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Abstract: This paper proposed a semi-theoretical model to quantitatively predict leakage rate of 
tubing and casing premium connections. The geometric parameters of the sealing surface profile 
approximated by a sinusoidal micro-convex surface were first obtained based on the random nor-
mal distribution sampling method. With the actual area prediction formula for elastic–plastic con-
tact of an axisymmetric sinusoidal micro-convex body based on the equivalent simulation principle, 
the circumferential leakage width and radial average leakage height of the micro-leakage channel 
between sealing surfaces were then acquired with the surface roughness and geometric mean con-
tact pressure. At last, the actual micro-leakage rate of the premium connection was derived by con-
sidering the non-uniform contact pressure distribution between sealing surfaces. An example was 
investigated to validate the model and reveal the sealing and leakage characteristics, and anti-leak-
age measures were proposed. The results show that average contact pressure, circumferential leak-
age width, and radial average leakage height between sealing surfaces were non-uniformly distrib-
uted. The leakage rate of a premium connection decreases exponentially with an increase in radial 
interference between sealing surfaces. In order to reduce leakage rate, it is beneficial to increase 
radial interference and lower sealing surface roughness. 

Keywords: tubing and casing; premium connection; sealing performance; leakage rate; roughness; 
sinusoidal contact simulation 
 

1. Introduction 
Premium tubing and casing connections, which use special metal-to-metal sealing 

structures to achieve excellent gas sealing performances, have become one of the key tech-
nologies for maintaining wellbore integrity in deep high-temperature and high-pressure 
(HTHP) gas wells, thermal recovery wells, and gas wells in deep water environments [1–
3]. The sealing structures for premium connections mainly include cone-to-cone, ball-to-
cone, ball-to-cylinder, and ball-to-ball seals. The cone-to-cone seal is a static coordinated 
contact seal and the other three are static spherical non-coordinated contact seals. How-
ever, due to the influence of roughness on sealing surface, no matter what kind of sealing 
structure is used, premium connections cannot achieve zero leakage at present. Therefore, 
determining how to reliably evaluate gas sealing performances of premium connections 
is very important to ensure integrity of strings in gas wells. 

In the API 5C3 and ISO10400 standards, the internal pressure leakage resistance for-
mula of tubing and casing strings connected with API thread is derived based on the crit-
ical condition that the elastic contact pressure at the E1 plane of a round thread and the E7 
plane of a buttress thread, respectively, generated by radial interference of the thread and 
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internal pressure excitation, are equal to the internal pressure in the strings [4,5]. How-
ever, this formula is not suitable for sealing performance evaluation of non-coordinated 
contact seal structures. Gao et al. [6] analyzed gas leakage resistance for rough contact 
between metal and metal sealing surfaces and proposed a method for improving sealing 
performance by increasing sealing contact pressure and sealing length as much as possi-
ble. Based on experimental testing, Murtagian et al. [7] established a gas sealing criterion 
of metal-to-metal seals that used the integral of sealing contact pressure multiplied by 
sealing length to represent gas sealing capacity. Xie et al. [8] also proposed a similar eval-
uation standard for premium connections in thermal recovery wells. 

Based on these evaluation criteria, contact pressure distribution on sealing surfaces 
has mainly been obtained by the finite element method (FEM) to evaluate sealability of 
premium connections. Wang [9] and Chen [10] both adopted the FEM to evaluate seala-
bility of cone-to-cone-type and arc-to-cone-type premium connections under complex 
loads, including make-up torque, tension, bending, and internal pressure loads. Dou et al. 
[11,12] carried out sealing ability simulation for premium connections based on ISO 13679 
CAL IV tests with FEM; the investigations also consider the effects of cyclic load on seal-
ability of premium connections. Kim et al. analyzed the effects of stabbing flank angle and 
upper stabbing flank corner radius on von Mises stress of premium connections and pre-
sented the design criteria [13]. Zhang et al. adopted the viscoelastic finite element model 
to predict relaxation of contact pressure on premium connections’ sealing surface versus 
time under different temperatures [14]. Yu et al. analyzed the effect of energy dissipation 
on premium connection sealing surface with the microslip shear layer model [15]. Moreover, some 
theoretical and testing methods have also been proposed. Xu et al. [16,17] studied theo-
retically elastic contact pressure on sealing surface of ball-to-cone-type and cone-to-cone-
type premium connections and their sealing performances. Yang et al. [18] also proposed 
a theoretical model to calculate elastic–plastic contact pressure distribution on sealing in-
terfaces for sphere-type premium connections based on make-up torque and adopted gas 
sealing criterion obtained from Murtagian’s experimental results for deducing gas sealing 
capacity. Hamilton et al. [19] used ultrasonic technology to accurately detect the contact 
stress on the sealing surface to evaluate the sealability of premium connections in down-
hole strings. 

