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Abstract: Studying particle discharge rates in fluidized bed technology is important for
optimizing continuous processes and improving product quality. This study investigates
particle discharge, specifically the mass outflow rate, from a pilot-scale fluidized bed by
means of experimental methods and mathematical modeling. The modeling uses various
algebraic equations to predict the mass outflow rate and the time evolution of bed mass.
Experiments in which these quantities were measured were conducted under different
conditions, including varying mass inflow rates and process modes such as continuous and
semi-batch. The results indicate that the mass outflow rate can be effectively modeled using
existing equations from the literature, as well as a newly introduced equation, providing a
comprehensive understanding of the holdup and discharge behavior of the fluidized bed.
The newly introduced equation seems to perform better under transient conditions, being
most appropriate for automatic control.

Keywords: fluidized bed technology; particle discharge; mass outflow rate; mathematical
modeling

1. Introduction
Fluidized bed technology is widely used across various industrial sectors such as

the chemical, pharmaceutical, and food industries [1]. It operates by suspending solid
particles in an upward flow of gas or liquid, allowing the particles to exhibit fluid-like
behavior [2]. Fluidization creates a dynamic environment in which particles are constantly
moving, colliding, and interacting with each other and the fluid, influenced by factors such
as particle size, shape, density, and the velocity of the fluidizing medium. Fluidized bed
technology is used in coating processes [3], granulation [4], and agglomeration processes [5].
Its advantages include enhanced mass transfer, uniform temperature distribution, and
improved process efficiency, making it a critical component in achieving high product
quality across various sectors [6,7].

In industrial applications like pre-reduction furnaces for iron ore processing, con-
trolling particle discharge from the fluidized bed is crucial for optimizing reaction times
and maintaining bed stability [8]. Bubbling fluidized-bed reactors in these furnaces use
overflow outlets to release finer particles, allowing coarser particles to stay longer and
complete their reactions. Because particle size tends to decrease with increasing bed height,
precise discharge control is essential for maintaining a stable particle size distribution.
Accurate prediction of discharge dynamics impacts the bed mass, residence time, and key
operational factors like gas pressure.

Outlet conditions, which are possibly classifying, are at least equally important for
spray-fluidized bed granulation processes that are operated with recycle [9]. Because the
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outflow influences the holdup and the average residence time, it plays a crucial role in
drying [10] or spray-coating [11] processes. Such processes are often conducted in continu-
ously operated horizontal fluidized beds, which can be designed with the goal of keeping
the spread of the residence time distribution of the particles low. The flow of particles in
such equipment, including the outflow and the transition between compartments, can be
simulated by means of the computational fluid dynamics (CFD) of either the Euler–Euler
or Euler–Lagrange type [12–15]. However, CFD is computationally expensive and does not
alleviate the necessity of simple algebraic outflow equations that can be solved even for fast
processes in real time for automatic control purposes. In order to obtain particle residence
time, correlations of holdup (bed mass) are derived in [16], though correlations for the
outflow rate would serve the purpose better. In [17], a comprehensive population balance
model for segmented horizontal fluidized beds is proposed, but the parametrization of
inter-compartmental as well as outlet particle flow conditions is kept open in it, underlying
the need for reliable correlations to this purpose. Similarly, the authors of [18] refrain from
defining the outflow from a continuously operated cylindrical fluidized bed by equations,
instead using measured values when comparing experimental results with their newly in-
troduced discrete (Monte Carlo) model for continuous spray-fluidized bed agglomeration.

Determining particle discharge in fluidized beds is inherently complex due to the range
of factors that influence it, such as bed geometry, particle properties, fluid velocity, and
discharge design. Thus, the few researchers who have investigated this topic until now have
developed different approaches. For example, particle tracking velocimetry was used by
Meyer et al. [19]. They conducted experiments in a batch, using a pseudo-two-dimensional
fluidized bed and high-speed cameras to capture particle movements. Image analysis
software then tracked particle motion to analyze exchange rates between the chambers.
The study offers key insights into particle dynamics. However, its two-dimensional setup
confines observation to only a portion of the fluidized bed’s natural three-dimensional
movement, potentially missing interactions across the bed’s full structure.

Building on methods to track particle flow, Vollmari and Kruggel-Emden [20] investi-
gated the average particle velocity in a continuously operated dual-chamber fluidized bed
using a radio frequency identification (RFID) system. Ultra-high frequency antennas were
strategically placed at the inlet, outlet, and connection between the chambers. Particles
were equipped with RFID tags, allowing the researchers to monitor the particles’ passage
across these locations. This setup allowed for measuring residence times within each cham-
ber and calculating the average particle velocity. However, this approach has limitations:
the detection of the radio frequency identification system is restricted to a specific radius
around each antenna and is sensitive to interference from metallic components, requiring
precise positioning. Additionally, fine-tuning the radio frequency identification system
and manufacturing tagged particles is time-consuming, which can complicate studies that
demand rapid data collection or large sample sizes.

With a similar aim of understanding particle exchange dynamics, Lau et al. [21] con-
ducted a study focused on the unsteady particle exchange in a horizontal, two-compartment
batch fluidized bed, which distinguishes it from many other studies that primarily examine
steady-state conditions. To capture particle exchange patterns, the researchers used a CFD
multiphase model based on the Euler–Euler approach, validated through experiments with
varying slot heights and bed masses. Using image analysis, they tracked the mass fractions
of black and white particles in each compartment over time, assessing how changes in
slot height and bed mass influenced the exchange behavior. Although the study provides
a detailed look at unsteady exchange mechanisms, it relies heavily on CFD modeling
rather than experiments alone. Additionally, the batch configuration restricts the findings



Processes 2025, 13, 562 3 of 21

to conditions that differ from continuous flow, where particle exchange may respond to
external mass-flow rates.

