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Abstract: While the variational phase-field model has been widely used in modeling fracturing in
porous media, it poses a challenge when applying high confining pressures on a model because
the relatively large deformation induced by the confining pressures might cause undesired crack
nucleation when the strain decomposition scheme are used, which is not consistent with engineering
observations. This study proposes a two-step strategy to incorporate in situ stresses into phase-field
modeling of hydraulic fractures, addressing the limitations of previous approaches in capturing
realistic fracture initiation and propagation under high confinement. A micromechanics-based hy-
dromechanical phase-field model is presented first, and the proposed two-step strategy is investigated
with different strain decomposition schemes: isotropic, volumetric–deviatoric, and no-tension models.
Two numerical examples show that the two-step strategy effectively achieves a desired initial state
with geostatic stresses and zero strain, allowing for accurate simulations even in the presence of
complex natural fractures. The efficiency of the proposed two-step strategy for incorporating in situ
stresses is highlighted, and the challenges associated with capturing stiffness recovery and shear
fracture nucleation under high confinement using strain-based models are discussed.

Keywords: phase-field method; hydraulic fracture; in situ stress; natural fractures; crack growth

1. Introduction

As part of the ongoing energy transition process, facilitating or inhibiting the frac-
turing of rocks is becoming increasingly important, as they play a key role in exploiting
energy sources such as oil, natural gas, and geothermal heat [1], or in the assessment of
effective energy storage [2] and CO2 sequestration [3] repositories. Fluid-driven (hydraulic)
fracturing, which induces fractures by injecting fluids into rock formations, plays a pivotal
role in this regard. This process, while successful in unlocking vast reserves of hydrocar-
bons, presents significant challenges in terms of predicting and controlling fracture network
development. Traditional approaches like discrete fracture network (DFN) models, which
explicitly represent fractures as discrete elements within the rock, often struggle to capture
the complex interplay between fracture growth, fluid flow, and the surrounding porous
medium, especially when dealing with highly heterogeneous and complex reservoir forma-
tions. These models also face limitations in representing the evolution of fracture networks,
requiring computationally expensive re-meshing processes as fractures propagate [4,5].

The phase-field method offers an elegant and computationally efficient solution for
simulating fracture propagation in porous media. This method, pioneered by Bourdin
et al. [6], utilizes a scalar field variable, known as the phase-field, to represent the fracture.
This field smoothly transitions from zero (unfractured material) to one (completely fractured
material), allowing for seamless representation of complex fracture geometries and avoiding
the need for mesh re-meshing. This approach has been successfully applied to simulate
various fracture phenomena, including crack propagation in brittle materials [7,8], dynamic
fracture [9], and hydraulic fracture [10–13]. For hydraulic fracturing in porous media,
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the phase-field model naturally couples the fracture mechanics with the fluid flow within
the porous medium, offering a more realistic and comprehensive representation of the
fracture network evolution. Furthermore, the interaction of hydraulic fractures with natural
fractures has been handily addressed, for example, in [14–17].

However, accurately predicting the behavior of hydraulic fractures in porous media
requires careful consideration of in situ stresses arising from tectonic forces, overburden
pressure, and pore fluid pressure, which will influence fracture initiation, propagation
direction, and the overall fracture network development [18,19]. The classic Hubbert
and Willis approach [20] has shown that the critical pressure required to initiate these
fractures (known as the breakdown pressure) is determined by the geostatic stresses in the
rock as well as the mechanical strength of the rock. Neglecting these stresses can lead to
inaccurate predictions of fracture geometry and fluid flow patterns, ultimately affecting
the effectiveness of hydraulic fracturing operations. Incorporating in situ stresses into the
phase-field model demands capturing the complex interactions between the injected fluid
pressure, the surrounding porous medium, and the preexisting stresses within the rock.
Several approaches have been proposed to incorporate in situ stress into the phase-field
model. Zhou et al. [21] modified the energy functional for the phase-field model [21]
to include the contribution of the initial stresses. Nevertheless, the validation of this
approach for different strain decomposition schemes is not ensured. Enrico Salvati [22]
introduced a hydrostatic eigenstrain field into the phase-field model to consider initial
stresses. The eigenstrain approach is self-consistent, satisfying both stress balance and
strain compatibility, but the method is relatively complex, involves the computation of R-
curves, and is not conducive to engineering applications, as argued by [23]. Zhang et al. [23]
further introduced an initial equilibrium iteration to obtain the initial stress value and phase
field value. However, this approach is based on the stress-based fracture criterion, and its
extension to the strain-based fracture criterion is questionable.

