
Academic Editor: Youguo Yan

Received: 25 September 2025

Revised: 13 October 2025

Accepted: 15 October 2025

Published: 17 October 2025

Citation: Mahjour, S.K. Bayesian

Neural Networks for Quantifying

Uncertainty in Solute Transport

Through Saturated Porous Media.

Processes 2025, 13, 3324. https://

doi.org/10.3390/pr13103324

Copyright: © 2025 by the author.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license

(https://creativecommons.org/

licenses/by/4.0/).

Article

Bayesian Neural Networks for Quantifying Uncertainty in Solute
Transport Through Saturated Porous Media
Seyed Kourosh Mahjour

Department of Sustainability, Everglades University, 5002 T-Rex Ave #100, Boca Raton, FL 33431, USA;
seyed.mahjour@evergladesuniversity.edu

Abstract

Uncertainty quantification (UQ) is critical for predicting solute transport in heterogeneous
porous media, with applications in groundwater management and contaminant remedia-
tion. Traditional UQ methods, such as Monte Carlo (MC) simulations, are computationally
expensive and impractical for real-time decision-making. This study introduces a novel ma-
chine learning framework to address these limitations. We developed a surrogate model for
a 2D advection-dispersion solute transport model using a Bayesian Neural Network (BNN).
The BNN was trained on a synthetic dataset generated by simulating solute transport across
various stochastic permeability and dispersivity fields. Uncertainty was quantified through
variational inference, capturing both data-related (aleatoric) and model-related (epistemic)
uncertainties. We evaluated the framework’s performance against traditional MC simula-
tions. Our BNN model accurately predicts solute concentration distributions with a mean
squared error (MSE) of 9.8 × 10−5, significantly outperforming other machine learning
surrogates. The framework successfully quantifies uncertainty, providing calibrated confi-
dence intervals that align closely with the spread of the MC results. The proposed approach
achieved a 98.5% reduction in computational time compared to a standard Monte Carlo
simulation with 1000 realizations, representing a 65-fold speed-up. A sensitivity analysis
revealed that permeability field heterogeneity is the dominant source of uncertainty in
plume migration. The developed machine learning framework offers a computationally
efficient and robust alternative for quantifying uncertainty in solute transport models. By
accurately predicting solute concentrations and their associated uncertainties, our approach
can inform risk-based decision-making in environmental and hydrogeological applications.
The method shows promise for scaling to more complex, three-dimensional systems.

Keywords: solute transport; uncertainty quantification; machine learning; bayesian neural
networks; Monte Carlo simulation; porous media

1. Introduction
Solute transport in heterogeneous porous media is a fundamental process in hydrol-

ogy and environmental engineering, governing the fate and transport of contaminants in
groundwater and subsurface systems. Accurate prediction of solute migration is crucial for
developing effective remediation strategies, assessing risk, and managing long-term water
resources. However, the subsurface is inherently uncertain due to a lack of complete infor-
mation regarding geological parameters such as permeability, porosity, and dispersivity.
This parametric uncertainty propagates through transport models, leading to significant
uncertainty in the predicted solute concentrations and plume evolution [1–3].
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Uncertainty quantification (UQ) aims to characterize and manage these uncertainties.
The most common UQ method is the Monte Carlo (MC) approach, which involves running
a transport model hundreds or thousands of times with different parameter realizations
sampled from their probability distributions [4,5]. While conceptually straightforward,
MC simulations are computationally prohibitive for complex, high-resolution models,
especially when long-term predictions are required or when integrated into optimization
or inverse modeling frameworks [6,7].

To address the computational bottleneck, researchers have explored surrogate models,
which are computationally inexpensive approximations of complex simulators. Recent
advances in machine learning (ML), particularly deep learning, have shown great promise
in building accurate surrogates for various geoscience applications [8–10]. However, these
traditional ML models often provide a single point prediction without quantifying the
associated uncertainty. This limitation is a major drawback for risk-based decision-making,
where understanding the range of possible outcomes is as important as the most likely
outcome [11–13].