In fact, the gas sealing test is the most direct and effective method to evaluate the 
sealing performance of a premium connection, but it is often used for validation because 
of economic and time cost limitations. According to ISO13679, detection sensitivity of 
leakage rate under internal pressure action for premium connections is 0.9 cm3/15 min 
based on the bubble method and 1 × 10−4 cm3/min based on helium mass spectrometer 
measurements [20]. Thus, in order to quantitatively evaluate the sealing performance of a 
premium connection, the leakage rate prediction model is urgently needed based on mi-
croscopic contact mechanics between sealing surfaces [21,22]. Xu et al. [23] first applied 
the microscopic contact mechanism to leakage rate prediction of a premium connection. 
Their purely theoretical method with assumption of a conical micro-convex body has dif-
ficulty accurately modeling the elastic–plastic contact state between sealing surfaces. 
Thus, the prediction accuracy needs to be further improved. In recent years, scholars have 
proposed that a sinusoidal micro-convex contact model can better simulate the contact 
problem on rough surfaces dominated by plastic deformation under heavy loads [24,25]. 
Further, most existing multiscale rough surface contact models consider multiscale prop-
erties of surface roughness by using Fourier series or Weierstrass–Mandelbrot profile 
functions to convert rough surfaces into a sum of sine or cosine functions [26,27]. There-
fore, it should be more reasonable to simulate the elastic–plastic microscopic contact prob-
lem for a premium connection with sinusoidal convex body assumptions. 

In this study, the surface profile curve of the preset surface roughness was obtained 
based on random normal distribution sampling, and the simulated geometric parameters 
of the surface profile approximated by the sinusoidal micro-convex surface were first sta-
tistically obtained. With the actual area prediction formula for elastic–plastic contact of 
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axisymmetric sinusoidal micro-convex bodies based on the equivalent simulation princi-
ple [28], the circumferential leakage width and radial average leakage height of the micro-
leakage channel between sealing surfaces were then acquired with the surface roughness 
and geometric mean contact pressure. By dividing the sealing structure into a series of 
sealing contact units along the axial direction and using the boundary conditions of the 
fluid leakage pressure and the continuity conditions of the leakage rate of each unit, an 
actual micro-leakage rate prediction model of a premium connection considering a non-
uniform distribution of contact pressure on a sealing surface was finally derived. With the 
proposed model, an example of a cone-to-cone-type premium connection was investi-
gated to validate the model and reveal the sealing and leakage characteristics of a connec-
tion, and anti-leakage measures were proposed. The proposed model provides a fast and 
quantitative sealability evaluation method for premium connections, which is of great im-
portance for sealing parameters optimization and sealing performance improvement. 

2. Model Development 
2.1. Seal Structure and Micro-Leakage Channel for Premium Connections 

Unlike API standard tubing and casing connections, premium connections achieve 
excellent gas sealing performance by using a special radial metal-to-metal seal structure 
and torque shoulder to control make-up torque and assist sealing. The common seal struc-
tures of premium connections include cone-to-cone, ball-to-cone, ball-to-cylinder, and 
ball-to-ball seals. Under the influence of mechanical processing, regardless of which type 
of sealing structure is adopted, the sealing surface of a premium connection is always 
unsmooth, and there are always microscopic leakage channels between the sealing sur-
faces after make-up torque application, as shown in Figure 1. Therefore, accurately mod-
eling the elastic–plastic contact mechanical behavior of the micro-convex body between 
sealing surfaces and obtaining the micro-leakage channel area between sealing surfaces 
are the bases for establishing a micro-leakage model for premium connections. 

 
(a) 

 
(b) (c) (d) (e) 

 
(f) 

Figure 1. Seal structures and micro-leakage channels for tubing and casing premium connections. 
(a) Schematic diagram of premium connection; (b) cone-to-cone; (c) ball-to-cone; (d) ball-to-cylinder; 
(e) ball-to-ball; (f) schematic diagram of micro-leakage channel of sealing surface. 
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2.2. Micro-Leakage Model for Tubing and Casing Premium Connection 
2.2.1. Profile Curve Model of Sealing Surface 

Under the assumption that the actual profile height distribution curve of a rough 
surface follows a Gaussian distribution, Monte Carlo random normal distribution sam-
pling was used to obtain the height sample sequences of the profile curve with equal spac-
ing on rough surfaces Z1, Z2..., Zi, …, ZN [23]: 

( )0.5
1 22 ln sin 2iZ c cµ σ π= + −

 
(1) 

The Monte Carlo random sampling method was used to simulate the sealing sur-
face’s profile. The values of μ and σ of the random sampling for different machining ac-
curacies of the sealing surface and corresponding roughness Ra were determined based 
on the principle of ±3σ by corresponding the maximum peak-to-valley distance Ry to the 
approximate limit range of a Gaussian distribution, as shown in Table 1. 

Table 1. Monte Carlo random normal distribution sampling parameters for sealing surface’s profile 
height. 