While some studies have employed experimental tracking techniques and simulations
to understand particle dynamics in fluidized beds, an alternative approach leverages alge-
braic equations to determine particle discharge. A widely used model, initially developed
by Jones and Davidson [22], estimates the particle discharge rate as a function of the square
root of the pressure drop between compartments, treating particles as fluid-like entities
based on principles similar to Bernoulli’s equation. In their study on urea production, Bertin
et al. [23,24] integrated this equation into a mathematical model for multi-chamber fluidized
bed systems, applying the equation as originally formulated. In contrast, Burgschweiger
and Tsotsas [25] adapted the Jones and Davidson [22] equation to a continuous fluidized
bed-drying process, incorporating additional factors specific to their setup. Both studies
used these algebraic equations in continuous systems. Recently, Fu et al. [26] applied a
combined theoretical and machine-learning approach to predict the mass flow rates in a
gas–solid separation fluidized bed. They modified the conventional discharge formula by
incorporating a bed expansion ratio and an artificial neural network, demonstrating the
potential of integrating data-driven methods with traditional algebraic models for dynamic
particle discharge.

While the Jones and Davidson [22] equation has been effectively applied in con-
tinuous, steady-state systems, its performance in dynamic settings—where conditions
undergo a transition between unsteady and steady states—remains unexplored. Although
Burgschweiger and Tsotsas [25] extended their model to dynamic conditions, their focus
was on fluidized bed-drying processes, which differ from the particle discharge scenarios
considered here. Additionally, previous studies have primarily examined particle discharge
in lab-scale fluidized beds, limiting insights into large-scale applications.

In this study, particle discharge from a pilot-scale fluidized bed is investigated through
experiments that contain transitions between unsteady and steady conditions, using ex-
perimental methods alongside mathematical modeling. This study focuses on the mass
outflow rate—a practical and consistent measure of particle discharge—which enables
straightforward comparisons across different conditions. The performance of the Jones
and Davidson equation, its modified version by Burgschweiger and Tsotsas, and a newly
developed algebraic equation are examined. The mass outflow rate is first determined ex-
perimentally across a range of conditions. Subsequently, each algebraic equation is applied
to model this dynamic behavior, and its performance is evaluated against experimental
data to assess its accuracy.

This paper is structured as follows: Section 2 details the material, experimental setup,
and plan. Section 3 presents the derivation of the model and introduces the algebraic
equations. Section 4 discusses the experimental results, presents the modeling outcomes
for each algebraic equation, and undertakes a performance comparison. Section 5 provides
a summary of findings.

2. Methods and Materials
2.1. Material

Glass beads, a commonly used nonporous substance, were utilized as the feeding
material for this study. These glass beads were supplied by Sigmund Lindner GmbH, War-
mensteinach, Germany [27]. The particles had a mean sphericity of 0.80, a relatively narrow
diameter distribution ranging between 100 and 400 µm, and a density of 2500 kg/m3.
Figure 1 presents the particle size distribution of the glass beads, measured using a Cam-
sizer (Retsch Technologies GmbH, Haan, Germany). The mean particle diameter was
determined to be 226 µm based on the obtained particle size distribution. The particles
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are assumed to be perfectly spherical; hence, the minimum fluidization porosity (εm f )
for spherical particles typically falls within the range of 0.39–0.41 [28,29]. Therefore, for
this study, a value of εm f = 0.40 was chosen as a reasonable approximation for the glass
bead bed.
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2.2. Experimental Setup

Experiments were carried out in a pilot-scale fluidized bed plant (Pergande Group,
Südliches Anhalt, Germany), as shown in Figure 2. The plant features a cylindrical fluidized
bed with an internal diameter of 300 mm and a sintered metal distributor plate with a pore
size of around 100 µm. Two fans (Elektror airsystems GmbH, Ostfildern, Germany, model:
HRD65FU-100/7,5) are used to regulate the mass flow rate and pressure inside the plant.
The particles are fluidized with ambient air drawn from the environment. The exhaust
air exits the chamber through a relaxation zone that helps prevent particle escape. It then
passes through a cyclone and filter system, which together remove dust from the air stream.
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Particles are fed from the top of the fluidized bed, and material discharge occurs
from the bed’s base through a central classifying tube (inner diameter: 44 mm; length:
720 mm) with its upper end flush with the upper end of the air distributor plate. This tube
is denoted as the classifying tube because it can be operated with classifying air, though
this option was not used in the present work. Additionally, a downer tube is installed
above the gas distributor plate right on the classifying tube, as shown in Figure 2. For this
study, downer tubes with two heights, 70 mm and 110 mm, were used. Both tubes had
an inner diameter of 20 mm. Parameters such as temperature of the bed and gas mass
flow rate were measured and recorded by a process control system (PCS, Siemens AG,
München, Germany, model: WinCC).

A gravimetric twin-screw feeder with an integrated control module, as shown in
Figure 3, was used to supply material to the bed with a consistent mass flow rate [30]. The
feeder began operation after the hopper is filled with glass beads and the desired inflow
rate was set. The hopper has a maximum capacity of 20 kg. Finally, a precision balance
(Sartorius AG, Göttingen, Germany), was used in the experiment to weigh material as
needed [31].
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2.3. Experimental Plan

The experiments were conducted to evaluate the effects of different conditions on
the mass outflow rate Ṁp,out, which is the rate at which particles exit the system, and
the bed mass Mbed, which represents the total mass of particles within the fluidized bed.
Five experimental cases were carried out, as shown in Table 1. Initial bed mass Mbed,initial

and particle mass inflow rates Ṁp,in were intentionally set to specific values at the start of
each experiment.

Table 1. Experimental parameters.