This study introduces a novel machine learning-based framework for uncertainty
quantification in 2D solute transport models in porous media. We leverage the power of
Bayesian Neural Networks (BNNs), which naturally provide a probability distribution over
model outputs, thereby quantifying both aleatoric (data-related) and epistemic (model-
related) uncertainties [11,14]. To the best of our knowledge, this is the first study to use a
comprehensive BNN framework to quantify uncertainty in solute transport with a focus on
both accuracy and computational efficiency. Our primary contributions are (i) development
of a BNN-based surrogate model for predicting solute transport in a 2D heterogeneous
porous medium; (ii) quantification of total predictive uncertainty, including both aleatoric
and epistemic components; (iii) demonstration of a significant reduction in computational
time compared to traditional MC methods while maintaining high predictive accuracy;
and identification of key geological parameters that contribute most to the total uncertainty
using sensitivity analysis.

The remainder of this paper is structured as follows. Section 2 reviews related work in
solute transport modeling and UQ. Section 3 details our materials and methods, including
the governing equations, dataset generation, and the ML framework. Section 4 presents
and discusses the results. Finally, Section 5 concludes the paper and outlines directions for
future research.

2. Background and Related Work
2.1. Solute Transport Modeling Approaches

Solute transport in porous media is primarily governed by advection, dispersion, and
diffusion. The governing equation for a conservative solute in a saturated, two-dimensional
domain is the advection-dispersion equation (ADE) [15,16]:

R
∂C
∂t

= ∇ · (D∇C)−∇ · (vC)− λC + S

where C is the solute concentration (ML−3), t is time (T), R is the retardation factor (dimen-
sionless), D is the hydrodynamic dispersion tensor (L2T−1), v is the pore water velocity vec-
tor (LT−1), λ is the first-order decay constant (T−1), and S is a source/sink term (ML−3T−1).
In heterogeneous media, parameters such as hydraulic conductivity, permeability, and
dispersivity are spatially variable and often represented as stochastic fields [17]. In this
study, we focus on advection-dominated transport, where hydrodynamic dispersion is the
primary mixing process, and molecular diffusion is considered negligible. This assumption
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is often valid in systems with significant groundwater flow, where the Péclet number is
high [18].

2.2. Sources of Uncertainty in Solute Transport Models

Uncertainty in solute transport models arises from several sources: parametric uncer-
tainty (imprecise knowledge of input parameters), structural uncertainty (limitations of the
model equations), and data uncertainty (measurement errors) [19]. Parametric uncertainty,
particularly in the hydraulic conductivity field, is a dominant source and is the focus of
this study. The spatial heterogeneity of these fields makes a traditional forward modeling
approach with a single realization inadequate for accurate prediction [20].

2.3. Machine Learning for Surrogate Modeling

Machine learning models, particularly Neural Networks (NNs), have emerged as
powerful tools for creating fast and accurate surrogates for complex geoscience simulators.
NNs can learn the complex, nonlinear relationships between input parameters and model
outputs [21]. Recent applications include predicting groundwater flow [22], soil moisture
content [23], and contaminant transport [24]. However, these traditional NNs often fail to
provide a measure of confidence in their predictions, a critical requirement for UQ.

2.4. Uncertainty Quantification Techniques

Traditional uncertainty quantification (UQ) methods for solute transport include
Monte Carlo (MC) methods, Polynomial Chaos Expansion (PCE), and Stochastic Colloca-
tion. MC methods are considered the gold standard due to their statistical robustness, but
they are computationally expensive, often requiring thousands of model runs to produce a
reliable distribution of outcomes. PCE is a spectral method that approximates the model
output as a polynomial function of random input variables [25,26]. While more efficient
than MC, PCE can be challenging to apply in high-dimensional or highly nonlinear sys-
tems. Stochastic Collocation, similar in spirit to PCE, constructs a response surface using
deterministic simulations at selected collocation points [27]. This method offers a balance
between computational efficiency and accuracy, though its performance may degrade in
complex problem spaces. While these methods are well-established, they have not fully
benefited from modern advances in deep learning, which can better handle the complexity
and high dimensionality of solute transport problems.

