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Abstract: The soil-water retention curve (SWRC) is fundamental in presenting the hydromechanical
characteristics of soils, which are closely connected with soil deformation, permeability, and shear
strength. The Fredlund and Xing (FX) model accurately fits the SWRCs of different types of soils over
a wide suction range. However, experimental comparisons of the fitting showed that the obtained
parameters differ from the physical meanings assigned by Fredlund and Xing. To address this issue,
the traditional FX model has been improved, resulting in the proposal of a two-step FX model. Firstly,
the FX model is applied without taking the correction coefficient c(ψ) into account to fit the measured
SWRC. The values for α, n, and m are then determined and substituted into the FX model to refit the
experimental data. Finally, the last parameter Cr can be obtained. The curves resulting from these
two steps have a good agreement with the experimental results, and the obtained parameters align
better with their physical meanings.

Keywords: soil-water retention curve; SWRC parameter; SWRC model calculation; fitting curve

1. Introduction

The earth’s surface soils are particularly affected by the atmospheric environment,
and changes in the atmospheric environment such as rainfall and evaporation can cause
changes in the water content of shallow surface soils [1]. As shown in Figure 1, soils
are saturated and the pore pressure is zero at the phreatic line. The soil layer between
the phreatic line and the ground surface is unsaturated, and the pore pressure of this
unsaturated soil is generally negative. The closer this soil layer is to the ground surface,
the drier the soil becomes and the larger the negative pore-pressure value [1,2]. In order to
characterize the change in the water content in the soil with depth, the relationship between
the water content of the soil and the negative pore pressure was generally used. Later, the
negative pore pressure was replaced by suction, and the curve expressing the relationship
between the water content (gravimetric water content, volumetric water content, or degree
of saturation) and suction was called the soil-water characteristic curve (SWCC), otherwise
known as the soil-water retention curve (SWRC) [2]. The SWRC serves as the basis for
presenting the hydromechanical properties of soils. The water retention property is closely
linked to the soil’s deformation, permeability, and shear strength [3].

The SWRC is influenced by many factors, such as temperature, compactness, soil
structural properties, and the pore solution concentration [4]. In recent decades, a large
number of scholars have studied the effects of these variable factors on the water-retention
property in soils [5–8]. Determination of the SWRC is mainly based on direct laboratory
measurements and SWRC modeling. For direct laboratory measurements, the SWRCs of
different suction bands are generally measured by means of a pressure plate apparatus, the
filter-paper method and the saturated salt solution method, and if the SWRCs over a wide
suction range are obtained, several methods should be used at the same time in conjunction
with each other [8]. It takes one or two months to obtain an SWRC, even if several methods
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are carried out at the same time. Therefore, it is time-consuming to directly measure
the SWRCs over a wide suction range for direct laboratory measurements. To overcome
this shortcoming, many computational models for SWRCs were proposed [5]. These
fitting formulas are the least-squares fit to limited test data using continuous mathematical
equations. Usually, these fitting formulas contain some fitting parameters and are obtained
during the fitting process. In addition, besides the formula-fitting method, some scholars
have tried to use other properties of soil to directly determine the parameters of the SWRC
and thus obtain the whole SWRC [3]. Subsequently, pore characteristics, such as pore-size
distribution (PSD), have been used to directly calculate the SWRC [9–11].
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Figure 1. Soil saturation in the vertical direction of the soil.