This paper aims to present a general approach to incorporating in situ stresses into
the phase-field modeling of hydraulic fractures. The proposed method is based on the
concept of eigenstrain used by [22] but, different from existing work, will employ two-step
numerical computation to achieve realistic initial stresses and pressure states for various
strain decomposition schemes. We will first delve into the theoretical formulation of the
variational phase-field approach in the modeling of hydraulic fracturing and then propose
a two-step strategy to calculate the eigenstrain caused by the in situ stresses. Therefore,
high confining pressures can be applied freely without inducing undesired crack evolution
at the beginning of the simulation. Using two numerical examples, i.e., hydraulic fracture
nucleation from a borehole and interaction with pre-existing natural fractures, various strain
decomposition schemes are investigated, highlighting the validity of the proposed two-step
strategy. Furthermore, the advantages and limitations of different strain decomposition
schemes are presented.

2. Methods
2.1. Model Formulations
2.1.1. Energy Functional

The phase-field method will be used in the simulation of hydraulic fracturing in a
porous solid Ω subjected to displacement ū on the boundary ∂Ωu. You and Yoshioka [24]
compared existing hydromechanical phase-field models and proposed a micromechanics-
based formulation, which will be used in this paper. Following this, the poroelastic strain
energy is defined as a function of displacement u , phase-field v, and pressure p, i.e.,

W(u, v, p) =
∫

Ω
ψ(u, v)dV +

∫
Ω

p2

2M(v)
dV, (1)

where Ω denotes the research body, M(v) is Biot’s modulus related to the phase-field vari-
able, and ψ denotes the strain energy per unit volume and has the following general form:



Processes 2024, 12, 1671 3 of 13

ψ(u, v) = g(v)ψ+(u) + ψ−(u), (2)

with g(v) being the degradation function, which will be taken as g(v) = v2 in this paper.
For the isotropic model, we have

ψ+(u) =
1
2

ε : C : ε, ψ−(u) = 0, (3)

where ε denotes the elastic strain, and C is the stiffness tensor.
For the volumetric–deviatoric decomposition model [25], we have

ψ+(u) =
k
2
⟨Tr[ε]⟩2

+ + µε : K : ε, ψ−(u) =
k
2
⟨Tr[ε]⟩2

−, (4)

where k is the bulk modulus, Tr[·] is the trance operator, and ⟨⟩+ = (· + | · |)/2 and
⟨⟩− = (· − | · |)/2 are the Macaulay brackets.

For the masonry-like model [26], also called the no-tension model, we have

ψ+(u) =
λ

2
(Tr[ε+])2 + µε+ : ε+, ψ−(u) =

λ

2
(Tr[ε−])2 + µε− : ε−, (5)

where λ and µ are Lamé constants. The strain is decomposed so that the positive strain ε+

is a positive definite tensor and is coaxial with ε:

ε+ = ∑
i
⟨εi⟩+ni ⊗ ni

and

ε− = ∑
i
(εi − ⟨εi⟩+)ni ⊗ ni,

with εi and ni being the eigenvalue and eigenvector of ε, respectively.
Then, by considering the crack surface energy, the total energy functional for a poroe-

lastic medium can be written as

Fℓ(u, v, p) := W(u, v, p) +
∫

Ω

3Gc

8

[
(1 − v)

ℓ
+ ℓ∇v · ∇v

]
dV, (6)

where the AT1 phase-field model [27] is used in this paper, while Gc denotes the crack
surface energy density, ℓ the length scale parameter, and ∇ the gradient operator.

