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Abstract

To investigate hydraulic fracture propagation in multi-layered porous media such as
sand–coal interbedded formations, we present a new phase-field-based model. In this
formulation, a diffuse fracture is activated only when the local element strain exceeds the
rock’s critical strain, and the fracture width is represented by orthogonal components in
the x and y directions. Unlike common PFM approaches that map the permeability directly
from the damage field, our scheme triggers fractures only beyond a critical strain. It then
builds anisotropy via a width-to-element-size weighting with parallel mixing along and
series mixing across the fracture. At the element scale, the permeability is constructed
as a weighted sum of the initial rock permeability and the fracture permeability, with
the weighting coefficients defined as functions of the local width and the element size.
Using this model, we examined how the in situ stress contrast, interface strength, Young’s
modulus, Poisson’s ratio, and injection rate influence the hydraulic fracture growth in
sand–coal interbedded formations. The results indicate that a larger stress contrast, stronger
interfaces, a greater stiffness, and higher injection rates increase the likelihood that a
hydraulic fracture will cross the interface and penetrate the barrier layer. When propagation
is constrained to the interface, the width within the interface segment is markedly smaller
than that within the coal-seam segment, and interface-guided growth elevates the fluid
pressure inside the fracture.

Keywords: phase-field method; sand-bearing coal interbed formation; hydraulic fracture
propagation behavior; numerical study

1. Introduction
China is rich in natural gas reserves in gas-bearing coal formations, which are com-

posed of multiple coal seams and tight sandstones, with an extremely low permeability. To
improve the mining efficiency, some researchers have proposed multi-layer fracturing in
such reservoirs [1–4], that is, making hydraulic fractures penetrate multiple layers. How-
ever, in multi-layer reservoirs, the mechanical properties and in situ stresses of different
layers are different, and the formation interface is a weak structural plane. Therefore,
hydraulic fractures may be blocked by the formation interface or propagate along the
interface (the geometric morphology of the hydraulic fractures is shown in Figure 1). Thus,
understanding how hydraulic fractures propagate in multi-layer reservoirs is helpful for
hydraulic fracturing design.
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(a) arrested by interface (b) propagate along interface 

Figure 1. Geometric morphology of hydraulic fractures being blocked by the interface and propagat-
ing along the interface.

At present, the methods used to study the propagation of hydraulic fractures in
multi-layer reservoirs are usually experimental methods and mathematical methods. In
experimental studies, Warpinski et al. [5] found that the minimum horizontal stress differ-
ence between layers is the main factor affecting the vertical growth of hydraulic fractures
in layered rocks, and this conclusion was later confirmed by Teufel and Warpinski [6]
and by Teufel and Clark [7]. Recently, researchers [8–11] have conducted some experi-
mental studies to investigate the effects of in situ stress and obstacle properties on the
vertical propagation of hydraulic fractures in coal-bearing formations. Although exper-
imental methods can directly reflect the fracture shape, they still have some limitations,
such as the size effect and a high cost. Fortunately, mathematical methods can overcome
these limitations.

In recent years, researchers have adopted different mathematical methods to simulate
the fracture height growth in multi-layer formations. Zhao and Chen [12] established a
judgment criterion using rock fracture mechanics to determine the possible fracture propa-
gation response when hydraulic fractures reach the formation interface. Zhang et al. [13]
and Tang et al. [14] used the two-dimensional boundary element method (2D BEM) and the
three-dimensional displacement discontinuity method (3D DDM) to respectively study the
interaction mechanism between hydraulic fractures and the interface of layered structures.
Zhao et al. [12], Guo et al. [15], and Wang et al. [16] used the ABAQUS finite element soft-
ware to study the propagation of hydraulic fractures in multi-layer reservoirs. Tan et al. [17]
used the RFPA2D software to study the effects of in situ stress and interface characteristics
on the vertical propagation behavior of hydraulic fractures in layered formations. Abbas
et al. [18] used the extended finite element method (XFEM) to study the problem of fracture
height growth.

The above-mentioned models encounter some difficulties in dealing with complex
fractures, especially when fractures branch. However, this problem can be overcome by the
phase-field method (PFM), which was proposed by Bourdin et al. [19], Borden et al. [20],
and Miehe et al. [21,22]. In this case, the sharp discontinuity is regularized by the diffusive
phase field, so the finite element mesh boundary does not need to coincide with the fracture
boundary, and it is easy to simulate complex fracture topologies, including branching and
connection [23]. Due to the above advantages, many researchers have adopted the phase-
field method to deal with the problem of fracture propagation [24–30]. Some researchers
have established models for hydraulic fracture propagation in porous media based on
the phase-field method [28–30]. In their studies, the opening direction of the fractures is
determined by the gradient of the phase field. The lubrication model and the Darcy model
are used to describe the fluid flow in the fracture and the matrix, respectively.
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In this paper, a new phase-field model was established to simulate the propagation of
hydraulic fractures in multi-layer porous media. The main new points of this study are
summarized as follows: (1) The diffusive fracture width of each element is decomposed
into the x and y directions, and fractures are formed only when the strain exceeds the
critical strain. (2) The permeability of each element is obtained by the weighted sum of
the initial rock permeability and the fracture permeability, and the weight coefficients
are functions of the fracture width and element size. (3) The initial value of the phase
field of the interface element is 0. Based on the proposed new model, we studied the
effects of the in situ stress difference, the interface strength, Young’s modulus, Poisson’s
ratio, and the injection rate on the propagation of hydraulic fractures in sand-bearing coal
interbed formations.