Experiment
Continuous Semi-Batch

Case 1 Case 2 Case 3 Case 4 Case 5

Htube [mm] 70 70 70 110 70

Mbed,initial [kg] 0 0 0 0 6.21

Ṁp,in [kg/min] 0.151 0.218 0.272 0.258 0

In Cases 1 through 4, continuous experiments were performed with zero initial bed
mass, Mbed,initial = 0. For these cases, Ṁp,in was maintained at a steady rate throughout
each experiment. This approach created a transitional state: During the starting period of
each experiment, the fluidized bed gradually filled, resulting in an unsteady state. Then,
the bed approached a stable mass discharge rate as the system underwent a transition to a
steady state. In this way, each continuous experiment captured both unsteady and steady
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conditions. Case 4 introduced a change in the downer tube height, Htube, increasing it to
110 mm (from the standard 70 mm) while keeping the inflow rate similar to Case 3, allowing
for the assessment of downer tube height’s impact on bed dynamics. In Case 5, a semi-batch
process was used, where the bed was initially filled with a set mass (Mbed,initial = 6.21 kg),
and no particle inflow rate was applied. This setup led to an unsteady process, as Ṁp,out

was measured while the bed emptied over time.
For all cases, the fluidizing air mass flow rate, Ṁg, was maintained at around 288 kg/h,

which corresponds to the atmospheric pressure, and an ambient temperature of 25 ◦C,
which corresponds to to a superficial gas velocity of 0.975 m/s in the fluidized bed (around
20 times the minimal fluidization velocity of used glass particles, cf. Section 3.4). The
bed mass was weighed at the end of each experiment. Continuous experiments were run
until a steady state was reached, defined as the point at which Ṁp,out was within ±5% of
Ṁp,in. The process time varied for each case, as the time required to reach a steady state
depended on factors such as feed flow rate or downer tube height. To ensure experimental
accuracy, process parameters—including fluidizing air and mass inflow—were started and
stopped simultaneously across all cases. This synchronization minimized the variability in
measured values.

For each experiment, Ṁp,out and Mbed were measured. Ṁp,out in the time interval ti−1

to ti was determined via the following equation:

Ṁp,out

(
ti−1 + ti

2

)
=

Mp,out(ti)− Mp,out(ti−1)

ti − ti−1
(1)

The mass that left the bed from ti−1 to ti is measured directly by collecting the dis-
charged particles in a box that is empty at ti−1 and is filled until ti, with subsequent
weighing and immediate replacement by another sample weighing box.

Bypassing the fluidized bed, i.e., connecting the twin screw feeder directly to the
sample weighing box ensured that Ṁp,in could be determined in the same way as Ṁp,out.
With both those quantities known in the course of time t, Mbed(t) could be obtained from
the following equation:

Mbed(ti) = Mbed(ti−1) +

[
Ṁp,in − Ṁp,out

(
ti−1 + ti

2

)]
(ti − ti−1) (2)

After these experiments were completed, the next step involved developing a mathe-
matical model to simulate and understand the observed behaviors of the mass outflow rate
and bed mass under different conditions.

3. Mathematical Modeling
3.1. Mass Balance Equation

In this section, a mathematical model is developed to predict the Ṁp,out and Mbed

observed in the pilot-scale fluidized bed plant. This model aims to describe how the bed
mass changes over time based on the inflow and outflow of particles. Figure 4 provides
a schematic representation of the fluidized bed system, where Ṁp,in represents the mass
inflow rate of the particles entering the bed from the top, and Ṁp,out denotes the mass
outflow rate at the outlet. Moreover, Figure 4 illustrates Hbed (indicated by the bottom red
dotted line), which represents the expanded bed height, and kHbed (indicated by the top red
dotted line), which accounts for pulsation effects in the system. The detailed explanation of
Hbed and kHbed will be discussed later in this section.
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To develop the model, a mass balance is applied to the fluidized bed system as shown
in Equation (3), which describes the rate of change of Mbed over time due to the inflow and
outflow of particles:

dMbed
dt

= Ṁp,in − Ṁp,out (3)

In this setup, Ṁp,in is considered constant, as the feed flow rate remains steady through-
out the process. In contrast, Ṁp,out is evaluated based on algebraic equations that account
for the conditions within the fluidized bed. It should be noted that Equation (3) is the
differential form of Equation (2).

3.2. Mass Outflow Rate Equations

To make Equation (3) predictive, the particle discharge rate Ṁp,out ust be known. To
determine Ṁp,out, three outflow equations are applied, starting with the equation from
Jones and Davidson [22]. This approach assumes fluid-like behavior within the bed, leading
to the following relationship:

Ṁp,out = CD Atubeρbed

√
2g(Hbed − Htube) (4)

where,

• CD is the discharge coefficient with a value of 0.5, as given by the authors [22];
• Atube is the cross-sectional area of the downer tube;
• ρbed is the bed density;
• g is the gravitational acceleration;
• Hbed is the expanded fluidized bed height;
• Htube is the downer tube height.

Building on this approach, Burgschweiger and Tsotsas [25] introduced additional
factors to account for more complex dynamics within the fluidized bed. Their model was
applied to a system very similar to the one studied here, featuring a tube installed inside
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the fluidized bed. This similarity strengthens the applicability of their approach to the
current study.

In their model, Burgschweiger and Tsotsas [25] added an inflow parameter, α, and a
pulsation factor, k as well as a condition indicating that Ṁp,out is zero when the effective
bed height (kHbed) is less than or equal to the downer tube height, Htube. This condition
reflects the fact that, under such circumstances, the bed particles do not reach the height
necessary for discharge through the tube outlet. This approach is represented by the
following equation:

Ṁp,out =

0 kHbed ≤ Htube

αAtubeρbed
√

2g(kHbed − Htube) kHbed > Htube
(5)

As illustrated Figure 4, the pulsation factor k is particularly important in this model,
as it allows for particle outflow even when the average expanded bed height (Hbed) is
somewhat lower than the height of the downer tube (Htube). Because the amplitude of
bed pulsations diminishes toward minimum fluidization, the study proposed a simplified
relationship to calculate k:

k =

(
Re0

Rem f

)m

(6)

where,

1. Re0 is the Reynolds number at superficial gas velocity u0;
2. Rem f is the Reynolds number at minimum fluidization;
3. m is an empirically derived pulsation factor exponent, based on experimental measurements.