2.1.2. Fluid Mass Balance Law

The variation of fluid content is defined as

ζ := ϕ − ϕ0 = α(v)∇ · u +
p

M(v)
, (7)

where ϕ denotes the porosity of the porous media, and ∇· is the divergence operator.
Biot’s coefficient α and Biot’s modulus M are functions of the phase-field variable, which
accounts for the alteration of the rock property due to crack growth. The derivation based
on micromechanical analysis gives the following definitions [24], i.e.,

α(v) = 1 − keff
km

(1 − αm), (8)

1
M(v)

=
α(v)− ϕ

km
(1 − αm), (9)
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where keff is the effective (phase-field degraded) bulk modulus, and its form depends on
which phase-field model is used in Equations (3)–(5). Additionally, km and αm are the bulk
modulus and Biot’s coefficient of the intact porous medium, respectively.

Considering the slightly compressive fluid, the mass balance equation for the fractured
porous media can be written as [24]:[

1
M(v)

+ cfϕ

]
∂p
∂t

+ α(v)∇ · ∂u
∂t

+∇ · K
µf
(−∇p + ρfg) = Q, (10)

where cf denotes the fluid compressibility, ρf the fluid density, µf the fluid viscosity, g the
gravitational acceleration, Q the source/sink term, and K the permeability that will be
enhanced by crack growth, which is defined as

K = Km I + (1 − v)ξ w2

12
(I − nΓ ⊗ nΓ), (11)

with Km being the permeability of the porous media, ξ a constant [10] taken as 10 in this
paper, ω the fracture width, and nΓ the normal direction of fracture. In this paper, both ω
and nΓ are estimated locally by {

w = heε1

nΓ = n1
, (12)

where he is the minimum element size. Note that Equation (12) leads to accurate estimation
of nΓ and w for a toughness-dominated hydraulic fracture [28], i.e., low viscous fluid, which
is the assumption in this paper. When the fluid viscosity is high, the pressure gradient
along the fracture path is sufficient to cause the main strain direction to coincide with the
fracture path but not the normal direction. In this case, a delicate method may be required,
for example, level-set [29] or image processing [30].

2.1.3. Governing Equations

The governing equations of displacement and phase-field can be derived using al-
ternate minimization to the energy functional (6) in admissible spaces. Therefore, we
can write

(u, v) = argmin
u,v

{Fℓ(u, v) : u ∈ U , v ∈ V(ti)}, (13)

where U is the kinematically admissible displacement set

U =
{

u ∈ H1(Ω) : u = ū on ∂Ωu

}
, (14)

and the admissible set of v is

V(ti) =
{

v ∈ H1(Ω) : 0 ≤ v(x, ti) ≤ v(x, ti−1) ≤ 1 ∀x s.t. v(x, ti−1) ≤ virr

}
, (15)

where virr is a threshold value less than which the crack’s irreversibility is ensured.
Combining Equations (6) and (13), we have

∇ · σ = 0, (16)

g′(v)
[

ψ+ +
p2(1 − αm)2

2km

]
+

3Gc

8

(
−1
ℓ

+ 2ℓ∇ · ∇v
)
= 0, (17)

where σ is the total stress, which is defined as

σ =
∂W
∂ε

= Ceff : ε − αpI, (18)
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where Ceff is the effective stiffness tensor, whose expression depends on the used strain
decomposition method. For example, the isotropic model gives Ceff = g(v)C.

This hydraulic fracture phase-field model has been implemented in the open-source
software OpenGeoSys (https://www.opengeosys.org/) [31]. The solution for the three-
field problem follows a staggered scheme, in which we first solve the phase-field v and then
iteratively solve pressure p and displacement u. After convergence on the u − p iteration,
we repeat this until all three fields are converged. The fixed stress split is used to solve the
hydromechanical coupling problem [32].

2.2. Initial State

The formations may have undergone prolonged tectonic processes, leading to complex
geostatic stresses also affected by local geological structures and heterogeneity. The full
history of geological tectonics is untraceable, and the same is the case for local strain.
Therefore, the initial state is commonly considered zero strain with initial geostatic stresses.
When initial stress σ0 and initial pore pressure p0 are considered, the total stress becomes

σ − σ0 = Ceff : ε − α(p − p0)I. (19)

However, for the phase-field model, the most widely used models are strain-based,
which means the geostatic stress has to be reproduced by strain εr. In this paper, we call
strain ε∗ an eigenstrain, which will be relieved with crack growth. Given this, we can
rewrite Equation (19) into

σ = Ceff : ε + σ0 − α(p − p0)I = C′
eff : (ε + ε∗)− α(p − p0)I, (20)

where C′
eff is related to the total strain ε + ε∗.

