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Abstract

Permeability of fissured sorbing rocks, such as coal and shale, controls gas transport and is
relevant to a variety of scientific problems and industrial processes. Multiple gas transport
and rock deformation mechanisms affect permeability evolution, including gas rarefac-
tion effects, gas-sorption-induced anisotropic matrix–fracture interaction, and anisotropic
deformation induced by effective stress variation. In this paper, a generic anisotropic
permeability model is proposed to address the impacts of the above mechanisms and
effects. Specifically, the influence of matrix–fracture interactions on permeability evolution
is depicted through the nonuniform matrix swelling caused by the gas diffusion process
from fracture walls into the matrix. The following characteristics are also incorporated in
this model: (1) anisotropic mechanical and swelling properties, (2) arbitrary box-shaped
matrix blocks due to the anisotropic rock structure, (3) adsorbability variation of different
matrix blocks because of complex rock compositions, (4) adsorption hysteresis, and (5) dy-
namic tortuosity. The directional permeability models are derived based on the anisotropic
poroelasticity theory and anisotropic swelling equations considering adsorption hysteresis.
We use a gas-invaded-volume ratio to describe the nonuniform swelling of matrix blocks.
Additionally, swelling of blocks with different adsorption and mechanical properties are
characterized by a volume-weighted function. Finally, the anisotropic tortuosity is defined
as a power law function of effective porosity. The model is verified against experimental
data. Results show that four-stage permeability evolution with time can be observed. Per-
meability evolution in different directions follows its own ways and depends on anisotropic
swelling, mechanical properties, and structures, even when the boundary conditions are
identical. Adsorption hysteresis controls the local shrinkage region. Tortuosity variation
significantly affects permeability but has the smallest influence on the local swelling region.
The existence of multiple matrix types complicates the permeability evolution behavior.

Keywords: anisotropic permeability; coal; shale; matrix–fracture interaction; adsorption
hysteresis

1. Introduction
Rocks are generally anisotropic with their properties varying spatially and orien-

tationally [1,2]. These properties, such as moduli, deformability, permeability, and the
poromechanical responses of these rocks are frequently anisotropic [3,4]. It is widely
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reported that the permeability of coal and shale exhibits anisotropy to one extent or an-
other [5–7]. In the literature, the permeability of these rocks is usually treated as isotropic,
particularly in horizontal directions [5]. However, as illustrated in Figure 1, multi-scale
fracture networks are well developed in structurally anisotropic shale and coal rocks. Their
anisotropic nature and complex poromechanical behavior make it difficult to precisely
describe the permeability evolution.

Figure 1. Anisotropic structures of the multi-scale fracture/cleat systems in coal and shale
rocks [8–10].

Many experimental investigations have been conducted to analyze directional per-
meability of fractured sorbing rocks. In terms of coal rocks, Tan et al. [5] measured coal
permeability in three principal directions. Their results reveal that the face-cleat-direction
permeability is 3.68 to 12.93 times larger than in the butt cleat direction. Liu et al. [11]
performed anthracite coal permeability tests using cubic samples under true triaxial stress
conditions. They found that the butt cleat plane exhibits a stronger stress sensitivity due to
face cleat closure. Different from the above studies, Raza [12] used the mercury intrusion
porosimetry combined with stress–strain measurements to obtain the cleat compressibil-
ity. The cleat compressibility can be utilized to calculate anisotropic coal permeability.
Confining pressure can significantly affect cleat permeability, but its influence on per-
meability anisotropy is marginal [13]. As for shale rocks, Chalmers et al. [14] compared
high-permeability isotropic and anisotropic Devonian shale samples. They found that
anisotropic sample permeability is more stress sensitive. Bhandari et al. [15] documented
vertical and horizontal permeability of Barnett Shale samples. When the confining pressure
was increased from 10.3 to 41.4 MPa, the horizontal to vertical permeability ratio can be up
to 40. Using cubic shale samples from the Longmaxi Formation, Pan et al. [16] conducted
anisotropic permeability measurements and concluded that the permeability perpendicular
to the bedding planes is approximately 4% of the permeability parallel to bedding. Their
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simulation results indicate that anisotropic permeability significantly affects gas production
and should be applied to fluid flow modeling in shale gas reservoirs. Later, Ma et al. [17]
investigated the relationship between the permeability directional dependency and fracture
structures of cubic shale samples. The measured permeability ratios between the directions
parallel and perpendicular to the bedding planes show a strong anisotropic feature and
change from 5.2 to 510.5, while the permeability ratios between the two directions parallel
to the bedding planes only range from 1.3 to 2.7.

Apart from experimental research, theoretical models are needed to explain laboratory
observations and predict the permeability evolution under a wider spectrum of conditions.
A variety of anisotropic permeability models have been established to describe the com-
plex permeability evolution involved in gas migration within coal and shale rocks. Wu
et al. [18] developed directional permeability–strain relations and found that coal perme-
ability is dominated by boundary conditions, fracture distributions, and matrix–fracture
interactions. Pan and Connell [19] added anisotropic swelling into the Shi and Durucan
stress–permeability relationship [20] and proposed direction permeability ratios. Their
work incorporated anisotropic swelling and structural anisotropy. To understand the links
between sorption-induced coal permeability changes and directional strains, Liu et al. [21]
proposed a modulus reduction ratio, which is the ratio of the coal bulk elastic modulus
to the coal matrix modulus. It links anisotropic deformation and directional permeability.
Chen et al. [22] optimized the design of multi-lateral wells for coal-seam-gas extraction
based on a stress-dependent model with a certain permeability–anisotropy ratio. They
found that anisotropic permeability is not only controlled by the rock structure and tor-
tuosity, but also affected by directional swelling and mechanical properties. Then, Wang
et al. [23] incorporated directional compaction, directional swelling, and non-Darcy flow to
investigate gas extraction in coal seams. In their model, the Langmuir equation is extended
to depict anisotropic swelling strains. To determine how anisotropic permeability changes
under in situ conditions, Wang et al. [24] derived a directional permeability model for gas
depletion under uniaxial conditions and considered the matrix internal swelling. Later,
Moore et al. [7] formalized a transversely isotropic coal permeability model for vertically
cleated coal rocks. Five elastic stiffness parameters (two Young’s moduli and three Poisson’s
ratios) were used in their model. An et al. [25] presented a permeability model to evaluate
anisotropic permeability changes caused by stress variation and gas adsorption/desorption
and concluded that anisotropic permeability is crucial for well pattern selection. To include
mining-induced mechanical responses, Zhang et al. [6] established an anisotropic perme-
ability model that couples stress evolution, gas adsorption/desorption, and microfracture
propagation. Their model can simulate stress evolution caused by different mining layouts.
Li et al. [26] derived an anisotropic coal permeability model with the impact of hetero-
geneous fracture deformation and divided the coal rock into a soft part and a hard part.
The magnitude of the permeability change under a certain confining stress depends on
the proportion of the soft part. Based on the equivalent fracture aperture coefficient, Qi
et al. [27] proposed an anisotropic coal permeability where this coefficient describes the
anisotropy of mechanical and fluid flow properties. Through numerical simulation, they
found that the differences in equivalent fracture aperture coefficients make the evolution
trend significantly divergent in different directions even under the same boundary condi-
tion. Zeng et al. [28] utilized a new directional swelling model to address the impact of
anisotropic local swelling on directional coal permeability evolution. More recently, Zeng
et al. [29] established fully anisotropic coal permeability model involving gas slippage,
creep deformation, and directional local matrix swelling/shrinkage based on the evolution
of different strain components.
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These directional permeability models may be versatile enough to explain certain field
and laboratory observations; however, they neglect one or several of the following critical
features of shale and coal rocks: (1) matrix block shapes of different rock samples can be
divergent due to their unique sedimentary and tectonic processes; (2) the adsorbability
and swelling properties are not identical for different matrix blocks within a rock because
of nonuniform distributed organic materials and mineral components; (3) the swelling
strains of the same rock vary orientationally [19]; (4) a conspicuous deviation (adsorption
hysteresis) has been frequently observed when comparing the desorption and adsorption
curves [30]; (5) rock deformation during fluid injection or extraction changes the flow chan-
nel tortuosity; and (6) the tight matrix blocks experience gas invading/depletion-induced
nonuniform swelling/shrinkage which provides a long-term influence on permeability
evolution [31]. The objective of this research is to incorporate all the above-mentioned
aspects in anisotropic permeability modeling. Here, we develop an advanced anisotropic
model for shale and coal rocks. Major methodologies used in this study are summarized
as follows: (1) directional permeability models are built based on the anisotropic poroe-
lasticity theory; (2) rectangular parallelepipeds (arbitrary box-shaped matrix blocks) serve
as reasonable approximations for different shapes of matrix blocks; (3) a volume-average
method is applied to represent the effects of adsorbability and swelling property variation
of different matrix blocks within the rock; (4) modified Langmuir equations are utilized
to depict directional swelling and adsorption hysteresis; (5) a dynamic porosity-tortuosity
relation is inserted in our permeability model; and (6) gas invading/depletion-induced
nonuniform swelling/shrinkage is simulated by a matrix–fracture pressure dependent gas
invaded/depleted volume ratio [32]. The methodology section is organized as follows: the
conceptual model is introduced first. The derivation of the gas invaded/depleted and un-
invaded/undepleted matrix volume ratios that describe the magnitude of matrix–fracture
interaction are presented later. Then, the local-swelling-induced fracture strain is calculated
and will be used to describe the impact of matrix–fracture interaction on permeability.
After that, matrix and fracture pressure terms are introduced according to matrix–fracture
mass transfer. Next, the directional strain changes caused by directional swelling and
effective stress variation are presented. Finally, by combining the gas rarefaction effects,
the permeability models in different directions are obtained.

