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Abstract: The productivity prediction of deep coalbed methane (CBM) wells is significantly influenced
by gas-water two-phase flow characteristics and seepage parameters of the fracture network. While
numerical simulations offer a comprehensive approach, analytical models are favored for their faster
and broader applicability. However, conventional analytical models often oversimplify the complex
problem of two-phase seepage equations, leading to substantial errors in dynamic analysis outcomes.
Addressing this shortcoming, we establish a gas-water two-phase productivity prediction model
for deep CBM reservoirs. This model takes into account the two-phase flow characteristics within
the reservoir and fracture network, as well as the stress sensitivity of the reservoir and fractures.
Additionally, a modified trilinear flow model characterizes the fractured modification body. By
integrating the flowing material balance equation with the Newton Iteration method, we gradually
update the seepage model’s nonlinear parameters using the average formation pressure. We also
linearize the gas-water two-phase model through successive iterations to derive a semi-analytical
solution. The accuracy of the model was verified through comparison with commercial numerical
simulation software results and field application. The model also enabled us to scrutinize the influence
of reservoir and fracture network parameters on productivity. Our research findings suggest that the
semi-analytical solution approach can efficiently address the nonlinear seepage problem of gas-water
two-phase flow, enabling quick and accurate prediction of deep CBM well productivity. Moreover,
appropriate fracture network parameters are paramount for enhancing the productivity of deep CBM
wells. Lastly, during the development of deep CBM reservoirs, it is crucial to control the production
pressure difference appropriately to minimize the stress sensitivity impact on production capacity.

Keywords: deep CBM reservoir; fractured horizontal wells; two-phase; semi-analytical model;
production prediction

1. Introduction

Deep coalbed methane (CBM) reservoirs, in contrast to shallow counterparts, are
typified by adverse physical properties and high in-situ stress. Consequently, conventional
fracturing technologies have limited efficacy, necessitating the deployment of long hori-
zontal wells and large-scale hydraulic fracturing technologies for their development [1–6].
CBM reservoirs, inherently comprising a dual pore media system (matrix and cleat), harbor
extensive natural fractures that compound into complex networks post-fracturing [7–9].
The degree of fracturing is pivotal in defining the productivity of deep CBM wells, making
the comprehension of fracturing modification imperative for the design and efficient devel-
opment of deep CBM reservoirs [10–12]. Moreover, accurate prediction of deep CBM well
productivity necessitates an understanding of the adsorption and desorption characteristics
of deep CBM and the nonlinear flow mechanism in micro-nano pores [13–15]. CBM devel-
opment invariably involves the two-phase flow stage of gas and water, the characteristics
of which are notably intricate. The high in-situ stress and intense stress sensitivity of
deep CBM reservoirs negatively impact gas-water seepage capacity, directly influencing
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the steady productivity of gas wells [16–20]. Hence, to predict deep CBM well capacity
accurately, it is crucial to consider the impact of stress sensitivity and gas-water two-phase
flow characteristics. Therefore, establishing a dynamic prediction method for gas-water
two-phase production in deep CBM reservoirs is paramount for deep CBM development
planning, fracturing evaluation, production dynamic analysis, and prediction.

Currently, deep CBM well productivity prediction methods include analytical, semi-
analytical, and numerical simulation techniques. The analytical method is typically based
on steady-state seepage theory, often simplifying the equation through the introduction of
the gas-water two-phase pseudo-pressure [21–25]. However, this method struggles to char-
acterize complex seam meshes, leading to considerable errors in productivity prediction.
The semi-analytical method is based on the linear flow assumption, effective in depicting
the fracturing mesh modification body and expedient for calculations [26–29]. However,
yet, it only applies to single-phase flow capacity prediction, and its utility diminishes for
the highly nonlinear gas-water two-phase flow that occurs during CBM development. The
numerical simulation method can handle multiphase fluid flow problems and accurately
characterize artificial fractures’ parameter characteristics, but it is computationally inten-
sive [30–34]. To achieve high simulation precision, the fractures require grid encryption,
which can lead to an extensive mesh network, slowing the calculation speed, especially
when dealing with thousands of case studies. Hence, it is of vital importance to develop a
dynamic prediction method for gas-water two-phase production in deep CBM reservoirs.
Such an approach would not only accurately represent the fracturing network’s charac-
teristics in deep CBM reservoirs but also elucidate the seepage flow patterns of gas-water
two-phase in these networks. Moreover, it would enable fast and accurate predictions of
the production dynamics of the gas-water two-phase.