In Table 1, compared with the prevalent PFM (phase-field method) approaches that
map the permeability directly from the damage field, our contributions are twofold: (i) a
strain-thresholded, direction-wise fracture activation and (ii) an anisotropic permeability
tensor built from an aperture-to-element-size weighting, with parallel mixing along, and
series mixing across, the fracture.

Table 1. Comparison of phase-field-based hydraulic fracturing models.

Representative Fracture Normal and Criterion Flow in Fracture Permeability Mapping

Andro Mikelić [31]
Normal from phase-field
gradient; variational energy
framework

Lubrication/Poiseuille
Often treats fracture flow
as a separate channel; not a
direct k(d) mapping

Sanghyun Lee [32] Phase field normal; embedded
in porous matrix

Lubrication or equivalent
Darcy along the fracture

Frequently derives
transmissivity from
aperture; some variants use
damage-based k(d)

Chukwudozie [33] Variational phase field; path
from energy minimization

Lubrication coupled
consistently to the
fracture set

Emphasizes
energy-consistent fracture
description rather than
isotropic k(d)

Yoshioka et al.
(≈2019–2021) [34]

Phase-field framework; extracts
aperture from
displacement/phase field

Lubrication requires
stable, explicitly
computed aperture

Warns that direct
damage-to-permeability
mapping can be distortive;
favors width-based
coupling

2. Mathematical Model
2.1. Description of Fractures by Phase-Field Approximation Method
2.1.1. Brief Introduction to Phase-Field Method

The phase-field method is based on the principle of energy Γ minimization, approxi-
mating the sharp fracture Γ as the following function Γc(c):

Γc(c) =
∫

Ω
γ(c,∇c)dV, (1)

where γ(c, ∇c) is the fracture surface density, which can also be written as follows:

γ(c,∇c) =
1

2l0
c2 +

l0
2
∇c·∇c, (2)

where l0 is the process zone parameter and c is the phase-field value. A schematic diagram
of the phase-field method of the figure is shown in Figure 2; c = 1 indicates that the material
is completely damaged (black) and c = 0 indicates that the material is intact (white) [35].
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For the detailed derivation of Equations (1) and (2), reference can be made to the studies by
Miehe et al. [21,22].

Figure 2. Schematic diagram of the phase-field method [31,32].

2.1.2. Constitutive Energy Function

The total free energy (total pseudo-energy density) per unit volume of a fully saturated
porous medium consists of the following three parts:

ψ(ε, ζ, c,∇c) = ψe f f (ε) + ψ f luid(ε, ζ) + ψ f rac(c,∇c), (3)

where Ψeff, Ψfluid, and Ψfrac represent the elastic strain energy, fluid energy, and crack
energy densities, respectively.

The elastic strain energy density is divided into tensile and compressive parts, and
damage only leads to the degradation of tensile energy. Therefore, the elastic strain energy
density can be expressed as follows:

ψeff(ε, c) = g(c)ψ+
eff(ε) + ψ−

eff(ε), (4)

where
g(c) = (1 − c)2 (5)

In the above, g(c) is the degenerate function; ψ+
eff is the tensile elastic strain energy; ψ−

eff
is the compressive elastic strain energy; λ is the first Lamé constant; G is the shear modulus;
εi (i = 1, 2, 3) are the principal strains; and the step functions are <x>+ = (|x| + x)/2 and
<x>− = (|x| − x)/2.

In Equation (3), the contribution of fluid to the total free energy can be expressed as
follows [33].

ψ f luid(ε, ζ) = Mζ

(
1
2

ζ − αεii

)
, (6)

where
ζ =

P
M

+ αεii, (7)

M =
Ku − K

α2 (8)

In the above, M and α are the Biot modulus and Biot coefficient, respectively; ζ is the
increment in the fluid volume content; P is the pore fluid pressure; εii is the volumetric
strain; Ku is the undrained volume modulus, which can be calculated using Equation (10);
and K is the drained volume modulus, which can be calculated using Equation (11).
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Ku =
E

3(1 − 2vu)
, (9)

K = λ +
2G
3

, (10)

where E is Young’s modulus and vu is the undrained Poisson’s ratio.
The contribution of the fracture part to the total free energy in Equation (3) can be

calculated using the following formula [21,22]:

ψ f rac(c,∇c) = Gcγ(c,∇c) =
Gc

2l0

(
c2 + l02∇c·∇c

)
, (11)

where Gc is the Griffith critical fracture energy release rate of the porous medium skeleton.