The inflow parameter α and the pulsation factor exponent m are determined through
a fitting process based on experimental measurements across all cases. These parameters
are fitted to the Ṁp,out equation, which is then compared to the experimentally measured
Ṁp,out. The process involves setting initial values for α and m, running the model, and
evaluating the predicted Ṁp,out against the experimental data. The final values of α and m
are selected based on the best overall agreement across all cases, ensuring optimal model
performance. In [25], Burgschweiger and Tsotsas determined the two parameters of their
model to be α = 0.0316 and m = 0.261.

In addition to the outflow equations from the literature, an original equation is devel-
oped in this study to further refine the calculation of Ṁp,out. Inspired by the equation of
Burgschweiger and Tsotsas [25], this new approach introduces an exponential term that
incorporates the bed height and downer tube height. The equation is given by:

Ṁp,out =


0 kHbed ≤ Htube

α

(
e
− Htube

kHbed−Htube

)
Atubeρbed

√
2g(kHbed − Htube) kHbed > Htube

(7)

In total, three algebraic equations, including this extended equation, will be applied to
model Ṁp,out and Mbed. In the results and discussion section, the equations from Jones and
Davidson will be referred to as J&D, those from Burgschweiger and Tsotsas as B&T, and the
newly introduced equation as the extended equation. These equations are used to investigate
how each one performs in capturing the fluidized bed dynamics observed experimentally.
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3.3. Determination of Bed Height and Fluidization Parameters

After defining the outflow equations, it is essential to determine Hbed as it directly
impacts the mass outflow rate calculations. The bed height Hbed is calculated as follows:

Hbed =
Mbed

ρbed Abed
=

Mbed
(1 − ε)ρp Abed

, (8)

where

• Abed is the cross-sectional area of the fluidized bed;
• ρp is particle density;
• ε is bed porosity.

Bed porosity, ε, is calculated using the equation of Richardson and Zaki [32]:

ε =

(
Re0

Reelu

)1/n
, (9)

where

• Reelu is the Reynolds number at the elutriation point;
• n is an exponent.

The exponent, n, is determined according to Martin [33]:

n =
ln
(

Rem f /Reelu

)
ln
(

εm f

) . (10)

The Reynolds numbers are defined with the particle diameter dp and calculated
as follows:

1. Reynolds number at superficial gas velocity, Re0, characterizes the general flow condi-
tions in the bed:

Re0 =
u0dp

νg
, (11)

where νg is the kinematic viscosity of the gas, while the superficial gas velocity is
obtained as:

u0 =
Ṁg

ρg Abed
, (12)

where ρg is the gas density.
2. Reynolds number at minimum fluidization, Rem f , indicates the point at which flu-

idization begins, according to Martin [33]:

Rem f = 42.9
(

1 − εm f

)
√√√√√1 +

ε3
m f(

1 − εm f

)2
Ar

3214
− 1

, (13)

where the Archimedes number, Ar, is defined as:

Ar =
gd3

p

ν2
g

ρp − ρg

ρg
. (14)
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3. The Reynolds number at the elutriation point, Reelu corresponds to the gas velocity
needed to carry particles out of the bed. This is obtained for heterogeneous fluidization
after Reh [34]:

Reelu =

√
4
3

Ar. (15)

3.4. Fluidized Bed Parameters and Model Implementation

The operating conditions, gas properties, and geometrical parameters of the pilot-scale
fluidized bed system, which are constant across all cases and essential for determining the
fluidization conditions, are summarized in Table 2. In particular, the gas properties include
gas density (ρg) and kinematic viscosity (νg), both determined at an ambient temperature
of 25 ◦C and 1 atm. The operating conditions refer to the mass flow rate of gas (Ṁg),
the particle diameter (dp), and gravitational acceleration (g). Ṁg is specified according to
the experimental conditions used in this study. Additionally, the geometrical parameter
considered is the cross-sectional area of the fluidized bed (Abed).

Table 2. Parameters for fluidized bed modeling.

Parameter Value

ρg [kg/m3] 1.18

νg [m2/s] 0.0000155

Ṁg [kg/s] 0.08

g [m/s2] 9.81

dp [m] 0.000226

Abed [m2] 0.0687

To determine Abed, it is necessary to account for the area occupied by the downer
tube, which is installed at the center of the bed. The fluidized bed has an inner diameter of
300 mm, corresponding to a certain cross-sectional area. However, the downer tube, which
has an outlet diameter of 20 mm, is designed with a larger 50 mm diameter at its base for
installation purposes. This larger base enables the secure positioning of the tube at the
center of the bed. The actual fluidization area is calculated by subtracting the cross-sectional
area of the 50 mm diameter section of the downer tube from the total area of the 300 mm
diameter fluidized bed. Hence, Abed is determined to be 0.0687 m2. Atube is determined
based on the 20 mm outlet diameter of the downer tube.

With these parameters established, all the quantities that characterize the fluidization
state can be calculated with the values shown in Table 3. This table presents the key
fluidization parameters along with the corresponding equations used for their calculation.
After determining Rem f using Equation (13), the minimum fluidization velocity um f is
derived from Equation (11) using the known values of νg and dp.

After determining the fluidized bed parameters, the model is now ready to run.
This involves solving the mass balance equation using three different algebraic outflow
equations and evaluating their performance against the experimental data. The objective
is to determine how well each equation predicts Ṁp,out and Mbed. Figure 5 provides a
schematic representation of the simulation process, illustrating the sequence of calculations.
The model is implemented in MATLAB R2022a, utilizing the ODE15 solver. For each case,
the simulation time is set according to the corresponding experimental duration, ensuring
a direct comparison with the measured values. Additionally, the step size is fixed at 1 s.
At the start of the simulation, the initial conditions are specified, including Mbed and Ṁp,in.
The material properties, fluidization parameters, and operating conditions, as summarized
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in Tables 2 and 3, are also input into the model. Because each algebraic equation has
different parameters, these must be assigned accordingly before running the simulation.
For example, when using the J&D equation, the CD is set. In contrast, for the B&T and
the extended equation, the parameters α and m are assigned. Once the simulation begins,
Ṁp,out is computed according to the selected algebraic equation. With the determined
Ṁp,out, the mass balance equation is used to update Mbed at each time step. This process
continues incrementally, advancing time step by time step until the end time is reached.
Finally, the model’s performance is assessed by calculating the R2 value, which quantifies
how well the simulated values match the experimental data.