Grade of Machin-
ing Accuracy 

Ra/μm Ry/μm μ/μm σ/μm 

7 1.6 3.2 1.6 0.533333 
8 0.8 1.6 0.8 0.266667 
9 0.4 0.8 0.4 0.133333 

10 0.2 0.4 0.2 0.066667 
11 0.1 0.2 0.1 0.033333 

In order to ensure that the simulated sample values of the sealing surface’s profile 
height conformed to the preset surface roughness as closely as possible, the mean error εμ 
and maximum peak-to-valley distance error εy for the sealing surface’s profile height sam-
ples were selected as the test standards, and the relative errors of μ and σ were controlled 
to be less than 1% by repeated sampling. εμ and εy are defined as follows: 

a
1a

1 1/
N

i
i

N Z R
Rµε

=

= −∑
, 

(2) 

( )y ,max ,min y
y

1
i iZ Z R

R
ε = − −

, 
(3) 

Based on the industry standards [29], the sampling length was selected to be 0.8 mm, 
the evaluation length was selected to be 1.6 mm, the sampling spacing I was selected to 
be 0.2, 0.4, 0.6, 0.8, and 1.0 μm, and the corresponding sample number N were 8000, 4000, 
2667, 2000, and 1600, respectively. The relative errors εμ and εy were both less than 1% 
when the sample number was 1600–8000 for sampling profile height Zi. Figure 2 shows 
the profile curve of the rough surface based on Monte Carlo random normal distribution 
sampling when Ra = 0.1 μm and sample number was 1600 (sampling spacing I = 1.0 μm). 
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Figure 2. Simulated profile curve of rough surface based on Monte Carlo random normal distribu-
tion sampling. 

2.2.2. Parameter Calculation of Simulated Sine Wave Surface 
Whether a two-dimensional, axisymmetric, or three-dimensional sine wave surface 

is used to generate the profile curve of a real rough surface, the key is to determine the 
wavelength and amplitude of the wave surface. After local magnification of the simulated 
profile curve of the rough surface in Figure 2, it was found that the profile curve of the 
rough surface contained many peaks and valleys, and the horizontal distance between 
adjacent peaks or valleys and the vertical distance between adjacent peaks or valleys all 
changed randomly, shown in Figure 3. 

 
Figure 3. Local magnification of simulated profile curve of rough surface. 

In order to obtain fitting parameters of the sinusoidal profile curves, the coordinates 
of the wave peaks and valleys were first calculated based on the coordinate sequence (xi, 
Zi) of the profile height. When i = 2, 3, …, N − 1, if Zi − Zi−1 > 0 and Zi − Zi+1 > 0, then the 
corresponding coordinate sequence (xi, Zi) of the profile height is the peak point. If Zi − Zi-
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1 < 0 and Zi − Zi+1 < 0, then the corresponding coordinate sequence (xi, Zi) of the profile 
height is the valley point. Thus, the coordinate sequences of peak points (xPj, ZPj) and val-
ley points (xTk, ZTk) were both obtained, where j = 1, 2, …, NP, k = 1, 2, …, NT. 

Then, the horizontal and vertical distances between adjacent peaks or valleys were 
calculated based on the coordinate sequences of the peaks and valleys: 

( ) ( )P P PP 1 1, 2, , 1j jjx x j Nλ += − = −

, (4) 

( ) ( )T T TT 1 1, 2, , 1k kkx x k Nλ += − = −

, (5) 

( )P T P1, 2, ,j j jh Z Z j N= − =  , (6) 
Finally, because λPj, λTk, and hj were all randomly distributed, their average values 

were used to calculate the wavelength and amplitude of the profile curve of the fitted 
sinusoidal curve, respectively, as follows: 

( )
P T1 1

P T P T
1 1P T

1 1 1 1+ +
2 2 1 1

N N

j k
j kN N

λ λ λ λ λ
− −

= =

 
= =  − − 

∑ ∑
, 

(7) 

P

1P

12 =
N

j
j

h h
N =

∆ = ∑
, 

(8) 

Table 2 shows the values of NP, NT, Pλ , Tλ , h , λ, Δ, NP/N, NT/N, λ/I, and Δ/Ra 
calculated from the simulated profile curves with different surface roughness values and 
sample numbers. By analyzing the data in Table 2, it is easy to observe the following: (1) 
with an increase in sampling spacing, average horizontal distance between adjacent peaks 
(or valleys) gradually increased; (2) with an increase in the surface roughness, average 
vertical distance between adjacent peaks and valleys increased; (3) number of wave peaks 
was approximately equal to number of wave valleys and was about 1/3 of the sample 
number; (4) fitted sinusoidal wavelength of rough surface profile was about three times 
the sampling spacing; (5) fitted sinusoidal amplitude of roughness profile was about 0.28 
times the surface roughness. 

Table 2. Calculated parameters of simulated profile curves with different surface roughness values 
and sample numbers. 