At present, various formulas for fitting SWRCs have been proposed [5,9]. These
equations are generally categorized into two-fitting-parameter equations, three-fitting-
parameter equations, and four-fitting-parameter equations. These empirical equations
can generally predict the SWRCs for a wide range of suction by fitting limited experi-
mental data, and most of these equations are continuous and can be embedded into a
constitutive model for unsaturated soils. Gardner [12] proposed an expression to express
the relationship between suction and water content and used it to calculate the coefficient
of permeability for unsaturated soils. Brooks and Corey [13] proposed a fitting formula
containing two parameters (BC model), but this formula is mathematically discontinuous
and difficult to be applied in a constitutive relationship of unsaturated soils. Moreover,
the BC model is generally applicable to coarse-grained soils and does not fit the SWRC of
fine-grained soils well. Van Genuchten [14] improved the BC model with the VG model,
which makes the formula mathematically continuous and is also applicable to various
types of soils. Fredlund and Xing [15] also proposed a soil-water model (the FX model)
with four parameters, and these model parameters can be obtained by fitting the SWRC of
unsaturated soils. The FX model is also applicable to various types of soils and has good
prediction results over a wide suction range, especially compensating for the poor fitting of
the VG model at high suction. Although the FX model still has some defects, this model is
a widely used model for SWRCs.

2. Background

SWRC measurement is frequently costly, complex, and time-consuming. To overcome
this limitation, a large number of fitting equations for SWRCs have been proposed. These
fitting equations utilize continuous mathematical formulas to perform least-squares fitting
on limited experimental data. Generally, these fitting equations contain several fitting
parameters that are determined during the fitting process. The SWRC equations usually
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involve two, three, or four parameters. Typically, the model includes one parameter related
to matric suction, one parameter representing the rate of saturation change, and a third
parameter associated with the residual state.

The earliest model for SWRCs with two parameters is Gardner’s SWRC model [12].
Gardner proposed a relationship between volumetric water content and suction in the
infiltration equation as follows:

θω =
θs − θr

1 + αgψng
(1)

where θω is the volumetric water content; θs is the saturated volumetric water content; θr is
the residual volumetric water content; ψ is the suction; and αg and ng are fitting parameters.
This SWRC equation is relatively simple, but it is rarely applied in practice, mainly due to
its limitations and relatively low computational accuracy.

Brooks and Corey [13] divided the SWRC into two parts: one part represents the
low-suction region, where the suction is smaller than the air-entry value (AEV), and the
other part represents the high-suction region, where the suction is greater than the AEV.
They provided separate expressions for these two regions (the BC model):{

θω = θs · · · · · · · · · · · · · · · · · · · · · · · · · · ·ψ ≤ AEV

θω = θs

(
ψ
αb

)−nb · · · · · · · · · · · · · · · · · ·ψ > AEV
(2)

where αb is a fitting parameter related to the AEV and nb is a fitting parameter related
to the PSD, respectively. It can be observed that the BC model is discontinuous, with
significant abrupt changes on both sides of the AEV. This characteristic makes it unsuitable
for application in the constitutive modeling of unsaturated soils.

To address the limitations of the BC model, van Genuchten [14] proposed a three-
parameter SWRC model known as the VG model:

θω = θs

(
1

1 + (αvψ)nv

)mv

(3)

where αv and nv are the fitting parameters related to the AEV and PSD, respectively. The
parameter mv represents the asymmetry of the SWRC. This equation improves the fitting
accuracy in the low-suction range and is continuous, making it suitable for incorpora-
tion into constitutive models of unsaturated soils and applicable to various types of soil.
However, this equation has the drawback of a relatively lower fitting accuracy in the
high-suction region.

Based on the theory that the SWRC is controlled by the PSD, Fredlund and Xing [15]
proposed an SWRC equation (FX model) that is similar to the van Genuchten model:

θω =
θs{

ln
[
e +

(
ψ
α

)n]}m (4)

where α is a fitting parameter related to the suction at the turning point (TP) of the SWRC, n
is a soil parameter related to the slope at the TP on the SWRC, and m is a fitting parameter
related to the residual water content. To address the drawback of lower fitting accuracy in
the high-suction range, Fredlund and Xing introduced a modification factor, c(ψ), to the
original equation:

θω = C(ψ)
θs{

ln
[
e +

(
ψ
α

)n]}m =

1 −
ln
(

1 + ψ
Cr

)
ln
(

1 + ψ

106

)
 θs{

ln
[
e +

(
ψ
α

)n]}m (5)
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Sr = C(ψ)
1{

ln
[
e +

(
ψ
α

)n]}m =

1 −
ln
(

1 + ψ
Cr

)
ln
(

1 + ψ

106

)
 1{

ln
[
e +

(
ψ
α

)n]}m = Sr1C(ψ) (6)

Wherein, Sr1 =
1{

ln
[
e +

(
ψ
α

)n]}m (7)

Sr1 = 1 −
ln
(

1 + ψ
Cr

)
ln
(

1 + ψ

106

) (8)

where Cr is the suction value corresponding to the residual water content. From Equations
(5) and (6), it can be observed that the FX model contains four fitting parameters. Regarding
the physical interpretations of these four parameters in the FX SWRC model, although
Fredlund and Xing initially proposed the equation in 1994 and provided some explanations
for the physical meanings of the parameters, many concepts were vague, and the physical
interpretations were not well-defined. Subsequently, numerous researchers have studied
the FX model or applied this model, but the majority of them treat these four parameters as
fitting parameters, without providing explicit physical interpretations [16]. Fredlund [3]
indicated that α in the equation represents a fitting parameter related to the suction at the
inflection point of the SWRC, n is a fitting parameter associated with the maximum rate of
soil dewatering, m is a fitting parameter related to the curvature at the residual moisture
content, and Cr represents a fitting parameter associated with the residual suction.

3. Problems with the FX Model

From many of the fitting results, the actual values of these fitting parameters differ
significantly from the physical meanings given by Fredlund and Xing, especially for the
fitting parameter Cr. Thus, the physical meanings of these fitting parameters are still not
clear and still need to be further explored. In particular, the Cr value is treated as a constant
value of 3000 kPa by Fredlund and Xing [3,15,17]. However, the Cr value is the suction
value at the residual state as defined by Fredlund and Xing [15], and the residual suction
is different for different types of soils and varies considerably; if this fitting parameter is
treated as a constant, that is contradictory. Moreover, many scholars have also studied the
Cr value [16–19], and most of them also treat it as a constant, e.g., Sillers and Fredlund [17]
also treated the Cr value as a constant value of 3000 kPa; Zhai and Rahardjo [16] treated
this value as a constant value of 1500 kPa; and Fredlund and Zhang treated the Cr value
treated as a constant value of 2000 kPa [18]. Leong and Rahardjo [19] even suggested that
c(ψ) in the equation for the SWRC of Fredlund and Xing could be considered as having a
value of 1, which would make the calculations much more streamlined, and the fit would
satisfy the requirements. However, Zhai and Rahardjo [20] pointed out that the value of
Cr has a particularly strong influence on the FX SWRC model and that the determination of
the value of Cr needs to be further investigated.

There is no doubt that the fitting results of the FX SWRC equation are relatively
satisfactory, and it is one of the more widely used models, but the parameters obtained
from the calculations differ significantly from the physical meaning defined by Fredlund
and Xing, so further research on the fitting parameters of the FX SWRC equation is necessary.
The problem of the parameters of the FX SWRC equation is investigated using the measured
SWRC of undisturbed complete-intense weathering mudstone (data from [21]).

Figure 2 shows the results of fitting the SWRC for the undisturbed complete-intense
weathering mudstone using the FX model, the fitted parameters of which are shown in
Table 1. It can be seen from Figure 2 that the test data can be fitted well using the FX soil-
water model. Generally, the conventional graphical method is used to determine the true
SWRC variables (AEV, RV etc.): draw the tangent line through the inflection point, followed
by a horizontal line through the initial point and another tangent line through the point
where the curve starts to drop linearly in the high suction range. Finally, the intersections
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of these tangent lines indicate the AEV and the RV. Based on the above method, the AEV,
the suction at the TP, and the suction at the RV is about 340 kPa, 2500 kPa, 35,000 kPa,
respectively. Comparing the parameters fitted to the FX soil-water model (Table 1) with the
parameters of the SWRC obtained by the graphical method, it can be seen that α does not
differ significantly from the suction at the TP, but Cr differs significantly from the suction at
the RV, even by several orders of magnitude.
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Figure 2. Measured SWRC and fitting curve by the FX model for undisturbed complete-intense
weathering mudstone.

