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Abstract: Ensuring repeatability in robotic manipulators is critical for industrial appli-
cations, particularly in cyclic tasks where precision and consistency are required. This
study aims to establish the conditions that are necessary for repeatability in data-driven
task-space control, compare repeatability across redundant robotic manipulators, and re-
duce the computational costs associated with data-based control methods compared to
traditional model-based approaches. To achieve this, a large number of cyclic actions
are simulated, mimicking real-world industrial routines. The methodology evaluates the
estimated Jacobian matrix’s manipulability and its role in facilitating effective task execu-
tion within the operational space of the robot. The results demonstrate that the proposed
approach achieves consistent repeatability at the full pose level of the end-effector, integrat-
ing both position and orientation. In particular, the findings indicate that the proposed
controller minimizes variability and ensures reliable motion execution, even in the pres-
ence of system redundancies, as observed in the eight-DoF KUKA YouBot manipulator.
These insights contribute to advancing data-driven control strategies for redundant robotic
systems, enhancing their applicability in industrial settings.

Keywords: data-driven control; robot kinematics; task-space control; redundant robots;
repeatability

1. Introduction
Robotic manipulators perform commonly repetitive tasks autonomously in current

industrial environments, reducing human participation. This technology increases man-
ufacturing precision and consistency, improves efficiency, and reduces errors [1]. It also
frees human workers to focus on intricate and innovative tasks, improving safety and
job satisfaction. Consequently, it is imperative that these robotic systems perform tasks
both precisely and efficiently [2,3]. On the other hand, redundant robots, which have extra
degrees of freedom (DoFs) beyond the task requirement, generally more than six, enhance
flexibility and adjustability, particularly when mobile bases are used [4]. This feature
enables multiple task executions, path optimization, and obstacle avoidance, contributing
to precise positioning in challenging settings [5,6]. However, increasing DoFs increases
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the complexity of control and repeatability issues as variations in joint configurations and
execution paths may obstruct uniform performance in repetitive tasks, potentially leading
to cumulative errors that affect the precision and reliability of automated systems.

There is a trade-off between robots with limited degrees of freedom (DoFs), which excel
in repeatability and precision for repetitive tasks, and redundant robots, which provide
enhanced flexibility and reach at the expense of consistency in repetitive operations. The
repeatability issues in redundant robots arise from their multiple possible configurations for
the same task [7]. Quadratic programming is used to enhance task accuracy by minimizing
errors, but this approach relies heavily on theoretical models [8]. Differences between these
models and actual conditions may cause deviations. Even if the error at the end-effector
is reduced, slight configuration changes can accumulate over time, affecting long-term
precision and performance.

In the last ten years, data-driven modeling and control (DDMC) has become a key
approach to improving autonomy in industrial systems [9]. It uses real-time data in
closed-loop systems with sensors, actuators, and processors. In DDMC, efficiency involves
minimizing hardware, such as encoders. It operates on feedback from the end-effector’s
position, reducing reliance on multiple measurement sources and thus lowering the failure
risk. DDMC offers a cutting-edge solution for the precise control of the 3D coordinates
of the end-effector in industrial tasks, previously managed by fully specified analytical
models [10]. DDMC requires only the correlation of outputs with inputs in unknown
robotic systems, making it versatile for various types of robots, including rigid, soft, inertial,
and non-inertial [11–14].

DDMC strategies are increasingly popular as they circumvent the constraints of model-
based methods by using sensor data to predict system performance [9,15–19]. For example,
Ref. [20] showcased a dual-arm robotic system executing grasping tasks without pre-
existing kinematic or dynamic knowledge. This method ensured high repeatability due to
constrained end-effectors but did not tackle issues of redundancy. With increased redun-
dancy, disturbances and model inaccuracies are amplified, notably in mobile manipulators.

For a robotic arm, the joint velocity acts as the input, and the end-effector velocity
serves as the output [19]. This connection allows for online estimation of the Jacobian matrix
without a predefined model, which is crucial in the robot kinematic model, especially for
closed-loop control within the task-space of the end-effector. In robotic systems using
DDMC, there are typically two phases. Initially, the Jacobian matrix is computed online via
an estimation method. For example, the work of [21] used an adaptive Kalman filter
to estimate the Jacobian for trajectory tracking in a continuum robot, while Ref. [19]
estimated it for an eight-DoF robot using the Pseudo Jacobian Matrix (PJM) algorithm. The
second phase is the design of a control law in task-space using end-effector pose feedback
and applying the inverse of the estimated Jacobian to convert control signals into joint
coordinates. The closed-loop system presumes an equivalent inverse relationship between
inputs and outputs; thus, model estimation errors must converge before control errors in the
closed-loop system can be resolved. Failing this could compromise end-effector operations.
The work in Ref. [22] proposed a novel DDMC for developing a complete pose (position
and orientation) control strategy for the end-effector of a manipulator. The innovation of
this work lies in the ability to estimate an equivalent analytical Jacobian matrix without the
need to parameterize the orientation partition using a specific orientation representation, as
is typically required in model-dependent control schemes. This alleviates the singularity-
related issues that typically complicate orientation control algorithms. This offers greater
flexibility in implementation as changes in orientation representation do not require offline
modifications of the algorithm.
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Real robotic systems face intensified challenges when sensor data are integrated with
theoretical models. As noted in Ref. [23], sensor error, noise, disturbances, and unmodeled
dynamics hinder control. Accurate position measurements in the operational space are
difficult, particularly under uncertainty [24,25]. Torque-mode robots often encounter
modeling errors despite accurate sensors [26]. The work in Ref. [27] used a nonlinear
disturbance observer to mitigate unmodeled nonlinearities in a two-link torque-mode
robot, managing modeling issues to maintain stability and precision. Robust adaptive
controls have also been proposed to handle disturbances, such as in [28–32].

The repeatability of redundant robots was first examined by the authors in [33], who
defined it using exterior derivatives to assess the integrability of differential constraints.
The authors of Ref. [34] expanded on this, using differential geometry to determine the
repeatability conditions and formulating a matching control strategy. The authors of
Ref. [35] progressed by using redundancy to create repeatable inverses of augmented
Jacobian matrices, selecting the appropriate null spaces. Similarly, the authors of Ref. [36]
leveraged redundancy for secondary tasks in the joint-space, aligning repeatable joint-
space trajectories with primary tasks to achieve cyclic kinematic control. The study in
Ref. [37] furthered these concepts by crafting repeatable joint-space tasks using periodicity
and repeatability metrics. The authors of Ref. [38] applied differential geometry, notably
exterior derivatives, for improved path planning. Furthermore, the study in Ref. [39]
proposed an optimization approach to generate repeatable joint-space trajectories through
holonomic loops for pseudoinverse control.

The pursuit of cyclic motion in redundant robots requires motion planning to address
repeatability concerns, as highlighted in [40]. The authors pointed out the critical role
of offline motion planning for predefined repetitive tasks. In response, the authors of
Ref. [41] developed a randomized planner to create cyclic collision-free paths within the
configuration space, integrating it with their control strategy. The study in Ref. [42] synthe-
sized these advancements by reviewing previous studies on repeatability and suggested
motion-planning-based remedies. In more recent research, the work in Ref. [43] unveiled a
repetitive motion planning method that is suitable for pseudoinverse-based control systems
in redundant robots, taking into account joint constraints, thereby underscoring the value
of motion planners for managing redundancy and maintaining repeatability. Furthermore,
the authors of Ref. [42] noted the drawbacks of conventional kinematic controls, mainly
their lack of backtracking ability. These techniques often result in locally optimal solutions
without considering past outcomes or anticipating future actions, making them prone to
producing reactive motion, where robot movements adapt in real time to current dynamics,
complicating repeatability in tasks demanding consistency.

In this research, it is demonstrated that computing the forward and inverse kinematics,
using DDMC strategies, significantly improves the repeatability of holonomic redundant
robots, such as omnidirectional mobile manipulators, when controlled in the task-space,
and without the need of implicitly enforcing repeatability through secondary tasks or path-
planning. In order to demonstrate this, it is necessary to first analyze the conditions that
are necessary for repeatability and its relationship to the integrability of dynamic systems
according to the Frobenius theorem. By considering these conditions, it becomes under-
standable that some dynamic systems are inherently non-integrable, such as rotational
systems, or those closed-loop systems where the map between inputs/outputs is nonlinear,
aspects that are always present in redundant mobile manipulators, making them inherently
non-integrable. Therefore, in this work, the integrability conditions are summarized such
that it becomes clear how the DDMC strategy makes a redundant mobile manipulator
system fulfill such conditions, even if it is inherently non-integrable.
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The proposed DDMC strategy uses the update law from [22] to estimate the Jacobian
matrix and also incorporates a Sherman–Morrison update to compute the pseudoinverse of
the Jacobian matrix. Both update laws are known to be rank-1, which means the Jacobian
and its inverse are updated through the exterior product of two vectors, forming a matrix
of rank-1; this results in a significantly more efficient way to derive forward and inverse
kinematics compared to classical model-based methods that require the explicit inversion
of the Jacobian matrix. Therefore, our DDMC strategy led to faster convergence of the
Jacobian estimation error, improving the adaptability for sudden changes in the reference
coordinates of the task, which turns out to be of great importance not only for the control
performance but also to fulfill the integrability conditions.

The main contribution of this work is a solution for the repeatability problem—inherent
in redundant mobile manipulators—through a DDMC strategy that achieves fast estimation
and adaptability of the end-effector’s Jacobian, which is the only requirement to satisfy the
integrability conditions. Unlike solutions based on planning and modeling, this approach
preserves the advantages of reactive control schemes (where motion points only to the
directions that exponentially minimize an error), such as fast response times and real-time
feedback, which is crucial for robots in dynamic environments and real-time objective
tracking. Moreover, our control framework does not require feedback from the robot’s joint
coordinates, which are commonly measured by encoders; thus, the hardware dependencies
are also reduced. Simulations validate the effectiveness of our proposed approach, demon-
strating improved repeatability for redundant manipulators and enhanced consistency
across repeated task executions. This improvement arises from the fast convergence of
the estimated Jacobian matrix and its pseudoinverse, better capturing actual robot behav-
ior compared to traditional model-based Jacobians. Once the estimation of the Jacobian
pseudoinverse is complete, it forms an integrable system that significantly mitigates re-
peatability issues, commonly associated with the control of redundant mobile manipulators,
as highlighted in [33–42]. Our simulation is conducted in a virtual environment based on
an industrial workplace since the proposed control law is meant to be used in manipulator
robots for tasks such as welding, surface finishing, and material handling [44–47].

The structure of this paper is as follows: Section 2 elaborates on the repeatability
conditions, Section 3 analyses non-integrable systems, Section 4 addresses strategies for
repeatability in non-integrable systems, Section 5 presents the simulation outcomes, and
Section 6 concludes the study.