Ra/μm I/μm N NP NT Pλ /μm Tλ /μm h /μm NP/N NT/N λ/μm Δ/μm λ/I Δ/Ra 

0.1 

0.2 8000 2679 2679 0.5972  0.5974  0.0568  0.335  0.335  0.597  0.028  2.986  0.284  
0.4 4000 1356 1357 1.1802  1.1796  0.0561  0.339  0.339  1.180  0.028  2.951  0.281  
0.6 2667 885 886 1.8072  1.8059  0.0571  0.332  0.332  1.807  0.029  3.012  0.286  
0.8 2000 662 663 2.4169  2.4157  0.0573  0.331  0.332  2.416  0.029  3.021  0.287  
1 1600 541 542 2.9556  2.9538  0.0558  0.338  0.339  2.955  0.028  2.956  0.279  

0.2 

0.2 8000 2669 2668 0.5996  0.5996  0.1112  0.334  0.334  0.600  0.056  2.998  0.278  
0.4 4000 1324 1324 1.2085  1.2088  0.1133  0.331  0.331  1.209  0.057  3.021  0.283  
0.6 2667 906 905 1.7673  1.7666  0.1119  0.340  0.339  1.767  0.056  2.946  0.280  
0.8 2000 666 666 2.4036  2.4024  0.1147  0.333  0.333  2.403  0.057  3.005  0.287  
1 1600 539 539 2.9703  2.9665  0.1104  0.337  0.337  2.968  0.055  2.970  0.276  

0.4 

0.2 8000 2684 2683 0.5962  0.5963  0.2269  0.336  0.335  0.596  0.113  2.981  0.284  
0.4 4000 1334 1334 1.2000  1.1994  0.2230  0.334  0.334  1.200  0.112  3.000  0.279  
0.6 2667 897 897 1.7844  1.7837  0.2226  0.336  0.336  1.784  0.111  2.974  0.278  
0.8 2000 665 666 2.4060  2.4036  0.2200  0.333  0.333  2.405  0.110  3.008  0.275  
1 1600 554 553 2.8915  2.8949  0.2194  0.346  0.346  2.893  0.110  2.892  0.274  

0.8 

0.2 8000 2686 2685 0.5958  0.5959  0.4493  0.336  0.336  0.596  0.225  2.979  0.281  
0.4 4000 1323 1323 1.2094  1.2097  0.4588  0.331  0.331  1.210  0.229  3.024  0.287  
0.6 2667 880 880 1.8189  1.8175  0.4622  0.330  0.330  1.818  0.231  3.032  0.289  
0.8 2000 681 682 2.3482  2.3471  0.4522  0.341  0.341  2.348  0.226  2.935  0.283  
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1 1600 536 535 2.9888  2.9925  0.4579  0.335  0.334  2.991  0.229  2.989  0.286  

1.6 

0.2 8000 2631 2632 0.6082  0.6081  0.9007  0.329  0.329  0.608  0.450  3.041  0.281  
0.4 4000 1340 1339 1.1946  1.1949  0.8670  0.335  0.335  1.195  0.434  2.987  0.271  
0.6 2667 871 871 1.8370  1.8377  0.9134  0.327  0.327  1.837  0.457  3.062  0.285  
0.8 2000 687 687 2.3300  2.3312  0.8884  0.344  0.344  2.331  0.444  2.913  0.278  
1 1600 527 528 3.0361  3.0342  0.9186  0.329  0.330  3.035  0.459  3.036  0.287  

2.2.3. Contact Model of Axisymmetric Sinusoidal Micro-Convex Surface 
Assuming that the actual rough surface is formed by a continuous axisymmetric si-

nusoidal micro-convex function with wavelength λ and amplitude Δ, as shown in Figure 
4, then the height of a single sinusoidal micro-convex surface can be described as 

( ) 21 cos , 0
2

rZ r rπ λ
λ

  = ∆ + ≤ ≤     , 
(9) 

 

 
 

(a) (b) 

Figure 4. Schematic diagram of axisymmetric sinusoidal micro-convex surface for rough surface 
model. (a) Three-dimensional morphology; (b) single micro-convex body. 

Combined with the principle of equivalent simulation in contact mechanics [30], the 
microscopic contact between the two rough surfaces is equivalent to the contact between 
the axisymmetric sinusoidal micro-convex surface with the equivalent elastic modulus E* 
and a rigid plane; E* can be calculated as follows 

( ) ( )
* 1 2

2 2
1 2 2 11 + 1

E EE
E Eν ν

=
− −

, 
(10) 

Figure 5 shows the simulated microscopic contact process between the axisymmetric 
sinusoidal micro-convex body and the rigid plane in the xoz cross section, where (a) de-
notes initial contact, (b) denotes partial contact, and (c) denotes complete contact. With an 
increase in geometric average pressure p , the contact between the sinusoidal micro-con-
vex body and the rigid plane changed from point contact to surface contact and finally 
developed into complete contact without clearance. The flattening distance of the sinus-
oidal micro-convex body gradually increased, while the clearance between the contact 
surfaces gradually decreased until the sinusoidal surface completely fit the rigid plane. 
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Figure 5. Simulated microscopic contact process between axisymmetric sinusoidal micro-convex 
body and rigid plane in the xoz cross section. (a) Initial contact; (b) partial contact; (c) complete 
contact. 