3. Materials and Methods
3.1. 2D Solute Transport Model

We employed a two-dimensional, vertically averaged model of solute injection into a
hypothetical confined aquifer. The domain represents a 5 km × 5 km section of a geological
formation, discretized into a 100 × 100 grid with a spatial resolution of 50 m in both
horizontal directions. The governing equation is the ADE, which was solved numerically
using a finite difference method. A constant solute concentration source was applied at an
injection well at the center of the domain, and no-flow boundary conditions were assumed
on all four sides.

The key uncertain parameters are the permeability field (k) and the longitudinal
dispersivity (αL). The permeability field was modeled as a 2D Gaussian random field
with a specified mean, variance, and correlation length. The longitudinal dispersivity was
treated as a single uncertain scalar value. A representative realization of the permeability
field is shown in Figure 1.
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Figure 1. A representative realization of the 2D Gaussian random permeability field used for
generating the synthetic dataset.

3.2. Dataset Generation

To train and test our ML model, we generated a synthetic dataset by running the
solute transport simulator 2000 times. Each run used a unique combination of a ran-
domly generated permeability field and a sampled dispersivity value. We used Latin
Hypercube Sampling (LHS) to efficiently sample the parameter space [28]. The outputs
of the simulator were the solute concentration maps at 50 discrete time steps. Each time
step represents one year of simulation, spanning a 50-year period that captures both
the early-time advection-dominated transport and the later-time dispersion-dominated
spreading of the solute plume. This temporal discretization is appropriate for the spatial
scale of the domain (5 km × 5 km) and typical groundwater flow velocities in confined
aquifers. To train the BNN to predict concentrations at any time step, we treated each
time step as a separate training instance. This resulted in a total of 100,000 input-output
pairs (2000 realizations × 50 time steps), where each pair consists of a permeability field,
dispersivity value, and time index as inputs, with the corresponding concentration map
as output. We preprocessed the data by normalizing both the input parameters and the
output concentration maps to a range of [0, 1]. Normalization is a standard practice in
machine learning to ensure that all input features have a similar scale, which helps stabilize
the training process and improve model convergence. The dataset was split into training
(80%), validation (10%), and testing (10%) sets. This 80/10/10 split is a common practice in
machine learning that provides sufficient data for training while reserving separate datasets
for hyperparameter tuning and final performance evaluation, respectively [29,30].

3.3. Machine Learning Framework for Uncertainty Quantification

We implemented a Bayesian Neural Network (BNN) to serve as our surrogate model.
Unlike a standard NN that learns a single set of weights, a BNN learns a probability distribu-
tion over its weights, which allows it to naturally quantify uncertainty. We used variational
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inference to approximate the intractable posterior distribution of the weights [31,32]. The
hyperparameters used in our model are summarized in Table 1. The BNN model was
implemented in Python 3.9.7 using the TensorFlow 2.10.0, Keras 2.10.0, and TensorFlow
Probability 0.18.0 libraries. Training was performed on a workstation equipped with an
NVIDIA GeForce RTX 3090 GPU (NVIDIA Corporation, Santa Clara, CA, USA) and 64 GB
of RAM. To determine optimal hyperparameters, we conducted a limited grid search ex-
ploring different numbers of hidden layers (3–7), neurons per layer (128–512), and learning
rates (0.0001–0.01), selecting the configuration that provided the best performance on the
validation set. The final architecture consists of five hidden layers with 256 neurons each,
using the ReLU activation function. The complete set of hyperparameters is summarized
in Table 1.

Table 1. Key Hyperparameters of the BNN Model.

Hyperparameter Value

Number of Hidden Layers 5
Neurons per Layer 256
Activation Function ReLU
Learning Rate 0.001
Optimizer Adam
Batch Size 32
Epochs 500

The input to the network consists of the flattened permeability field (size 100 × 100)
and the longitudinal dispersivity value. The model is trained to predict solute concentration
maps at individual time steps, with the time step provided as an additional input parameter
to the network. This architecture allows the model to learn the temporal evolution of solute
transport and predict concentrations at any desired time within the simulation period. The
BNN employs variational Bayesian layers that learn both the mean and variance of weight
distributions. The loss function combines the mean squared error (for prediction accuracy)
and a Kullback-Leibler (KL) divergence term (for regularizing the weight distributions to
be close to a prior distribution).