Apparently, the transition from σ0 to ε∗ depends on the specific energy split strategy,
for example, Equations (3)–(5), and also the geometry and boundary conditions of the
model. In particular, the pre-existing natural fractures or heterogeneity will disrupt local
geostatic stress, making the theoretical calculation on ε∗ impossible, as previously done
in [22].

In this paper, we propose the following two steps to achieve this initial state without
triggering undesired phase-field evolution when applying confining pressure to numerical
models and accommodating any energy split methods.

• Step 1: Apply confining pressure and boundary conditions to the model and provide
a large enough value of Gc and long-term time to calculate the displacement and
pressure fields.

In this step, we assign a high Gc to avoid an undesired phase-field evolution when
high confining pressure is applied. A long-term time is to ensure the pore pressure can
be fully dispersed. Certainly, the pore pressure might not disperse completely, and in this
case, a realistic consolidation time can be used. In this paper, we assume the pore pressure
is fully dispersed after many years of consolidation. As such, we obtain the displacement
u0 and p0.

• Step 2: Input the resulting u0 and p0 as initial displacement and pressure fields
and apply the real Gc for the simulation.

In this step, the initial displacement u0 is used to calculate the eigenstrain ε∗. As men-
tioned above, this eigenstrain is equivalent to applying an initial stress σ0, which can reach
equilibrium with external loading. Therefore, the real strain ε remains zero, which will not
lead to crack growth.

As a result, this two-step strategy is compatible with various energy split methods
and will not generate fictitious crack growth when considering geostatic stress for naturally
fractured media.

https://www.opengeosys.org/
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3. Results and Discussions

In this section, two numerical examples are established to verify the validity of the
proposed two-step method, where the first numerical example investigates the crack
nucleation from a borehole caused by fluid pressurization, and the second shows the
interaction between the hydraulic fracture with the natural fractures. Both numerical
examples are under the plane strain condition.

3.1. In Situ Stresses for Different Strain Decomposition Schemes

We first verified the proposed method for applying in situ stresses to a homogeneous
model and a model with randomly distributed natural fractures. Three commonly used
strain decomposition schemes, i.e., the isotropic model, the volumetric–deviatoric model
by [25], and the no-tension model by [26] (the material does not support tension), were
considered. The geometry of the homogeneous model is illustrated in Figure 1a, where a
borehole is located in the center of the model with a diameter of 0.1 m. Each midpoint of
the edge is supported by a roll. Vertical confining pressure σv was applied to the top and
bottom edges, and horizontal pressure σv was applied to the left and right edges.

2 m

2m

R = 0.1 m

σv

σh

1 m

1m

σv

σh

r = 0.05 m

Nature fractures

(a) (b)

Figure 1. The geometry, mesh, and boundary conditions of the numerical models, where (a) is
used for nucleation and propagation of the hydraulic fracture from a borehole, and (b) is used to
investigate the interaction between the hydraulic fracture and natural fractures.

Figure 1b shows the naturally fractured model, which is one-quarter of the homoge-
neous model. The natural fractures were randomly generated with lengths ranging from
0.02 m to 0.1 m. The phase field in the fracture domain was set to 0 (fully broken).

Vertical and horizontal confining pressures were set to 9.7 MPa and 17.2 MPa, re-
spectively [33]. The fluid was injected from the borehole after the geostatic step. A line
source term is applied to the borehole. One additional layer of elements in the borehole
was considered, in which the phase-field v = 0, and the initial width is given as the size of
the element (he = 0.003 m). The material parameters for the porous medium and the fluid
are listed in Table 1.

We first investigated the initial strain and stress fields after the geostatic step. For the
homogeneous model, the different strain decomposition models, i.e., isotropic, volumetric–
deviatoric, and no-tension models, gave the same results as shown in Figure 2. The initial
strain is zero, and the initial stress is well-distributed.
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Table 1. Values of material parameters.