According to the study of Saha et al. [28], the interactions between adjacent sinusoi-
dal micro-convex bodies and the influence of the sinusoidal micro-convex base were ef-
fectively considered by setting a constraint boundary at the outer radius of the sinusoidal 
micro-convex base. The bilinear hardening deformation characteristics of micro-convex 
bodies were also considered by setting the tangent modulus to 0.01 E*. Through several 
finite element parameterization studies, they proposed an empirical formula for predict-
ing the elastic–plastic contact state of the axially symmetric sinusoidal micro-convex body 
based on two dimensionless parameters: E*/𝑆𝑆y and Δ/λ. The applicable range was 25 MPa 
< Sy < 40,000 MPa, 50 GPa < E* < 400 GPa, and 0.00005 < Δ/λ < 0.0125. According to the 
above research results, the fitted sinusoidal wavelength of the rough surface profile was 
about three times the sampling spacing, and the fitted sinusoidal amplitude of the rough-
ness profile was about 0.28 times the surface roughness. Thus, Δ/λ should satisfy 

a0.20.00005 0.01= 28
3

5R
I

∆
λ

＜ ＜
. 

(11) 

That is, the sampling spacing should satisfy the following condition: 

a a7 18 6.6.47 8R I R＜ ＜ . (12) 
According to the research conclusions in the literature [28] and in combination with 

Equation (11), a prediction formula for the actual elastic–plastic contact area was obtained 
between a rigid plane and a single axisymmetric sinusoidal micro-convex body that was 
based on preset surface roughness and sampling spacing: 

( )
*0.32* a

*a
ep y

y

2
*

ep ep

0.2810.281 10.64 1.14 / 0.16 200 31.25 3
2 1

* *
ep ep

2

=4.5 sin

R ER E p p I SI S

A A

p pI
p p

       +      + −                −

λ = π 
 

                      , 

(13) 

In Equation (13), p* 
ep, the critical contact pressure for a single sinusoidal convex body 

in complete elastoplastic contact with a rigid plane can be calculated by the following 
formula: 
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0.141*
a

y

*
a

ep
0.280.0027 1.6

* * 3
a a

y y

0.0469

0.28 0.280.653 +0.22
3 3

R E
I S

E Rp
I

R RE E
I S I S

−

∗

 
−   

 

π
=

   
      
    . 

(14) 

2.2.4. Micro-Leakage Model for Premium Connections 
After obtaining the actual contact area Aep of a single sinusoidal micro-convex body, 

the contact half-width and non-contact half-width of a single micro-convex body in the 
cross section and the flattening distance of the micro-convex body can be calculated from 
Figure 5 using the following equations: 

ep ep

2 2
A A

a b aλ λ
= = − = −

π π
，

, 
(15) 

( ) ep* 2=2 =2 1 cos
A

Z a πδ δ
λ π

  
 ∆ ∆ − = ∆ −       , 

(16) 

Considering that the contact pressure on the sealing surface is evenly distributed 
along the circumferential direction of the tubing and casing strings, the total circumferen-
tial leakage width on the sealing surface is obtained as follows: 

ep ep
s s s

2 2 2= = 1
2

A AbB D D D
   λ

= π × π × − π −      λ λ π λ π    , 
(17) 

Considering that the cross section of the leakage channel is still a sinusoidal curve, 
the height function of the leakage channel can be expressed as 

( ) ( )L , 0Z r Z r r bδ= − ≤ ≤ . (18) 
Substituting Equations (9) and (16) into Equation (18), 

( ) ep
L

2 2cos cos , 0
ArZ r r b=

  π π  ∆ + ≤ ≤    λ λ π     . 
(19) 

Furthermore, the radial average leakage height on the sealing surface for the pre-
mium connection can be calculated as follows: 

( ) ep
L0

0

1

ep ep ep

1 2 2sin cos
2

2 2sin cos
2 2 2

b
b ArH Z r dr r

b b

A A A
−

  ∆ λ π π  = = +     π λ λ π    

       λ λ π λ π  = ∆ − − +            π π λ π λ π       

∫

, 

(20) 

After B and H are both known, the volume leakage rate of the premium connection 
can be calculated according to the parallel plate model [31]: 
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( ) ( )

( ) ( )

3
epin out s in out

v
s s

31

ep ep ep

in outs
ep

s

2= 1
12 12

2 2sin cos
2 2 2

= , ,

ABH p p D p p
Q

L L

A A A

p pD g A
L

=
η η

η

−

 − π −
− ×  λ π 

        λ λ π λ π   ∆ − − +             π π λ π λ π         
−

∆ λ
. 

(21) 

In Equation (21), 

( )

1

ep

ep
ep

ep ep

2 22, , = 1
12 2 2sin cos

2

A

A
g A

A A

−   λ λ  − ×    π π π    ∆ λ − ∆   λ π         π λ π  − +        λ π λ π        
, 

 

By analyzing Equation (13) and (21) simultaneously, it can be found that, when ma-
terial parameters E* and Sy of the sealing surface, the roughness of the sealing surface, and 
the sampling length (which determine λ an Δ) are all given, g is only related to the nominal 
average contact pressure on the sealing surface, i.e., 

( )=g g p
. 

