1 0
1 0

,

C2 =

 1 0 0
0 1 0
0 0 1

, D2 = F2 =

 1 0
−1 0
0 1

,

Bd2 =

 0.15
0.4
0.2

, H21 =

 0 0.1 0.1
−0.1 0 0.1
0 0.2 0

,

g(x2, t) = 0.4sin(x23(t)), Bg2 =

 0
0
1

, x2(t) =

 x21(t)
x22(t)
x23(t)

.

The input signals are u1(t) = u2(t) =

[
2
5

]
. In this section, MATLAB/Simulink [58] is

used as a simulator to simulate the dynamic responses of the interconnected system and
the proposed observer. The unknown input disturbances are depicted by Figure 1.
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Notice that the Lipschitz constants are set to γ1 = 0.5 and γ2 = 0.4, and select
ε1 = ε2 = 10, o = −2, and r = 1.5. By solving (14), (50), and (51), the observer gains can be
obtained as follows:

L1 =


0.9921 0.1276 0.6147
0.5480 1.4119 −0.6160
0.5479 0.4188 −0.5847
0.5495 −0.1271 −0.6157
−0.0014 −0.5477 1.5089

,

L2 =


0.9001 0.9833 1.5220
0.6467 0.5629 −1.5204
1.3058 0.8698 −0.8615
0.6434 −0.9799 −1.5207
−1.3039 −0.8685 2.4018

,

K1 =


−1.9012 0.4633 1.2943 0.3562 −1.0087
0.3611 −2.0027 −1.2931 −0.3583 1.0099
0.0066 0.0357 −1.8699 −0.0168 0.2817
0.3596 −0.4639 −1.2934 −1.8982 1.0096
0.3559 −0.4978 −0.9634 −0.3405 −0.8119

,

K2 =


−1.3546 −0.1650 0.7962 −0.1895 −0.7947
−0.1921 −1.3810 −0.7979 0.1889 0.7931
−0.1785 0.2211 −2.0476 0.2004 0.4979
−0.1889 0.1616 −0.7974 −1.3505 0.7935
0.1766 −0.2224 0.5073 −0.2009 −2.0381

,

J1 =


0.8264 0.6144 −0.3940
−0.8265 −0.6143 0.3939
0.0808 −0.3132 −0.3030
−0.8264 −0.6144 0.3940
−0.9071 −0.3011 0.6970

,

J2 =


0.8512 1.1240 0.7273
−0.8512 −1.1239 −0.7273
0.6380 0.0016 −0.3636
−0.8512 −1.1240 −0.7272
−0.6380 −0.0017 0.3636

,

Φ1 =
[
−0.0921 −0.2394 0.0995

]
,

Φ2 =
[
−0.1349 −0.2893 0.0398

]
.

In the simulation, the actuator faults in two subsystems are given as follows:

f11(t) =

{
−5sin(20t)cos(20t), 5 ≤ t ≤ 30
0, otherwise

f12(t) =

{
5cos(10t − 10), t ≥ 10
0, otherwise

f21(t) =


0.5, 5 ≤ t < 10
0.5sint, t ≥ 10
0, otherwise

f22(t) =

{
2sin3(0.3t), 5 ≤ t ≤ 25
0, otherwise
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Figure 1. Uncertain disturbances d1(t) and d2(t).

In the simulation, the initial states of the two subsystems are x1(0) = [−2 1 − 2]T

and x2(0) = [5 − 1 3]T , respectively. Select the parameter α1 = α2 = 50. The curves of
the states and their estimates for subsystem 1 are shown by Figure 2. The trajectories of
the additive actuator faults and their estimates for subsystem 1 are displayed by Figure 3.
The states and their estimates for subsystem 2 are exhibited by Figure 4, and the actuator
faults and their estimates for subsystem 2 are drawn in Figure 5. From Figures 2–5, one
can notice that the estimated signals can track the real signals well. More specifically, the
states of two subsystems are reconstructed excellently and the additive actuator faults
are successfully estimated with high accuracy. The impacts from the uncertainties on the
estimated curves are alleviated successfully, showing a strong robustness of the proposed
observer. Moreover, both high-frequency and low-frequency fault signals are reconstructed
excellently, indicating a wide applicability of the proposed estimator.
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Remark 10. In the proposed fault estimation approach, the fault signal is incorporated into an
extended state vector which is estimated by using an extended state observer. As a result, there are
no constraints on the types of faults considered in principle. From the simulation studies, one can
conclude that fault-free signals (zero signals), abrupt faults (step signals), and sinusoidal signals
(low- and high-frequency signals) can be well reconstructed.
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4.2. Discussion for Comparison

For the comparison, Table 1 is provided to summarize the advantages and limits of
the existing approaches in the literature and the proposed approach in this paper. One
can perceive that the proposed approach is a unique approach for handling actuator
faults for interconnected systems with a direct feedthrough input term and is capable
of reconstructing both low-frequency and high-frequency fault signals and has excellent
robustness by removing the impact from uncertain process disturbances. As a result, the
proposed approaches outperform many of the existing actuator fault estimation techniques
for interconnected systems.