Table 1. The parameters obtained by PSDs for undisturbed complete-intense weathering mudstone.

FX Model Parameters Values

α 2399 kPa
n 1.521
m 0.708
Cr 354 kPa

Figure 3 shows the results of fitting the SWRC of Pearl clay (data from [22]) using the
FX model, and the fitted parameters of the FX soil-water model obtained from the fitting
are detailed in Table 2. It can be seen that the test data can be fitted well using the FX
soil-water model. According to the definition of true SWRC parameters by the graphical
method, it can be seen from Figure 3 that the AEV of Pearl clay is about 30 kPa, the suction
related to the TP is about 200 kPa, and the suction at the RV is about 1600 kPa. Comparing
the fitted parameters (Table 2) of the FX model with the measured parameters of the SWRC
obtained by the graphical method, it is found that the value of the fitted parameter α is
indeed closer to the value of the suction at the turning point, but the value of the fitted
parameter Cr is somewhat different from the value of the suction at the RV; however, this
difference is not particularly large.

Table 2. The parameters obtained by PSDs for Pearl clay.

FX Model Parameters Values

α 175 kPa
n 1.379
m 1.522
Cr 1537 kPa
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Figure 3. Measured SWRC and fitting curve by the FX model for compacted Pearl clay (data from [22]).

Figure 4 shows the fitting results of Boom clay using the FX model, where it can be
seen that the fitting curve is relatively close to the test data. The relevant fitting parameters
are detailed in Table 3. From Figure 4, using the graphical method, the AEV of Boom
clay is about 500 kPa, the suction at the TP is about 9000 kPa, and the suction at the RV is
about 300,000 kPa. Comparing the fitted parameters (Table 3) of the FX model with the
parameters of the SWRC obtained by the graphical method, it can be seen that the value
of the fitted parameter α differs significantly from the suction value at the TP by several
orders of magnitude, while the value of the fitted parameter Cr also differs significantly
and by orders of magnitude from the suction value at the RV.
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Figure 4. Measured SWRC and fitting curve by FX model for compacted Boom clay (data from [23]).

Table 3. The parameters obtained by PSDs for Boom clay.

FX Model Parameters Values

α 13,447 kPa
n 0.796
m 0.842
Cr 937 kPa
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By comparing the results of the fitted data for the above three soils and combining
them with data results from the literature, it can be determined that the fitted parameters
of the FX model are more in line with the physical meaning when fitting coarse-grained
soils (sandy soils); however, for fine-grained soils (clays, especially expansive soils), the
fitted parameters are very different from the physical meaning. Therefore, for clay soils,
the applicability of the method needs to be further explored when utilizing the FX model.
Figure 5a represents the fitting curves (Equations (6)–(8)) of undisturbed complete-intense
weathering mudstone using the FX model. These show that Sr1 remains largely unchanged
below a suction of 2000 kPa, but at an upper suction of 2000 kPa, the curve begins to
decrease, though not significantly. c(ψ) varies considerably during the whole suction range.
Theoretically, it is reasonable for Sr1 to play a dominant role, but in the actual fitting process,
c(ψ) plays the dominant role. Thus, a partial restriction on the fitting process is required.
Based on the above analysis, when using the FX model, in order to let Sr1(ψ) take on the
dominant role, it was considered to first fit the test data with the Sr1(ψ) formula and then
to refit the test data once again using the FX model with c(ψ), which could determine the
parameter Cr, whose fitted data is shown in Figure 5b. It can be seen that Sr1(ψ) is not fixed
at 1 within the full suction range, indicating that Sr1(ψ) starts to play a major role in the
fitting process, while c(ψ) only plays a role in the high suction range, which can regulate
the phenomenon of the fitted curve of (ψ) being too high in the high suction range.
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Figure 5. The contribution of Sr1 and Cr in the fitting process (for undisturbed complete-intense
weathering mudstone).