2. Conceptual Models
2.1. Matrix Blocks and Fractures

The coal and shale rocks are treated as a combination of matrix–block and fracture
systems. In our conceptual model (Figure 2a), the effective pore space for gas flow is
in the form of connected macro- or micro-fractures. The rocks consist of rectangular
parallelepipeds and are orthotropic in their mechanical and swelling bulk properties.
Similar to Reiss [33], it is assumed that both the flow channel aperture and the dimensions
of the matrix block can be different. Here, L1, L2, and L3 are the dimentions of the box-
shaped block (m); a1, a2, and a3 are the flow channel spacing in the three directions (m);
and b1, b2, and b3 are the corresponding flow channel aperture values (m), as shown in
Figure 2b. The numbers 1, 2, and 3 represent x-, y-, and z-directions. In fact, because b ≪ L,
it is assumed that a ≈ L in each direction. As illustrated in Figure 3, the tortuosity also
exhibits anisotropy and is not identical in different directions.
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Figure 2. Conceptual geometry: (a) schematic of an anisotropic rock with different box-shaped
matrix types (different colors represent matrices composed of different materials) and (b) schematic
of effective flow channels and cross-sectional areas for gas flow in each direction.

Figure 3. Schematic of flow paths: (a) a coal layer conceptual model and (b) the flow path along the
flow channel.

2.2. Matrix–Fracture Interactions

The gradual gas invading/depletion process from the fracture walls into the matrix
during gas injection/extraction induces the transition from localized swelling/shrinkage
at fracture surfaces to the bulk rock swelling/shrinkage (see Figure 4). The ma-
trix swelling/shrinkage near the fracture surface is called local swelling, while the
swelling/shrinkage of the whole rock refers to bulk swelling. The transition process
between the two types of swelling/shrinkage generates matrix–fracture interactions. Dur-
ing gas injection or pressure depletion, the matrix block volume involves two parts: one
is the gas invaded/depleted volume, and the other is the uninvaded/depleted volume
under the initial condition. An invaded/depleted volume ratio is used to quantify how
matrix swelling/shrinkage area expansion affects permeability evolution. It is the ratio of
the gas invaded/depleted matrix volume to the total matrix volume, ranging from zero
to one [32]. When the ratio is small, adsorption-induced matrix swelling is localized at
the fracture surfaces and reduces the flow channel aperture. When the ratio increases,
the whole rock swells, and localized swelling is transformed into bulk swelling, which
enlarges both flow channel aperture and matrix block size. Since the matrix of coal and
shale is usually extremely tight, this swelling transition procedure may last for a long
time and would influence the long-term permeability evolution [31]. This ratio is used to
characterize the magnitude of local and bulk swelling/shrinkage. In this study, a general
pressure-dependent volume ratio is used. Two equivalent scenarios are used to repre-
sent matrix pressure and calculate the invaded/depleted volume ratio, as illustrated in
Figure 4. Scenario 1 is the equivalent diffusion; it is similar to the previous study [32]. The
gas invaded/depleted zone pressure is equal to the fracture (pore) pressure (p f ), and the
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uninvaded/undepleted area pressure is equal to the initial pressure (p0). Scenario 2 shows
the average pressure (pm) of the matrix block during gas invading/depletion. By using the
volume-weighted average method, the following relations can be obtained:

pmVm = p f Veinv + p0Veuninv, (1)

where Vm, Veinv, and Veuninv are the total matrix volume (m3), equivalent invaded/depleted
matrix volume (m3), and the equivalent uninvaded/undepleted matrix volume (m3). The
equilibrium diffusion is used because both pm and p f are functions of time, and the pressure
distribution within the matrix during gas invaded is unknown. Even though one knows
matrix pressure distribution, it is difficult to incorporate the distribution into the Langmuir
equation to represent local swelling. Based on Equation (1), the pressure-dependent
equivalent invaded/depleted and uninvaded/undepleted matrix volume ratios can be
obtained as follows:

Reinv =
Veinv
Vm

=
pm − p0

p f − p0
, (2)

Reuninv = 1 − pm − p0

p f − p0
=

p f − pm

p f − p0
(3)

Figure 4. Comparison between this model and our previous model. Two equivalent scenarios for
representing matrix pressure.