Parameters Values Unit

Young’s modulus (E0) 20 × 104 MPa
Poisson’s ratio (v0) 0.2 -

Biot’s coefficient (αm) 0.6 -
Porosity (ϕm) 0.02 -

Permeability (km) 10−16 m2

Critical fracture energy release
rate (Gc) 200 N/m

Length scale parameter ℓ 0.006 m
Fluid viscosity (µ) 10−4 Pa·s

Fluid compressibility (cf) 4.55 × 10−10 Pa−1

Injection rate (Q) 2 × 10−4 m/s

(a) (b)
[Pa]

Figure 2. The strain (a) and stress (b) field after the geostatic step for the homogeneous model with
the confining pressures being σv = 9.7 MPa and σh = 17.2 MPa, where the ‘epsilon_0’ and ‘sigma_0’
denote the initial strain and stress states from which the simulation (fluid injection) starts.

When the natural fractures were considered, these three strain decomposition models
show different results, as shown in Figure 3. For the isotropic model, the fracture domain
does not experience stiffness recovery in compression because the full stiffness is degraded
by the phase field. The stress is highly concentrated in the crack tip, which is likely to
nucleate new cracks if no appropriate geostatic step is considered. Following the proposed
two-step strategy, the initial strain is reduced to an acceptable value less than 3.3 × 10−6 so
that we do not see phase-field evolution.

For the volumetric–deviatoric and no-tension models, the stress concentration is not
that strong. The two-step strategy works well to reach zero initial strain. However, the stress
field predicted by the volumetric–deviatoric model still shows some disturbance, revealing
an unsatisfactory stiffness recovery behavior when the fracture is compressed. On the other
hand, the no-tension model excludes stiffness degradation under any compression state so
that it can recover the homogeneous results, as shown in Figures 2 and 3c.
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(a) Isotropic model

(b) Volumetric-deviatoric model

(c) No-tension model

[Pa]

[Pa]

[Pa]

Figure 3. The initial state of the naturally fractured model after the geostatic step for the isotropic
model (a), volumetric-deviatoric model (b) and no-tension model (c), with the confining pressures
being σv = 9.7 MPa and σh = 17.2 MPa.

3.2. Fracture Propagation from a Borehole

The effect of in situ stress on the nucleation and propagation of hydraulic fractures
was then investigated. The isotropic model was used. In Figure 4, the horizontal confining
pressure is a major stress, and the hydraulic fracture nucleates and propagates horizontally.
The crack initiates at both sides of the borehole and propagates symmetrically at the
beginning. This symmetry is broken when the crack propagates for a certain distance,
and only the right side of the fracture continues to propagate while the left side stops
propagating. The fluid flows along the fracture and decreases when the fracture propagates.
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(a)
t = 3 s t = 10 s

t = 3 s t = 10 s
(b)

Figure 4. Hydraulic fracture propagation along the horizontal direction (a) and the correponding
pressure field (b), with the confining pressures being σv = 9.7 MPa and σh = 17.2 MPa.

When the vertical confining pressure is the major one, as shown in Figure 5, the hy-
draulic fracture nucleates and propagates vertically, and it shows the same symmetric and
breaking symmetry behaviors. The value of the pressure is in the same range as in Figure 4,
except that the distribution becomes vertical.

(a)
t = 3 s t = 10 s

t = 3 s t = 10 s
(b)

Figure 5. Hydraulic fracture propagation along the vertical direction (a) and the corresponding
pressure field (b), with the confining pressures being σv = 17.2 MPa and σh = 9.7 MPa.

As a short summary, after the geostatic step, we reproduced the propagation of the
hydraulic fracture along the direction of the maximum principal stress. Furthermore, since
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zero or near-zero initial strain field is ensured, high confining pressures can be considered
without worrying about inducing undesired phase-field evolution. This feature is pivotal
for extending the application of the phase-field models to deep underground conditions.

3.3. Crack Nucleation and Critical Pressure

We then study the crack nucleation for different strain decomposition schemes under
high confining pressure. The crack nucleation problem using the phase-field model has been
investigated, for example, in [7,34,35]. However, there has been less study of the nucleation
of hydraulic fractures using the phase-field model, especially in a variationally consistent
manner. Notably, Fan et al. [36] introduced a stress-based fracture nucleation criterion and
showed a good match with the analytical solution by Haimson and Fairhurst [37]. This
section numerically investigates crack nucleation for different strain-based models with
eigenstrain (equivalent to geostatic stress).