2.1.3. Phase-Field Evolution

By combining Equations (3)–(12), the total pseudo-energy density Ψ can be obtained,
and the evolution of the phase-field variable c can be determined through the variational
derivative of Ψ. Under rate-independent conditions, this can be provided by Kuhn Tucker-
type equations [28,30]:

.
c ≥ 0; −δcψ ≤ 0;

.
c(−δcψ) = 0, (12)

yielding

−δcψ= 2(1 − c)ψ+
eff(ε)−

Gc

l0

(
c − l02∇2c

)
= 0, (13)

Then, the phase-field evolution rule can be rewritten as follows:

Gc

l0

(
c − l02∇2c

)
= 2(1 − c)H(x, t), (14)

Among them, H(x, t) is the historical strain energy function, which can be defined
as follows:

H(x, t) = max
t∈[0,T]

(
ψ+

eff(x, t)
)
, (15)

where H(x, t) is the strain energy history function.
The phase-field evolution formula (15) must also satisfy a set of boundary conditions,

which can be defined as follows: {
c = 1 on Γ0

∇c·n = 0 on ∂Ω
, (16)

The first term in Equation (17) represents the Dirichlet condition c = 1 applied to the
initial crack surface Γ0, and the second term represents the Neumann condition applied to
the boundary of the computational domain.

2.2. Stress Balance Equation

In the absence of inertia and body forces, the law of macroscopic force equilibrium
can be expressed as follows:

∇·σ = 0, (17)

where σ is the total damaged stress tensor.
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According to seepage mechanics theory [36,37], for completely saturated porous media,
the relationship between the total damaged stress σ, the damaged effective stress σ eff, and
the pore fluid pressure P can be expressed as follows:

σ = σeff − αIP, (18)

where

σeff =
∂ψeff(ε, c)

∂ε
= g(c)

∂ψ+
eff(ε)

∂ε
+

∂ψ−
eff(ε)

∂ε
= g(c)σ+

eff + σ−
eff, (19)

where I is a second-order unit tensor and σ+eff and σ-
eff are the tensile stress and compres-

sive stress, respectively.
Substituting Equations (19) and (20) into Equation (18) yields the following:

∇·σ = ∇·
(

g(c)σ+
eff + σ−

eff − αIP
)
= 0, (20)

Equation (21) needs to be combined with the corresponding boundary conditions, as
shown below: {

u = ũ on ∂Ωu

σ·n = t on ∂Ωt , (21)

The first term of Equation (22) represents the displacement applied at the Dirichlet
boundary, while the second term of Equation (22) represents the stress applied at the Neu-
mann boundary. The relationship among the domain total boundary, Dirichlet boundary,
and Neumann boundary is as follows:{

∂Ω = ∂Ωu ∪ ∂Ωt

∂Ωu ∩ ∂Ωt = ∅
, (22)

2.3. Control Equations for Fluid Flow

In porous media, the continuity equation for fluid flow can be expressed as follows [38]:

∂ζ

∂t
+∇·v = 0, (23)

where t is time and v is the fluid flow velocity, which can be calculated using the
following formula:

v = −k
µ
∇P, (24)

Substituting Equations (8) and (25) into Equation (24) allows us to rewrite the fluid
flow continuity equation as follows:

∂

∂t

[
P
M

+ αεii

]
−∇·

(
k
µ
∇P

)
= 0, (25)

The solution of the continuity equation for fluid flow requires the addition of the
following boundary conditions:{

p = p̃ on ∂Ωp(
−k

µ∇P
)
·n = q on ∂Ωq , (26)
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Among them, ∂Ω is the total boundary and ∂Ωp and ∂Ωq are the Dirichlet boundary
and Neumann boundary, respectively. The relationship among the total boundary, Dirichlet
boundary, and Neumann boundary is as follows:{

∂Ω = ∂Ωp ∪ ∂Ωq

∂Ωp ∩ ∂Ωq = ∅
, (27)

In Equations (26) and (27), µ denotes the fluid viscosity and k denotes the anisotropic
permeability tensor. In two dimensions, the anisotropic permeability tensor can be ex-
pressed as follows:

k =

[
kx 0
0 ky

]
, (28)

Among them, kx and ky are the permeability in the x and y directions, respectively, both
of which are composed of the initial permeability of the rock and the fracture permeability:{

kx = k fx Wx + (1 − Wx)k0x

ky = k fyWy +
(
1 − Wy

)
k0y

, (29)

Among these, k0 denotes the isotropic intrinsic permeability of the unfractured matrix
(units of permeability). The initial permeability tensor is, therefore, kfx and kfy, which
are the fracture permeabilities in the x and y directions, respectively, and which can be
calculated using Equation (31). Wx and Wy are the weighted coefficients, representing the
contribution of fracture permeability to the element permeability in the x and y directions,
respectively. In this study, the weighted coefficients were equal to the ratio of the fracture
width to the element length. A schematic diagram of the anisotropic fluid flow in each unit
is shown in Figure 3, and the fluid flow can be calculated using Equation (32).