In the next section, the expressions of pm and p f will be introduced. From Equations
(2) and (3), it is clear that the fully invaded/depleted condition would be reached when
p f = pm, which is consistent with the definition of equilibrium. For some coal samples,
swelling in the direction perpendicular to bedding planes is approximately twice that of the
direction parallel to bedding planes [19]. The local-swelling-induced directional matrix size
change is defined based on Wang et al. [23], Peng et al. [34], and our previous study [32]
as follows:

∆Lli = ε lmsiLoi, (4)

where ε lmsi is the local swelling strain in direction i, and Loi is the original matrix size in
direction i (m). According to Peng et al. [34], the local-swelling-induced fracture strain in
direction i is

ε l f si =
∆bli
boi

= −∆Lli
boi

= − ε lmsiLoi
boi

≈ − ε lmsi(boi + Loi)

boi
= − ε lmsiaoi

boi
, (5)
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where boi and aoi are the original fracture aperture and original fracture spacing in direction
i (m), and Loi ≫ boi. Detailed expressions of these swelling strains are given in the
next section.

3. Formulation of the Conceptual Model
Based on the above conceptual model, one can derive the mathematical models

including matrix and fracture pressure models, rock swelling models, and the directional
permeability models.

3.1. Pressure of Matrix and Fracture Systems

The fracture (pore) pressure for gas injection is correlated as [32,35–37]

p f (t) = p0 + (pe − p0)[1 − exp(−t/td)], (6)

where pe is the injection pressure (Pa) and td = (pe − p0)/C. Here, C is a coefficient
(Pa/s) [35]. For gas depletion, the characteristic time td = −(pe − p0)/C [32]. According to
Zimmerman [38], the matrix–fracture mass exchange is given by

dpm(t)
dt

=
αkm

ϕmcmappµ

[
p f (t)− pm(t)

]
= αDme

[
p f (t)− pm(t)

]
, (7)

where km is matrix block permeability (m2); ϕm is the matrix block porosity; µ is the
viscosity (Pa.s); and cmapp is the apparent matrix compressibility with adsorption effects
(Pa−1) [39,40]. It is difficult to obtain an analytical solution of pm(t) if one uses the dynamic
expressions of all these matrix properties. In this situation, researchers [41–43] have
suggested that using the average pressure p = (pe + p0)/2 to linearize these transport
properties. It should be noted that the term km/ϕmcmappµ is actually the matrix diffusivity
with a unit of m2/s and use an equivalent matrix diffusivity (Dme) to approximate the
transport properties during matrix–fracture inter-porosity flow. In our simulation, Dme is
determined based on the literature data and experimental result matching. The equivalent
diffusivity for practical applications can be directly measured using intact coal or shale
samples (without fractures). Different matrix blocks may have different Dme. The shape
factor in Equation (7) is calculated based on the matrix block geometry [44].

α = π2

(
1
L2

1
+

1
L2

2
+

1
L2

3

)
(8)

Since the influence of the block size change on shape factor calculation is marginal, one
can assume α = α0. Initially, pm(0) = p0. Combining the initial condition and Equations
(6)–(8) and solving Equation (7) yield

pm(t) = pe[1 − exp(−αDmet)] + p0exp(−αDmet) +
αDme(pe − p0)

αDme − 1/td
[exp(−αDmet)− exp(−t/td)] (9)

Here, the matrix pressure for different types of matrix blocks is not identical be-
cause the matrix diffusivity varies with matrix types. The overall matrix pressure is
pm = ∑n

j=1 ωj pm,j, where the subscript j represents the jth matrix block type and ωj is its
volume fraction.

3.2. Rock Swelling Models

The equivalent gas invading/depletion handles the transition from local swelling
to bulk swelling. Here, the swelling strain differences are introduced for local and bulk
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swelling with consideration of adsorption hysteresis and different matrix types. These
strain differences would be applied to the permeability equations. Adsorption hysteresis is
frequently observed in gas-sorbing-rock systems [30,45]. The curves for desorption and
adsorption of the same sample are not coincident [46]. Interestingly, the adsorption and
desorption capacities are the same at the final equilibrium pressure (the intersection of
adsorption and desorption curves) [47]. To describe the hysteresis phenomena, classical
and modified Langmuir equations under the final equilibrium pressure (peq) are used to
represent volumetric adsorption and desorption capacities, respectively [47],

Vad =
VadL peq

pL + peq
= Vde =

VdeL peq

ζ pL + peq
, (10)

where Vad is the adsorption capacity per unit matrix volume (m3/m3); VadL is the Langmuir
volume for gas isothermal adsorption (m3/m3); pL is the Langmuir pressure constant
(Pa); Vde is the desorption capacity per unit matrix volume (m3/m3); VdeL is the Langmuir
volume for gas isothermal desorption (m3/m3); and ζ is a hysteresis parameter that ranges
from 0 to 1 [47]. In this study, the modified Langmuir equations of Wang et al. [23] and
the adsorption hysteresis equations of Zhang and Liu [47] are used to define the following
directional swelling/shrinkage strain differences [32]:

∆εbsi,ad = εbsi,ad − εbsi0,ad = εLbi,ad

(
p f

p f + pLbi
− p0

p0 + pLbi

)
Reinv, (11)

∆ε l f si,ad = − (ε lmsi0,ad−ε lmsi,ad)aoi

boi
= −εLmi,ad

(
pm

pm + pLmi
− p0

p0 + pLmi

)
(1 − Reinv)Reinv

aoi
boi

, (12)

∆εbsi,de = εbsi,de − εbsi0,de = εLbi,de

(
p f

p f + ζ pLbi
− p0

p0 + ζ pLbi

)
Reinv, (13)

∆ε l f si,de = − (ε lmsi0,de−ε lmsi,de)aoi

boi
= −εLmi,de

(
pm

pm + ζ pLmi
− p0

p0 + ζ pLmi

)
(1 − Reinv)Reinv

aoi
boi

, (14)

where the subscripts ad and de represent adsorption- and desorption-related properties; εLbi

and εLmi are the directional bulk and matrix swelling strain constants; and pLbi and pLmi

are the directional Langmuir pressure (Pa). εLm is an invaded/depleted matrix volume
parameter. Through multiplying it by Reinv to represent total-matrix-volume-averaged
effects. The bulk properties are the apparent rock properties which have included the
influence of different matrix blocks. However, for local swelling/shrinkage, Equations (12)
and (14) should be modified as volume-weighted ones to account for effects of different
matrix blocks

∆ε l f si,ad = −∑n
j=1 ωj

[
εLmi,ad

(
pm

pm + pLmi
− p0

p0 + pLmi

)]
j
Reinv(1 − Reinv)

aoi
boi

, (15)

∆ε l f si,de = −∑n
j=1 ωj

[
εLmi,de

(
pm

pm + ζ pLmi
− p0

p0 + ζ pLmi

)]
j
Reinv(1 − Reinv)

aoi
boi

, (16)

3.3. Permeability Models

According to Reiss [33], the intrinsic permeability of a flow channel in Figure 2 is
given by

kint =
b2

12
. (17)
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Since bi ≪ ai, the effective total porosity for gas flow is expressed by [33]

ϕ =

(
b1

a1
+

b2

a2
+

b3

a3

)
. (18)

The bulk permeability for direction 1 can be expressed as [33]

k1 =
b2

2
12

b2

a2
+

b2
3

12
b3

a3
. (19)

The tortuosity is expressed as a function of porosity [48]