Table 3. Summary of key parameters that characterize the fluidized bed.

Parameter Equation Number Value

ε [−] 9 0.804

n [−] 10 4.29

Re0 [−] 11 14.6

um f [m/s] 11 0.0487

u0 [m/s] 12 0.975

Rem f [−] 13 0.729

Ar [−] 14 1038.3

Reelu [−] 15 37.2
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4. Results and Discussion
4.1. Experimental Results

In this section, the experimental findings are examined, focusing on the behavior
of Ṁp,out and Mbed over time. These experimental insights establish a foundation for
understanding the dynamics of the fluidized bed system and provide a basis for evaluating
the predictive accuracy of the mathematical model developed in the previous section.
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The behavior of Ṁp,out and Mbed is analyzed in detail for Case 1, as shown in Figure 6,
with a total process time of 50 min. Discrete points in time, ti, which correspond to the
abscissa values in the right-hand side plot, are the times at which the outlet sample box
was replaced and its content weighed: see Section 2.3. This was performed every 5 min
for all continuous experiments, with the exception of the second reading in Case 1, which
was recorded after 12 min (instead of after 10 min). This is the reason behind the slight
inconsistency observed in Figure 6 where the intervals are not perfectly uniform. Each
Ṁp,out value represents the average particle-mass flow rate at the outlet of the bed over
the considered time interval (Equation (2)) and is plotted at its midpoint. In contrast, the
bed mass values Mbed are obtained from Equation (3) and plotted at the end of each time
interval. With an initial bed mass of zero and a constant feed rate, Mbed could be calculated
precisely for each interval based on the cumulative feed and the measured mass outflow.
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An observed trend is that initially, Ṁp,out remains zero until approximately 10 min,
during which time Mbed increases linearly. After 10 min, the mass outflow begins to increase
and continues to do so until about 30 min. During this period, Mbed continues to rise but
with a slower, nonlinear progression. At 30 min, Ṁp,out reaches a steady state, meeting the
±5% tolerance condition, as shown by the red lines in Figure 6, indicating discharge stability.
Meanwhile, Mbed stabilizes at around 3 kg, reaching a steady state after approximately
25 min—slightly before Ṁp,out reaches its steady state. This observation suggests that Mbed

reaches stability first, followed closely by Ṁp,out, indicating an interdependent relationship
between the two variables.

Table 4 presents the final measured outflow rate and bed mass, along with the incre-
mentally calculated bed mass. At the final steady-state point, Ṁp,out closely matches the
inflow rate provided in Table 1, indirectly confirming the accuracy and consistency of the
experimental setup. Additionally, the measured final Mbed is independently compared to
the incrementally calculated values to ensure accuracy. As shown in Table 4, the differences
between the incrementally calculated bed masses and the final measured values are min-
imal, indicating good agreement and validating the reliability of the experimental setup
and measurements.
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Table 4. Final measured outflow rate and bed mass and the incrementally calculated bed mess.

Case 1 Case 2 Case 3 Case 4 Case 5

Ṁp,out, f inal,measured [kg/min] 0.151 0.221 0.270 0.256 0.0150

Mbed, f inal, measured [kg] 2.93 3.49 3.89 5.96 2.52

Mbed, f inal, calculated [kg] 2.84 3.53 3.82 5.80 2.55

To avoid repetition of similar plots, the key details of the other continuous cases are
summarized in Table 5. Like Case 1, Cases 2, 3, and 4 exhibit similar trends in the behaviors
of Mbed and Ṁp,out, with differences primarily in process times and the time required for
each variable to reach a steady state. The differences in process times across Cases 2, 3,
and 4 are primarily due to adjustments in the inflow rates and changes in the downer tube
height. These factors influence the time required for Mbed and Ṁp,out to reach steady state.
Generally, as Ṁp,in increases from Case 1 to Case 3, the total process time decreases slightly,
reflecting the shorter time needed to reach steady state for both Mbed and Ṁp,out. Case 4,
however, shows a longer process time due to the increased downer tube height (110 mm
instead of 70 mm), which extends the time required to reach the steady state. In all cases,
the bed mass Mbed stabilizes first, followed by Ṁp,out, consistent with the observations in
Case 1.

Table 5. Steady-state times for continuous cases.

Case 1 Case 2 Case 3 Case 4

Process time [min] 50 45 40 60

Time at Mbed,st [min] 25 20 20 30

Time at Ṁp,out,st [min] 30 30 25 40

Unlike the continuous cases, Case 5 is a semi-batch experiment and operates as a
non-steady process. This setup differs fundamentally, as there is no constant inflow to
balance the outflow, resulting in distinct dynamics. Therefore, Case 5 will be discussed
separately in a subsequent section.

In summary, the experimental results from continuous trials provide insights into the
behavior of Ṁp,out and Mbed in the pilot-scale fluidized bed system. Initially, Ṁp,out remains
zero while Mbed increases linearly. As Ṁp,out begins to rise, Mbed continues to increase, but
in a nonlinear manner until both eventually stabilize. The following section will explore
how mathematical modeling with different approaches reflects these observed behaviors.

4.2. Mathematical Modeling Results

After the experiments were conducted, the next step was to run the mathemat-
ical model with each of the three algebraic equations—J&D, B&T, and the extended
equation—to evaluate their performances in predicting the Ṁp,out and Mbed dynamics.
Each equation aimed to capture the experimentally observed fluidized bed dynamics, with
R2 values used to assess the accuracy of predictions.