(22) 

In this case, Equation (21) can be simplified to 
( ) ( )in outs

v
s

=
p pDQ g p

L η
−

. 
(23) 

Generally, if the connection is ideally centered, the contact pressure distribution on 
the sealing surface is axially symmetric, but the contact pressure on sealing surface is usu-
ally non-uniform along the axial direction of the pipe string, especially for a spherical pre-
mium connection. At this point, the cross-sectional area of the leakage channel along the 
axial direction of the string is non-uniform, so the sealing structure can be divided into 
several contact elements along the axial direction. When the number of contact elements 
is large enough, the sealing contact pressure in a single contact element can be regarded 
as a constant. Therefore, for each contact element, the leakage rate can be calculated by 
Equation (21). As an example, for the cone-to-cone sealing structure, the sealing structure 
is divided into several sealing contact elements equally along the axial direction of the 
string, which are numbered 1, 2, 3, …, k, …, n, as shown in Figure 6. 

 
Figure 6. Axial sealing contact element of cone-to-cone sealing structure for premium connections. 
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Then, the sealing length of each sealing element is 

smax smin
s

s

=
2k

D DL
nsinγ
−

, (24) 

The average sealing diameter of the kth sealing element is 

smax smin
s smin

1= +
2k

D DD D k
n
− − 

 
, (25) 

It is assumed that the average contact pressure for the kth sealing contact element is 

kp , which consists of two parts: a contact pressure generated by the interference fit be-
tween sealing surface and a contact pressure induced by internal pressure in the 
string[23]: 

( ) ( )
( )( )

( )
( )
( )

r in
k k k sp

2 2 2 2 2 2 2
r sk sk in sk

s3 2 2 2 2 2
sk sk

= + cos

= cos

p p p

E D d W D p d W D

D W d D W d

δ

  γ  
 δ − − −
 + γ

− −  

, (26) 

Then, the actual contact area Aepk of a single micro-convex body in every contact ele-

ment can still be calculated by Equation (13), and, thus, ( )k kg p  can be obtained by 

Equation (21). Assuming that the pressure at the inlet and outlet of the kth sealing contact 
element are pk−1 and pk, respectively, the leakage rate Qvk can also be obtained by Equation 
(23) as follows: 

( ) ( )1s
vk

s

= k kk
k k

k

p pDQ g p
L η

− −

. 
(27) 

Thus, the pressure at the outlet of the kth sealing contact element is 

( )
s

1 vk
s

k
k k

k k k

Lp p Q
D g p

η
−= −

. 
(28) 

According to Equation (28), the outlet pressure of the first sealing contact element 
can be calculated by the internal gas pressure in the string: 

( )
s1

1 in v1
s1 1 1

Lp p Q
D g p

η
= −

. 
(29) 

Based on the boundary conditions of gas leakage pressure along sealing surface, it 
can be known that the outlet pressure of the kth sealing contact element is the inlet pressure 
of the (k + 1)th sealing contact element, so the outlet pressures of the 2nd, 3rd, …, nth sealing 
contact elements can be obtained, e.g., 

( )
s2

2 1 v2
s2 2 2

Lp p Q
D g p

η
= −

, 
(30) 

( )
s3

3 2 v3
s3 3 3

Lp p Q
D g p

η
= −

, 
(31) 

and so on. By adding the left and right sides of Equations (29)–(31), we can obtain the 
outlet pressure of the 3rd sealing contact element: 

( ) ( ) ( )
s1 s2 s3

3 in v1 v2 v3
s1 1 1 s2 2 2 s3 3 3

L L Lp p Q Q Q
D g p D g p D g p

η η η
= − − −

. 
(32) 

By analogy, the outlet pressure of the nth sealing contact element can be obtained: 
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( ) ( ) ( )

( ) ( )

s1 s2 s3
out in v1 v2 v3

s1 1 1 s2 2 2 s3 3 3

sk sn
vk vn

sk k k sn n n

L L Lp p Q Q Q
D g p D g p D g p

L LQ Q
D g p D g p

η η η

η η

= − − − −

− − 

. 

(33) 

According to the continuity condition of gas flow in the leakage passage, the follow-
ing must be satisfied: 

v1 v2 v3 vk vn v=Q Q Q Q Q Q= = = = =  . (34) 
Finally, the gas leakage rate Qv for a premium connection can be obtained from Equa-

tions (33) and (34) as follows: 
( )

( ) ( ) ( ) ( ) ( )
( )

( )

in out
v

s1 s2 s3 sk sn

s1 1 1 s2 2 2 s3 3 3 sk k k sn n n

in out

sk

1 sk k k

= n

k

n p p
Q L L L L L

D g p D g p D g p D g p D g p

n p p
L

D g p

η η η η η

η
=

−
=

+ + + + +

−

∑

 

. 

(35) 

3. Results and Discussion 
3.1. Basic Parameters 

A 177.8 mm × 10.36 mm P110 casing with a cone-to-cone-type premium connection 
was chosen for the example analysis [23]. Its basic parameters for calculating the leakage 
rate of the premium connection are listed in Table 3.. 

Table 3. Basic parameters for calculating leakage rate of premium connection. 