2. Conditions for Repeatability in Robotics
The instantaneous kinematic mapping between joint velocities and end-effector veloci-

ties in robotics is commonly described by the Jacobian relationship:

χ̇ = J(q)q̇, (1)

where q ∈ C is the joint-space, containing every possible coordinate of all joints
q = [q1, q2, . . . qn] ∈ Rn, where n = dim(C) represents the robot’s degrees of freedom
(DoFs), typically defining a torus q = (S1)n; q̇ ∈ Rn is the joint-space velocity, χ̇ ∈ Rm is
the task-space velocity (including linear and angular velocities), and J(q) ∈ Rm×n is the
Jacobian matrix relating these velocities. If χ̇ is a twist or has a minimal representation of
angular velocities, then m typically equals 6 for a general spatial robot task. Equation (1) can
be rewritten as a set of velocity constraints of the form J(q)q̇ − χ̇ = 0. Such velocity-level
constraints can be naturally expressed as a Pfaffian constraint:

u(q, q̇) = J(q)q̇ − χ̇ = 0, (2)
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where the function u(q, q̇) enforces a constraint on feasible instantaneous velocities J(q) :
Rn → Rm. To analyze integrability and repeatability, let the velocity-level Constraint (2) be
rewritten in differential form notation. Thus, the differential displacement dq in joint-space
coordinates relates infinitesimally to the displacement dx in task-space via the Jacobian
as follows:

u = J(q)dq − dχ = 0, (3)

which is a differential 1-form constraint. Here, dq and dχ represent infinitesimal variations
in joint-space and task-space, respectively, clearly distinguished from velocities q̇ and
χ̇. The constraint u is then composed of m scalar Pfaffian (differential) forms, ui, each
corresponding to one row of the Jacobian:

ui =
n

∑
j=1

Jij(q)dqj − dxi, i = 1, . . . , m. (4)

2.1. Differential Form Condition

The distribution of allowed infinitesimal motions (directions satisfying (4)) at a config-
uration q is

Dq =
{

dq ∈ Tq(C) | u(q, dq) = 0, ∀u ∈ {u1, u2, . . . , um}
}

, (5)

where Tq(C) denotes the tangent space at configuration q, such that dq ∈ Tq(C). Thus,
Dq ⊂ Tq(C) is the distribution at a specific point q consisting of all possible dq ∈ Dq

satisfying u(q, dq) = 0. Applying Frobenius’ theorem, the integrability condition required
for (5) is verified by checking wedge products (operator ∧) of the differential forms and
their exterior derivatives:

dui ∧ u1 ∧ u2 ∧ · · · ∧ um = 0, ∀i. (6)

In order to verify (6), let the exterior derivative of u be

du = d(J(q)dq)− d(dχ) = dJ(q)dq + J(q)d(dq) + d(dχ), (7)

where it follows that d(dq) = 0 and d(dχ) = 0 since d(d(·)) = 0. Thus, du becomes

du = d(Jdq) = dJ ∧ dq. (8)

Taking the exterior derivative of (4) results in

du =
n

∑
j=1

d(Jij) ∧ dqj, (9)

where

d(Jij) =
n

∑
k=1

∂Jij

∂qk
dqk. (10)

Substituting (10) into (9), the result is

du =
n

∑
j=1

n

∑
k=1

∂Jij

∂qk
dqk ∧ dqj. (11)

The wedge product’s anti-symmetric properties allow us to simplify dui as

du = ∑
1≤j<k≤n

(
∂Jij

∂qk
− ∂Jik

∂qj

)
dqj ∧ dqk. (12)
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With (8) and using the wedge product associativity and anti-symmetry properties,
Condition (6) can be written equivalently as

u ∧ du = (Jdq − dχ) ∧ (dJ ∧ dq) = Jdq ∧ (dJ ∧ dq)− dχ ∧ (dJ ∧ dq),

= −Jdq ∧ (dq ∧ dJ)− dχ ∧ (dJ ∧ dq) = −J(dq ∧ dq) ∧ dJ − dχ ∧ (dJ ∧ dq),

= −dχ ∧ (dJ ∧ dq) = 0, (13)

where, if u∧ du = 0, the system dχ = J(q)dq is integrable. Note that u = 0 must be satisfied
in a way that dχ = Jdq = 0, which leads to dχ ∧ (dJ ∧ dq) = Jdq ∧ (dJ ∧ dq) = 0.

If Condition (13) is fulfilled, it means that the set of vectors dq ∈ Dq satisfies the Pfaffian
constraints u(q, dq) = 0 and forms an integrable subspace or distribution. Therefore,
infinitesimal Constraints (4) can be integrated into global trajectories or paths that are
independent of the particular integration path (without path dependence). The implication
that integrating constraints u(q, dq) = 0 into global trajectories has regarding repeatability
can be understood by rewriting (5) with the explicit definition of (3)

Dq =
{

dq ∈ Tq(C) | J(q)dq − dχ = 0
}

, (14)

where for a given dχ representing the infinitesimal displacement of the end-effector for
a given task χd, if dq ∈ Dq, then there exists a global submanifold (integral manifold)
S ⊆ C × X defined implicitly by u(q, dq), such that (q, χ) ∈ S if and only if χ = f (q) for
some continuously differentiable function f : C → X . Thus, integrability of dχ = J(q)dq
ensures the existence of a well-defined function f (q), such that the global integral manifolds
are given by the graph of the function f

S = {(q, χ) | χ = f (q), q ∈ C}. (15)

Therefore, if (13) is satisfied, the displacement of the task space χ ∈ S depends only on
the endpoints χ(0) → χd and not on the integration path, which means integrability/path
independence; thus, the path χ(0) → χd is uniquely determined by S , which translates into
repeatability. The partition (14) assumes global integrability for any (dq, dχ). However, as
is usually the case, most robotic systems exhibit only local integrability for a given (dqi, dχi).
Then, it is helpful to consider local partitions where the integrability is satisfied

Dq =
⋃

qi∈C
Dqi =

{
dqi ∈ Tq(C) | Ji(q)dqi − dχi = 0

}
, (16)

such that (15) only contains directions where the robot preserves its integrability.

2.2. Lie-Bracket Condition

A similar approach to the Frobenius theorem states that the Lie brackets of the vector
fields that define Dq must be close within itself, ensuring that the distribution is involutive.
The distribution (16) is spanned by the columns of J, which correspond to the vector
fields v1, v2, . . . , vn ∈ Dq. For Dq to be integrable, its vector fields must be closed under
Lie brackets:

[vi, vj] = span{v1, v2, . . . , vn}, ∀i, j, (17)

so the Lie bracket of any two vector fields in the distribution must also lie in D. Thus, for
each pair i, j

[vi, vj] = vi · ∇vj − vj · ∇vi, (18)
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where for the k-th component of [vi, vj]

(vi · ∇vj − vj · ∇vi)
k =

n

∑
l=1

(
∂vk

j

∂ql
vl

i −
∂vk

i
∂ql

vl
j

)
. (19)

If [vi, vj] = 0, infinitesimal motions in the directions of vi and vj in any order will
lead to the same result and the Lie bracket does not generate a new vector. Otherwise,
[vi, vj] ̸= 0 may generate a new direction that can still be expressed as a linear combination
of the original basis vectors given by

[vi, vj] = ∑
k

ck
ijvk, (20)

and, otherwise, the new direction is not spanned by the original basis vectors and the
system is non-integrable.

Remark 1. The following is of the utmost relevance for the remainder of this work:

• The fact that (13) holds under ideal circumstances is to be expected for a system like
dp = Jp(q)dq (the linear velocity partition of dχ) since its structure meets the criteria for
holonomic systems. Then, Jp(q) should perfectly represent the relationship between dq and
dp; thus, the Jacobian must fulfill rank(Jp) = min(m, n) to be well defined and non-singular.
In addition, Jp = ∂p

∂q must reflect the actual changes in p with respect to q, which is not
guaranteed in hybrid task-space control approaches (when the end-effector pose is measured
and the Jacobian is derived from the forward kinematics).

• The angular velocity partition dr = Jω(q)dq is a generalization of any rotational system that
can be written in such a form. Regardless of its angular expression, parameters, or rotation
order, (13) is valid under the same assumptions as dp. However, for systems in SO(3) where
T (SO(3)) ̸= so(3), the non-integrability inherently arises from the basis that generates the
directions of rotation, typically path- and configuration-dependent. This effect is captured by
the Lie-bracket condition (17).

• Fulfilling both (13) and (17) is a necessary and sufficient condition for integrability. Note that
(11) and (19) have a closely related formulation, although not identical. In fact, the condition
du = 0 is considered stronger than (13) and (17) as it naturally implies them both but also
requires either perfect symmetry:

∂Jij

∂qk
=

∂Jik
∂qj

∀i, j, k, (21)

or a trivial solution:
∂Jij
∂qk

= 0 ∀i, j, k, which requires a constant J. Although this constraint
is a stronger indicator of integrability than (17), it is more restrictive as Lie brackets do not
strictly require generating vectors of zeroes as long as these point are in the same directions of
the original basis.

3. Non-Integrable Systems
3.1. Rotational Systems

In rotational systems, their geometric structure of SO(3) inherently prevents full inte-
grability. The non-integrability manifests as path-dependent behavior: the final orientation
after a sequence of rotations depends on the order in which the rotations are applied.
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3.1.1. Euler-Angle Sequences in 3D Rotation

The most clear example of path-dependency in SO(3) is a system like R(q) =

Rx(q1)Ry(q2)Rz(q3) with q1 ⊥ q2 ⊥ q3, which is a sequence of Euler angles x, y, z. The
Jacobian of that system, expressed in the spatial frame, is derived as ω(s) = ṘRT = Jθ q̇,
which known to be

J(s)ω =

1 0 sin(q2)

0 cos(q1) − cos(q2) sin(q1)

0 sin(q1) cos(q1) cos(q2)

. (22)

Then, let Dq = span{v1, v2, v3} be the distribution spanned by the columns of Jθ ; that
is, v1 = Jθ1 , v2 = Jθ2 , v3 = Jθ3 . Then, by following (18), let us first compute the Lie bracket
[v1, v2] = v1 · ∇v2 − v2 · ∇v1, where the first term yields

v1 · ∇v2 =
∂v2

∂q1
=

 0
− sin q1

cos q1

, (23)

the second term v2 · ∇v1 = 0 because v1 is constant, and thus ∂v1
∂q2

= 0. Therefore,
[v1, v2] /∈ Dq since the vector generated (23) lies outside the span of the original basis
vectors {v1, v2, v3}. A single Lie bracket failing to fulfill (17) is enough to consider the
system ω(s) = Jθ q̇ as non-involutive, non-integrable, even if it still satisfies (6).