Table 1. Comparison between the proposed approach and other methods for fault estimation.

Fault Estimation Approaches for
Interconnected Systems Advantages Limits

Augmented Luenberger
distributed observer [32]

Actuator fault estimation can be
achieved for low-frequency fault
signals, and regional pole constraints
are used to enhance the transient
performance and ability to suppress
the external disturbances.

It is not applicable to estimate
high-frequency actuator fault signals.
Disturbance attenuation ability is
relatively limited compared with
disturbance decoupling techniques.
Neither a nonlinear term nor direct
feedthrough input term is considered
in the interconnected system.

Descriptor distributed
observer [33]

Actuator fault estimation can be
achieved for both low-frequency and
high-frequency actuator fault signals,
and regional pole constraints are used
to enhance the transient performance
and ability to suppress the external
disturbances.

Disturbance attenuation ability is
relatively limited compared with
disturbance decoupling techniques.
Neither a nonlinear term nor direct
feedthrough input term is considered
in the interconnected system.
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Table 1. Cont.

Fault Estimation Approaches for
Interconnected Systems Advantages Limits

Fuzzy proportional and integral
distributed observer [35]

Actuator fault estimation can be
achieved for low-frequency actuator
fault signals with robustness against
uncertainties.

It is not applicable to reconstruct a very
high-frequency actuator fault signal.
Disturbance attenuation ability is
relatively limited compared with
disturbance decoupling techniques.
No direct feedthrough input term is
considered in the interconnected
system.

Nonlinear augmented unknown
input distributed observer [36]

Actuator fault estimation can be
achieved for low-frequency fault
signals, and regional pole constraints
are used to enhance the transient
performance and ability to suppress
the external disturbances.

It is not applicable to reconstruct a very
high-frequency actuator fault signal.
No direct feedthrough input term is
considered in interconnected systems.

Augmented unknown input
distributed observer 1 [37]

Robust actuator fault estimation can be
achieved for low-frequency fault
signals. Process disturbances are
decoupled, and the measurement noise
is attenuated by LMI optimization to
ensure robustness.

It is not applicable to reconstruct
high-frequency actuator fault signals.
Neither a nonlinear term nor direct
feedthrough input term is considered
in the interconnected system.

Augmented unknown input
distributed observer 2 [59]

Actuator fault estimation can be
achieved particularly for
low-frequency fault signals, and
regional pole constraints are used to
enhance the transient performance.

It is not applicable to reconstruct a very
high-frequency actuator fault signal.
Neither a nonlinear term nor direct
feedthrough input term is considered
in the interconnected system.

Adaptive distributed
observer [60]

Actuator fault estimation can be
achieved particularly for
low-frequency fault signals.

Robustness against uncertainty is not
taken into account. The estimation
capability for a high-frequency fault
signal is questionable. Neither a
nonlinear term nor direct feedthrough
input term is considered in the
interconnected system.

Nonlinear augmented Luenberger
distributed observer [61]

Actuator fault estimation can be
achieved for low-frequency fault
signals, and regional pole constraints
are used to enhance the transient
performance and ability to suppress
the external disturbances.

Disturbance attenuation ability is
relatively limited compared with
disturbance decoupling techniques. It
is not applicable to reconstruct a
high-frequency actuator fault signal.
No direct feedthrough input term is
considered in the interconnected
system.

Nonlinear iterative learning
disturbed observer [62]

Actuator fault estimation can be
achieved for both low-frequency and
high-frequency fault signals. The
robustness is discussed.

Disturbance attenuation ability is
relatively limited compared with
disturbance decoupling technique. No
direct feedthrough input term is
considered in the interconnected
system.
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Table 1. Cont.

Fault Estimation Approaches for
Interconnected Systems Advantages Limits

The proposed observer technique
in this paper

Actuator fault estimation can be
achieved for both low-frequency and
high-frequency fault signals. The
process disturbance is removed by
using a nonlinear control term, and
regional pole constraints are used to
enhance the transient performance.
Lipschitz nonlinear terms are
considered. A direct feedthrough input
term is included in the interconnected
system.

Further work needs to be done to
extend the approach to more complex
systems such as interconnected
systems with high nonlinearities.

5. Conclusions
In this study, for interconnected systems with direct feedthrough terms, a nonlinear

observer has been proposed. An augmented system approach has been used to achieve a
simultaneous estimation of system states and actuator faults. An additional control term
in the observer can effectively remove the influence from unknown process uncertainties,
ensuring a robust estimation performance. The simulation studies have demonstrated an
excellent tracking performance of the proposed estimation technique.

The proposed fault estimation approaches have potential in applications to various
engineering systems such smart grids, multi-robot collaboration, etc. Moreover, the pro-
posed fault estimation approach is anticipated to be extended to more complex scenarios,
such as interconnected systems with high nonlinearities, and interconnected systems with
communication delays, in the future.
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