Symbol Value Unit Symbol Value Unit 
W 194.31 mm pin 50 MPa 
d 157.08 mm pout 0 MPa 

Dsmax 171.132 mm η 1.660 × 10−6 MPa·s 
Dsmin 163.08 mm E2 100 GPa 

Ls 15.556 mm ν2 0.32 dimensionless 
γs 15 ° Sy 250 MPa 

3.2. Model Validation 
The roughness Ra of the sealing surface was set to be 0.1 μm, and the sampling spac-

ing I was 0.8 μm. First, model validation analysis was carried out. Figure 7 compares the 
theoretical leakage rate predicted by the model in this paper with the predicted value by 
a model in the literature [23] and previously reported experimental values in Ref. [32]. 
The proposed model could predict the leakage rate with a consistent variation trend to 
those of the other model predictions and test results, although there were some numerical 
differences because of the testing condition not exactly disagreeing with the calculation 
condition. Meanwhile, under the same average contact pressure on sealing surface, the 
predicted leakage rate with the model in this paper is closer to the testing value in Ref. 
[32], which indicates that it is more reasonable to simulate the elastic–plastic microscopic 
contact problem between sealing surfaces for a premium connection with sinusoidal con-
vex body assumptions compared with a conical micro-convex body in the literature [23]. 
In addition, it is also obvious that, when the average contact pressure on the sealing sur-
face increases to about 580 MPa, that is close to two times the yield strength of contact 
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material 250 MPa; the actual leakage rate approaches nearly zero finally, which is con-
formed to the actual situation. Consequently, the model presented in this paper was in 
better agreement with the experimental results, indicating its correctness and reliability. 

 

 
Figure 7. Comparison of leakage rates. 

3.3. Results Analysis 
Considering different amounts of radial interference between sealing surfaces, the 

average contact pressure, total circumferential leakage width, radial average leakage 
height on the sealing surface for each axial sealing contact unit, and gas leakage volume 
rate of the premium connection were obtained by the model proposed in this paper, and 
the results are shown in Figure 8a–d. 

Figure 8a shows that average contact pressure had an uneven axial distribution for 
each sealing contact element, and average contact pressure increased with an increase in 
radial interference between sealing surfaces. Figure 8 b,c shows that, under the influence 
of unevenly distributed contact pressure, the total circumferential leakage width and ra-
dial average leakage height for each sealing contact element were also uneven, and both 
decreased with an increase in radial interference between the sealing surfaces. Figure 8d 
shows that the gas leakage volume rate of the premium connection decreased exponen-
tially with an increase in radial interference between sealing surfaces. 
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(c) 

 

 
(d) 

Figure 8. Predicted sealing parameters of each axial sealing contact unit and leakage rate for cone-
to-cone-type premium connection for different amounts of radial interference between sealing sur-
faces. (a) Average contact pressure for each sealing contact element. (b) Total circumferential leak-
age width for each sealing contact element. (c) Radial average leakage height for each sealing contact 
element. (d) Predicted leakage rate of premium connection. 

Comprehensive analysis of Figure 8a–d shows that, when the sealing surface rough-
ness was constant, increasing the radial interference between the sealing surfaces could 
help to reduce the leakage channel cross-sectional area, significantly reducing the leakage 
rate and improving the gas sealing performance of the premium connection. Figure 9 com-
pares the influence of average contact pressure on the sealing surface on the leakage rates 
for two roughness values. 
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Figure 9. Influence of average contact pressure on sealing surface on leakage rate for two roughness 
values. 

Figure 9 shows that the influence of roughness on the leakage rate was not monotonic 
due to the elastic–plastic deformation of the sinusoidal micro-convex body on the sealing 
surface. When the average contact pressure on the sealing surface p was less than 30 
MPa, the leakage rate with Ra of 0.1 μm is obviously lower than that with Ra of 0.4 μm. 
When p was between 30 and 220 MPa, the thin and tall micro-convex body with a larger 
roughness was more likely to produce plastic deformation and fill the leakage channel, so 
its leakage rate was relatively low. However, when p  was higher than 220 MPa, the 
dumpy micro-convex with a smaller roughness was more likely to produce plastic defor-
mation, while the thin and tall micro-convex body with a larger roughness was more and 
more difficult to flatten, so its leakage rate was relatively high. However, in general, the 
smaller the roughness, the faster the sealing surface entered a completely plastic contact 
state, completely locking the leakage channel between the sealing surfaces. Assuming that 
the critical allowable leakage rate of the premium connection was 0.9 cm3/15 min (0.001 
cm3/s) based on ISO13679, the critical average contact pressure on the sealing surface 
should be greater than 366 and 580 MPa for roughness values of 0.1 and 0.4 µm, respec-
tively. During sealing parameters design for premium connections, it is very convenient 
to use this critical p  for sealing parameters optimization. Meanwhile, in order to im-
prove the gas sealing performance of a premium connection, the machining accuracy of 
the sealing surface should be improved properly to reduce sealing surface roughness. 

4. Conclusions 
(1) A semi-theoretical model to quantitatively predict leakage rate of tubing and casing 

premium connections has been proposed based on sinusoidal contact simulation on 
rough surfaces. The geometric parameters of the sealing surface profile approxi-
mated by a sinusoidal micro-convex surface were obtained based on the random nor-
mal distribution sampling method. With the actual area prediction formula for the 
elastic–plastic contact of an axisymmetric sinusoidal micro-convex body, the circum-
ferential leakage width and radial average leakage height of the micro-leakage chan-
nel between sealing surfaces were acquired. The actual micro-leakage rate of the pre-
mium connection was derived by dividing the sealing structure into a series of seal-
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ing contact units along the axial direction of connection and using the boundary con-
ditions of the fluid leakage pressure and the continuity conditions of the leakage rate 
of each unit. 

