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Abstract: This paper studies the mean square stability and stabilization of linear parabolic
stochastic partial difference systems, which contain space-time characteristics and stochas-
tic noise. A definition of the mean square stability for this system is proposed. Using
stochastic analysis and some mathematical analysis methods, a strict decreasing sequence
is constructed to represent the expectation of the sum of squares of the state variable along
the spatial dimension. The sufficient conditions of the mean square stability are established
based on system parameters, and then the convergence along the time axis is rigorously
proven by the Squeeze criterion. Moreover, some stabilization criteria are derived by
designing a linear feedback controller. Finally, two examples are given to illustrate the
effectiveness of the results.
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1. Introduction

Partial differential equations (PDEs) are extensively applied in the fields of electro-
magnetism systems [1], phase transitions [2], plasma physics [3], and heat conduction [4].
The space-time characteristics of partial differential equations usually involve the complex
interplay between spatial and temporal dependencies, and the behavior of the solution is
determined by the continuous variables that define its dynamics across both spatial and
temporal dimensions, resulting in its infinite-dimensional nature.So far, the finite difference
method (FDM) and finite element method (FEM) have been widely used for the numerical
analysis of partial differential equations (PDEs) [5-7]. Typically, the numerical treatment of
PDEs involves their discretization into partial difference equations and significant progress
has been achieved in both theoretical and applied aspects. Ref. [8] analyzed the stability
and convergence of the solution of partial difference systems by using the finite difference
method. It plays a vital role for the partial difference system in many application fields,
such as image processing [9], population models, neural networks, molecular orbital mod-
els [10], and numerical control systems. For the present time, several results have been
achieved in the research related to partial difference systems, such as solution of partial
difference systems [11-15], the stability of the partial difference systems [16], the control
of partial difference systems [17-22]. However, the traditional partial difference system
usually assumes that the system is a completely deterministic discrete model, it is often
necessary to consider the stochastic factors; therefore, studying stochastic partial difference
systems is crucial.
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Compared with stochastic partial difference systems, stochastic difference systems
only focus on the time dimension, and stability has become an important research topic in
the field of control theory and applied mathematics in recent years. In the classical research
framework, based on the Lyapunov method, matrix norm theory and stochastic analysis
tools, scholars have established the stability criterion for stochastic difference systems
with constant delay and Markov jump systems, etc., and achieved remarkable results;
see references [23-32]. Ref. [32] propose a novel approach to the exponential stability in
mean square of stochastic difference systems with time-varying delays without Lyapunov
functions. Apparently, none of these studies have considered the spatial dimension of the
stochastic system, and traditional stability theories focusing on purely temporal dimensions
or localized spatial structures face significant challenges in generalizing to stochastic partial
difference system, in particular. So relatively little has been done to study stochastic partial
difference systems.

Stochastic partial difference systems have an additional spatial characteristic that
distinguish them from stochastic difference systems and can effectively describe complex
systems that have distributional properties in space and are subject to stochastic perturba-
tions. However, at present, to the best of the authors’ knowledge, the research on stochastic
partial difference systems has been inconclusive. Therefore, the stability should be consid-
ered in system analysis and synthesis. So it is necessary to study the mean square stability
of stochastic partial difference systems.

We are researching a new field and providing a simpler method to prove the sufficient
conditions of the mean square stability and stabilization of the stochastic partial difference
system based on system parameters. In this paper, the linear parabolic stochastic partial
difference system with constant coefficients uses Cauchy-Schwarz inequality and discrete
Green’s formula to depict the relationship of the expectation along the time axis and prove
the convergence of the expectation by Squeeze criterion. And the effectiveness of the
sufficient conditions is shown though two simulation examples.

The rest of the paper is structured as follows. The preliminaries and problem statement
are set out in Sections 2 and 3, respectively. In Section 4, the condition of the mean square
stability is demonstrated. There are two illustrations to verify the effectiveness of the main
result in Section 5. Finally, some conclusions are mentioned in Section 6.

2. Preliminaries

Let R, Z, Z+ represent a set of real numbers, integral numbers and non-negative integral
numbers, respectively. For given k1, ka € Z, denote Zy, y,) = [k1,ka] NZ. Xj; € R means
X(i,t), wherei € Zjy Ny, t € Zjgy) and N, T € Z. Set E as the mathematical expectations. If
Xit = (X1, Xot, - -, Xnt), then define the squared Euclidean norm as || X;||? := Y, X2.