3.1.2. Rotation Group SO(3) and Axis-Angle Representation

The rotation group SO(3) satisfies (17) when the tangent space is at its origin, such
that TI(SO(3)) = so(3) is the Lie algebra of SO(3), whose basis vector fields correspond to
infinitesimal rotations about the x-, y-, and z-axes, respectively defined by v1 = [1, 0, 0]T ,
v2 = [0, 1, 0]T , and v3 = [0, 0, 1]T , such that {[v1×], [v2×], [v3×]} span the entirety of so(3)
as matrices [vi×] are linearly independent and can be used to write elements of so(3) as a
linear combination:

[ω×] = ωx[v1×] + ω2[v2×] + ω3[v3×] ∈ so(3), (24)

and any finite rotation can be constructed by exponentiating a linear combination as follows:

R(θ) = eθ1v1+θ2v2+θ3v3 . (25)

In this case, the Lie brackets are known to satisfy the following:

[v1, v2] = v3, [v2, v3] = v1, [v3, v1] = v2. (26)

Thus, if Dq = span{v1, v2, v3}, the distribution would be closed in Lie brackets since
each vector generated is within the original basis vectors {v1, v2, v3}. Thus, D ⊆ Dq

satisfies (17), and the system is integrable in the sense that all angular velocities can be
represented using these basis vectors and no new directions are generated.

The drawback of generating R ∈ SO(3) through the exponential map from its Lie
algebra so(3) is that it becomes rotation-agnostic in the sense that it represents a 3D
orientation without explicitly recording the sequence or magnitudes of rotations about
specific axes. The exponential map R(θ) = e[ω×] can describe a rotation matrix equivalent
to any Euler-angle sequence, with a single rotation angle θ = ∥ω∥ about a fixed axis in
3D [ω×]:

R(θ) = e[ω×] = I + sin θ[ω×] + (1 − cos θ)[ω×]2. (27)
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However, this process alone does not explicitly track how much rotation occurred
about the principal axes x, y, z since R(θ) is set to evolve through [ω×] in so(3) with

log(R) = θ[ω̂×], θ = arccos
(

Tr(R)− 1
2

)
, [ω̂×] =

R − RT

2 sin θ
, (28)

where ω = θω̂ ∈ so(3) is a rotation vector in the axis-angle representation, where θ = ∥ω∥
is the rotation angle and ω̂ = ω

∥ω∥ is the axis of rotation. Note that (27) maps so(3) → SO(3),
whereas (28) maps SO(3) → so(3), which are opposites. Mapping back-and-forth across
both groups is common in control. For example: θω̂ = [ω×] = log(R(α, β, γ)) generates the
infinitesimal angular motion towards configuration (α, β, γ) on the shortest path defined by
θω̂—unlike parameterized angular velocity (ϕ̇, θ̇, ψ̇) /∈ so(3), which generates motion in a
path defined by the sequence R(α)R(β)R(γ). Thus, even though θω̂ = log(R(α, β, γ))

is path-independent, (27) retrieves the original matrix R(α, β, γ) = eθω̂, preserving
its path-dependency.

Proposition 1. Consider a system with configuration given by a 3D rotation matrix Rx,y,z(t),
which is set to reach Rd(α, β, γ) = R(α)R(β)R(γ) such that the rotation error is

Re = Rd(α, β, γ)R(t)T . (29)

Now, consider the following axis-angle parameterization for orientation control that drives
Re → I:

[ω×] = −Kplog(Re) = −Kp[ωe×] ≜ u ∈ so(3). (30)

The current orientation state is updated by

R(t + δt) = R(t)e[ω×]δt . (31)

The error dynamics of (29) are given by

Ṙe = −ReṘ(t)R(t)T /∈ so(3). (32)

Even though the control operates entirely within the framework of so(3), the system updating
in SO(3) and the error dynamics Ṙe /∈ so(3) reflect the true physical meaning of non-commutativity
when representing a system with combined rotations. Even if (29) and control (30) lead to ∥Ṙe∥ → 0
and ∥ω∥ → 0 as Re → I, Ṙe may not necessarily follow the same path as ∥ω∥ → 0. Therefore, the
system (32) is non-integrable regardless of (30) as it does not satisfy (6).

Proof. The first step to verify (6) is to compute the derivative of (30):

d(−Kplog(Re)) = −KpAdR−1
e
(ṘeRT

e ) ≜ du, (33)

where d
dt log(Re) = AdR−1

e
(ṘeRT

e ) is the time derivative of the logarithm expressed in terms
of the matrix logarithmic derivative. Then, u ∧ du becomes

u ∧ du = (−Kp[ωe×]) ∧ (−KpAdR−1
e
(ṘeRT

e )). (34)

Consider that log(Re) = −[ωe×] = −[ω̂e×]θ represents the shortest-path rotation
between R(t) and Rd(α, β, γ), whereas ṘeRT

e represents the instantaneous velocity that
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leads R(t) → Rd(α, β, γ) through the path given by the desired composite rotation matrix.
Therefore, in (34), it can be highlighted that

u ∧ du ∝ ωe · (ṘeRT
e ) ̸= 0, (35)

and, since ωe and (ṘeRT
e ) are not aligned or linearly dependent, their wedge product does

not vanish and the system is non-integrable.

Remark 2. Note that, if the current orientation is Rz(t) and the desired one is Rzd(ψ)—describing
a desired rotation of a single angle about the fixed axis z—it requires log(Rzd(ψ)RT

z ) = −[ω̂e×]θ,
where [ω̂e×]θ = [ωe×] is the axis-angle representation. Then, ṘeRT

e = [ω×] = [ω̂×]ψ is the
instantaneous angular velocity that leads to R(t) → Rd(ψ). Therefore, since Re is constrained to
SO(2)—2D rotation about ω̂—then [ω̂×]θ = [ω̂×]ψ and (35) are satisfied: u ∧ du ∝ ωe · ω = 0,
which is expected as there is no ambiguity about the rotation order.

3.1.3. Unit Quaternion Parameterization

Unit quaternions provide a robust way to parameterize rotations, avoiding issues like
gimbal lock in Euler angles; they are given by θq ∈ S3, ∥θr∥ = 1, where S3 is a double cover
of SO(3). Also, θq = [θs, θT

v ]
T ∈ R4, where θs ∈ R is the scalar (real) part and θv ∈ R3 is the

vector (imaginary) part. Composite rotations can be expressed in quaternion products as
θq = θqx ⊗ θqy ⊗ θqz , which is equivalent to the Euler-angle sequence (x, y, z). Also, similar
to rotation matrices, the quaternion product is non-commutative, ensuring that the correct
order of rotations is maintained; therefore, any system represented in S3 is not integrable.

Parameterizing the angular velocities with unit quaternions has a similar effect for integra-
bility as any other parameterization as quaternion velocities become parameter-dependent:

θ̇q =
1
2

θq ⊗ ωq =
1
2

Jq(θq)ωq ∈ Tq(S3). (36)

Tq(S3) is a tangent space at a point q, not the origin since Jq(θq) ∈ R4×4 depends on
θq, and thus Tq(S3) ̸∼= so(3). Thus, even if ωq = [0, ωT ]T as pure quaternion (its scalar part
is always zero) respects the Lie algebra structure of so(3), the basis of the quaternion rates
Jq(θq) from (36) depends on θq (which might be path-dependent θqx ⊗ θqy ⊗ θqz ). Thus,
similarly to (22), it does not satisfy the Lie-bracket condition.

3.2. Coupled Translation and Rotation

The interplay of orientation and position coordinates, such as rotating distances, is
described by SE(3) = SO(3)⋊R3 in the 3D space. Such coordinates constrained in a
2D plane become in SE(2) = SO(2)⋊R2 ⊂ SE(3), which is flat, and its rotational and
translational motions are linearly coupled.

3.2.1. Mapping Velocities Across Flat Surfaces

Consider that the linear motion in 3D is commutable as the order of directions along
which the motion occurs is irrelevant to the end position. Recall that angular motion is
non-commutable as the order or rotation matters for the end-orientation, unless the rotation
involves a single angle about a fixed axis, such as in SO(2). For instance, consider the
following system:  ẋ

ẏ
ψ̇

 =

cos ψ − sin ψ 0
sin ψ cos ψ 0

0 0 1


 vx

vy

ωψ

, (37)

where (vx, vy, ωψ) ∈ se(2) are velocities in the body frame. In this case, let span{ν1, ν2, ν3}
be the original basis vectors, where ν1 = [cos ψ, sin ψ, 0]T , ν2 = [− sin ψ, cos ψ, 0]T ,
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ν3 = [0, 0, 1]T . Then, using (18), it is easy to verify that [ν1, ν2] = [0, 0,−2]T and [ν1, ν3] =

[ν2, ν3] = 0, where [ν1, ν2] = [0, 0,−2]T is proportional to ν3, so it lies within the span of the
original basis vectors, satisfying (17). Therefore, the system is integrable.

Remark 3. Note that (37) implies a map R(ψ) : se(2) → se(2), which is a linear map, and
R(ψ) ∈ SO(2) is commutative. In SE(3) = SO(3)⋊R3, a map like AdR : se(3) → se(3),
preserves [se(3), se(3)] ⊆ se(3) and is integrable if se(3) → SE(3), where T(R, p) = e[ξ×]. This
implies that the rotational part SO(3) is also generated or updated by so(e) → SO(3) (through the
exponential map R(θ) = e[ω×]), which satisfies (26). Otherwise, rotation matrices that undergo
SO(3) → SO(3), implying sequential rotations R(α, β) = R(α)R(β), introduce path- and
parameter dependency in the tangent space, which generates a local basis similar to (22) instead of
generating so(3).