τ = ϕ−θ , (20)

where θ is an exponential coefficient. Due to the anisotropy, even with the same total
porosity, the tortuosity for each flow direction may be different. The exponent is not
universal [49] and has to be determined by matching with experimental data for each
direction. Therefore, the bulk permeability becomes

k1 =
1
τ1

(
b2

2
12

b2

a2
+

b2
3

12
b3

a3

)
=

(
b1

a1
+

b2

a2
+

b3

a3

)θ1
(

b3
2

12a2
+

b3
3

12a3

)
(21)

Similarly, one can have

k2 =

(
b1

a1
+

b2

a2
+

b3

a3

)θ2
(

b3
1

12a1
+

b3
3

12a3

)
, (22)

k3 =

(
b1

a1
+

b2

a2
+

b3

a3

)θ3
(

b3
2

12a2
+

b3
1

12a1

)
. (23)

The strains and stresses are assumed to be positive in compression [50]. Considering
the orthorhombic feature of rocks, the following anisotropic dual-porosity poroelastic
equations with multiple matrix block types are obtained [51–55]:

dε11 = −da1

a1
=

dσ11

E1
− ν21dσ22

E2
− ν31dσ33

E3
− β1dp f − ∑n

j=1 ωjγjdpm,j − dεbs1, (24)

dε22 = −da2

a2
=

dσ22

E2
− ν12dσ11

E1
− ν32dσ33

E3
− β2dp f − ∑n

j=1 ωjγjdpm,j − dεbs2, (25)

dε33 = −da3

a3
=

dσ33

E3
− ν13dσ11

E1
− ν23dσ22

E2
− β3dp f − ∑n

j=1 ωjγjdpm,j − dεbs3, (26)

where σii is the normal stress in the i-direction (Pa); Ei is the Young’s modulus in direction
i (Pa); and νij is the directional Poisson’s ratio. Note that the mechanical properties have
the following relationships: ν23E3 = ν32E2, ν13E3 = ν31E1, and ν12E2 = ν21E1. The shear
moduli do not interact with the modes of interest for pore–fluid systems with orthotropic
symmetry [51]. Here, β1, β2, and β3 are expressed as [51,56]

β1 =
1

E1
− ν21

E2
− ν31

E3
− 1

3Km
=

1
E1

− ν12

E1
− ν13

E1
− 1

3Km
=

1
3K1

− 1
3∑n

j=1

ωj

Km,j
, (27)

β2 =
1

E2
− ν12

E1
− ν32

E3
− 1

3Km
=

1
E2

− ν21

E2
− ν23

E2
− 1

3Km
=

1
3K2

− 1
3∑n

j=1

ωj

Km,j
, (28)

β3 =
1

E3
− ν13

E1
− ν23

E2
− 1

3Km
=

1
E3

− ν31

E3
− ν32

E3
− 1

3Km
=

1
3K3

− 1
3∑n

j=1

ωj

Km,j
, (29)
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γj =
1

3Km,j
− 1

3Ks,j
, (30)

where Km is the average matrix bulk modulus (Pa); Km,j and Ks,j are the matrix bulk
modulus and rock grain modulus of matrix j (Pa); and Ki is the bulk modulus in direction i
(Pa). By following the assumption of Carroll [57] and assuming the grains themselves and
the matrix blocks at the intact rock level [58] are uniform and isotropic, one can assume
that Km = Ks. Similarly, the flow channel aperture changes are

dε f 11 = −db1

b1
=

dσ11

E f 1
−

ν f 21dσ22

E f 2
−

ν f 31dσ33

E f 3
− β f 1dp f − ∑n

j=1 ωjγjdpm,j − dεbs1 − dε l f s1, (31)

dε f 22 = −db2

b2
=

dσ22

E f 2
−

ν f 12dσ11

E f 1
−

ν f 32dσ33

E f 3
− β f 2dp f − ∑n

j=1 ωjγjdpm,j − dεbs2 − dε l f s2, (32)

dε f 33 = −db3

b3
=

dσ33

E f 3
−

ν f 13dσ11

E f 1
−

ν f 23dσ22

E f 2
− β f 3dp f − ∑n

j=1 ωjγjdpm,j − dεbs3 − dε l f s3, (33)

β f 1 =
1

E f 1
−

ν f 21

E f 2
−

ν f 31

E f 3
− 1

3Km
=

1
E f 1

−
ν f 12

E f 1
−

ν f 13

E f 1
− 1

3Km
=

1
3K f 1

− 1
3Km

, (34)

β f 2 =
1

E f 2
−

ν f 12

E f 1
−

ν f 32

E f 3
− 1

3Km
=

1
E f 2

−
ν f 21

E f 2
−

ν f 23

E f 2
− 1

3Km
=

1
3K f 2

− 1
3Km

, (35)

β f 3 =
1

E f 3
−

ν f 13

E f 1
−

ν f 23

E f 2
− 1

3Km
=

1
E f 3

−
ν f 31

E f 3
−

ν f 32

E f 3
− 1

3Km
=

1
3K f 3

− 1
3Km

, (36)

Assuming that the mechanical properties are constants and by integrating Equations
(24)–(26) and Equations (31)–(33), the following can be yielded:

a1

a1,0
= exp

(
−∆σ11

E1
+

ν21∆σ22

E2
+

ν31∆σ33

E3
+ β1∆p f + ∑n

j=1 ωjγj∆pm,j + ∆εbs1

)
, (37)

a2

a2,0
= exp

(
−∆σ22

E2
+

ν12∆σ11

E1
+

ν32∆σ33

E3
+ β2∆p f + ∑n

j=1 ωjγj∆pm,j + ∆εbs2

)
, (38)

a3

a3,0
= exp

(
−∆σ33

E3
+

ν13∆σ11

E1
+

ν23∆σ22

E2
+ β3∆p f + ∑n

j=1 ωjγj∆pm,j + ∆εbs3

)
, (39)

b1

b1,0
= exp

(
−∆σ11

E f 1
+

ν f 21∆σ22

E f 2
+

ν f 31∆σ33

E f 3
+ β f 1∆p f + ∑n

j=1 ωjγj∆pm,j + ∆εbs1 + ∆ε l f s1

)
, (40)

b2

b2,0
= exp

(
−∆σ22

E f 2
+

ν f 12∆σ11

E f 1
+

ν f 32∆σ33

E f 3
+ β f 2∆p f + ∑n

j=1 ωjγj∆pm,j + ∆εbs2 + ∆ε l f s2

)
, (41)

b3

b3,0
= exp

(
−∆σ33

E f 3
+

ν f 13∆σ11

E f 1
+

ν f 23∆σ22

E f 2
+ β f 3∆p f + ∑n

j=1 ωjγj∆pm,j + ∆εbs3 + ∆εl f s3

)
. (42)

The Knudsen-number-based approach is utilized to describe the influence of flow
regimes on permeability evolution [32,59,60]. Recalling the directional bulk permeabil-
ity equations and adding the influence of flow regimes, one can obtain the following
permeability ratios:

k1
k1,0

=

 b1
a1
+ b2

a2
+ b3

a3

b1,0
a1,0

+ b2,0
a2,0

+ b3,0
a3,0

θ1
 b3

2
12a2

C(βa2)(1 + αk2Kn2)
(

1 + 6Kn2
1+Kn2

)
+

b3
3

12a3
C(βa3)(1 + αk3Kn3)