To investigate the stability and stabilization of system (2), the following lemma
is needed.

Lemma 1. (Discrete Green's formula) [19] introduces the following equality under boundary
condition (4) for the system (2)

N 2 N 2
Y XM X1 =— Y (M Xa)™ 1)
i=1 i=0

3. Problem Statement
3.1. Model Motivation and Application Scenarios

In practical physical and ecological systems, nonlinear coupled disturbances often
manifest as state-dependent stochastic fluctuations, whose intensity is closely tied to the sys-
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tem state. In early theoretical studies of stochastic systems, additive noise—characterized
by its independence from the system state—was predominantly adopted due to its mathe-
matical tractability. However, in practical scenarios requiring precise characterization of
state-dependent disturbances, such as thermal diffusion in nanomaterials and ecological
dynamics, multiplicative noise models have emerged as a critical research focus (see Refer-
ences [33,34]). To address these challenges, this work proposes a novel parabolic stochastic
partial difference system, whose core innovation lies in the incorporation of multiplicative
noise—a formulation where the noise intensity directly couples with the system state.

3.2. Mathematical Model of the System

The proposed parabolic stochastic partial difference system is formulated to rigorously
characterize state-dependent multiplicative noise. Let us consider the discrete parabolic
stochastic partial difference systems with constant coefficients as follows

MoXip = ab?X; 1+ bX; + cXyWi + Uy, ()

where i, t are discrete spatial and temporal variables, respectively. 4,b, ¢ are constants,
and a > 0. Xj; € R, which indicates that Xj; is a one-dimensional variable, taking values
from the set of real numbers. Uj; is the control input. W; is a one-dimensional stochastic
process defined in the complete probability space (Q), F, F;, P) with natural filtrationF; C
Fiy1 © F,t € Z1, whichis a sequence of c-algebra of subsets of (). And the mathematial
expectations satisfy

1 ift=s,
EW; = 0;EW;W, = 6,5 = 3)
0 ift#s.

Here, the partial difference signs of system (2) are defined, respectively:

MXip = Xig1,r — Xip,
Ao Xy = Xipy1 — Xit, (4)
ATXio1p = D (M Xi—1y) = Xigpre — 2Xi + Xm0

The initial and boundary conditions of the system (2) are as follows
Xio = @i; Xot = Xn41,6 =0, (5)

N
and || i[> = ¥ ¢? < ¢o, and ¢y is a constant.
i1

Definition 1 ([35]). When t intend to infinity, the expectation of the sum of square of the state
variable across the spatial dimension limit converges to 0; that is,

N
im E||X;||? = lim E 2 —
i Bl = fim B ) X =0, ©

the trivial solution of system (2) is said to be mean square stable.

4. The Mean Square Stability
Theorem 1. Assume that the coefficient of the system (2) without control input (U;; = 0) satisfies

14[(b — 2a)% 4 2a* + ] + (1+2b)| < 1,a > 0, (7)
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then the trivial solution of system (2) is mean-square stable.
Proof. By the definition of A;X;; in (4), we have
E[8Xul> = E[ X1 — Xuel? ®
8
= EXjall? — 2B, (XitXier1) + B[ Xl
Then, (8) can be rewritten as
2 al 2 2
B[ Xit1 ] =2E Y (XitXies1) + B[ (82Xir) |7 — B[ Xie||*- ©9)
i=1
O
On the other hand, according to (2) and (4), we have
Xipr1 = DoXip + Xit
= ab3X; 1+ bXy + Xy Wi + Xy (10)
= IZA%XZ‘,M} + (14 b) X + X W
Multiplying by X;; on both sides of (10), we can get
XiXipi1 = aXuhiX; 14+ (14+b) X5 + cXZW;. (11)

Summing both sides of (11) on the spatial discrete indicator i from 1 to N, we obtain

N N N N
XitXi,t+1 =a Z XitA%Xifl,t + (1 + b) Z Xﬁ +c Z Xitht.
i—1 i=1 i=1 i=1

Taking the mathematical expectation for (12), we can obtain

N N N
EY (XuXipt1) = aB Y (XyAiXi14) + (14 b)E| Xy||> + cE Y (XZW).
i=1 i=1 i=1

According to condition (3), (13) yields the following result

z

N
EY (XiXipi1) = aB Y (XiATXi 1) + (1+ b)E[| X%
i-1 i=1

Substituting (14) into (9), we can obtain

E||X; 1] E[|(82X) ||? +2aE TN | (XA X 1)