3.2.2. Mapping Velocities Across Flat and Curved Surfaces

Now, consider a system with configuration (S1)n, such as a 3-DoF planar robot,
with n = 3. In this case, (S1)3 has a toroid structure, which is flat locally but has a
global curvature. The system is described in terms of task-space coordinates, in this case
(x, y, ψ) ∈ SE(2):

x(q) = l1 cos(q1) + l2 cos(q1 + q2) + l3 cos(q1 + q2 + q3), (38)

y(q) = −l1 sin(q1)− l2 sin(q1 + q2)− l3 sin(q1 + q2 + q3), (39)

ψ(q) = q1 + q2 + q3. (40)

The joint velocities q̇ ∈ Tq((R1)3) are mapped into task-space velocities se(2) through

[ẋ, ẏ, ψ̇]T = J(q)q̇, with the Jacobian J =
[

∂x(q)
∂q , ∂y(q)

∂q , ∂ψ(q)
∂q

]T
, whose columns generate the

following basis vectors:

ν1 =

[
−l1 sin(q1)− l2 sin(q1 + q2)− l3 sin(q1 + q2 + q3)

l1 cos(q1) + l2 cos(q1 + q2) + l3 cos(q1 + q2 + q3)

]
, (41)

ν2 =

[
−l2 sin(q1 + q2)− l3 sin(q1 + q2 + q3)

l2 cos(q1 + q2) + l3 cos(q1 + q2 + q3)

]
, (42)

ν3 =

[
−l3 sin(q1 + q2 + q3)

l3 cos(q1 + q2 + q3)

]
. (43)

Thus, using (18) for the first pair [ν1, ν2] yields

[ν1, ν2] =

l1(l2(s(α1)c(α2)− s(q1 + q2)c(α1)) + l3(s(α1)c(α3)− s(α3)c(α1)))

−l1(l2s(α2) + l3s(α3))c(α1)

0

, (44)

where s(αi) = sin
(

∑i
j=1 qj

)
and c(αi) = cos

(
∑i

j=1 qj

)
. In this case, the velocity map is

J : Tq((S1)3) → se(2), where Tq((S1)3) is the tangent space of (S1)3 and is not integrable as
(44) fails (17). Unlike the linear map in (37) se(2) → se(2), T ((S1)3) → se(2) is nonlinear
and path-dependent since (S1)3 introduces curvature and nonlinear coupling.

Remark 4. Section 3.2.2 reveals that a toroid configuration (S1)n results in a nonlinear, path-
dependent map J : Tq(S1)n → se(2). Therefore, even though SE(2) = SO(2)⋊R2 is commutative,
it fails (17), naturally implying that J : Tq(S1)n → se(3) also fails (17). Even if SE(3) is
commutative by performing exp : se(3) → SE(3) (that is, without parameterization for orientation),
the nonlinear map with Tq(S1)n still makes the system χ̇ = J(q)q̇ non-integrable.
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On the other hand, even though ω ∈ so(3) has a global defined basis to generate any rotation
matrix without path-dependency issues, it leaves no trail of “previous rotations”; thus, ω ̸= θ̇min

and cannot integrate into an orientation state in minimal terms θmin. For that reason, the angular
velocity ω is typically parameterized to θ̇min for control purposes. However, as shown in (26) and
(23), so(3) is the only integrable basis for a rotational system. Thus, any parameterization of SO(3)
leads to

TR(SO(3)) = {[ω×]R | [ω×] ∈ so(3)} /∈ so(3), (45)

implying a tangent space at a point R rather than at the origin: TR(SE(3)) = TR(SO(3)⋊R3) ̸=
se(3). The tangent space of the task configuration is then Tx(X ) ⊆ TR(SE(3)). Therefore, keep
in mind that Dq ∩ (Tq(C) → Tx(X )), which means that parameterizing the angular velocity for
a minimal representation of the task-space (with either Euler angles or quaternions) invariably
introduces non-integrability.

3.3. Serial-Link Mechanisms

As seen in the system (38), its basis (41) does not satisfy Lie-bracket Condition (17) since
the mapping J : Tq((S1)n) → se(2) introduces path dependencies. Therefore, it is natural
to expect that mapping J : Tq((S1)n) → se(3) also introduces path dependencies and fails
to satisfy (17). Unfortunately, most types of robots are or have serial-link mechanisms, with
toroid configurational spaces (S1)n. Nevertheless, it is worth it to analyze the kinematics of
such mechanisms to find a way around the inherent non-integrability. For this purpose,
the product of exponentials (PoE) method [48] is used to compute the kinematics of a
serial-link mechanism.

3.3.1. Forward Kinematics

The pose of a robot’s important body, typically the end-effector, includes both position
and orientation, described by (R, p) ∈ SE(3) and commonly described by the homogeneous
transformation matrix of the end-effector (typically the final link for manipulators) with
respect to the world’s frame (often denoted by 0) (the final link often refers to the distance
between the origin of last joint (n-th) and the end-effector’s tip. Depending on frame
assignment methodologies, the final link can be identified by n or n + 1 as long as link n-th
or (n + 1)-th is affected by the last joint qn):

Tn
0 (q) =

[
Rn

0 (q) pn
0 (q)

0 1

]
. (46)

T(q) ∈ R4×4 is a homogeneous transformation matrix, with q ∈ C = (S1)n, where
C ∈ Rn is the space of all possible joint configurations that generate a cyclic rotation
qi = S1, p = [x, y, z]T ∈ R3 is a position vector, and R ∈ SO(3) is a rotation matrix that
satisfies RT

x Ry = RT
x Rz = RT

y Rz = 0, ∥Rx∥ = ∥Ry∥ = ∥Rz∥ = 1; thus, R−1 = RT and
RRT = RT R = I ∈ R3×3. For each joint qi, there is a transformation matrix Ti

i−1(qi), whose
successive products exemplify SO(3)⋊R3:

Tn
0 (q) = T1

0 (q1)T2
1 (q2) . . . Tn

n−1(qn) ∈ SE(3) = SO(3)⋊R3, (47)

which describes a composite transformation of coordinates, with Rn
0 = R1

0R2
1 . . . Rn

n−1 and
pn

0 = p1
0 + R1

0 p2
1 + . . . + R1

0R2
1 . . . Rn−1

n−2 pn
n−1 (subscripts (i − 1) and i refer to parent and

current (child) frames, respectively, and they are used only in the context of coordinate
transformations for T(R, p). Otherwise, and if no context is given, any element of SE(3)
and se(3) provides only information about its current frame with a subscript i. If the
frame expression is irrelevant, the subscripts are eliminated). Each Ti

i−1(qi) is equivalent to



Processes 2025, 13, 953 13 of 30

the exponential matrix eξiqi ∈ SE(3), where the product of exponentials (PoE) represents
composite transformations:

Tn
0 (q) = eξ1q1 eξ2q2 . . . eξnqn Tee, (48)

where T1
0 = eξ0q0 = I is the fixed base frame (also called world or space frame), Tee encodes

the end-effector (body) coordinates when the robot is at its home position, often assumed
to be qi = 0, ∀i = 1, 2 . . . n, and thus Tee = Tn

0 (0).
The forward kinematics representation of (48) is called the product of exponentials in

the space-form since the screw axes ξ
(s)
i = [ω

(s)
i , v(s)i ] are expressed in the fixed base frame

when the robot is at its home position, assumed to be qi(0) = 0. Therefore, screws ξ
(s)
i can

be interpreted as axes of motion. Also, since ω
(s)
i ∈ R3 → [ωi×] ∈ R3×3 and vi ∈ R3, the

screw vectors can be expressed as

[ξ
(s)
i ×] =

[
[ω(s)×] v(s)

0 0

]
. (49)

The fact that eξ
(s)
i qi = T(qi) ∈ SE(3) means that [ξ(s)i ×]qi ∈ se(3); thus, [ω(s)

i ×]qi ∈
so(3) and e[ω

(s)
i ×]qi = R(qi) ∈ SO(3). The general notion is that exp : se(3) → SE(3); con-

versely, log : SE(3) → se(3), gives rise to the definition of the twist [νi×] = ([ωi×], vi) =

log(T(qi)) ∈ se(3).

3.3.2. Velocity Kinematics

The twists of the last body ν = (ω, v) can be expressed in either space or body frame
depending on how it is defined in terms of

[ν(b)×] = T−1Ṫ =

[
RT −RT p
0 1

][
Ṙ ṗ
0 0

]
=

[
RT Ṙ RT ṗ

0 0

]
, (50)

[ν(s)×] = ṪT−1 =

[
Ṙ ṗ
0 0

][
RT −RT p
0 1

]
=

[
ṘRT ṗ − ṘRT p

0 0

]
, (51)

where [ν(b)×] ∈ se(3), [ν(s)×] ∈ se(3) are the body and space twists, respectively. Note
that [ω(b)×] ∈ so(3) and [ω(s)×] ∈ so(3) are both tangent spaces of SO(3) at the origin
RT R = RRT = I since TI(SO(3)) = so(3) involves either d

dt (RT R) or d
dt (RRT), leading to

ṘT R = −RT Ṙ = [ω(b)×] or ṘRT = −RṘT = [ω(s)×], respectively. Then, v(b) = RT ṗ ∈ R3

and v(s) = ṗ − ṘRT p ∈ R3, where ṗ is the linear velocity of the origin of a body at T(b)
ee

expressed in the fixed space frame. The twist ν can be transformed across frames with the
adjoint transformation:

ν′ = AdT(ν) = TνT−1 =

[
R 0

[p×]R R

][
ω

ν

]
∈ se(3), (52)

such that ν is preserved in the tangent space of SE(3) at the identity regardless of frame.
The adjoint operation satisfies the following property:

AdT1T2 ...Tn = AdT1 ◦ AdT2 ◦ . . . ◦ AdTn , (53)

and thus ν(s) = AdT1T2 ...Tn−1(ν
(b)) ≜ Adeξ1q1 eξ2q2 ...eξn−1qn−1 ν(b) is the twist of the end-effector

expressed in world’s frame. Now, let us differentiate and invert (48) as follows:

Ṫ = ξ1q̇1eξ1q1 eξ2q2 . . . eξnqn Tee + eξ1q1 ξ2q̇2eξ2q2 . . . eξnqn Tee + . . . + eξ1q1 eξ2q2 . . . ξn q̇neξnqn Tee, (54)
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T−1 = T−1
ee e−ξnqn e−ξn−1qn−1 . . . e−ξ1q1 . (55)

Considering (52) and (53), ṪT−1 yields

[ν(s)×] = ξ1q̇1 + Adeξ1q1 ξ2q̇2 + Adeξ1q1 eξ2q2 ξ3q̇3 + . . . + Adeξ1q1 eξ2q2 ...eξn−1qn−1 ξn q̇n, (56)

with Adeξ1q1 ...eξn−1qn−1 ξn q̇n = eξ1q1 . . . eξn−1qn−1 ξn q̇ne−ξn−1qn−1 . . . e−ξ1q1 . Then, (56) can be
built as

ν(s) =
[
ξ
(s)
1 Adeξ1q1 ξ

(s)
2 Adeξ1q1 eξ2q2 ξ

(s)
3 . . . Adeξ1q1 eξ2q2 ...eξn−1qn−1 ξ

(s)
n

]
q̇1
...

q̇n

, (57)

= J(s) q̇,

where J(s) ∈ R6×n is the spatial Jacobian of the end-effector.