This study strives to develop a semi-analytical model for predicting the production
capacity of deep CBM wells, taking into account the behavior of gas-water two-phase
flow. We first construct a physical model for the dynamic analysis of gas-water two-phase
production in deep CBM reservoirs, guided by the fundamental characteristics of the
fracturing network formed through hydraulic fracturing technology and the gas-water two-
phase seepage mechanism within this network. Next, we employ a modified three-linear
flow model to represent the fracturing network, wherein complex-induced fractures, coal
cleats, and the matrix are approximated as equivalent continuous media. When solving the
proposed mathematical model, we explore an efficient method to handle the non-linear
seepage flow issue brought about by the two-phase flow of gas and water. We verify the
accuracy of our model by contrasting its results with those obtained from commercial
numerical simulation software. Furthermore, based on the actual measurement data report
of the production wells in the study area, and the semi-analytical solution devised in
this study, we analyze the influence of several critical parameters related to fractures and
reservoirs on production prediction. There are many factors that affect the productivity
of CBM wells, we will continue to study the influence of the sensitivity parameters on
rate response in detail in the following study [35–37]. Finally, to demonstrate the practical
utility of our proposed method, we conduct production capacity prediction and analysis
on a sample well.

2. Methodology
2.1. Physical Model Assumption

In this paper, we adopt a three-linear flow model to reflect the fracturing modifications
in deep CBM wells. As depicted in Figure 1, the proposed model entails three distinct
regions: the inner zone where fractures exhibit linear flow; the formation fluid’s linear flow
perpendicular to the fractures; and the outer zone where fluids flow linearly parallel to the
fractures [38]. The model presumes that the artificial fracture intersects perpendicularly
with the reservoir, intersecting only with the perforation of the horizontal well, while
the remaining sections of the horizontal well remain closed. The artificial fracturing
is directly linked to the wellbore, and fluids enter the production wellbore solely via
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the fracture. Consequently, the fluid of the reservoir continuously flows towards the
fracture, replenishing its energy. We also assume that gas and water’s two-phase flow
takes place in both the fracture network and cleat systems, with the flow behavior adhering
to Darcy’s law [28,29]. The adsorption of CBM in the coal matrix obeys the Langmuir
equation [31], while CBM’s diffusion within the coal matrix conforms to Fick’s first law,
with the pseudo-steady-state diffusion model taken into account [34]. The following
simplifying assumptions are adopted for the derivation of the governing equation: (1) The
top, bottom, and lateral boundaries of the reservoir are all closed, the distance of external
boundary is denoted by ye; (2) The fracturing fracture is symmetrical with the wellbore,
where the fracture’s half-length is denoted by yF, and the fracture width is wF; (3) The
permeability of the reservoir is sensitive to stress; (4) The influences of gravity and capillary
pressure are not considered.
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2.2. Mathematical Model

Informed by the presuppositions of the physical model, we devise a mathematical
model within this section to elucidate the fluid flow in both the coal reservoir and associated
fracture networks. The Langmuir equation is employed to capture the dynamics of CBM
adsorption and desorption within the inner and outer zones. To describe CBM diffusion
within these regions, we incorporate a pseudo-steady-state diffusion model. Darcy’s
seepage flow equation provides the framework for portraying the transient flow of gas
and water within the cleats and fractures. Following the mechanistic model, mathematical
models are correspondingly established for the fluid flow within each of the three distinct
flow regions.