For uncertainty quantification, we perform multiple forward passes through the
network with different weight samples drawn from the learned distributions. The total
predictive uncertainty comprises two components: aleatoric uncertainty (inherent random-
ness in the system) and epistemic uncertainty (uncertainty due to limited training data
and model capacity). Aleatoric uncertainty is captured through the learned variance of
the output distribution, while epistemic uncertainty is quantified by the variance across
multiple predictions obtained with different weight samples [33,34].

3.4. Evaluation Metrics

We evaluated the model’s performance using several key metrics. Prediction accuracy
was assessed using Mean Squared Error (MSE) and Root Mean Squared Error (RMSE),
which quantify the average deviation between predicted and observed values. The Coeffi-
cient of Determination (R2) was used to measure the proportion of variance in the observed
data explained by the model. To evaluate the calibration of uncertainty estimates, we
computed the Coverage Probability, which reflects how often the true value falls within
the predicted confidence interval. For a perfectly calibrated model, a 95% confidence
interval should yield exactly 95% coverage probability; however, in practice, coverage
within ±2–3 percentage points (i.e., 92–98%) is considered well-calibrated, accounting for
finite sample variability. Finally, we compared the computational time of our approach
against the standard Monte Carlo (MC) method to assess efficiency.
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4. Results and Discussion
4.1. Performance Analysis

The BNN model was trained over 500 epochs, with the training and validation losses
converging smoothly, as shown in the training curve in Figure 2.

Figure 2. Training and validation loss curves for the Bayesian neural network over 500 epochs.
The plot shows the smooth convergence of both loss functions, indicating a stable and effective
training process.

Our BNN surrogate model demonstrated high predictive accuracy on the unseen test
set. The model achieved a test MSE of 9.8 × 10−5 and an R2 value of 0.96, indicating that
it successfully captured the complex, nonlinear relationship between the uncertain input
parameters and the solute concentration output.

To further validate the BNN’s predictive capability, we directly compared its concen-
tration map prediction with the true values from the numerical simulator. As shown in
Figure 3, the BNN accurately reproduces the solute plume characteristics, including the
radial concentration distribution, peak values at the injection point, and the overall circular
spreading pattern typical of solute transport in isotropic media.

A key advantage of our approach is the significant reduction in computational time.
The BNN model provided a prediction for a single realization in under one second, whereas
a single run of the numerical simulator took approximately 2 min. We performed a more
detailed analysis of computational performance compared to different numbers of Monte
Carlo realizations, as shown in Table 2.

Table 2. Performance Metrics of the BNN Surrogate Model.

Metric Value

Test RMSE 0.0099
Test MSE 9.8 × 10−5

Test R2 0.96
95% Coverage 93.2%
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Figure 3. Predicted solute concentration distribution from the BNN model for a representative test
case. The plot shows the characteristic radial spreading of solute from a central injection point
(at coordinates 2.5, 2.5), with highest concentrations (dark blue, ∼1.0) at the source decreasing to
near-zero concentrations (light blue/white) at the domain boundaries. The red dashed contour
line marks a specific concentration threshold. The smooth concentration gradients and circular
symmetry demonstrate the BNN’s ability to capture the fundamental physics of solute transport in
heterogeneous porous media.

4.2. Uncertainty Quantification

Figure 4 shows a representative spatial concentration profile from our BNN model.
The plot displays predicted concentration along a radial transect from the injection source,
capturing how concentration decreases with distance. The solid line represents the mean
prediction, while the shaded region represents the 95% confidence interval, which quantifies
the spatial uncertainty in the concentration distribution. The true value from the numerical
simulator is shown as a dashed line. As seen in the figure, the true concentration profile
consistently falls within the confidence interval at all spatial locations, indicating that the
BNN provides well-calibrated uncertainty estimates for spatial predictions.