Remark 5. The spatial Jacobian J(s) obtained from the PoE method by [48] maps J(s) : q̇ → ν(s),
where ν(s) = [v(s)T , ω(s)T ]T . Note from (51) that v ̸= ṗ. On the other hand, Ref. [49] provides a
geometrical method to numerically compute the analytical expressions ṗ(q, q̇) = ∂p(q)

∂q q̇ = J(g)
p q̇

and ω = [ṘRT ] = ∑n
i=1

(
∂R(qi)

∂qi
q̇i

)
RT = J(g)

ω q̇, such that J(g) = [J(g)
p , J(g)

ω ]T is the geometrical

Jacobian, which is also expressed in the space frame and maps J(g) : q̇ → χ̇, where χ̇ = [ ṗT , ω(s)T ]T .
Then, J(s) and J(g) are expressed in the same frame but map the linear velocity differently.
This difference can be reconciled with the body Jacobian J(b) = Ad−1

T(q) J(s) by considering that

ν(b) = J(b) q̇; with its detailed form given in (50), it makes sense that J(g) = AdR(q) J(b).

3.3.3. Minimal Representation of the Task-Space

The coordinates of the end-effector in minimal representation for a task—often referred
to as task-space configuration—are defined as χmin = (p, θmin) ∈ X , with X ∈ Rm.
While p ∈ R3 readily contains minimal Euclidean position coordinates, θmin depends on
the parametrization of the orientation, often from a composite rotation matrix R(q) =

R(q1)R(q2) . . . R(qn), through a map θmin = ϕR(R(q)), where ϕR : SO(3) → Rm and
ϕ−1

R = ϕθ : Rm → SO(3). Recall that the orientation parameterization in minimal terms
implies TR(SO(3)) ̸= so(3). Therefore, χmin /∈ SE(3) and χ̇min = ( ṗ, θ̇min) /∈ se(3).
Consequently, it holds that χ̇min ̸= ν because ν = J(g) q̇ and ν = [ ṗT , ωT ]T . Thus, a map
Jϕ : ω → θ̇min is needed for a minimal representation of the angular velocity, where Jϕ can
be any alternative form of (22), or the Jacobian used in (36); with either choice, the velocity
mapping system is built as follows:[

ṗ
θ̇min

]
︸ ︷︷ ︸

χ̇min

=

[
J(a)
p

J(a)
θmin

]
︸ ︷︷ ︸

J(a)
min

q̇ =

[
I 0
0 Jϕ

] [
J(g)
p

J(g)
ω

]
︸ ︷︷ ︸

J(g)

q̇, (58)

such that J(a)
min : q̇ → χ̇min, where J(a)

min ∈ Rm×n is often called the analytical Jacobian, with
m = dim(xmin), which is just the parameterized version of the geometrical Jacobian J(g).

4. Dealing with Non-Integrable Systems for Repeatability
The control for a redundant mobile manipulator (modeled in Section 3.3), performing

cyclic repetitive tasks, requires repeatability for motion consistency across cycles. The
main drawback is the inherent non-integrability when mapping through Tq(S1)n → Tχ(X ),
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particularly if X = S3 ⋊R3 is the task-configuration with orientation parameterized with
unit quaternions. Thus, let X and its tangent space be

X =
{
(p, θq) | θq ∈ S3, p ∈ R3, θT

p θp = 1
}

, (59)

T(p,θq)(X ) =
{
( ṗ, θ̇q) | θT

p θ̇p = 0, ṗ ∈ R3
}

. (60)

This task-configuration suggests a Jacobian in minimal terms such that J(a)
min :

Tq(S1)n → Tχ(X ); thus, let J(a)
min ≜ J(a) have its angular partition represented with unit

quaternions by using (36) in (58), such that

ṗ = J(a)
p q̇, θ̇q =

1
2

Jq(θq)J(g)
ω q̇, (61)

where J(a)
p = J(g)

p and J(a)
θq

= 1
2 Jq(θq)J(g)

ω and χ̇ = [ ṗT , θ̇T
q ]

T ∈ T(θq ,p)(X ). The system (61),

expressible as χ̇ = J(a) q̇, is by all accounts non-integrable as it can be foretold that neither
(6) nor (17) can be satisfied for the same reasons covered in Section 3.

4.1. Hybrid Control System

To simplify the notation, let the analytical Jacobian J(a)(q) ≜ J(q) ∈ Rm×n. Now,
assume that the outputs of (61) are measurable: χ̇∗ = [ ṗ∗T , θ̇∗T

q ]T as well as χ∗ ∈ X ,
and then

χ̇∗ = J(q)q̇, (62)

is the assumed behavior of the robot, with J(q) ≈ J∗ generating the observed outputs χ̇∗

through the control inputs q̇. Therefore, let J∗ be the true Jacobian that maps J∗ : q̇ → χ̇∗

through the robot’s actual physical mechanisms. With a measurable χ̇∗ and control inputs
q̇, if J(q) is described by mathematical models like (57), it often results in χ̇(q, q̇) ≈ χ̇∗.
Combining a modeled J(q) with measured χ∗, χ̇∗ defines a hybrid control system:

q̇ = J†(q)ė, (63)

χ̇∗ = J∗ q̇, (64)

where ė = −Kpe+ χ̇d, e = [eT
p , eT

θq
]T and ep = p∗ − pd, eθq = θ∗q ⊗ θqd . Let J†(q) be a damped

Moore–Penrose right pseudoinverse of J(q):

J† = JT(J JT + ρI)−1, (65)

where ρ is a damping factor. The closed-loop system of (63) acting on (64) is

χ̇∗ = M(q)ė, (66)

where J∗ J†(q) ≜ M(q), and M(q) ≈ I if J(q) ≈ J∗.

4.2. Data-Driven Forward and Inverse Kinematics

Assume the same observed behavior of the robot as given by (62). Based on the
computed inputs q̇ and observed outputs χ̇∗, the unknown J∗ can be estimated using the
iterative PJM algorithm of [50]. Thus, from an initial Ĵ0 at step k = 0, Ĵk → J∗k as k → ∞.
The update for Ĵk is given by

Ĵk+1 = Ĵk + γkϵk q̇T
k , (67)
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where γk = η
µ+∥q̇k∥2 ∈ R and ϵk = χ̇∗

k − Ĵk q̇k ∈ Rm. Also, Ĵ†
k+1 can be estimated with the

following Sherman–Morrison update:

Ĵ†
k+1 = Ĵ†

k −
Ĵ†
k ϵk q̇T

k Ĵ†
k

1 + q̇T
k Ĵ†

k ϵk
. (68)

Both (67) and (68) are rank-1 iterative updates that efficiently estimate Ĵk and Ĵ†
k , respec-

tively, both with complexity O(mn) per iteration, while the direct Penrose pseudoinverse
for computing J†

k (q) costs O(mn2 + n3). Thus, for a redundant robot with either m = 6
for χ ∈ X or n = 8, it takes O(6 · 8) = 48 operations per iteration for Ĵ†, while Ĵ†(q)
requires O(8 · 64 + 512) = 896 operations per iteration. For (67), the following assumptions
are considered as follows:

Assumption 1. The update law (67) is a rank-1 update algorithm that ensures χ̇∗
k − Ĵk q̇k → 0

over iterations. Thus, it is assumed that the changes in Ĵ with respect to the input q̇ are described
by constant bounded values that depend on µ and η ∈ R+. That is, ∥ Ĵk+1 ∥≤ L ∥ q̇k ∥,
which leads to ∥ χ̇∗

k ∥≤ L ∥ Ĵk q̇k ∥, where L is the Lipschitz constant. Therefore, the observable
variables measured with a motion capture system satisfy χ∗

k ∈ C1(R) and χ∗
k : R → R, ∀k ∈ R+.

Consequently, χ̇∗
k ∈ C1(R) and χ̇∗

k : R → R, ∀k ∈ R+. A reliable measure of χ̇∗
k is enough to

feed the PJM algorithm in (67), ensuring a reliable observation of the robot’s behavior: χ̇∗
k = J∗k q̇k,

∀k > 0. Also, if ∆Jk = Ĵk+1 − Ĵk, where
∫

∆Jkδt = ∆J0e− f (η,µ)k, the assumption is made that
Ĵk = J∗k when ∆Jk = 0, where J∗k is the true observed Jacobian.

Before the iteration of (67) and (61), at k = 0, the estimation law takes a predefined
initial Jacobian Ĵ0. The simplest way to initialize Ĵk is by defining its screw vectors (49)
based on the robot structure in its home configuration: qi = 0 ∀i; this ensures ∥ϵ0∥ ≈ 0
at k = 0. With Ĵ0, a first estimate of Ĵ†

0 can be computed once with the right Penrose
pseudoinverse Ĵ†

0 = ĴT
0 ( ĴT

0 Ĵ0)
−1. The desired coordinates of a task are given by χd ∈ X . The

measured end-effector’s coordinates are χ∗ ∈ X , whereas χ̇∗ ∈ T (X ); if not measurable, it
can be approximated as Assumption 1. With χ∗ and χd, the pose error e ∈ X is computed
as ep = p∗ − pd, eθq = θq ⊗ θqd . Thus, at k ≥ 0, with ek = [eT

p , eT
θq
]T and Ĵ†

k , the control law is
defined as

q̇k = Ĵ†
k ėk ∀k, (69)

where ėk = −Kpek + χ̇dk
. Note that ∥ek∥, ∥ėk∥ are at maximum at k = 0, with ėk pointing

toward the direction that leads to ek → 0 at k > 0. Then, with (69), the map Ĵ† : ė → q̇
generates the joint velocities q̇k that lead to e → 0 by driving χ∗ → χd through (62). Then,
with an initial ∥ϵ0∥ ≈ 0 and a well-defined Ĵ†

0 , at k > 0, (69) induces ė → 0 behavior by
setting the robot into motion, which activates (67) as ∥χ̇k+1∥ > ∥χ̇k∥ leads to ∥ϵk∥ > 0. The
growth of ϵk depends on the new directions assigned to the robot, and the convergence
rate is mediated by γk. With (64) and (69), the closed loop system becomes

χ̇∗
k = J∗k Ĵ†

k ėk = M̂k ėk, (70)

where M̂k = J∗k Ĵ†
k → 0 as ϵk → 0, whereas M(q) from (66) remains a constant disturbance.

4.3. Optimal Estimated Basis Vectors

The adaptation law (67) converges when ϵk = χ̇∗
k − Ĵk q̇k = 0; that is, the observed

end-effector velocity χ̇∗
k aligns perfectly with the estimated mapping Ĵk q̇k. When ϵk = 0,

the update term γkϵk q̇T
k vanishes, resulting in Ĵk+1 = Ĵk, and the Jacobian stabilizes.