k f x =
w2

y

12η
, k f y =

w2
x

12η
, (30)

Wx =
wy

ly
, Wy =

wx

lx
, (31)

  

(a) fluid flow in x direction (b) fluid flow in y direction 

Figure 3. Schematic diagram of anisotropic fluid flow in each unit.
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In Equations (31) and (32), η is the crack shape parameter and wx and wy are the
diffusion crack widths in the x and y directions for each element, respectively. It should be
noted that, in the phase-field method, the diffusion crack width is defined for all elements,
whereas in this study, we assumed that cracks only form in elements when the strain
exceeds the critical strain. Therefore, the crack width can be calculated using Equation (33).

wx = ⟨εx − εc⟩+lx, wy =
〈
εy − εc

〉
+

ly, (32)

Among them, lx and ly are the lengths of the elements in the x and y directions,
respectively; εx and εy are the strains in the x and y directions, respectively; and εc is the
critical strain, which can be calculated using Formula (34) according to the research by
Borden [20] et al. to obtain the corresponding critical strain and stress values.

σc =
9
16

√
EGc

6l0
, εc =

√
Gc

6l0E
, (33)

2.4. Numerical Implementation

Equations (15), (21) and (26) above result in a nonlinear system of equations that are
mutually coupled. However, to simplify the complexity of the solution, the fracture phase
field is fixed at each iteration step. Therefore, the coupled stress balance in Equation (21)
and the fluid flow continuity in Equation (26) are solved using the Newton–Raphson (NR)
method. The weak form of the residuals of the equilibrium equations and the fluid flow
continuity equations is obtained by multiplying the strong forms of Equations (21) and (26)
by the test functions wu and wp, integrating the resulting expressions over the problem
domain, and then applying the divergence theorem along with the boundary condition in
Equations (22) and (27), yielding the following:

Ru =
∫

Ω
∇wT

u ·
(
(1 − c)2σ+

eff + σ−
eff − αIP

)
dΩ −

∫
Γt

u

wT
u ·tdΓ = 0, (34)

Rp =
∫

Ω
wT

p

{
1
M

∂P
∂t

+ α
∂εii
∂t

}
dΩ +

∫
Ω
∇wT

p

(
k
µ
∇P

)
dΩ −

∫
Γq

p

wT
p qdΓ = 0, (35)

Similarly, the weak form of the phase-field evolution equation can be obtained by
multiplying the strong form of Equation (15) by the test function wc, integrating the resulting
expression over the problem domain, and then using the divergence theorem and boundary
condition in Equation (17) to obtain the following:

∫
Ω

{
wT

c

(
Gc

l0
+ 2H

)
c + Gcl0∇wT

c ·∇c
}

dΩ =
∫

Ω
2wT

c HdΩ, (36)

For each unit, the approximate displacement, the pressure, the phase field, and its
gradient are given by the following equations:

u = Nuuh, wu = Nuwh
u, P = NPPh, wP = NPwh

P, c = Ncch, wc = Ncwh
c , (37)

ε = Buuh, εii = Bvol
u uh,∇P = BPPh,∇c = Bcch,∇wu = Buwh

u,∇wP = BPwh
P,∇wc = Bcwh

c , (38)

In this context, the superscript h denotes the value at the node; Nu, NP, and Nc are the
shape functions for the displacement, pressure, and phase field, respectively, with all three
shape functions employing bilinear functions based on four-node rectangular elements; Bu,
BP, and Bc are the derivatives of the shape functions for the displacement, pressure, and
phase field, respectively; and Buvol is the derivative of Nu used to calculate the volume
strain εii.
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Substituting Equations (38) and (39) into Equations (35)–(37) and using the Voigt
representation yields the following:

Ru =
∫

Ω
BT

u

[(
1 − Ncch

)2 ∂σ+
eff

∂ε
+

∂σ−
eff

∂ε

]
BuuhdΩ −

∫
Ω

BT
u αINPPhdΩ −

∫
Γt

u

NT
u tdΓ = 0, (39)

Rp =
∫

Ω
NT

P

{
NP
M

∂Ph

∂t
+ αBvol

u
∂uh

∂t

}
dΩ +

∫
Ω

BT
P

k
µ

BPPhdΩ −
∫

Γq
p

NT
PqdΓ = 0, (40)

∫
Ω

{
NT

c

(
Gc

l0
+ 2H

)
Ncch + Gcl0BT

c Bcch
}

dΩ =
∫

Ω
2NT

c HdΩ, (41)

Adopting a backward Euler scheme to interpolate the time derivative in Equation (41)
resulted in the following:

∂Ph

∂t
=

Ph
n+1 − Ph

n

∆t
, (42)

∂uh

∂t
=

uh
n+1 − uh

n

∆t
, (43)

For notational convenience, the subscripts of all the functions in Equation (43) eval-
uated at the n + 1 time step were removed; therefore, Equation (41) can be rewritten
as follows:

Rp =
∫

Ω
NT

P

{
NP
M

Ph + αBvol
u uh

}
dΩ +

∫
Ω

BT
P

k
µ

BPPh∆tdΩ −
∫

Γq
p

NT
Pq∆tdΓ −

∫
Ω

NT
P

{
NP
M

Ph
n + αBvol

u uh
n

}
dΩ, (44)

In this study, the Newton–Raphson method was used to solve the coupled nonlinear
Equations (40) and (44). Therefore, at the equilibrium iteration step i, the linearized system
was obtained by discretizing the residual Equations (40) and (44) as follows:[

Juu Jup

Jpu Jpp

]
i

[
δuh

δPh

]
+

[
Ru

Rp

]
i

= 0, (45)

In Equation (45), the Jacobian matrix J is expressed as follows:

Juu =
∂Ru

∂u
=

∫
Ω

BT
u

[(
1 − Ncch

)2 ∂σ+
eff

∂ε
+

∂σ−
eff

∂ε

]
BudΩ, (46)

Jup =
∂Ru

∂p
= −

∫
Ω

BT
u αINPdΩ, (47)

Jpu =
∂Rp

∂u
=

∫
Ω

NT
PαBvol

u dΩ, (48)

Jpp =
∂Rp

∂p
=

∫
Ω

NT
P

NP
M

dΩ +
∫

Ω
BT

P
k
µ

BP∆tdΩ, (49)

Since the displacement increment δuh and pressure increment δPh are known, the
correction of the displacement and pressure in iteration step i + 1 can be expressed
as follows:

uh
i+1 = uh

i + δuh, Ph
i+1 = Ph

i + δPh, (50)

Then, the strain energy history function H(x, t) can be obtained in the i + 1 iteration
step. The phase field can be calculated using the following discrete system:

Kcch
i+1 = fc, (51)
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where

Kc =
∫

Ω

{
NT

c

(
Gc

l0
+ 2Hi+1

)
Nc + Gcl0BT

c Bc

}
dΩ, (52)

fc =
∫

Ω
2NT

c Hi+1dΩ, (53)

At each time step, the solution can only move to the next time step when the displace-
ment, pressure, and phase field all satisfy the following convergence conditions.

∥Ru∥ ≤ tol∥Ru0∥ ,
∥∥Rp

∥∥ ≤ tol
∥∥Rp0

∥∥ , ∥ci+1 − ci∥ ≤ tol∥Rc0∥, (54)

See Figure 4 below for detailed solution steps.

Figure 4. Flowchart of the calculation program.

3. Study on Model Convergence and Stability
To verify the convergence and stability of our model, this section compares three

different time step scenarios. As shown in Figure 5, the region was a square with a side
length and width of 20 m, with an initial crack of 1.5 m in length at its center. The three
different time steps were 6 s, 4.5 s, and 3 s. The displacement of the left boundary was fixed
in the x direction, and the displacement of the bottom boundary was fixed in the y direction.
A compressive stress of 12 MPa was applied to the right boundary in the x direction, and a
compressive stress of 16 MPa was applied to the upper boundary in the y direction. The
initial pore fluid pressure [33] and the fluid pressure at the outer boundaries were both set
to 5 MPa. Fluid was injected at a constant velocity of 2.5 × 10−3 m2/s from the center, with
a total injection time of 36 s. The process zone parameter l0 was set to 0.5 m, and the grid
size he was 0.25 m. The reservoir parameters for the simulation are listed in Table 2.

Figure 6 shows the phase-field distribution contour plots at the end of injection for
three different time step lengths. It can be seen that the phase-field distribution contours for
the three different time step lengths were almost identical, with the phase field primarily
evolving along the y direction. For a clearer comparison, Figure 7 plots the pressure varia-
tion over time at point a (see Figure 5), with results for the three different time step lengths
compared. It can be seen that, during the initial stage of injection, there were significant
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differences in the pressure at point a under the three different time step conditions. How-
ever, after the injection time exceeded 9 s, the pressure differences gradually decreased,
and by the end of injection, the relative error was only 1.6%. These results validate the
convergence and stability of our model.

 
Figure 5. Schematic diagram of the computational domain and boundary conditions used in the
model convergence and stability study example.

Table 2. Stratigraphic parameters used in examples of convergence and stability studies.

Parameter Name Parameters Numerical Value

Critical stress σc 1 MPa
Young’s modulus E 6000 MPa
Undrained Poisson’s ratio vu 0.3
Poisson’s ratio v 0.25
Matrix permeability kmatrix 0.1 mD
Viscosity of fluids µ 1 × 10−3 Pa· s

(a) Δt = 6 s (b) Δt = 4.5s (c) Δt = 3s 

Figure 6. Phase-field distribution profiles at the end of injection for three different time steps.