Figure 5 illustrates the spatial distribution of the quantified uncertainty across the
domain. Panel (A) shows the predicted solute concentration, while panels (B) and (C) show
the aleatoric and epistemic uncertainties, respectively. The aleatoric uncertainty is highest
in regions with large concentration gradients (e.g., at the plume front), where the data is
inherently noisy due to sharp changes. The epistemic uncertainty is highest in regions
where the model has not seen enough training data or where the relationship between
input and output is most complex. This includes areas near the source and the edges of
the plume.
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Figure 4. Radial concentration profile with uncertainty quantification at year 25 of simulation. The
plot shows predicted solute concentration as a function of distance from the central injection source
(coordinates 2.5, 2.5 km in Figure 3). The solid blue line represents the BNN mean prediction,
the shaded region shows the 95% confidence interval, and the dashed black line indicates the
true concentration from the numerical simulator. The close agreement and consistent coverage
demonstrate accurate spatial prediction with well-calibrated uncertainty bounds.

To further illustrate the framework’s efficiency, Figure 6 compares the temporal evolu-
tion of total uncertainty (measured as the standard deviation of the concentration) between
the BNN and a standard Monte Carlo simulation. For each time step (year), we computed
the mean standard deviation across all spatial grid cells in the 100 × 100 domain. The BNN
provides a stable and consistent uncertainty estimate much faster than the MC method,
which requires an increasing number of realizations to converge.

4.3. Sensitivity Analysis

We performed a global sensitivity analysis using Sobol indices to determine which
input parameters contribute most to the total output uncertainty. Sobol indices quantify
the fraction of output variance attributable to each input parameter, with values ranging
from 0 to 1. We computed both first-order indices (measuring the direct effect of each
parameter) and total-order indices (measuring the total effect including interactions with
other parameters). The results, summarized in Table 3, show that the permeability field is
the dominant source of uncertainty, with a first-order Sobol index of 0.82 and a total-order
index of 0.89. The longitudinal dispersivity contributes a much smaller amount, with
first-order and total-order indices of 0.11 and 0.18, respectively.

Table 3. Sobol Sensitivity Indices for Input Parameters.

Parameter First-Order Index (Si) Total-Order Index (ST )

Permeability Field 0.82 0.89
Longitudinal Dispersivity 0.11 0.18
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Figure 5. Spatial distribution of (A) predicted solute concentration, (B) aleatoric uncertainty, and
(C) epistemic uncertainty. The highest uncertainties are at the plume edges and areas of high
concentration gradients.

Figure 6. A comparison of total predictive uncertainty (measured as the mean standard deviation
of the concentration field across the entire spatial domain) between the BNN and Monte Carlo
simulation over the 50-year simulation period. Each point represents the average uncertainty at a
specific time step.

The first-order Sobol indices sum to 0.93. In Sobol sensitivity analysis, first-order
indices quantify only the direct, independent effect of each parameter and do not account
for parameter interactions. The remaining 7% of output variance is attributed to second-
order and higher-order interaction effects between the permeability field and dispersivity
(accounting for approximately 5–6% based on the difference between total-order and first-
order indices), with the residual (∼1–2%) due to numerical approximation errors inherent
in the Sobol analysis. The difference between first-order and total-order indices (0.07 for
permeability and 0.07 for dispersivity) quantifies the contribution of parameter interactions
to the total uncertainty. The dominant contribution of the permeability field (82% first-
order, 89% total) confirms that spatial heterogeneity in hydraulic properties is the primary
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driver of uncertainty in solute transport predictions, which is consistent with findings
from previous studies in heterogeneous porous media [20]. This finding highlights the
critical importance of accurately characterizing geological heterogeneity for reliable solute
transport predictions. A visualization of the relative contributions of each parameter is
shown in Figure 7.

Figure 7. Histogram of Sobol indices showing the relative contribution of each input parameter to
the total predictive uncertainty. The permeability field dominates the uncertainty, accounting for 82%
of the total variance (first-order effect) in solute concentration predictions.

4.4. Discussion

The results demonstrate the significant advantages of using a BNN for uncertainty
quantification in solute transport models. The model’s ability to provide both accurate
predictions and calibrated uncertainty estimates is a major step forward, enabling risk-
based analysis without the computational burden of traditional methods. The identified
computational speed-up factor of over 65 (Table 4) is particularly impactful, as it makes
real-time, risk-informed decisions possible for applications like contaminant spill response
or groundwater remediation monitoring.