Once stabilized, Ĵk becomes a locally optimal mapping for the specific task, ensuring
Ĵk : q̇ → χ̇∗ and Ĵ†

k : ė → q̇.
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Moreover, once Ĵk converges, it defines a distribution

Dq = span
{

Ĵ:1, Ĵ:2, . . . , Ĵ:n
}

, (71)

which is the locally optimal subspace in which the robot operates efficiently for the learned
task. This basis aligns with the basis defined in (16) as ϵk → 0 acts as an enforcement to
the 1-form constraint u in (3). Also, note that Ĵk does not explicitly depend on q; instead,
its evolution depends on ϵk and implicitly on q̇ during the learning phase (∥ϵ∥ > 0). The
post-learning phase leads to Ĵk+1 = Ĵk, implying that Ĵk is invariant to q and q̇; thus, ∂ Ĵ

∂q = 0.
Therefore, since the Jacobian basis vectors are constant, Conditions (17) and (21) are trivially
satisfied. As a result, the task-space velocities χ̇∗ are generated by a consistent subspace
q̇ ∈ Dq, such that (q, χ∗) ∈ S ensures smooth and repeatable operations for the specific
task χd.

4.4. Subspaces for Learned Tasks

When ϵ = 0 for a given χdi
, the end-effector velocities required for ėi → 0 remain

within the span of Dqi , as defined in (71). When a change in reference occurs, such as
χd2 → χd1 + ∆χd, if ∆χd ∈ Dq1 , then only displacements along the same directions of
χd1 take place, implying that χ̇∗ does not need to move in new directions to accomplish
χ∗ → χd2 . As a result, both ė1, ė2 ∈ Dq1 and span( Ĵ q̇) ∈ Dq1 undergo updates that
satisfy (17) as no new directions are generated in Dq1 .

When χd2 changes significantly so that ∆χd /∈ Dq1 , the current subspace Dq1 may no
longer span the directions required to reach the new reference. This forces an update in Ĵk,
which creates a new optimal subspace Dq2 once ∥ϵk∥ = 0. Then, if Dq1 ∩Dq2 ̸= ∅, some
directions are shared between the two subspaces; if Dq1 ∩Dq2 = ∅, the new task requires
completely different directions, leading to significant updates in Ĵk. This overlap can be
defined as

Dq1 ∩Dq2 = span
{
[ Ĵ:i]k+1 ∩ [ Ĵ:j]k | i, j

}
. (72)

While ∥ϵk∥ > 0, there is a subspace transition described by ∆Dq =
{

γkϵk q̇T
k
}

. During
this transition, there is no optimal constant basis, and integrability cannot be guaranteed.
However, since γkϵk q̇T

k is a rank-1 update, any potential non-integrability source will point
toward a single new direction each step k, thus limited to rank(γkϵk q̇T

k ) = 1. Therefore, for
a reference with changes of the form χdi+1

= χdi
+ ∆χdi

, ∀i = 1, 2, . . . , r, there is a constant
optimal subspace Dqi where integrability is guaranteed. Therefore, let

Dq =
r⋃

i=1

Dqi , Dqi =
{

q̇i ∈ T (S1)n | Ĵi q̇i − ėi = 0, ∀[ Ĵj, Ĵk]i = Ĵli

}
, (73)

with a basis {j, k, l} and ė = −Kp[(p∗i − pdi
)T, (θ∗−1

i ⊗ θdi
)T]T denote the total feasible

workspace that contains the optimal constant basis vectors for the whole trajectory (q, χ∗) ∈ S
that defines all values χd takes along the cycle.

The reason why the DDMC approach can generate (73) in a well-known non-integrable
system, such as the redundant mobile manipulator controlled in task-space, and how it
benefits repeatability, is detailed in the following theorem:

Theorem 1. Consider a robotic system governed by the instantaneous kinematic relation

χ̇∗ = Ĵ q̇, q ∈ C, χ ∈ X , (74)

controlled with (69) by using an estimated Jacobian and its inverse updated iteratively by the data-
driven laws (67) and (68); both update laws are governed by the estimation error ϵk = χ̇∗

k + γkϵk q̇T
k ,
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where γk ensures convergence. Considering Assumption 1, the iterative estimation stabilizes to an
optimal Jacobian Ĵk → Ĵ∗ such that

∂ Ĵ∗

∂q
= 0. (75)

Then, the following conditions hold:

1. The distribution defined by the converged Jacobian:

Dq = span
{

Ĵ∗:,1, Ĵ∗:,2, . . . , Ĵ∗:,n
}

, (76)

is integrable and involutive, satisfying the conditions of Frobenius’ theorem and the
Lie-bracket condition.

2. Consequently, there exists an integral manifold S described by a globally continuously differ-
entiable function f : C → X :

S =
{
(q, χ∗) | χ∗ = f ∗(q), f ∗ ∈ C1(R), f ∗k : R → R ∀k, q ∈ C

}
, (77)

ensuring global repeatability and path independence for trajectories generated by integrating
within Dq. Note that f ∗(q) is the observed pose implicitly affected by q, unlike the forward
kinematics function f (q) built explicitly as a function of q.

3. For cyclic or repetitive tasks defined by distinct references χdi
, integrability and repeatability

are maintained in the union of optimal subspaces:

Dq =
r⋃

i=1

Dqi , with Dqi =
{

q̇i | Ĵi q̇i − ėi = 0
}

. (78)

Proof. The proof is structured in the following steps:

1. Consider the converged Jacobian estimate Ĵ∗ for which ∂ Ĵ∗
∂q = 0. Thus, the exte-

rior derivative Condition (21) holds trivially since dĴ∗ = 0. Therefore, Frobenius’
integrability condition is satisfied automatically as follows:

u ∧ du = ( Ĵ∗dq − dχ∗) ∧ (dĴ∗ ∧ dq) = 0. (79)

Similarly, the Lie-bracket condition is trivially satisfied as follows:

[vi, vj] = (vi · ∇vj − vj · ∇vi) = 0, ∀vi, vj ∈ Dq, (80)

due to constant basis vectors vi = Ĵ∗:,i such that ∇vi =
∂vi
∂ql

= 0. Thus, the distribution
Dq is involutive.

2. By Frobenius’ theorem, since Dq is involutive, there exists a continuously differen-
tiable function f : C → X , generating an integral manifold S . Thus, the task-space
coordinates χ∗ depend uniquely on the configuration q, making any integrated tra-
jectory (q, χ∗) ∈ S path-independent and uniquely defined by the endpoints of
χd1 → χd2 .

3. Consider repetitive tasks defined by sequences of reference points χdi
. For each

distinct χdi
, the iterative estimation converges to a corresponding subspace Dqi ⊆

Tq(C), ensuring local integrability. When the reference is changed incrementally
(χdi+1

= χdi
+ ∆χdi

), the integrability persists if transitions occur within or smoothly
across the subspace intersection:

Dqi ∩Dqi+1 ̸= ∅, such that Dq =
r⋃

i=1

Dqi , (81)
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remaining integrable provided that changes in reference configurations are accommo-
dated through stable transitions. Consequently, all feasible repetitive task trajectories
lie on a global integral manifold S .

4. This theoretical conclusion is compatible with empirical methods to support its va-
lidity, such as the standard deviations of sampled trajectories of (q, χ∗), defined as
q ∈ RN×n and χ ∈ RN,m, for N samples and their sample-mean qm, χm, such that, if

σ(χ, χm) ≈ 0, σ(q, qm) ≈ 0, (82)

it indicates repeatable and unique trajectories independent of integration path, as
defined by the constructed integral manifold (qj, χj) ∈ S .

5. Simulations of an Omnidirectional Mobile Manipulator
The main objective of these simulations is to demonstrate how a robotic data-driven

control system has inherent repeatability capabilities, the reason being the explicit state-
independency of the data-driven estimated Jacobian, which becomes invariant to the state
once the update law (67) stabilizes, leading to an integrable system that defines smooth
trajectories in q ∈ C, which the robot learns to follow for a given task χ0 → χd. Then,
for recurrent χ̇ → χ̇d that satisfies q̇ ∈ Dq, there is the same learned trajectory (q, χ) ∈ S ,
which guarantees repeatability of the system.

The simulations were performed in the virtual environment CoppeliaSim Edu V4.6.0-
Rev16. Jacobian estimation and closed-loop control computations were implemented using
Python 3.11.5, running on an Asus laptop with 6 GB of RAM, an Intel® Core™ i7-8550U
CPU @ 1.8 GHz x 8, and Ubuntu 20.04.3 LTS (64-bit). Communication between the virtual
environment and the Python framework was established via the zmq remote API functions
of CoppeliaSim. By using CoppeliaSim-Python functions in an iterative loop, it is possible
to read the coordinates of any object in the virtual environment and track any change
in real time, similar to a motion-capture system. Additionally, it is possible to write
joint coordinates to the virtual robot, triggering motion and updating the positions of all
child elements, including the end-effector. Each subsequent iteration read the updated
coordinates, forming a closed-loop control system involving both CoppeliaSim and Python.

5.1. Simulated Robot and Virtual Environment

The virtual workspace of CoppeliaSim is the 3D space where the robot, its end-effector,
and other objects have coordinates in X with respect to a common frame (such as the
origin). This mimics an actual industrial workstation, where χ∗ ∈ X and χ̇∗ ∈ T (X ) are
measured by real sensors, e.g., motion capture systems. There is little theoretical difference
between virtual and real workspaces when it comes to the coordinate transformations
involved in the frame representation of bodies. However, a virtually measured signal χ∗

generally satisfies Assumption 1, such that χ̇∗ is well defined, while the measurements
of real sensors could be subject to noise and discontinuities, greatly affecting χ̇∗ and (67).
Fortunately, for real applications, motion capture systems have proven to be robust enough
for Assumption 1 to hold [51]. Therefore, numerical differentiation of χ∗ into χ̇∗, with
methods such as Euler’s step, is well supported to provide feedback to (67), even in real
field applications.