Published true-triaxial hydraulic-fracturing experiments on tight sandstone have con-
sistently reported a characteristic pressure–time evolution comprising (i) a rapid ramp-up
to breakdown, (ii) a sharp drop at fracture initiation, and (iii) a gradual decline dur-
ing stable propagation. These features have been documented for both slickwater and
supercritical-CO2 injections and are largely insensitive to the specimen size or bedding
angle (She et al. [39]; Wu et al. [40]). Our simulated pressure history at point a (Figure 7) re-
produced this three-stage profile: a single dominant peak followed by post-peak relaxation
and a near-steady tail, consistent with the laboratory observations.
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Figure 7. Changes in pressure at point a (as shown in Figure 5) over time for three different
time steps.

We further compared the simulated pressure response with a published fracturing con-
struction curve from a tight-sandstone gas reservoir in China (Su et al. [41]). The field record
reported treating pressure together with slurry rate and proppant concentration, and it ex-
hibited the standard sequence during a single treatment: (i) an early ramp-up to breakdown,
(ii) a sharp pressure drop upon fracture initiation, and (iii) a quasi-steady propagation
plateau with superposed “humps” associated with rate/proppant-schedule changes.

4. Numerical Simulation
In this section, we examine several key factors influencing the propagation of hydraulic

fracturing in sandstone–coal interlayers: in situ stress differences, the interface strength,
Young’s modulus, Poisson’s ratio, and the injection rate. The computational domain and
boundary conditions are shown in Figure 8, where the central layer is the coal layer and
the upper and lower layers (barrier layers) are sandstone. Here, σv represents the vertical
in situ stress, while σupper_h, σcenter_h, and σlower_h denote the minimum horizontal in situ
stresses of the upper, middle, and lower layers, respectively. In this study, the parameters
were selected from a well in Southwest China, as detailed in Table 3.

Figure 8. Changes in pressure at point a (as shown in Figure 5) over time for three different
time steps.
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Table 3. Numerical simulation case input parameters.

Parameter Name Parameter Numerical Value

Critical stress of sand particles σc_sandstone 3 MPa
Critical stress of coal σc_coal 1 MPa
Interfacial critical stress σc_interface 0.5 MPa
Young’s modulus of sandstone E_sandstone 22,000 MPa
Young’s modulus of coal E_coal 6000 MPa
Poisson’s ratio of sandstone v_sandstone 0.17
Poisson’s ratio of coal v_coal 0.25
Permeability of sandstone k0_sandstone 1 mD
Permeability of coal k0_coal 0.1 mD
Interface permeability k0_interface 50 mD
Initial pore fluid pressure pinitial 5 MPa
Fluid viscosity µ 1 × 10−3 Pa·s
Time step ∆t 3 s
Total injection time T_total 36 s
Injection rate q 2.5 × 10−3 m2/s
Mesh size he 0.25 m
Process area parameters l0 0.5 m

4.1. Effects of Ground Stress Differences

In this subsection, we investigate the effect of in situ stress differences on the geometry
of hydraulic fracturing. The minimum horizontal stress is shown in Figure 9. Simulations
were also conducted for vertical in situ stresses of 15 MPa, 16 MPa, and 17 MPa. Other
input parameters are listed in Table 3.

The phase-field distribution profiles for the three different in situ stress scenarios are
compared in Figure 10. Note that the black lines in all the following figures represent
the interface. It can be observed that, under small in situ stress differences (Figure 10a,b),
hydraulic fracturing opens the interface and propagates along it. However, under a 5 MPa
in situ stress difference, hydraulic fracturing directly penetrates through the interface. The
fracture width distribution profiles for the three different in situ stress difference scenarios
are shown in Figure 11. It can be observed that, under the 3 MPa and 4 MPa geological
stress differences (Figure 11a,b), although hydraulic fracturing opened the interface, the
fracture width in the interface region was significantly smaller than that in the coal seam
region. This is because the normal direction of the fracture surface in the interface region
experienced greater geological stress than the normal direction in the coal seam region. It
can also be observed that, under a 5 MPa stress difference (Figure 11c), the fracture width
in the coal layer was much larger than that in the sandstone layer. Two factors contribute
to this phenomenon: first, the Young’s modulus of sandstone is greater than that of the coal
layer; second, the minimum horizontal stress in the sandstone layer is greater than that in
the coal layer.

Figure 12 shows the pressure distribution profiles at the end of the jet under three
different in situ stress conditions. It can be observed that the geometric shape of the pressure
distribution is similar to that of the phase-field distribution. The hydraulic fracturing
pressure propagating along the interface is greater than the hydraulic fracture directly
crossing the interface. In other words, in field operations, the increase in the injection
pressure may not only be due to proppant blocking the fracture, but also due to the opening
of the interface. Under a 5 MPa in situ stress difference, although the hydraulic fracture did
not activate the interface, the interface became the primary pathway for fluid leakage due
to its higher permeability compared to the matrix.
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Figure 9. Computational domain and boundary conditions used in the example.

(a) 3 MPa stress difference (b) 4 MPa stress difference (c) 5 MPa stress difference 

Figure 10. Phase-field distribution profiles at the end of injection under three different ground
stress conditions.