Figure 7 presents Case 2 as an example, showing the time evolution of Ṁp,out and
Mbed by comparing the experimentally measured values with model predictions for each
equation. Modeling with the J&D equation required the addition of a condition of zero
outflow at Hbed ≤ Htube to handle the initial period of the process; without this condition,
the model, which does not inherently consider bed height limitations, could not function
properly. With this adjustment in place, the equation was applied using CD = 0.5 (the
value originally suggested in [22]), but the results still showed poor alignment with the
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experimental data. This approach yielded moderate R2 values of 0.526 for Ṁp,out and 0.386
for Mbed, indicating a need for further refinement. Similarly, the B&T equation with the
original parameters from [25] (inflow parameter α = 0.0316 and pulsation factor exponent
m = 0.261) showed limited accuracy, with R2 = 0.233 for Ṁp,out and a negative R2 for Mbed,
demonstrating the need for adjustments in both cases.
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To improve the model accuracy, the coefficients were adjusted to minimize the error
between the experimentally measured values and the modeled predictions. For the J&D
equation, the discharge coefficient was adjusted to CD =0.03, as shown in Figure 7, in
which the updated J&D predictions show improved alignment with the measured values.

For B&T, the parameters were refined to α = 0.024 and m = 0.018, resulting in a
significantly better fit. The extended equation was applied with fitted parameters α = 0.102
and m = 0.0219, yielding high R2 values and close alignment with the experimental trends.
When updated, both the J&D and the B&T equations showed considerable improvement
in matching the experimental data. For example, the J&D equation with the updated
coefficient achieved R2 values of 0.973 for Mbed and 0.946 for Ṁp,out, while the B&T equation
with optimized parameters yielded R2 values of 0.988 for Mbed and 0.946 for Ṁp,out (see
Table 7). The extended equation also performed very well, achieving an R2 of 0.987 for Mbed

and 0.971 for Ṁp,out. These results indicate that all three equations captured the fluidized
bed dynamics effectively in Case 2, with B&T showing the highest R2 for Mbed and the
extended equation achieving the highest R2 for Ṁp,out, demonstrating the suitability of
these approaches for this case.

The pulsation factor k, which was determined using Equation (6), remained constant
at 1.06 for B&T and at 1.07 for the extended model. This constancy is attributed to the stable
mass flow rate of the fluidizing air, which maintained a consistent bed porosity across all
cases. As a result, it had minimal impact, causing the B&T equation to perform similarly
to the J&D equation, as evidenced by their comparable R2 values. However, when the
fluidizing air flow rate varies, the pulsation factor could have a more significant effect,
potentially influencing the model’s performance and predictive accuracy.

The experimental results revealed specific periods in the fluidized bed dynamics
that the modeling aimed to capture: an initial period in which Ṁp,out remains zero while
Mbed increases linearly, followed by a second period in which Ṁp,out rises and Mbed grows
nonlinearly, and finally a period in which both variables stabilize. To closely examine how
each equation performs in representing these periods, Case 2 was analyzed in detail. To
this purpose, the three periods were coarsely assigned to the time intervals of 0–10 min,
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10–30 min, and 30–45 min, respectively, and R2 values were calculated for each time interval
for both Mbed and Ṁp,out, as presented in Table 6.

Table 6. Period-specific R2 values for Case 2.

Model Initial Period
(0–10 min)

Transition Period
(10–30 min)

Steady-State
Period

(30–45 min)

J&D R2-Mbed: 0.999
R2-Ṁp,out: 0.999

R2-Mbed: 0.840
R2-Ṁp,out: 0.756

R2-Mbed: 0.951
R2-Ṁp,out: 0.990

B&T R2-Mbed: 0.999
R2-Ṁp,out: 0.999

R2-Mbed: 0.927
R2-Ṁp,out: 0.792

R2-Mbed: 0.982
R2-Ṁp,out: 0.962

Extended R2-Mbed: 0.999
R2-Ṁp,out: 0.999

R2-Mbed: 0.940
R2-Ṁp,out: 0.863

R2-Mbed: 0.958
R2-Ṁp,out: 0.998

• Initial period (0–10 min): In the initial phase, both the J&D equation with its
Hbed ≤ Htube condition and the B&T and extended equations with their kHbed ≤ Htube

conditions captured the zero-outflow behavior effectively. The R2 values for both Mbed

and Ṁp,out are 0.999, confirming that the models accurately represent this period.
• Transition period (10–30 min): In the transition period, where Ṁp,out starts to increase

and Mbed changes more dynamically, the equations showed differences in accuracy.
The J&D and B&T equations saw drops in R2, with values of 0.840 and 0.927 for Mbed

and 0.756 and 0.792 for Ṁp,out, respectively, indicating some limitations in capturing
these dynamics. In contrast, the extended equation achieved higher R2 values of 0.940
for Mbed and 0.863 for Ṁp,out, suggesting that its exponential term provides better
responsiveness to the changing conditions of this period.

• Steady-state period (30–45 min): In the final steady-state period, in which the condi-
tions stabilize, all equations led to improved accuracy. The B&T achieved the highest
R2 value for Mbed at 0.982, while the extended equation performed best for Ṁp,out

with an R2 of 0.998. The J&D also performed well, with R2 values of 0.951 for Mbed

and 0.990 for Ṁp,out, showing satisfactory alignment with the experimental data. This
suggests that while all models are suitable for steady-state conditions, the extended
model has a slight edge in predicting Ṁp,out.

In summary, the performance of each equation varied across the different periods of
fluidized bed dynamics. The J&D and B&T equations showed strong alignment with the
experimental data at steady-state conditions, indicating their suitability for processes in
which stability is the main focus. The extended equation also performed well during such
periods, similar to the other equations, but showed better accuracy during the transition
period, making it useful for capturing dynamics in processes with transitional behavior.