The simulated robot is a CoppeliaSim built-in model of the omnidirectional mobile
manipulator Kuka-Youbot of 8-DoF. Its omnidirectional base has coordinates in SE(2) and
can be represented by (37), assuming a perfect map between the wheels and SE(2). The
configuration of the manipulator arm lies in (S1)5; thus, SE(2) × (S1)5 ≜ C, while the
task-space of the environment is χ∗ ∈ X , as defined by (59); therefore, χ∗ represents the
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coordinates of the tip of the end-effector and χ∗
d the desired coordinates attached to an

object in the virtual environment.
The expression of the frame and the parameterization of χ∗, χ∗

d are based on the
chosen relative transformation matrix, defined as the error that must be minimized in the
identity Te = Tt−1

b Td
b → I, where Te ∈ SE(3) and its parameterized equivalence are given

by ep = p∗ − pd and eq = θq ⊗ θqd, where e = [eT
p , eT

q ]
T ∈ X . In the virtual workspace,

Tt
b = Tb−1

w Tt
w and Td

b = Tb−1
w Td

w encode the coordinates of the end-effector’s tip frame
(index t) and desired set-point frame (index d) expressed with respect to the mobile base
frame (index b) by using Tb−1

w . Otherwise, Tt
w and Td

w are expressed in the world frame
(index w), which are the default measurements obtained by the sensors that do not involve
any transformation (this representation is enough to compute Te only for inertial robots
with fixed bases). Note the path dependency and coupled linear and rotational coordinates
in Te = Tt−1

b Td
b :

Te =

[
RtT

b −RtT

b pt
b

0 1

][
RbT

w Rd
w RbT

w (pd
w − pb

w)

0 1

]
=

[
RtT

b RbT

w Rd
w RtT

b (RbT

w (pd
w − pb

w)− pt
b)

0 1

]
. (83)

Then, let RtT

b RbT
w Rd

w = RtT

b Rd
b = Rd

t ≜ eR and RtT

b (RbT
w (pd

w − pb
w)− pt

b) = RtT

b (pd
b − pt

b) = pd
t ≜

ep. Note that the quaternion representation of eR is eq = θt∗
qb
⊗ θd

qb
; thus, e = [eT

p , eT
q ]

T ∈ X
defines the error computed with the measured coordinates of the virtual workspace χ∗, χ∗

d ∈ X .
In this simulation environment, (67)–(69) are deployed with Kp = 1, such that e → 0

provided that ϵ → 0 and Ĵ → J∗. The end-effector is initially at home, with a joint configu-
ration of qi = 0 for all i = 1, 2, . . . , 8, and at χ∗

0 = [−1.8, 0, 0.745, 1, 0, 0, 0]T with respect to
the world’s origin in the virtual environment. With the robot-at-home configuration, the
initial Jacobian Ĵ0 is computed with (49), only requiring the knowledge of the joint-axes
alignment with respect to the world’s frame and the relative distances between them at
q = 0; also, with Ĵ0, the initial Ĵ†

0 is computed offline with (65).
The desired set-point χ∗

di
was subject to changes following the time-scheduled se-

quence detailed in Table 1. Notice that χ∗
0 = χ∗

d7
, which means that the initial home config-

uration of χ∗
0 is also a recurrent last reference before the end of a cycle; that is, the robot is

tasked to return to home configuration so that a new cycle begins. The virtual environment
with the robot’s home position and the location of the objects is illustrated in Figure 1. The
simulation for this experiment is presented in a video available at https://drive.google.
com/file/d/1Aabi_boDPGRXCPyOrcSJnMKuo0H1nBL-/view?usp=sharing (accessed on
20 February 2025).

Table 1. Scheduled desired reference changes for a cycle j. The coordinates are absolute (all with
respect to the world’s inertial frame). Also, t = (k − 1)δt and τj = Njδt for k = 1, 2, . . . , Nj; thus, for
Nj iteration steps, τj = 70 s is the duration of one cycle j.

Reference Target Position [m] Orientation
[

θq
∥θq∥

]
Schedule [s]

χ∗
d1

red (0, 0, 0.25) [0.707, 0, 0.707, 0] t ≤ 10

χ∗
d2

blue (0,−1, 0) [0, 0,−1, 0] 10 < t ≤ 20

χ∗
d3

purple (0.5, 0, 0.5) [1, 0, 0, 0] 20 < t ≤ 30

χ∗
d4

red (0, 0, 0.25) [0.707, 0, 0.707, 0] 30 < t ≤ 40

χ∗
d5

green (−0.5, 0.7, 0.35) [0.5,−0.5, 0.5, 0.5] 40 < t ≤ 50

χ∗
d6

red (0, 0, 0.25) [0.707, 0, 0.707, 0] 50 < t ≤ 60

χ∗
d7

beige (home) (−1.8, 0, 0.745) [1, 0, 0, 0] 60 < t ≤ 70

https://drive.google.com/file/d/1Aabi_boDPGRXCPyOrcSJnMKuo0H1nBL-/view?usp=sharing
https://drive.google.com/file/d/1Aabi_boDPGRXCPyOrcSJnMKuo0H1nBL-/view?usp=sharing
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Figure 1. CoppeliaSim’s virtual workspace (top view): the omnidirectional mobile manipulator is at
home position, and colored objects each have a different workspace configuration χ∗

di
∈ X .

5.2. Simulation Results

Note that the values of χ∗
d = [p∗d , θ∗qd], changing over the time schedule of Table 1, are

absolute as they are measured with respect to the world’s frame (origin). However, note
that the robot p∗d(0) is not at the origin. Therefore, with (83), the absolute commands given
to p∗d change into relative commands with respect to the current manipulator’s mobile base
such that an error can be computed. Note that, since θ∗qd(0) is aligned with the world’s
frame orientation, no distinction between absolute and relative commands is needed to
compute the orientation error.

In Figures 2 and 3, the commands χ∗
di

(dashed lines) change in a discrete discontinuous
manner (every 10 s) from χ∗

d1
→ χ∗

d2
→ · · · → χ∗

d7
. Thus, χ∗

di
is constant between the dashed

vertical lines, where χ∗ (continuous lines) converges to χ∗
di

. Thus, a cycle χ∗
d1

→ · · · → χ∗
d7

lasts a total of 70 s. For a repetitive execution of 29 cycles, the total duration of the whole
simulation is 2030 s, settled to 2000 s or 33.33 min.

0 500 1000 1500 2000
-1

-0.5

0

0.5

1

1.5

2

2.5

(a) Whole simulated operation (all cycles). (b) All cycles graphed in a single cycle.

Figure 2. Commands of relative positions for end-effector, expressed with respect to the omnidirec-
tional base.

Figure 2 shows the position commands p∗d, initially specified by the absolute coordi-
nates of the bodies in Figure 1, then transformed by (83). The dashed lines correspond to
the relative desired coordinates (xd, yd, zd); the continuous lines correspond to the rela-
tive end-effector coordinates (x, y, z). Figure 2a shows the position commands over the
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entire simulation (2000 s) and the end-effector’s position evolution; since commands are
repetitive over cycles, it is possible to overlay the cycles into the duration of a single cycle
(70 s), as in Figure 2b, where the end-effector’s position evolution (continuous lines) shows
near-perfect alignment, indicating highly consistent performance with minimal deviation
between cycles.

0 500 1000 1500 2000

-0.5

0

0.5

1

(a) Whole simulated operation (all cycles). (b) All cycles graphed in a single cycle.

Figure 3. End effector’s orientation commands.

Figure 3 presents the desired orientation commands (θωd, θxd, θyd, θzd) as dashed lines
and end-effector current orientation (θω, θx, θy, θz) as continuous lines. The orientations
are represented with unit quaternions and without a required distinction of absolute and
relative values. Figure 3a shows the orientation commands throughout the simulation
(2000 s), whereas Figure 3b shows the same commands overlaid along the duration of
a cycle (70 s), underscoring the alignment of the actual orientation of the end-effector
between cycles, which demonstrates a consistent and repeatable performance of the robotic
manipulator during cyclic tasks.

Note that the behavior of χ∗ to track χd1 → χd7 consistently across cycles suggests
(73), e.g., the formation of integrable velocity maps χ̇∗

di
→ q̇, which define subspaces Dqi

that uniquely lead χ∗ ∈ S to converge into χ∗
di

in any cycle.
The graphs in Figure 4 illustrate the evolution of the end-effector’s position and

orientation errors during the execution of repetitive cyclic tasks, consolidating the position
error signals (ex, ey, and ez) in Figure 4a and the orientation error signals (eθω

, eθx , eθy , and
eθz ) in Figure 4b from all cycles into a single cycle. The error converges to near-zero values
after each change in reference χ∗

di
(dotted vertical lines), highlighting the effectiveness of

the proposed data-driven controller in ensuring accurate positioning. Furthermore, the
near-identical overlap of the error profiles underscores the system’s ability to maintain
repeatability across numerous iterations.

(a) End-effector’s position error. (b) End-effector’s orientation error.

Figure 4. End-effector error coordinates compared across all cycles.
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Figure 5 illustrates the velocities of the end-effector overlayed in a single cycle to
contrast its evolution across cycles. The linear velocities (ẋ, ẏ, ż) of Figure 5a are a direct

differentiation of the relative positions (with respect to the mobile base): ṗ∗k =
p∗k−p∗k−1

δt ,
which becomes the feedback for (67). Figure 5b shows the angular velocities (θ̇ω, θ̇x, θ̇y,

θ̇z) that result from ˙̂θq = Ĵθ q̇ since q̇ represents the joint velocities computed with (69), and

then ˙̂θq → θ̇∗q as Ĵθ → J∗θ . Therefore, if ϵ → 0, then θ̇q becomes equivalent to the angular
velocity measurements needed as feedback for (67).

(a) End-effector’s linear velocities. (b) End-effector’s angular velocities.

Figure 5. End-effector’s velocities.

Figure 6 presents the estimation errors of (67), with Figure 6a demonstrating periodic
consistent behavior of ϵ due to uniform changes in reference across cycles of the form
χ∗

di
→ χ∗

di
+ ∆χ∗

d = χ∗
di+1

. Figure 6b shows the evolution of ϵ of all overlaid cycles, which
align almost perfectly. Note how ϵ increases at the beginning of a change in reference
(dotted vertical lines) in the same direction of ∆χ∗

d and a magnitude ∥ϵ∥ ∝ 1
γ∥∆χ∗

d∥. This
magnitude bound keeps ∥ϵk∥ < ∥ek∥ ∀k ≥ 0, with ϵ decaying faster than e. Also, note
that (ϵx, ϵy, ϵz) are the coordinates that increase significantly during ∥∆χ∗

d∥ > 0, while
(ϵθω

, ϵθx , ϵθy , ϵθz) remain unchanged since k ≥ 0. One reason is that max(∥∆θ∗q∥) = 1 due to
the unit quaternion constraint, while ∥∆p∗∥ is unbounded and can grow as much as feasible
for the robot workspace. The other reason is the range of Ĵk ∀k ≥ 0, which, from its initial
guess Ĵ0, is able to generate velocities in the directions of θy and θz, which are sufficient for
tasks that require pointing the end-effector towards an objective in the workspace.
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(a) Whole simulated operation (all cycles). (b) All cycles graphed in a single cycle.

Figure 6. Estimation error ϵ = χ̇∗ − Ĵ q̇.

At this stage of the analysis, the behaviors of χ∗ in Figures 2 and 3, of e in Figure 4,
and particularly of ϵ in Figure 6 suggest that (73) is generated before e → 0.

Figure 7 illustrates the joint velocities that result from the control law (69), which
drives χ̇∗ through the robot mechanism J∗ : q̇ → χ̇∗, which also becomes a feedback
signal for (67). Figure 7a shows the periodic behavior of the joint velocities, which is
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confirmed by the negligible deviations across cycles in Figure 7b. The periodic behavior of
Ĵ : q̇ → χ̇∗ is consistent with Figures 2–4. Thus, if q̇ uniquely generates χ̇∗ across cycles, then
χ̇∗ − Ĵ q̇ ∈ Dq is an integrable constraint that leads to a subset of (q, χ∗) ∈ S that uniquely
defines χdi

and its changes through χd1 → . . . → χd7 , which explains the repetitiveness.