(
1 + 6Kn3

1+Kn3

)
b3

2,0
12a2,0

C(βa2,0)
(
1 + αk2,0Kn2,0

)(
1 + 6Kn2,0

1+Kn2,0

)
+

b3
3,0

12a3,0
C(βa3,0)

(
1 + αk3,0Kn3,0

)(
1 + 6Kn3,0

1+Kn3,0

)
, (43)
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k2
k2,0

=

 b1
a1
+ b2

a2
+ b3

a3

b1,0
a1,0

+ b2,0
a2,0

+ b3,0
a3,0

θ2
 b3

1
12a1

C(βa1)(1 + αk1Kn1)
(

1 + 6Kn1
1+Kn1

)
+

b3
3

12a3
C(βa3)(1 + αk3Kn3)

(
1 + 6Kn3

1+Kn3

)
b3

1,0
12a1,0

C(βa1,0)
(
1 + αk1,0Kn1,0

)(
1 + 6Kn1,0

1+Kn1,0

)
+

b3
3,0

12a3,0
C(βa3,0)

(
1 + αk3,0Kn3,0

)(
1 + 6Kn3,0

1+Kn3,0

)
, (44)

k3
k3,0

=

 b1
a1
+ b2

a2
+ b3

a3

b1,0
a1,0

+ b2,0
a2,0

+ b3,0
a3,0

θ3
 b3

2
12a2

C(βa2)(1 + αk2Kn2)
(

1 + 6Kn2
1+Kn2

)
+

b3
1

12a1
C(βa1)(1 + αk1Kn1)

(
1 + 6Kn1

1+Kn1

)
b3

2,0
12a2,0

C(βa2,0)
(
1 + αk2,0Kn2,0

)(
1 + 6Kn2,0

1+Kn2,0

)
+

b3
1,0

12a1,0
C(βa1,0)

(
1 + αk1,0Kn1,0

)(
1 + 6Kn1,0

1+Kn1,0

)
, (45)

where the subscript 0 represents the initial conditions, C(βai) is the flow channel shape
correction function; βai is the aspect ratio of ai/bi; Kni is the Knudsen number, which is a
function of bi and the mean free path; and αki is a coefficient.

4. Model Verification
In this section, the anisotropic permeability model is verified against directional coal

permeability measurement data under constant average pore (fracture) pressure conditions.
Since the matrix–fracture pressure equilibrium is assumed to be achieved under constant
pore pressure conditions [32,61], the reliability of the invaded volume ratio in handling
matrix–fracture nonequilibrium is further checked by comparing it with shale permeability
testing data from constant confining pressure conditions. Model validation for other
mechanisms, such as directional swelling and adsorption hysteresis, has been validated by
the original papers [23,47].

4.1. Constant Average Pore Pressure Conditions

In the constant average pore pressure experiment, the directional permeability mea-
surement results are from the cubic coal sample (sample 1) of Tan et al. [5]. Direction
1 refers to the face cleat direction, direction 2 is the butt cleat direction, and direction 3
is perpendicular to the bedding planes. Methane adsorption had reached equilibrium
before permeability measurement [5], which is consistent with the assumption for constant
average pore pressure cases (∆εbsi = ∆ε l f si = 0, p f = pm, and Reinv = 1) [32,61]. Therefore,
Equations (37)–(42) become [61]

a1

a1,0
= exp

(
−∆σ11

E1
+

ν21∆σ22

E2
+

ν31∆σ33

E3

)
, (46)

a2

a2,0
= exp

(
−∆σ22

E2
+

ν12∆σ11

E1
+

ν32∆σ33

E3

)
, (47)

a3

a3,0
= exp

(
−∆σ33

E3
+

ν13∆σ11

E1
+

ν23∆σ22

E2

)
, (48)

b1

b1,0
= exp

(
−∆σ11

E f 1
+

ν f 21∆σ22

E f 2
+

ν f 31∆σ33

E f 3

)
, (49)

b2

b2,0
= exp

(
−∆σ22

E f 2
+

ν f 12∆σ11

E f 1
+

ν f 32∆σ33

E f 3

)
, (50)

b3

b3,0
= exp

(
−∆σ33

E f 3
+

ν f 13∆σ11

E f 1
+

ν f 23∆σ22

E f 2

)
. (51)

Substituting Equations (46)–(51) into Equations (43)–(45) yields the directional per-
meability models. Since the initial pressure and effective stress conditions for the three
directional permeability measurement procedures are almost the same [5], the same initial
flow channel spacing and aperture values are used in the three simulation cases. For the test
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in direction 1, the pore pressure was fixed at 1.55 MPa, and the confining pressure increased
from 3.15 to 7.07 MPa. As for direction 2, the pore pressure was about 1.13 MPa with the
confining pressure changed from 2.66 to 6.58 MPa. In the vertical-direction measurement,
the pore pressure was around 1.08 MPa, while the confining pressure was within the range
of 2.65 to 6.58 MPa. All the input parameters are selected from the literature and strictly
determined through experimental data matching, as shown in Table 1. Figure 5 shows a
good agreement between model prediction and experimental results. With the effective
stress increases, the permeability in different directions drops in their own ways. The
vertical permeability is higher than that in direction 1 because interconnected cleats are
better developed in the vertical direction, which is evidenced by CT scanning [5]. Detailed
explanation of experimental data has been given by Tan et al. [5]. The errors between
calculation results and measured permeability are 4.25–15.6%, 1.29–6.58%, and 1.27–15.6%
in directions 1, 2, and 3, respectively.

Table 1. Input parameters for simulating the constant average pore pressure case.

Parameters Values Data Sources

Initial flow channel spacing a1,0 2 × 10−4 m Jing et al. [62] and experimental data matching
Initial flow channel spacing a2,0 8 × 10−4 m Jing et al. [62] and experimental data matching
Initial flow channel spacing a3,0 3.5 × 10−4 m Jing et al. [62] and experimental data matching
Initial flow channel aperture b1,0 2 × 10−6 m Li et al. [63] and experimental data matching
Initial flow channel aperture b2,0 1 × 10−6 m Li et al. [63] and experimental data matching
Initial flow channel aperture b3,0 1.5 × 10−6 m Li et al. [63] and experimental data matching

Tortuosity exponential coefficient θ1 0.314 Ghanbarian et al. [49], Chen et al. [48], and
experimental data matching

Tortuosity exponential coefficient θ2 0.42 Ghanbarian et al. [49], Chen et al. [48], and
experimental data matching

Tortuosity exponential coefficient θ3 0.51 Ghanbarian et al. [49], Chen et al. [48], and
experimental data matching

Coal bulk Young’s modulus E1 3.6 × 108 Pa Chi and Yuwei [64] and experimental data matching
Coal bulk Young’s modulus E2 3.8 × 108 Pa Chi and Yuwei [64] and experimental data matching
Coal bulk Young’s modulus E3 3.9 × 108 Pa Chi and Yuwei [64] and experimental data matching
Coal bulk Poisson’s ratio ν12 0.33 Cui and Bustin [50] and experimental data matching
Coal bulk Poisson’s ratio ν32 0.28 Cui and Bustin [50] and experimental data matching
Coal bulk Poisson’s ratio ν31 0.30 Cui and Bustin [50] and experimental data matching

Flow channel Young’s modulus E f 1 4.50 × 106 Pa
Converted from the cleat compressibility of
Zheng et al. [65] and experimental data matching

Flow channel Young’s modulus E f 2 4.75 × 106 Pa
Converted from the cleat compressibility of
Zheng et al. [65] and experimental data matching

Flow channel Young’s modulus E f 3 4.88 × 106 Pa
Converted from the cleat compressibility of
Zheng et al. [65] and experimental data matching

Flow channel Poisson’s ratio ν f 12 0.33 Cui and Bustin [50] and experimental data matching
Flow channel Poisson’s ratio ν f 32 0.28 Cui and Bustin [50] and experimental data matching
Flow channel Poisson’s ratio ν f 31 0.30 Cui and Bustin [50] and experimental data matching
Temperature 298.15 K Room temperature
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Figure 5. Directional permeability measurement data matching under constant average pore pressure
conditions (experimental data collected from reference [5]).