(2) A cone-to-cone-type premium connection was taken as an example investigation to 
validate the model and reveal the sealing and leakage characteristics of a connection. 
• Affected by the uneven distribution of the contact pressure on the sealing sur-

face, the circumferential leakage width and radial average leakage height be-
tween sealing surfaces are both non-uniformly distributed. 

• The leakage rate of a premium connection decreases exponentially with an in-
crease in radial interference between sealing surfaces. 

• The lower the roughness of a sealing surface, the smaller the mean contact pres-
sure to completely lock the leakage channel. In the example when the roughness 
values were 0.1 and 0.4 µm, the mean contact pressures of the sealing surface 
corresponding to the critical allowable leakage rate of 0.9 cm3/15 min should be 
greater than 366 and 580 MPa, respectively. 

(3) To improve the gas sealability of a premium connection, the radial interference be-
tween the sealing surfaces should be increased to reduce the leakage channel cross-
sectional area, and the machining accuracy of the sealing surface should be improved 
to reduce the roughness of the sealing surface. 

(4) The proposed model in this paper provides a fast and quantitative sealability evalu-
ation method for premium connections. However, some affecting factors, including 
additional sealing from torque shoulder, more sealing structure types, thread 
grease’s effects, and contact pressure relaxation in high-pressure and high-tempera-
ture environments, have not been comprehensively considered, and the model was 
also validated mainly by the previous literature. Consequently, some corresponding 
full-scale experimental testing and model refinement should be carried out to further 
improve model reliability in later work. 
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Nomenclature 
Zi height sample of roughness profile, μm 
N number of Zi, integer 
μ mean value of Zi, μm 
σ standard deviation of Zi, μm 
c1, c2 random numbers distributed uniformly between zero and one  
Ra surface roughness, μm 
Ry maximum peak-to-valley distance of roughness profile, μm 
εμ mean error of Zi, dimensionless 
εy maximum peak-to-valley distance error, dimensionless 
Zi,max, Zi,min maximum and minimum values of profile height samples, respectively, μm 
I sampling spacing, μm 
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xi coordinate value along sampling length, μm 
NP total number of peak points of the profile curve, integer 
NT total number of valley points of the profile curve, integer 
λPj horizontal distance between adjacent wave peaks, μm 
λTk horizontal distance between adjacent valleys, μm 
hj vertical distance between adjacent peaks and valleys, μm 

Pλ  average horizontal distance between adjacent wave peaks, μm 

Tλ  average horizontal distance between adjacent valleys, μm 

h  average vertical distance between adjacent peaks and valleys, μm 
λ fitted sinusoidal wavelength of the roughness profile, μm 
Δ fitted sinusoidal amplitude of the roughness profile, μm 

r 
corresponding radial coordinate at the height of the axisymmetric sinusoi-
dal micro-convex surface, μm 

E elastic modulus of string, MPa 
E* equivalent elastic modulus of the contact pair, MPa 
Sy yield strength of the softer material for sealing contact pair, MPa 
E1, E2 elastic moduli of the materials of the two contact surfaces, respectively, MPa 

ν1, ν2 
Poisson’s ratios of two contact surface materials, respectively, dimension-
less 

Aep actual contact area of a single sinusoidal micro-convex body, μm2 

A* 
ep 

dimensionless actual contact area of a single sinusoidal micro-convex body, 
dimensionless 

p  geometric average pressure on sealing surface, MPa 

p* 
ep 

critical contact pressure for a single sinusoidal convex body in complete 
elastoplastic contact with a rigid plane, MPa 

a, b 
contact and non-contact half-widths of a single micro-convex body in the 
cross section, respectively, μm 

δ flattening distance of a single micro-convex body in the cross section, μm 
δ* dimensionless flattening distance, dimensionless 
B total circumferential leakage width on sealing surface, mm 
Ds average diameter of sealing surface, mm 
H radial average leakage height on sealing surface, mm 
Qv gas leakage volume rate of a premium connection, cm3/s 

pin, pout 
internal and external gas pressures for tubing and casing string with a pre-
mium connection, respectively, MPa 

η dynamic viscosity of the sealed gas in the strings, MPa·s 
Ls total axial length of the sealing surface for a premium connection, mm 
Dsmax, Dsmin maximum and minimum diameters of the sealing surface, respectively, mm 
γs cone angle of the sealing surface for cone-to-cone premium connection, ° 
Lsk sealing length of the kth sealing element, mm 
n number of sealing elements, integer 
Dsk average sealing diameter of the kth sealing element, mm 

( )
r

kp
δ

 sealing contact pressure generated by radial interference between sealing 
surfaces, MPa 

( )
in

k p
p  additional contact pressure on the sealing surface generated by the gas pres-

sure in the string, MPa 
δr radial interference between sealing surfaces, mm 
W outer diameter of the coupling, mm 
d internal diameter of the string, mm 
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i,j,k respectively, integer 
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