0 500 1000 1500 2000
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(a) Complete task (all cycles). (b) All cycles graphed in a single cycle.

Figure 7. Joints’ velocities.

Figure 8 presents the joint positions (q1 to q8) of the 8-DoF KUKA YouBot during cyclic
tasks. Figure 8a shows the evolution of the joint positions over the entire simulation period,
demonstrating consistent periodic behavior for all joints. The trajectories reveal minor
variations in amplitude and phase across the joints, indicating negligible differences in how
q relates to the end-effector’s current state χ∗ across cycles. Figure 8b overlays all cycles
to highlight how the trajectories align almost perfectly with negligible deviations across
cycles. This alignment suggests that integrating q̇ ∈ Dq, with Dq =

⋃7
i=1 Dqi generates a

trajectory (q, χ∗) ∈ S that uniquely goes through the sequence χd1 → χdi
→ χd7 in every

cycle (Table 1).

0 500 1000 1500 2000

-1

0

1

2

(a) Whole simulated operation (all cycles). (b) All cycles graphed in a single cycle.

Figure 8. Joints’ positions.

The results shown in Figures 4 and 8 qualitatively suggest repeatability in the task-
space and joint-space when observing the overlaid values aligned across cycles. How-
ever, the foundation of repeatability in this work can also be proven quantitatively with
statistical validation metrics, such as the standard deviation of the end-effector’s tra-
jectory χj(τj) = [pj(τj), θj(τj)] generated along a cycle j and sampled at each t = kδt

for k = 1, 2, . . . , Nj, where δt = 0.01 and τj = Njδt. Thus, χj(τj) ∈ RNj×7 is sampled
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for every cycle j = 1, 2, . . . Nc such that a trajectory-sample-mean can be computed as
χm = 1

Nc
∑Nc

j=1 χj(τj), where the standard deviation is given by

σ(χj, χm) =

√√√√ 1
Nc − 1

Nc

∑
i=1

(χj − χm)
2. (84)

Now, let qj(τj) ∈ RNj×8 be the joint-space trajectory generated along a cycle j and sam-

pled similarly to χj(τj). The joint-space trajectory-sample-mean is then qm = 1
Nc

∑Nc
j=1 qj(τj),

and the standard deviation σ(qj, qm) is computed similarly to (84).
It can be seen in Figure 9a that maximum values of σ(χj, χm) occur in the first cycle

j = 1, mainly σx = 0.033 m and σy = 0.031 m, corresponding to the coordinates along which
the end-effector moves the most (it belongs to a mobile manipulator on the x, y-plane).
Meanwhile, σz has less variability as the vertical motion of the end-effector is limited by the
reach of its manipulator arm. Also, (σθω

, σθx , σθy , σθz) show negligible deviations from the
mean. Then, from cycle j > 6 up to j = Nc = 29, all the coordinates in σ(χj, χm) converge
to minimal values, with σx ≈ σy ≈ 0.001 m, whereas σz ≈ 3.0× 10−4 and σθω

≈ σθx ≈ σθy ≈
σθz ≈ 1.4 × 10−6. The reason why the standard deviation is larger in cycle j = 1 is that
the end-effector begins the cycle from a steady state and an initial Jacobian estimate; then,
when j > 1, the robot begins the cycle anew with a better estimation of the Jacobian, which
is a process that improves over cycles. Note that the overall small values of the standard
deviation are consistent with the results observed in Figures 2 and 3. Figure 9b shows the
standard deviation of each coordinate of qj = [q1, q2, . . . q8]

T
j in each cycle j = 1, 2 . . . , 29.

The maximum values of σ(qj, qm) also occur at j = 1, with σq1 = 0.033 m, σq2 = 0.031,
and σq7 = 0.027 radians. Then, from cycle j > 6 up to j = Nc = 29, all the coordinates in
σ(qj, qm) converge to minimal values, with σq1 ≈ σq2 ≈ 0.001 m and σq7 ≈ 0.001 radians
as maximum values. Note that the overall small values of the standard deviations are
consistent with the results observed in Figure 8, which validates the theoretical foundation
of Theorem 1; that is, if σ(qj, qm) ≈ σ(χj, χm) ≈ 0, then (qj, χj) ∈ S .
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(a) Task-space σ(χj, χm) decreasing over cycles.
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(b) Joint-space σ(qj, qm) decreasing over cycles.

Figure 9. Standard deviations of trajectories regarding task-space and joint-space coordinates.

The evolution of the position-partition of the estimated Jacobian, computed with (67),
is depicted in Figure 10, where each graph corresponds to a row of Ĵ. Each row relates an
axis of the position coordinate (x, y, z) with all joint coordinates qi, describing how much
influence the joint-space has on such a position coordinate when it comes to mapping
velocities. Note how the Jacobian changes only at the beginning of reference changes ∆χdi

(dotted vertical lines), then settles again into steady values. The regions between the dotted
vertical lines describe the creation of Dqi , as described by (72), and the regions where the
values of Ĵ are steady contribute to (73), where (6) and (17) are satisfied.
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(a) Row x of Ĵ. (b) Row y of Ĵ. (c) Row z of Ĵ.

Figure 10. Evolution of the estimated Jacobian position across cycles, contrasted over the time of
one cycle.

When contrasting the values that the rows of Ĵ take along the duration of a cycle, for
each cycle, it is possible to observe different adaptation behaviors, specifically during the
initial cycles (dotted lines before cycle 6, which agree with the results observed in Figure 9).
The difference in the adaptation behavior comes from the robot engaging the first cycle
in a steady state (at the beginning of the simulation), with an initial Jacobian estimate Ĵ0.
Therefore, once the robot ends the first cycle, it begins the second cycle by performing the
same actions but with a renewed Ĵk; thus, each time, the adaptation of Ĵ changes slightly in
every cycle until reaching a consensus of how Ĵ should adapt itself to perform the different
routines of the cycle. At a terminal number of cycles, the end-resulting behavior of Ĵ could
be seen as if it had never had a steady state.

The results of Figure 11 are quite interesting as the Jacobian orientations, parameterized
with unit quaternions, remain constant all along. This means that, from the initial guess
definition Ĵ0 to the end, the range-space was enough to move in the coordinates required
by every cycle routine, certainly enough to not require any update at all. To explain
this, consider that the end-effector’s orientation is initially aligned to the mobile base’s
and world frame’s orientations; thus, there is no distinction between relative or absolute
coordinates when computing eθ . In addition, Ĵ0 is defined considering the robot in its home
position with qi = 0 ∀i = 1 . . . 8. It happens that, from its home position, the end-effector
can rotate about the y-axis (θy) involving {q5, q6, q7} (the only non-zero coordinates in
Figure 11b) and about the z-axis (θz) involving {q3, q4} (the only non-zero coordinates in
Figure 11c). However, it does not have a direct way to rotate about the x-axis (θx) since
no qi-axes are originally aligned to the world frame’s x-axis, which also explains why
Figure 11a shows that Ĵθx contains all zero values as it cannot map angular velocities about
the x-axis. Rotation about the x-axis is possible only when the end-effector is at ±90° about
the y-axis, allowing the end-effector to rotate about its own axis of motion with q8. Now,
consider that, with θy and θz, the end-effector can be oriented to face any direction in the 3D
space (except that it cannot rotate on its own axis); this remains true regardless of current
values of qi ̸= 0; therefore, θy and θz can be interpreted as defined globally, with fixed
y, z-axes, such that Ĵθy and Ĵθz remain constant. Since no task χ∗

di
requires the end-effector

to rotate on its own axis of motion, then θx is an unnecessary DoF, and the corresponding
row Ĵθx remains as initially defined (a row of zeros).

Figure 12 denotes the result of computing (12), which is equivalent to (19), except that
condition d(du) = 0 is being evaluated. However, the columns of Ĵ, computed by (67),
cannot be treated as basis twists as they directly map Ĵ : q̇ → θ̇q. Thus, the Lie brackets
cannot be computed numerically with cross-products; rather, the partial derivatives were
approximated with finite differentiations. Note that condition d(du) = 0 is satisfied when
ė − Ĵ q̇ = 0, which coincides with the times of the vertical dotted lines, that is, when the
Jacobian becomes a constant optimal basis (Figures 10 and 11).
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(a) Row θx of Ĵ. (b) Row θy of Ĵ. (c) Row θz of Ĵ.

Figure 11. Evolution of the estimated quaternion Jacobian across cycles, contrasted over the time of
one cycle.
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(a) Whole simulated operation (all cycles). (b) All cycles graphed in a single cycle.

Figure 12. Exterior derivative.

6. Conclusions
This study has demonstrated that the implementation of a data-driven control system

utilizing an estimated Jacobian significantly enhances the repeatability of robotic move-
ments. The findings indicate that the estimated Jacobian becomes invariant to the state once
the update law stabilizes, leading to an integrable system that defines smooth trajectories.
This integrability is crucial for achieving consistent motion across cyclic tasks, thereby
ensuring repeatability in the robot’s performance. The results confirm that the proposed
approach not only establishes the necessary conditions for repeatability but also reduces
the computational costs compared to traditional analytical model-based methods. Overall,
the integration of the estimated Jacobian provides a robust framework for improving the
repeatability of redundant robots in various applications.

Furthermore, the computational cost online of the proposed method was found to be
95% lower (for n = 8 and m = 6) than the conventional analytical model-based control
strategies due to the estimation of the inverse of the Jacobian matrix.

The approach proposed involves point-to-point regulation control in the task-space,
which only minimizes the control error exponentially, with no explicit possibility of ac-
celerating the convergence time at will. Increasing the proportional control gain leads to
faster convergence to the reference points; on the other hand, the speed of convergence
of the control error is limited by the convergence of the estimator error to achieve an
adequate velocity map from the estimated Jacobian matrix. However, a longer convergence
time must be guaranteed for the control error than for the estimation error. Therefore,
there is a minimum time bounded by the adaptation time of the updated law estimation
algorithm, which depends on the characteristics of the robot, the uncertainties, and the
tuning parameters of the estimation algorithm.

The data-driven model approach demonstrated high accuracy and repeatability in
controlling the end-effector pose in the cycling task. Its performance is influenced by
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the quality of the input data; however, this dependency can be mitigated by employing
robust sensing strategies and filtering techniques. Future work will explore strategies to
enhance generalization in scenarios with limited and noisy feedback, and to establish the
minimal convergence time that is feasible for a data-driven approach, when performing
tasks with predefined time convergence. Moreover, the incorporation of secondary tasks
for data-driven approaches in a hierarchical scheme would further exploit the potential of
data-driven approaches.
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