Taking σv = 9.7 MPa and σh = 17.2 MPa as an example, three different strain decom-
position schemes are considered in Figure 6. The mesh for these three model remains the
same, as shown in Figure 1a. The numerical results show that only horizontal hydraulic
fractures were nucleated from the borehole. The volumetric–deviatoric model generates
similar hydraulic fracturing nucleation, and the no-tension model leads to a slight change
in the location of the crack nucleation compared to the other two models.

Isotropic model Volumetric-deviatoric model No-tension model

Figure 6. Hydraulic fracture propagation using different strain decomposition models, with the
confining pressures being σv = 9.7 MPa and σh = 17.2 MPa.

The critical pressures with and without the geostatic step are compared in Figure 7,
in which we reduce the confining pressure σv = 0 Mpa and σh = 2 MPa to avoid phase-field
evolution before injection because of stress concentration at the borehole. It can be found
that the critical pressure is higher when considering the geostatic step because an eigen-
strain is introduced in Equation (20), leading to a smaller value of true strain ε (contributing
to the phase-field evolution) compared with the case without the geostatic step.

The eigenstrain ε∗ in Equation (20) remains unchanged after the geostatic step, and its
value will affect the calculation of effective stiffness for strain decomposition models, such
as volumetric–deviatoric and no-tension models. When the total strain is updated due to
fluid injection, the true strain that drives phase-field evolution will be altered by ε∗, and
the location with respect to the crack nucleation criterion will also be changed. This makes
crack nucleation more unpredictable. Although the isotropic model seems to yield the
expected hydraulic fracturing, it is not safe to conclude its validity, as the stiffness recovery
cannot be captured. Therefore, it may cause unrealistic fracture propagation when natural
fractures are considered. For the volumetric–deviatoric model, the stiffness is partially
recovered when the volumetric strain is less than zero, i.e., compression, whereas the
shear fracture can still be activated around the borehole while keeping the fluid injection.
Furthermore, the shear strength predicted by the volumetric–deviatoric model is underesti-
mated [25,38]. On the other hand, the no-tension model retains the stiffness recovery under
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compression but excludes the shear fracture, which might be a main fracture pattern under
high confining pressures.

Figure 7. The average pressure on the borehole with and without the geostatic step under the
confining pressures σv = 0 MPa and σh = 2 MPa.

3.4. Fracture Propagation Interaction with Natural Fractures

Finally, the hydraulic fracturing in the naturally fractured porous medium was con-
sidered. As studied before, the no-tension model gave the most reasonable initial state
(Figure 3) and stiffness recovery. We used the no-tension model in this case, and the con-
fining pressures were taken as σv = 9.7 MPa and σh = 17.2 MPa. Figure 8 shows that the
hydraulic fracture initiated from the borehole interacted with the natural fracture. Depend-
ing on the intersection angle, the hydraulic fracture merges with the natural fracture with a
small intersection angle and penetrates the natural fracture with a high intersection angle.

(a) (b)

Figure 8. Hydraulic fracture propagation interacted with the natural fractures (a) and the correspond-
ing pressure field (b) with the confining pressures being σv = 9.7 MPa and σh = 17.2 MPa.

4. Conclusions

This paper studied how in situ stress can be considered without inducing unrealistic
crack evolution when different strain decomposition schemes are used in the phase-field
modeling of hydraulic fracturing. After presenting a micromechanics-based hydromechani-
cal phase-field model, a two-step strategy was proposed to accommodate geostatic stresses
in phase-field modeling, where the geostatic stresses are represented by an eigenstrain.
Two numerical examples demonstrated that the proposed two-step strategy can reach a
desired initial state, i.e., with geostatic stresses and zero strain, and even complex natural
fractures are considered. This two-step strategy is expected to extend phase-field modeling
under high confinement when considering deep underground projects. Additionally, com-
monly used strain decomposition schemes, such as the isotropic and volumetric–deviatoric
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models, pose some challenges in capturing stiffness recovery at fracture closure and shear
fracture nucleation under high confining pressures. In future work, stress-based fracture
nucleation criteria would be a promising alternative.
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