4.2. Constant Confining Pressure Conditions

After checking the ability of handling anisotropic permeability evolution under con-
stant average pore pressure conditions, the reliability of the invaded/depleted volume
ratio is investigated. Experimental data matching is performed under constant confining
pressure conditions. The two shale samples were collected from the same well at the same
depth [66]. Their orientations with respect to bedding are perpendicular and parallel,
respectively. Since only the permeability data in one horizontal direction are available, it is
assumed that the permeability in direction 1 represents the permeability parallel to bedding.
Methane is injected as the flowing fluid. Table 2 shows the permeability measurement data.
The confining pressure of the two cases is fixed at around 30 MPa, while the pore pressure
gradually increases. The effective porosity for gas flow can be significantly lower than
the measured porosity because only flow channel porosity contributes to gas flow in our
conceptual model [32]. The validation is presented in the form of permeability maps. The
input parameters for simulation are listed in Table 3. The permeability maps of the two
directions are shown in Figure 6a,b. Each vertical bar provides the range of permeability
under a certain injection pressure level [67]. Each measured permeability value is only one
point within the range. The upper and lower limits envelope the measured permeability
curves. The upper boundary represents the final equilibrium permeability, and the lower
boundary describes the permeability with maximum local swelling [32]. The values in
between are all possible permeability points during a measurement procedure under a
fixed injection condition [32]. Even the magnitudes of permeability in the two directions
are dramatically different, the two permeability maps generated by this general anisotropic
permeability model explain the experimental observations.
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Table 2. Shale permeability data and testing conditions [67].

Sample 1: HAD, 2, Dry (Perpendicular to Bedding)

Confining pressure, MPa Pore (fracture) pressure,
MPa Permeability, ×10−21 m2

30.0 1.1 157 ± 8
30.0 2.1 92 ± 5
30.0 3.1 76 ± 4
30.0 5.1 64 ± 4

Sample 2: HAD, 2, dry (parallel to bedding)

Confining pressure, MPa Pore (fracture) pressure,
MPa Permeability, ×10−18 m2

30.1 0.4 30 ± 2
30.2 0.6 23 ± 2
29.8 0.9 20 ± 1
29.9 1.1 18 ± 1
30.0 1.6 15 ± 1

(a) 

 
(b) 

Figure 6. Two permeability maps for validation: (a) the permeability map perpendicular to bedding
and (b) the permeability map parallel to bedding (experimental data collected from reference [66]).
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Table 3. Input parameters for simulating the constant confining pressure case.

Parameters Values Data Sources

Initial flow channel spacing a1,0 4.33 × 10−4 m Zeng et al. [32] and experimental data matching
Initial flow channel spacing a2,0 6 × 10−4 m Zeng et al. [32] and experimental data matching
Initial flow channel spacing a3,0 2.86 × 10−4 m Zeng et al. [32] and experimental data matching
Initial flow channel aperture b1,0 1.99 × 10−7 m Zeng et al. [32] and experimental data matching
Initial flow channel aperture b2,0 1 × 10−7 m Zeng et al. [32] and experimental data matching
Initial flow channel aperture b3,0 7.95 × 10−7 m Zeng et al. [32] and experimental data matching

Tortuosity exponential coefficient θ1 0.302 Ghanbarian et al. [49], Chen et al. [48], and experimental
data matching

Tortuosity exponential coefficient θ2 0.35 Ghanbarian et al. [49], Chen et al. [48], and experimental
data matching

Tortuosity exponential coefficient θ3 0.45 Ghanbarian et al. [49], Chen et al. [48], and experimental
data matching

Shale bulk Young’s modulus E1 2.5 × 1010 Pa Sone and Zoback [68] and experimental data matching
Shale bulk Young’s modulus E2 1.8 × 1010 Pa Sone and Zoback [68] and experimental data matching
Shale bulk Young’s modulus E3 1.5 × 1010 Pa Sone and Zoback [68] and experimental data matching
Shale bulk Poisson’s ratio ν12 0.35 Sone and Zoback [68] and experimental data matching
Shale bulk Poisson’s ratio ν32 0.3 Sone and Zoback [68] and experimental data matching
Shale bulk Poisson’s ratio ν31 0.32 Sone and Zoback [68] and experimental data matching

Flow channel Young’s modulus E f 1 6 × 106 Pa
Converted from the shale fracture compressibility of
Tan et al. [69] and experimental data matching

Flow channel Young’s modulus E f 2 5.3 × 106 Pa
Converted from the shale fracture compressibility of
Tan et al. [69] and experimental data matching

Flow channel Young’s modulus E f 3 4.3 × 106 Pa
Converted from the shale fracture compressibility of
Tan et al. [69] and experimental data matching

Flow channel Poisson’s ratio ν f 12 0.35 Sone and Zoback [68] and experimental data matching
Flow channel Poisson’s ratio ν f 32 0.3 Sone and Zoback [68] and experimental data matching
Flow channel Poisson’s ratio ν f 31 0.32 Sone and Zoback [68] and experimental data matching

Shale matrix bulk modulus Km 5 × 1010 Pa
Converted from the Young’s modulus of Sone and
Zoback [68] and experimental data matching

Matrix grain bulk modulus Ks 6 × 1010 Pa
Converted from the Young’s modulus of Sone and
Zoback [68] and experimental data matching

Characteristic time coefficient C 800 Pa/s Zeng et al. [32] and experimental data matching
Equivalent matrix diffusivity Dme 10−13 m2/s Zhang et al. [70] and experimental data matching
Bulk swelling strain constant εLb1,ad 0.025 Peng et al. [61] and experimental data matching
Bulk swelling strain constant εLb2,ad 0.028 Peng et al. [61] and experimental data matching
Bulk swelling strain constant εLb3,ad 0.038 Peng et al. [61] and experimental data matching
Bulk Langmuir pressure pLb1 4.29 × 106 Pa Wang et al. [23] and experimental data matching
Bulk Langmuir pressure pLb2 4 × 106 Pa Wang et al. [23] and experimental data matching
Bulk Langmuir pressure pLb3 3.34 × 106 Pa Wang et al. [23] and experimental data matching
Matrix swelling strain constant
εLm1,ad

0.01 Liu and Rutqvist [71] and experimental data matching

Matrix swelling strain constant
εLm2,ad

0.015 Liu and Rutqvist [71] and experimental data matching

Matrix swelling strain constant
εLm3,ad

0.035 Liu and Rutqvist [71] and experimental data matching

Matrix Langmuir pressure pLm1 4 × 106 Pa Peng et al. [34] and experimental data matching
Matrix Langmuir pressure pLm2 3.3 × 106 Pa Peng et al. [34] and experimental data matching
Matrix Langmuir pressure pLm3 3 × 106 Pa Peng et al. [34] and experimental data matching
Temperature 318.15 K Ghanizadeh [66]

Note that this model is also capable of handling constant Terzaghi effective stress
conditions if one uses ∆σ = ∆p f in simulation as demonstrated.
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5. Results and Discussion
After model validation, the calibrated permeability model is used to analyze direc-

tional permeability evolution. During the gas injection/production procedure within a
reservoir, the overburden pressure is almost unchanged, which is similar to the constant
confining pressure condition. Therefore, the constant confining pressure case in our model
validation is used for analyses and discussion.