To ensure consistent comparison, all the cases were evaluated using the updated
coefficients for the J&D and B&T equations, along with the extended equation. Table 7
provides a summary of the R2 values for each case, highlighting the relative performances
of each equation across the different experimental scenarios. In addition to the R2 values,
Table 7 also includes the final model-predicted values of Mbed and Ṁp,out for each case.
While these values are not directly analyzed in the discussion, they serve as a reference for
comparison with the measured experimental values in Table 4, providing additional insight
into the numerical performances of the models. However, the analysis and conclusions in
this study are based solely on the R2 values.
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Table 7. Model-predicted final values and R2 for Mbed and Ṁp,out across all cases.

Case 1 Case 2 Case 3 Case 4 Case 5

Predicted R2 Predicted R2 Predicted R2 Predicted R2 Predicted R2

Mbed
[kg]

J&D 2.85 0.998 3.40 0.973 3.99 0.981 4.77 0.905 2.34 0.696

B&T 2.97 0.997 3.77 0.988 4.61 0.955 4.87 0.956 2.22 0.657

Extended 3.46 0.802 3.70 0.987 3.90 0.998 5.74 0.999 2.58 0.900

Ṁp,out
[kg/min]

J&D 0.151 0.966 0.218 0.946 0.271 0.942 0.258 0.917 0 0.750

B&T 0.151 0.966 0.215 0.946 0.267 0.919 0.257 0.930 0 0.690

Extended 0.151 0.896 0.217 0.971 0.272 0.995 0.258 0.991 0.00162 0.900

To evaluate the effect of the varying Ṁp,in, Cases 1 through 3 were analyzed, in which
Ṁp,in increased incrementally while the downer tube height remained constant at 70 mm.
Experimentally, the increase in Ṁp,in led to a corresponding rise in Mbed and a slight
reduction in the total process time, as the higher inflow rates shortened the time required
for both Mbed and Ṁp,out to reach steady state.

Across the equations, the performances remained generally consistent, though some
differences emerged as Ṁp,in increased. For Ṁp,out, the performances of the J&D and B&T
equations decreased slightly from Case 1 to Case 3. This is likely because the increase
in Ṁp,in shortened the overall process time and reduced the transition period’s duration.
At higher inflow rates, Ṁp,out rose more quickly, reaching steady state sooner. The rapid
increase in Ṁp,out under these conditions was better captured by the extended equation,
whose performance improved as the inflow rate increased. In contrast, the J&D and B&T
equations were less responsive to this accelerated behavior, leading to a slight decline in
accuracy as the inflow rates increased.

The J&D and B&T equations displayed consistently good performance for Mbed across
all three cases, with high R2 values. However, for Case 1, in which Ṁp,in was lower, the
extended model’s R2 for Mbed was notably lower (0.802), suggesting some sensitivity to
lower inflow rates in capturing Mbed. This suggests that the mathematical models perform
best within a certain range of inflow rates. In this study, Case 1’s inflow rate might fall
outside this optimal range for the extended model with the current fitted parameters (α
and m). Because the parameters were optimized across all cases, they naturally favored
higher inflow rates, at which the model performed best. Notably, the extended model could
be made to perform much better at lower inflow rates if the parameters were specifically
adjusted for that condition.

Increasing the tube height from 70 mm in Case 3 to 110 mm in Case 4 introduced
notable changes in the experimental behaviors of both Ṁp,out and Mbed. Experimentally, this
height increase delayed the approach to steady state, with both Mbed and Ṁp,out requiring
a longer time to reach stable values. Additionally, the larger tube height in Case 4 resulted
in a greater final bed mass, which increased from 3.8 kg in Case 3 to 5.8 kg.

In terms of predictive accuracy, the extended equation performed well for both Mbed

and Ṁp,out, achieving very high R2 values (0.999 for Mbed and 0.991 for Ṁp,out). Although
the R2 value for Mbed indicates strong model performance for both Cases 3 and 4, the
R2 value for Ṁp,out decreased slightly from 0.995 to 0.991. This minor variation is likely
due to measurement uncertainties in the experimental data. Because the model was fitted
to experimental observations, small inconsistencies in data collection or transient flow
behavior could contribute to slight fluctuations in R2.

For the J&D and B&T equations, the R2 values in Case 4 indicate a decline in accuracy,
particularly for Mbed, with a value of 0.905 for J&D. Although the R2 values for these models
still indicate reasonable alignment, they reflect a limited ability to capture the full extent of
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the bed-mass increase associated with the tube height change. The lower R2 values for Mbed

further indicate that these models are less adaptable to changes in fluidized bed geometry
as compared to the extended model.

In Case 5, a semi-batch process was conducted, differing from the other cases as there
is no continuous mass inflow (Ṁp,in = 0), as presented in Figure 8. This setup corresponds
to a pure discharge process in which the particles are initially loaded into the fluidized bed,
and Ṁp,out gradually decreases over time. To capture the dynamic nature of this process,
Ṁp,out was measured at 1-min intervals, starting from the second minute. Note that the
first measurement was delayed and taken at the second minute, after which measurements
continued at 1-min intervals. The higher frequency of measurement is reflected in Figure 8
by the numerous data points (asterisks) showing a detailed, time-resolved profile of Ṁp,out

and Mbed over time.
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Experimentally, both Ṁp,out and Mbed exhibited distinct behavior in the semi-batch
setup as compared to the continuous cases. From Figure 8, it is evident that Mbed decreased
rapidly during the initial period, dropping from an initial value of approximately 6.21 kg to
3 kg within the first 20 min, effectively emptying half the bed mass. Correspondingly, Ṁp,out

also decreased steeply during this period. After 20 min, the behavior of both variables
shifted. The rate of change in Mbed slowed down considerably, with only a small decrease
of about 0.5 kg from 20 to 40 min. As a result, Ṁp,out became very small, approaching nearly
zero flow rate. While Mbed remained unsteady for the entire duration of the process, Ṁp,out

achieved a near-steady state from 20 min onward, maintaining a minimal outflow rate.
When evaluating the performance of each algebraic outflow equation, significant