+ 21+ b)E[[X;|* — E|| X2

Next, we will proceed with the estimation of E|| (A2 X;)||> and E|| (X;;A2X;_14)]-
Again, by system expression (2) and partial difference sign (4), we can obtain

E[(A2Xir) |12+ 2aE TN 1 (XitA3Xi 1) + (1 + 20)E|| X

(12)

(13)

(14)

(15)
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MoXiy = ab?Xi 1+ bXi + Xy Wi
= a(Xip1 — 2% + Xi_14) + bXi + cXit Wi (16)

= (b—2a)Xy +aXii1; +aX; 14+ cXyWe.

Using the Cauchy-Schwarz inequality for (16), we have

(D2Xit)? < 4(b—2a) X5 +4a° X7, + 4a° X7, + 4 XGWE. (17)
Summing both sides of (17) on the spatial discrete indicator i from 1 to N

Y (Ao Xy)? < 4(b—2a)2 N, X5 +4a? N X2 +4a? T XE

i+1,t ’
(18)
+ 42y N X2WE.
Taking the mathematical expectation on both sides of (18), we can obtain
E[(82Xi)[? < E{4(b — 20)(| Xt |* + 40 || Xi o 1l| + 40| X ]2 1)
19

+ 4] Xy Wi %}

N N-1
Since || X;y1¢]|* = '22 Xzzt + X%\Hl,t' and || X;_14]]> = ‘Zl Xzzt + th from (19), we can
1= 1=

deduce that

Ell(82Xie) > < E{4(b —20)*| Xt |* + 40* (T X5 + XRp41,0)

(20)
+ 4a (L XG4 X5, + 4| Xa Wi 2}
Substituting (3) and (6) into (20), we can deduce that
E[|(82Xip)[|* < 4[(b — 20)* + 20% + B[ Xt |1 (21)

According to Lemma 1, taking the mathematical expectation on both sides of (1) and
the boundary condition (5), we have

N N
EY XaAiXi1p = —EY (AXy)* < —E[ (A1 X[ (22)
i=1 i=0

Then, substituting (21), (22) into (15), we have

E|Xiral? < 4[(b—2a) +2a* + PJE[| X ||> — 2aE[ (A1 X;e) |2
+(1 4 20)E | X ||*

Therefore,
E[Xipl? < {4[(b—2a)* +2a° + 2] + (1 +2b) }E|| X ||*. (23)

Let Ay = E|| Xi|% p = |4[(b — 2a)? + 24 + c?] + (1 + 2b)|, then the above equation
can be rewritten as follows

Apyr < pAr (24)
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We can obtain
A1 < pAr < - < ptA; < p'1 A, (25)

Based on (5) and (7), we know Ay is a finite constant and p < 1. According to Squeeze
criterion, we can deduce

lim A, =0. (26)
That means
N
tlggJEg X2 = tlggoEnxituz =0. (27)

Therefore, we conclude that the trivial solution of system is mean square stable in (7).

Theorem 2. We let a state feedback controller Uy = kX;; in system (2). If the following inequality
holds

14[(b 4k —2a)* +2a% + 2] + (1 +2b+2k)| < 1,a >0, (28)
then the system (3) is mean square stable.

Proof. The proof of Theorem 2 follows the same reasoning as the proof of Theorem 1. The
detailed steps are omitted. [

5. Numerical Simulations

In this section, to solve the stochastic system (2), we adopt the Euler-Maruyama
method (explicit finite difference scheme) for temporal and spatial discretization. And
there are some simulation examples to demonstrate the validity of sufficient conditions for
the mean square stability and stabilization.

5.1. The Stability of the Systems Without Controller

Considering the parabolic stochastic partial difference system (3) without control input
(Uj; = 0) as follows

MXy = aliX; q+bXi + Xy Wy, (29)

where Xt € R, i € Zy 100], t € Zg100]- @ = 0.033,b = —0.067,¢ = 0.1, let p = [4[(b — 2a)* +
2a% + c2] + (1 + 2b)|, then we can get p = 0.9855 < 1. Meanwhile, we take the initial value
as Xjo = ¢; = sin(%). The simulation results are shown in Figure 1. Figure 1a depicts the
state surfaces of the first sample path. And the state trajectories || X;;||> of 100 sample paths
for the system (29) are shown as the light line in Figure 1b.