Table 4. Computational Time Comparison: BNN vs. Monte Carlo (MC).

Method Number of Realizations Total Time Speed-Up Factor (vs. MC)

BNN (single prediction) 1 <1 s –
BNN (1000 predictions) 1000 ≈30 min 65
MC Simulation 100 ≈3 h 1
MC Simulation 1000 ≈33 h 1

To highlight the superiority of the BNN approach, we also compared its performance
to other common machine learning models, as shown in Table 5. The BNN outperforms
the standard Neural Network (NN) and Random Forest (RF) in both accuracy and uncer-
tainty calibration, reinforcing the value of the Bayesian approach. While our approach is
promising, it has limitations. The model was trained on synthetic data, which, while useful
for developing and validating the methodology, may not fully capture the complexities
of real-world geological formations. Real-world data often contains measurement noise,
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missing values, and spatial correlations that are not fully represented in synthetic datasets.
Consequently, the performance of the model on field data may differ from the results
presented here. Future work should focus on validating the framework with real-world
datasets to assess its robustness and generalizability. The generalizability of this approach
to complex 3D models with heterogeneous anisotropy and reactive transport is a topic
for future research. However, the framework is scalable, and the use of transfer learning
or physics-informed neural networks could help address these challenges by reducing
the need for large-scale training datasets. Furthermore, the ability to quantify epistemic
uncertainty can guide future data collection efforts by identifying regions or parameters
where more information is needed to reduce model uncertainty [35].

Table 5. Performance Comparison of Different Machine Learning Models.

Model Test RMSE Test R2 95% Coverage

Bayesian Neural Network (BNN) 0.0099 0.96 93.2%
Standard Neural Network (NN) 0.0151 0.88 N/A
Random Forest (RF) 0.0210 0.81 N/A

5. Conclusions
This study presents a novel machine learning framework for computationally efficient

and accurate uncertainty quantification (UQ) in 2D solute transport models. By employing
a Bayesian Neural Network (BNN), we successfully developed a surrogate model that
predicts solute concentration distributions while quantifying both aleatoric and epistemic
uncertainty. The framework was trained over 500 epochs with a batch size of 32 and
validated against traditional Monte Carlo simulations. It demonstrated a high predictive
accuracy (R2 = 0.96) and achieved a 65-fold speed-up in computational time (98.5% time
reduction) compared to traditional methods. Our sensitivity analysis, based on over
1000 model realizations, confirmed that the permeability field is the dominant source of
uncertainty in these systems.

The novelty of this work lies in its seamless integration of advanced deep learning
techniques with a rigorous UQ framework tailored for hydrogeological problems. This
approach addresses the long-standing challenge of the computational cost associated with
traditional UQ methods, making it feasible to perform robust risk and uncertainty analysis
in real-world engineering applications. The results have significant practical implications
for the groundwater industry, enabling faster risk assessment, more confident decision-
making for water resource management, and optimized environmental remediation strate-
gies. By providing both a point estimate and a measure of confidence, our model allows
stakeholders to make more informed choices under conditions of subsurface uncertainty.

Despite its strengths, this framework has certain limitations. The current model is
validated for 2D scenarios, and the transition to complex 3D geological formations presents
new challenges, particularly in handling computational load and data dimensionality.
Furthermore, our model currently focuses on conservative solute transport; incorporating
reactive transport and geochemical reactions would require a more complex network
architecture capable of capturing the intricate nonlinear dependencies.

Future work will focus on extending this framework to 3D transport models and
incorporating reactive transport to enhance its applicability. We also plan to investigate the
integration of physics-informed neural networks (PINNs) to enforce physical constraints,
such as mass conservation, and improve the model’s predictive accuracy. Furthermore,
we will explore active learning strategies to optimize the data generation process, which
will further improve the model’s accuracy while minimizing the number of expensive
high-fidelity simulations required. This research paves the way for a new generation of
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data-driven hydrogeological models that can rapidly and reliably inform critical environ-
mental decisions.
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