5.1. Anisotropic Permeability Ratios

Based on the anisotropic permeability model, anisotropic permeability evolution is
investigated. The initial pressure, injection pressure, and confining pressure are 1.1 MPa,
5.1 MPa, and 30 MPa. Other parameters are the same as those in Table 3. Figure 7 shows
directional permeability evolution. In general, permeability evolution in each direction is
reasonable compared with the isotropic coal permeability evolution of Zhang et al. [67].
The whole curve can be classified into five stages: (1) Initial stage. The permeability is
almost stable with a slight increase or decrease (flow regime’s influence in micro flow
channels) due to the initial pore (fracture) pressure increase. (2) Permeability increase stage.
A noticeable permeability increment can be observed due to the continuous increase of
pore (fracture) pressure. (3) Local swelling stage. Permeability drops as a result of pore
(fracture) surface swelling (local swelling). (4) Permeability rebound stage. As the matrix
swelling area expands, matrix swelling is more uniform and transforms from local swelling
to global swelling, enlarging the flow channel aperture. (5) Permeability stabilization stage.
The permeability becomes stable under matrix–pore (fracture) equilibrium. Under that
condition, the evolution behavior is similar to Liu et al. [35]. The strain constant is an
invaded/depleted area parameter. It is multiplied by an invaded volume ratio to describe
total-matrix-volume-averaged effects. Permeability ratio curves in directions 1 and 2 nearly
overlap each other even though the permeability values are different. However, the vertical
permeability ratio curve shows lower values in stage 2 and the local swelling period. This
is because the Young’s moduli in horizontal directions are larger than those in the vertical
direction, and the magnitude of variation in b1 and b2 is smaller than b3. Consequently,
the vertical permeability controlled by b1 and b2 (see Equation (49)) is less stress sensitive.
Meanwhile, b1 and b2 are far smaller than b3, local swelling has a stronger influence on the
reduction of b1 and b2. Therefore, vertical permeability is more sensitive to local swelling.
Figure 8 presents permeability ratio surfaces of the three directions. The permeability ratio
surface provides a spectrum of permeability ratios under different injection pressure at
different times. Figure 9 demonstrates anisotropic permeability ratios (k3/k1 and k2/k1)
at different times. It can be seen that the k2/k1 curve is similar to the five-stage evolution
curve. Permeability in direction 2 ranges from 74.2% to 77.7% compared to that in direction
1, while initially its permeability ratio is 76.9%. As for k3/k1, the permeability increase
of k1 is faster than that of k3 at the beginning. Then, the permeability ratio rebounds and
the final permeability ratio is lower than the initial one. These observations indicate that
permeability evolution of coal and shale rocks in different directions are relatively unique
and are not identical. For this model that uses average confining stress, if the effective stress
in one direction increases, the permeability in all directions will decrease. The trend of the
change of the anisotropic permeability ratio is complex and depends on the directional
mechanical properties.
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Figure 7. Permeability evolution in three directions under 5.1 MPa injection pressure.

 

Figure 8. Permeability ratio surfaces of the three directions: (a) the permeability ratio surface of
direction 1, (b) the permeability ratio surface of direction 2, and (c) the permeability ratio surface of
direction 3.
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Figure 9. Anisotropic permeability ratios under 5.1 MPa injection pressure: (a) k3/k1 and (b) k2/k1.

5.2. Effects of Adsorption Hysteresis on Permeability Evolution

Gas adsorption and desorption generate considerable impacts on permeability evo-
lution of sorbing rocks [72,73]. Adsorption hysteresis is a critical mechanism for gas
production in coal and shale reservoirs [47]. Here, the way that the hysteresis coefficient
ζ affects permeability evolution is investigated. In this case, the hysteresis coefficient is
a constant. It characterizes the ratio of available sorption areas for desorption relative
to adsorption and changes from 0 to 1 [47]. The value of 1 means zero hysteresis, and
0 means maximum hysteresis. Theoretically, the Langmuir strain constant during des-
orption is lower than that of adsorption. For convenience, the Langmuir strain constants
in Table 3 are multiplied by 0.95 for desorption in our analyses. The magnitude of the
Langmuir strain constants for desorption and adsorption is consistent with those in the
literature [47]. Considering gas extraction, the initial pressure is 5.1 MPa, while the final
equilibrium pressure for depletion is 1.1 MPa. The confining pressure is fixed at 30 MPa.
As shown in Figure 10, a complete gas–depletion permeability curve also has five stages
that reflect the inverse processes of injection curves. As the hysteresis coefficient increases,
the desorption-induced concave (downward) regime for local shrinkage becomes more
noticeable. When the coefficient is larger than 0.75, further increments result in a marginal
permeability change. Aside from this, the magnitudes of the permeability change in three
directions show dramatical differences; the lower the flow channel aperture is, the more
sensitive the permeability will be during local shrinkage.

5.3. Effects of Tortuosity on Permeability Evolution

The actual pore space of sorbing rocks is chaotic, and the gas molecules travel much
longer than the straight line between its initial location and the final destination [49].
Tortuosity is utilized to depict the chaotic structure and is defined as a function of porosity
(Equation (20)) [48,49]. In this study, the exponential coefficients for tortuosity in different
directions for the four cases are as follows: θ1 = 0.302, θ2 = 0.35, and θ3 = 0.45 for case
1; θ1 = 0.352, θ2 = 0.4, and θ3 = 0.5 for case 2; θ1 = 0.402, θ2 = 0.45, and θ3 = 0.55
for case 3; and θ1 = 0.452, θ2 = 0.5, and θ3 = 0.6 for case 4. Case 1 is the experimental-
data-matched case. From cases 1 to 4, the tortuosity coefficient is increased by 0.05 in
all three directions. Note that the tortuosity of effective gas flow channels (fractures) in
our conceptual model is not as high as complex nano-pore networks within the matrices.
Therefore, the coefficient used here ranges from 0.3 to 0.6 [48,49]. With the same initial
porosity, the tortuosity turns larger with the increase of the exponential coefficient. As
demonstrated in Figure 11, an increment in the tortuosity coefficient results in a reduction
in permeability. The magnitude of permeability reductions is higher in stages 1, 2, and 5.
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However, the permeability drops become marginal during the local swelling period. One
can conclude that tortuosity dominates stages 1, 2, and 5, while the U-shaped region is
mainly controlled by local swelling.