differences become apparent. Both the J&D and B&T equations struggled to capture
the dynamics of the semi-batch experiment. The J&D equation, for instance, failed to
replicate the sharp initial decline in Ṁp,out observed experimentally. Instead, it produced
a more linear decrease, which diverged from the measured data, particularly in the first
15–20 min. In this model, Ṁp,out reached zero after around 20 min—earlier than observed
experimentally, where the approach to zero was more gradual. Regarding Mbed, the J&D
equation also underperformed, showing little to no further change after approximately
15 min, failing to capture the slower but continuous decrease in bed mass seen in the
experimental data. These issues are reflected in the low R2 values of 0.696 for Mbed and
0.750 for Ṁp,out, indicating that the J&D equation does not align well with this case. The
B&T equation exhibited similar limitations, generating an overly linear decline. Here, Ṁp,out

reached zero after around 22 min but still failed to capture the full pattern of decrease. In
regard to Mbed, the B&T model showed no significant change after about 20 min, diverging
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from the experimental data. The R2 values for the B&T equation—0.657 for Mbed and 0.690
for Ṁp,out—confirm its limited accuracy in modeling the semi-batch dynamics.

In contrast, the extended equation performed considerably better in capturing the
behavior of the semi-batch process. Figure 8 shows that the extended equation closely
followed the initial rapid decline in Ṁp,out and then accurately tracked the gradual reduction
over time, resulting in a high R2 value of 0.900 for Ṁp,out. For Mbed, the extended equation
also showed a marked improvement over the other two equations, providing a closer fit
to the measured values. It captured the rapid decrease in Mbed during the initial period
and reflected the slower decline as the process progressed, yielding an R2 value of 0.900.
This performance, significantly higher than that of the J&D and B&T equations, is due to
the exponential term in the extended equation, which enables it to better capture the rapid
changes observed in the semi-batch process.

In their study on unsteady particle exchange in a two-compartment fluidized bed, Lau
et al. [21] observed that the bed mass decreased exponentially, similar to the trend seen in
the present semi-batch emptying process. They derived a model based on the assumption
of first-order exchange kinetics, resulting in an exponential function to describe particle
exchange dynamics. However, this model is not directly applicable to our study due to its
assumptions. Nonetheless, the presence of exponential terms in both models highlights a
common approach to capturing dynamic behaviors in fluidized bed systems.

5. Conclusions
In this study, the particle discharge rate from a pilot-scale fluidized bed was investi-

gated both experimentally and mathematically through algebraic equations. Five cases
were examined, including four continuous experiments and one semi-batch experiment.
The mass outflow rate and bed mass were modeled using equations previously proposed
by Jones and Davidson [22] (J&D) and Burgschweiger and Tsotsas [25] (B&T), as well as an
extended equation developed in this work.

The continuous experiments exhibited both unsteady and steady-state behaviors.
Initially, the mass outflow rate was zero, leading to a linear increase in bed mass. Upon
commencement of the outlet flow, the mass outflow rate increased until reaching a period
close to steady state, during which the bed mass also increased but at a slower rate, even-
tually stabilizing. Generally, the algebraic equations demonstrated good performance in
capturing the continuous experiment dynamics. The differences in the performances of the
equations became evident during the transitional period. Both the J&D and B&T equations
showed satisfactory performances, but the extended equation performed better, particu-
larly in predicting the mass outflow rate. During the steady-state period, all equations
performed well.

Moreover, the performance of the equations varied when the mass inflow rate and
downer tube height changed in the continuous experiments. Experimentally, higher mass
inflow rates resulted in faster transitions and reduced process times to reach steady-state
conditions. In contrast, increased downer tube heights prolonged the process, delaying
steady-state attainment. The extended model performed well, particularly when the tube
height changed, but exhibited some sensitivity to lower mass inflow rates, suggesting
that adjustments to inflow parameters may be necessary to enhance accuracy under these
conditions. In contrast, the J&D and B&T models displayed good performance when
the mass inflow rate changed and satisfactory performance when the tube height varied,
reflecting their general reliability but limited adaptability to certain dynamic shifts.

In the semi-batch experiment, an unsteady process was observed, characterized by an
initial rapid decrease in bed mass and mass outflow rate, followed by stabilization with no
further outflow. The extended equation demonstrated superior performance as compared
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to the others, accurately capturing the sharp declines in both the mass outflow rate and
bed mass. The exponential term in the equation was identified as the key factor behind
this improved accuracy. Therefore, the extended equation proved to be more effective in
modeling unsteady processes than the other equations.

This study demonstrates that algebraic equations can effectively model particle dis-
charge from fluidized beds. However, further research might help to refine these models
across a broader range of fluidized bed behaviors and operating conditions, including
different fluidization rates, particle sizes, operational modes, and extreme mass inflow rates
(both very low and very high). Investigating the performance of algebraic equations under
these diverse conditions could lead to significant improvements in predictive accuracy,
enabling more efficient and optimized fluidized bed operations across various industrial
applications. Accurate modeling of mass balance and outflow dynamics is essential for
optimizing fluidized bed reactors, separation processes, and gas–solid flow control in indus-
tries such as mining, chemical processing, and energy production. By improving predictive
capabilities, these models can contribute to better real-time monitoring, automatic process
adjustments, and enhanced system stability. Ultimately, this will lead to greater efficiency
and reduced operational costs in industrial applications.
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Nomenclature

A cross-sectional area, m2

Ar Archimedes number, -
CD discharge coefficient, -
d diameter, m
g acceleration of gravity, m/s2

H height, m
M mass, kg
m exponent, -
Ṁ mass flow rate, kg/s
Re Reynolds number, -
t time, s
u velocity, m/s
Greek letters
α inflow parameter
ε porosity
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κ pulsation factor
ν kinematic viscosity, m2/s
ρ density, kg/m3

Subscripts
0 superficial
bed fluidized bed
elu elutriation
g gas
in inlet
mf minimal fluidization
out outlet
p particle
st steady
tube downer tube
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