(a) 3 MPa stress difference (b) 4 MPa stress difference (c) 5 MPa stress difference 

Figure 11. Curves showing the distribution of crack widths at the end of injection under three
different ground stress conditions.

Therefore, in sand–coal interbedded formations with reservoir parameters similar to
those of the case well, an in situ stress difference of 5 MPa allows a hydraulic fracture to
traverse the interface from the coal seam and extend into the sandstone.
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(a) 3 MPa stress difference (b) 4 MPa stress difference 

Figure 12. Pressure distribution curves at the end of injection under three different ground
stress conditions.

4.2. Influence of Interface Strength

In this section, we investigate the effect of the interface strength on the geometry
of hydraulic fracturing. The vertical in situ stress was set to 16 MPa. In the previ-
ous sections, we simulated cases with an interface strength of 0.5 MPa (as shown in
Figures 10b, 11b and 12b). For comparison, this section examines cases with interface
strengths of 0.75 MPa and 1 MPa. Other input parameters can be found in Table 3.

Figure 13 shows the phase-field distribution profiles at the end of injection for the
two different interface strengths. As can be seen from Figures 10b and 13, the higher the
interface strength, the shorter the hydraulic fracturing distance along the interface. At an
interface strength of 0.75 MPa, hydraulic fracturing will diverge toward the interface and
propagate along it; however, when the interface strength increases to 1 MPa, hydraulic
fracturing will directly penetrate the interface. In other words, a higher interface strength
facilitates the hydraulic fracturing penetration through the interface and propagation
toward the barrier layer. Figures 14 and 15 show the fracturing width and pressure
distribution profiles at the end of injection for two different interface strengths, respectively.
As expected, the geometric shapes of the fracturing width and pressure distribution align
with those of the phase-field distribution.

(a) Interface strength is 0.75 MPa (b)Interface strength is 1 MPa 

Figure 13. Pressure-phase-field distribution curves injected at two different interface strengths.
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(a) Interface strength is 0.75 MPa (b) Interface strength is 1 MPa 

Figure 14. Crack width distribution curves at the end of injection under two different interface strengths.

(a) Interface strength is 0.75 MPa (b) Interface strength is 1 MPa 

Figure 15. Pressure distribution curves at the end of injection under two different interface strengths.

4.3. Influence of Young’s Modulus and Poisson’s Ratio

In this subsection, we will analyze the effects of Young’s modulus and Poisson’s ratio
of the wall layer on the geometric morphology of cracks. The vertical stress was set to
17 MPa. In Section 4.1, we already simulated cases where Young’s modulus and Pois-
son’s ratio of the wall layer were both 22,000 MPa and 0.17, respectively (as shown in
Figure 10c, Figure 11c, and Figure 12c). For comparison, we investigated cases where the
Young’s modulus of the wall layer was 16,000 MPa and 10,000 MPa in this section. Gener-
ally, Poisson’s ratio of rock is inversely proportional to its Young’s modulus, so Poisson’s
ratio of the wall layer was set to 0.2 and 0.23, respectively. All other input parameters can
be found in Table 2.

Figures 16–18 show the phase field, fracture width, and pressure distribution con-
tours for the two different Young’s modulus and Poisson’s ratio scenarios. By combining
Figures 10–12 and 16–18, we can observe that, as Young’s modulus of the barrier layer de-
creases, the fracture height decreases, and the likelihood of hydraulic fracturing activating
the interface increases.

Although Young’s modulus dominated the response, Poisson’s ratio influenced the
outcome through the plane-strain modulus.

E′ =
E

1 − v2 (55)

where E′ is the plane-strain modulus.
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(a) E_sandstone = 16000, v_sandstone = 0.2 (b)E_sandstone = 10000, v_sandstone = 0.23 

Figure 16. Phase-field distribution profiles at the end of injection for two different Young’s moduli
and Poisson’s ratios.

(a) E_sandstone = 16,000, v_sandstone = 0.2 (b)E_sandstone = 10,000, v_sandstone = 0.23 

Figure 17. Crack width distribution at the end of injection under two different Young’s moduli and
Poisson’s ratios.

(a) E_sandstone = 16,000, v_sandstone = 0.2 (b) E_sandstone = 10,000, v_sandstone = 0.23 

Figure 18. Pressure distribution curves at the end of injection under two different Young’s moduli
and Poisson’s ratios.

Across the three barrier-layer settings used here, the plane-strain modulus mono-
tonically decreased, which explains the reduced height containment and the enhanced
tendency for interface opening as Young’s modulus decreased. If Young’s modulus were
held fixed, increasing Poisson’s ratio from 0.17 to 0.23 would raise the plane-strain modulus
by only about 2.5%, slightly reducing the aperture and hindering interface activation. Thus,
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Poisson’s ratio affects lateral confinement and opening compliance via the plane-strain
modulus, but its influence here is secondary to that of Young’s modulus.