In order to investigate the effect of the initial setting parameters on the fitting curve,
some tests were conducted. Before fitting, the fitting parameters α and Cr were pre-set
within a range, then Equation (6) was used to fit the test data. The initial limit ranges of α
and Cr are shown in Table 4. Figure 6 shows the fitting curves with the different conditions
in Table 4. It can be seen that the best fitting effect was achieved without parameter
limitations (Test F7). In addition, the fitting curve in Test F1 was also relatively close to the
experimental data. However, the fitting curves in Tests F2–F6 were not in good agreement
with the test data. The fitting parameters of the FX model of the seven tests are listed in
Table 4 (Last column). Through comparison, the fitting parameter αwas found to be the
upper limit of the initial setting limit, while the parameter Cr was the lower limit of the
initial setting limit in every test. Through these experiments, it can be seen that only for
larger values of α and smaller values of Cr can better fitting results be obtained. In fact,
the parameters α and Cr have already violated their physical meaning in the case of the
best fitting (AEV, 350 kPa; suction of the RV, 35,000 kPa). In summary, although the fitting
results are relatively good, when simply using this model to fit the curve, the obtained
fitting parameters do not conform to physical meanings.
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Table 4. The fitting parameters in the FX model with different setting conditions.

Test Initial Limit Range of α Initial Limit Range of Cr The Value of Fittiing Parameters

F1 100–1000 10,000–50,000
α = 1000 kPa n = 1.19818
m = 0.85572 Cr = 10,000 kPa

F2 200–500 20,000–60,000
α = 500 kPa n = 1.2552
m = 0.67062 Cr = 20,000 kPa

F3 350–450 30,000–50,000
α = 450 kPa n = 1.23777
m = 0.67149 Cr = 30,000 kPa

F4 400–430 39,000–41,000
α = 430 kPa n = 1.22734
m = 0.67606 Cr = 39,000 kPa

F5 400–450 No limit
α = 450 kPa n = 1.24589
m = 0.49708 Cr = 2165 kPa

F6 No limit 39,000–41,000
α = 1711 kPa n = 1.02445
m = 1.31544 Cr = 41,000 kPa

F7 No limit No limit
α = 2399 kPa n = 1.58881
m = 0.60881 Cr =354 kPa
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4. A Modified Method of the FX Model

Based on the above analysis, when applying the FX model, the process can be divided
into two steps: The first step is to first fit the test data using Sr1(ψ) (Equation (7)), which
can obtain the parameters α, n, and m. The second step is to use the FX model with C(ψ)
(Equation (6)) by substituting the obtained parameters α, n, and m from first step to fit the
test data again; then, the last parameter Cr can be obtained. In order to verify the validity of
this method, this fitting step was used to fit the test data for the SWRCs of Boom clay [22],
undisturbed complete-intense weathering mudstone [21], and silty sand [23].

The existing FX model (Equation (6)), the Sr1 FX model without the correction parame-
ter c(ψ) (Equation (7)), and the improved FX soil-water model (stepwise FX model) were
used to fit the experimental data from the SWRCs of Boom clay, undisturbed complete-
intense weathering mudstone and silty sand, respectively. Then, the fitting curves and
fitting parameters from the three fitting equations were compared.