We can see that the limit of the expression E|| X;||> converges to 0 as time t tends to
infinity in Figure 1b, so that the systems is obviously mean square stable, which validates
the effectiveness of Theorem 1.



Processes 2025, 13, 1175

7of 11

%108
5*

; E||x]|?, sample path R=100,

2
[I]1
— 2

E{lx|

60 80 100
t

(a) (b)

Figure 1. The system with p < 1. (a) the state variable X;; (b) the state expectation E|| X;||2.

5.2. The Stabilization of the Systems with Controller

In this subsection, we present some illustrative examples to demonstrate the stabiliza-
tion of the systems with a state feedback controller.

There exists a unstable system, which is closely related to system (29) but with adjusted
system parameters @ = 0.04,b = 0.224,c = 0.08 (o = 1.5693 > 1). Figure 2 shows the
simulation results without control input. The results in instability within the system.

i 10" E|jx|2 sample path R=100,

2
[IxII

— 2
E{l|

0 20 40 60 80 100
t

(a) (b)

Figure 2. The unstable system.(a) The state variable X;; (b) the state expectation E|| X .

To show the relationship between the feedback gain k and the convergence condition
o < 1in Theorem 2, five sets of feedback gain for the same control system are selected:
k =0.379,-0.284, —0.073, —0.379, —0.054, with corresponding p values of 1.0681, 0.9968,
0.9498, 0.9493, and 0.9484, respectively.

As shown in Figures 3 and 4, the state variable X;; and the state expectation E||X;;||
are convergent, validating the effectiveness of Theorem 2.
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X; feedback gain k=-0.073 o E|jx||2, sample path R=100 feedback gain k=-0.073
IIx?
— e
15 10
| |
8t | o\
! \
NE . ﬁl ‘l
= 6 [l
0.5 = " | \
A | |
o "
| i i
0 .1 iR Ul | i i
100 B . . ‘ i
L 100 ? PR WA, . )
50 R w % Y
R 40
20 0 ‘ . ‘ . ‘
i 0 o ¢ 0 20 40 60 80 100
t
(@) (b)
Figure 3. The Non-convergent oscillatory system. (a) The state variable Xj;; (b) the state expectation
2
BJ| X
X feedback gain k=-0.284 . E|lx||?, sample path R=100 feedback gain k=-0.284
1.2
IIx?
1 —
0.8
i o 20 40 60 80 60 80 100
t t
(a (b)
Figure 4. The stable system with feedback controller. (a) The state variable Xj;; (b) the state expecta-
tion E|| X;[|2.

To further analyze the convergence performance of different feedback gains, Figure 5
illustrates the state expectations E||X;;||? of the system under different feedback gains, and
Table 1 summarizes the key metrics.

From Figure 5 and Table 1, we can learn that the smaller the p value is, the faster the
convergence speed and the higher the convergence accuracy.

This subsection numerically verifies the core assertion of Theorem 2: when the feed-
back gain k satisfies p < 1, the system state converges, and its convergence performance
strongly tied to p.

Remark: Implicit finite difference schemes have unconditional stability advantages
in the numerical analysis of parabolic equations, but their implementation requires an
iterative solver, which introduces significant computational overhead. In contrast, the

Euler-Maruyama method running under explicit stability constraints is more convenient
and suitable for this numerical simulation.
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35

T
k=0.379
k=-0.284
k=-0.073
k=-0.379
k=-0.054

30 5

100

Figure 5. The E||X;;||? with different feedback gains k.

Table 1. The convergence accuracy of the state expectations under different feedback gains k.

k
0

Accuracy *

—0.284 —0.073 —0.379 —0.054
0.9968 0.9498 0.9493 0.9484
2.1483 x 10~° 6.4620 x 10713 3.3759 x 10715 9.2385 x 1017

* Accuracy refers to convergence accuracy.

6. Conclusions

In this paper, we studied a class of linear parabolic stochastic partial difference systems
and developed a simpler method to establish two sufficient conditions on the mean square
stability and stabilization of the system (Theorems 1 and 2).The theoretical results are vali-
dated through numerical simulations. And in Section 5.2, further experiments by adjusting
the feedback gains demonstrate that smaller values of p result in faster convergence rates
and higher convergence accuracy, as detailed in Figure 5 and Table 1. Through rigorous
mathematical proofs and systematic numerical experiments, this work verifies the validity
of the proposed theorems. Nonlinear parabolic stochastic partial difference systems with
delays will be discussed in the future.
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