 
Figure 10. Effects of adsorption hysteresis on directional permeability evolution: (a) permeability
evolution of direction 1, (b) permeability evolution of direction 2, and (c) permeability evolution of
direction 3.

5.4. Effects of Different Matrix Blocks on Permeability Evolution

Matrix blocks of natural sorbing fissured rocks may not be identical in terms of ad-
sorbability, gas diffusivity, and mechanical properties. When shale rocks are taken as an
example, a dramatical variation of components has been observed experimentally [74].
These components mainly include pyrite, calcite, kerogen, clay minerals, silica, dolomite,
and feldspar [74]. In this section, the nature of components is taken into account when
analyzing directional permeability evolution. For convenience, three major matrix blocks
are involved in our simulation. Type 1 (volume fraction: 18% for case 1, 12% for case 2,
and 6% for case 3) is mainly composed of kerogen, type two (volume fraction: 35% for
case 1, 30% for case 2, and 25% for case 3) mainly consists of chemically unstable min-
erals (dolomite, feldspar, and calcite), and type 3 (volume fraction: 47% for case 1, 58%
for case 2, and 69% for case 3) mainly involves chemically stable minerals (silica). The
types and volume fractions of matrix are based on Wu et al. [74], and pore volumes in the
matrix have been included in these volume fractions. Since detailed mechanical properties
of each type are not available, the mechanical properties are classified into kerogen me-
chanical properties (bulk modulus: 2.6 × 109 Pa and grain mudulus: 8 × 109 Pa [75]) and
inorganic matrix mechanical properties (bulk modulus: 5.5 × 1010 Pa and grain modulus:
7 × 1010 Pa [68]). Other properties of different matrix types are selected to satisfy the
overall bulk rock properties of Table 3. The adsorbability reduces in the following or-
der: kerogen, calcite, and clay minerals [76], while the diffusivity in kerogen is smaller
than that of inorganic matrices (Dme = 6 × 10−13 m2/s for inorganic matrices and
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Dme = 2 × 10−14 m2/s for kerogen [70]). Swelling strain constants of the three matrix
types are as follows: εLm1,ad = 0.03, εLm2,ad = 0.032, and εLm3,ad = 0.04 for type 1;
εLm1,ad = 0.01, εLm2,ad = 0.012, and εLm3,ad = 0.018 for type 2; and
εLm1,ad = 0.008, εLm2,ad = 0.01, and εLm3,ad = 0.013 for type 3. These swelling proper-
ties are selected based on Liu and Rutqvist [71] and Peng et al. [61]. Other input parameters
are shown in Table 3. Permeability evolution of three directions under 5.1 MPa injection
pressure and 30 MPa confining pressure is presented in Figure 12. In general, different
matrix properties mainly affect stages 2 to 4 of the permeability evolution curves, especially
stage 4 (the permeability rebound stage). The directional permeability evolution laws are
not identical. Stage 2 is almost masked by local swelling in direction 3 due to the less stress-
sensitive nature and narrower flow channels (b1 and b2). The permeability rebound stage
can be further divided into three substages. This is because the inorganic matrices with
larger diffusivity reach matrix–fracture pressure equilibrium faster, as shown in Figure 13.
The pressure behavior of pores (fractures) and matrices in Figure 13 is consistent with
numerical simulation results of Zhang et al. [67]. The rapid rebound substage forms during
achieving inorganic matrix pressure equilibrium. The permeability increment rate of case
3 with the largest portion of inorganic matrices is the largest. The second permeability
increasing stage is generated while approaching kerogen pressure equilibrium. The slope of
this period in case 1 with the largest portion of kerogen is the smallest. The third substage
with a larger slope is mainly caused by the effective stress reduction when the overall
matrix pressure is close to fracture pressure. The peak value of the n-shaped region (stages
2 and 3) decreases in the following order: cases 1, 2, and 3. This is because local swelling
effects of case 3 occur and disappear fastest among the three, which is also evidenced by
invaded volume ratio evolution given in Figure 14. However, the minimal permeability
during the U-shaped region (stages 3 and 4) is in case 1 with the largest portion of kerogen
(largest local swelling effects).

 

Figure 11. Effects of tortuosity on directional permeability evolution: (a) permeability evolution of
direction 1, (b) permeability evolution of direction 2, and (c) permeability evolution of direction 3.
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Figure 12. Effects of different matrix blocks on permeability evolution: (a) permeability evolution in
direction 1, (b) permeability evolution in direction 2, and (c) permeability evolution in direction 3.

 
Figure 13. Pressure of pores (fractures), kerogen, and inorganic matrices.
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Figure 14. Overall invaded volume ratios of the three cases.

Due to the analytical nature and simplified assumptions of this model, it still has some
limitations, which will hopefully be removed in our future work. The heterogeneity of
flow paths, matrix block shape, and flow path connectivity and tortuosity can be more
realistically described using the fractal theory [77]. The localized impact of rock bridge
deformation can be handled by adding the strain of rock bridges that connect the two
adjacent matrix blocks [78]. To realize thermal-poro-elastic coupling, thermal-expansion-
caused strain should be incorporated in the permeability model [79]. Other factors, such
as multiphase flow, fine migrations, multi-component flow in the CO2 injection processes,
mechanical property degradation, and heterogeneous matrix–fracture interaction caused
by different matrix block or layers need to be further analyzed in the future work [80–83].
Moreover, this model can be inserted into fully coupled numerical simulators built in
COMSOL Multiphysics where specific geological conditions should be considered [84,85].

6. Conclusions
This research presents a general anisotropic permeability model for shale and coal

rocks considering anisotropic deformation and swelling, arbitrary box-shaped matrix
blocks, multiple matrix types, adsorption hysteresis, and dynamic flow channel tortuosity.
The proposed model can serve as a tool of knowledge extension and performs more realistic
coal permeability prediction. According to the above analysis, the following conclusions
are reached:

(1) Permeability evolution in each direction shows unique features depending on the
rock anisotropic structure, directional swelling, and anisotropic mechanical proper-
ties. Conventional isotropic permeability models may only accurately explain the
permeability evolution in one direction.

(2) Matrix–fracture mechanical interaction generates four-stage permeability evolution
behavior under the constant confining pressure condition, including permeability
increase, decline, rebound, and pressure equilibrium stages.

(3) For each stress condition, an upper and a lower permeability can be used to demon-
strate the range of permeability values during the pressure nonequilibrium period.
By combining the upper and lower permeability values, the upper and lower perme-
ability limit curves can be drawn, which envelopes all possible permeability values at
different time and stress conditions. Three-dimensional permeability diagrams are
proposed for different directions.
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(4) The magnitude of adsorption hysteresis mainly influences the local shrinkage period
during gas extraction. The variation of this coefficient has a marginal influence on
permeability when the hysteresis coefficient is larger than 0.75.

(5) Tortuosity variation significantly affects permeability but has the smallest influence
on the localized swelling period. Increments in flow channel tortuosity reduces
permeability with almost the same magnitude in different regions.

(6) Different matrix blocks achieve matrix—fracture equilibrium asynchronously, which
complicates the overall permeability evolution of certain regions.
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