Figures 7–9 show the results of fitting results for the Boom clay, undisturbed complete-
intense weathering mudstone and silty sand, respectively. It can be seen from these plots
that the same conclusion is reached for all three soils. Both the stepwise FX model and the



Processes 2024, 12, 50 9 of 12

classical FX model can be used to fit the test data well, while the fitting curves obtained by
the FX model without the correction factor C(ψ) differ significantly from the measurements,
especially in the higher suction range, where the fitting curves are much higher than the
test values. Tables 5–7 show the fitted parameters of the one-step fitting method and the
multistep fitting method, and the true values by the graphical method of the three soils. It
can be seen that although there is no difference in form between the stepwise FX model
and the classical FX model, with adjustments made only to the steps, the values of the
fitted parameters are particularly different, particularly for the fitted parameters α and Cr.
As can be seen from the tables, for the classical FX model (one-step fitting), the parameter
α is relatively larger, sometimes even several orders of magnitude greater than the true
suction at TP, while the parameter Cr is relatively smaller, of several orders of magnitude
lower from the true suction at RV, which is obviously very unreasonable. In contrast, the
fitted parameters α and Cr obtained from the stepwise FX models are not very different
from the true values and are more consistent with their respective physical meanings.
Although both the stepwise FX model and the classical FX model can fit the test data well,
the stepwise FX model is more reasonable given the physical significance of the fitting
parameters. Therefore, when using the FX model to predict the SWRC, it should be fitted in
steps, first using Equation (7) to determine the parameters α, n, and m and then substituting
these three parameters into Equation (6) to fit the test data again. Then, the last parameter
Cr can be obtained, and the fitted curve can match the test data well, and all the parameters
can also conform to their physical meanings.
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Figure 7. Measured SWRC and fitting curve by the modified FX model for compacted Boom clay
(data from [23]).

Table 5. The fitting parameters in the FX and modified FX SWRC models for Boom clay.

FX Model Parameters One-Step Fitting Multistep Fitting True Values by Graphical Method

α 13,447 kPa 3019 kPa 3000 kPa
n 0.796 1.099 --
m 0.842 0.969 --
Cr 937 kPa 92,165 kPa 90,000 kPa

Table 6. The fitting parameters in the FX and modified FX SWRC models for undisturbed complete-
intense weathering mudstone.

FX Model Parameters One-Step Fitting Multistep Fitting True Values by Graphical Method

α 2399 kPa 1987 kPa 2000 kPa
n 1.521 0.910 --
m 0.708 0.770 --
Cr 354 kPa 15,028 kPa 20,000 kPa
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Figure 8. Measured SWRC and fitting curve by the modified FX model for undisturbed complete-
intense weathering mudstone. (data from [21]).
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Figure 9. Measured SWRC and fitting curve by the modified FX model for silty sand (data from [24]).

Table 7. The fitting parameters in the FX and modified FX SWRC models for silty sand.

FX Model Parameters One-Step Fitting Multistep Fitting True Values by Graphical Method

α 1126 kPa 601 kPa 500 kPa
n 0.447 0.455 --
m 1.241 2.758 --
Cr 6.7 kPa 80,713 kPa 75,000 kPa

5. Conclusions

The FX model fits the measured SWRCs of different types of soils well over a wide
suction range, but a series of fitting comparisons showed that the fitting parameters were
relatively different from the physical meanings assigned to them by Fredlund and Xing. To
remedy this shortcoming, a simple and effective method has been proposed. Firstly, the
influence of various combination parts in the FX model on the fitting effect was investigated.
Based on the above analysis, when using the FX model, it is necessary to proceed in two
steps: First, the FX model is used to fit the test data without considering the correction
coefficient c(ψ), and the parameters α, n, and m are determined. Then the three parameters
are substituted into the existing FX model to fit the test data again, and the final parameter
Cr can be obtained. The proposed method is verified by the experimental SWRC data of
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different types of soils. The fitting curves obtained by these two steps are in good agreement
with the test data. Importantly, the fitting parameters obtained by the proposed method
conform to their physical meanings.
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