4.4. Effect of Injection Speed

In the above three subsections, we discussed the influence of three formation pa-
rameters on fracture propagation, which are unchangeable for a given reservoir. In
this subsection, we investigate the effect of the injection rate on fracture propagation,
which is a parameter that we can modify. The vertical stress was set to 16 MPa. In
Section 4.1, we already simulated the case with an injection rate of 2.5 × 10−3 m2/s (see
Figure 10b, Figure 11b, and Figure 12b). For comparison, we investigated cases with injec-
tion rates of 3.75 × 10−3 m2/s and 5 × 10−3 m2/s. To ensure that the total injected volume
was the same for all three examples, the corresponding total injection times T_(total) were
set to 24 s and 18 s, respectively. Other input parameters can be found in Table 2.

Figure 19 shows the displacement field distribution contours for the two different in-
jection rates. As can be seen from Figures 10b and 19, increasing the injection rate facilitated
hydraulic fracturing through the interface. Upon closer inspection of Figure 19, we can
observe that increasing the injection rate slightly reduced the fracturing height when both
rates pass through the interface. Figures 20 and 21 plot the fracturing width and pressure
distribution contours for the two different injection rates, respectively. It can be observed
that increasing the injection rate increased the fracture width and fluid pressure within the
fracture. The maximum fracture width values under the two different injection rates were
11.1 mm and 11.9 mm, respectively. The maximum fluid pressure at the end of fracturing
under the two different injection rates was 19.13 MPa and 19.57 MPa, respectively.

(a) q = 3.75 × 10−3 m2/s, T_total = 24 s (b) q = 5 × 10−3 m2/s, T_total = 18s 

Figure 19. Phase-field distribution profiles at the end of injection under two different injection speeds.

(a) q = 3.75 × 10−3 m2/s, T_total = 24 s (b)q = 5 × 10−3 m2/s, T_total = 18 s 

Figure 20. Curve showing the distribution of the fracture width at the end of fracturing under
two different injection rates.
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(a) q = 3.75 × 10−3 m2/s, T_total = 24 s (b) q = 5 × 10−3 m2/s, T_total = 18 s 

Figure 21. Pressure distribution curves at the end of injection under two different injection rates.

5. Conclusions
This study proposes a new fracture phase-field evolution model for investigating

hydraulic fracturing propagation in sandstone–shale interbedded formations. The key
features of this model are summarized as follows: (a) Fractures only form when the element
strain exceeds the rock’s critical strain. (b) The element permeability is calculated as the
weighted sum of the rock’s initial permeability and the fracture permeability, with weight-
ing coefficients that are functions of the fracture width and element size. (c) At the initial
state, the interface is intact (phase-field value equals 0). The model’s convergence and stabil-
ity were verified using different time steps. Based on the established model, a series of case
studies were conducted to investigate the effects of in situ stress differences, the interface
strength, Young’s modulus, Poisson’s ratio, and the injection rate on hydraulic fracturing
propagation in sandstone–shale interbedded formations. The following conclusions can
be drawn:

(1) Higher in situ stress differences, interface strengths, Young’s moduli, and injection
rates facilitate hydraulic fracturing propagation through the interface and into the
barrier layer. Quantitatively, for wells with geological characteristics similar to those
examined here, crossing occurred at either an in situ stress difference of 5 MPa with
an injection rate ≥ 2.5 × 10−3 m2/s or 4 MPa with an injection rate ≥ 3.5 × 10−3,
provided that the barrier-layer Young’s modulus was >10,000 MPa (10 GPa) and the
interface strength was >1.0 MPa.

(2) Although hydraulic fracturing may open the interface in some cases, the fracture
width in the interface region is significantly smaller.

(3) The pressure during hydraulic fracturing propagation along the interface is higher
than that during direct propagation through the interface.

Implications for practice
These findings provide actionable guidance for optimizing hydraulic fracturing in

sand–coal interbedded formations in China. In particular, the stage placement and treat-
ment design can be tailored to in situ stress differences in order to either encourage con-
trolled crossing or maintain containment along the coal seam. Injection rate selection and
the real-time monitoring of the pressure signature can help diagnose interface activation
and enable the adjustment of proppant and fluid schedules accordingly.

Limitations and future work
The present model assumes linear elasticity and does not incorporate plasticity, time-

dependent damage evolution, or heterogeneity beyond the elastic moduli and permeability.
Under high-pressure injection, actual rock behavior can be more complex due to inelastic



Processes 2025, 13, 3128 20 of 22

deformation, interface frictional/cohesive behavior, permeability–stress coupling, and
non-Newtonian fluid effects. Future work will relax these assumptions by (i) introduc-
ing elastoplastic or viscoelastic-damage constitutive laws for the matrix and interfaces,
(ii) accounting for spatial heterogeneity in the stiffness and strength beyond the elastic
moduli and permeability, and (iii) coupling to more realistic flow physics (stress-dependent
permeability, non-Newtonian rheology, and proppant transport/leakoff).
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