2.2.1. Fluid Flow in the Outer Zone

For fluid flow in the outer zone, using pseudo-pressure and pseudo-time, the govern-
ing equation for coal gas flow in the cleats is approximately written as:

∂2ψf2

∂x2 =
1

0.0864

[
φf2ctf2µ

kf2kfrg

∂ψf2
∂t
− αkm

kf2
(ψm − ψf2)

]
(1)

The flow equation in the coal matrix is written as:

−αkm

kf2
(ψm − ψf2) =

φmµctmi

kf2

∂ψm

∂t
+

2RT
kf2

6Dπ2

R2
m

[VE(ψm)−Vm] (2)
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Coal gas adsorption follows the Langmuir isotherm principle:

VE =
VLψ(p)

ψL(pL) + ψ(p)
(3)

Coal gas diffuses in the matrix system obeying Fick’s diffusion law. The diffusion
equation of shale gas is given by:

∂Vm

∂t
= −3.6Dα(Vm −VE) (4)

The initial adsorption amount is:

Vm|t=0 = VEi(ψi) (5)

where, α is the shape factor of the matrix, 1/m2; D is the diffusion coefficient, m2/h; VE
is the equilibrium adsorption concentration, m3/m3; VEi is the equilibrium adsorption
concentration at initial condition, m3/m3; VL is the Langmuir volume, m3/m3; pL is the
Langmuir volume, MPa; ΨL is the Langmuir pseudo-pressure, MPa/(mPa·s).

To simplify the form of the mathematical model, the dimensionless parameters and
definitions are introduced in Table 1.

Table 1. Definition of dimensionless parameters.

Parameters Symbol Definition

Dimensionless pseudo pressure of the hydraulic fracture ψFD ψFD =
ψi−ψF
ψi−ψw

Dimensionless pseudo pressure of the cleat in the outer zone ψf2D ψf2D =
ψi−ψf2
ψi−ψw

Dimensionless pseudo pressure of the cleat in the inner zone ψf1D ψf1D =
ψi−ψf1
ψi−ψw

Dimensionless pseudo pressure of the coal matrix in the outer zone ψm2D ψf2D =
ψi−ψm2
ψi−ψw

Dimensionless pseudo pressure of the coal matrix in the inner zone ψm1D ψm1D =
ψi−ψm1
ψi−ψw

Dimensionless pseudo time taD taD = β2
km

φmµgctm lR2 ta

Dimensionless pressure of the hydraulic fracture pFD pFD =
pi−pF
pi−pw

Dimensionless pressure of the cleat in the outer zone pf2D pf2D =
pi−pf2
pi−pw

Dimensionless pressure of the cleat in the inner zone pf1D pf1D =
pi−pf1
pi−pw

Dimensionless time tD tD = β2
km

φmµgctm lR2 t

Dimensionless hydraulic fracture conductivity CFD CFD = kFwF
km lR

Dimensionless hydraulic fracture pressure transmitting coefficient ηFD ηFD = kF
km

φmctm
φFctF

Dimensionless fracture aperture wFD wFD = wF
lR

Dimensionless distance in the x direction xD xD = x
lR

Dimensionless distance in the y direction yD yD =
y
lR

Dimensionless distance in the z direction zD zD = z
lR

Dimensionless outer boundary in the x direction xeD xeD = xe
lR

Dimensionless outer boundary in the y direction yeD yeD =
ye
lR

Dimensionless half-length of the hydraulic fracture yFD yFD =
yF
lR

Dimensionless adsorption concentration of the coal matrix VmD VmD =
VEi(ψi)−Vm(ψ)

VEi(ψi)

Dimensionless equilibrium adsorption concentration VED VED =
VEi(ψi)−VE(ψ)

VEi(ψi)

Capacitance coefficient of the coal cleat in the outer zone ω2 ω2 =
φf2µgictfi

σ

Diffusion flow coefficient λ λ =
2DαhpscTr2

wVEi
β2qscµgTsc

Capacitance coefficient of coal cleat in the inner zone ω1 ω1 =
φf1µgictfi

σ
Inter-porosity flow factor of coal matrix system into coal cleat system λmf λmf = α km

kf
l2
R
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Considering the PVT-dependent properties of the gas phase, the flow equation of
the gas phase in the outer zone is treated by pseudo-pressure and pseudo-time. The
dimensionless governing equation of the gas phase in the cleat system can be written by:

∂2ψf2D

∂x2
D

=
1

ηfDkfrg

[
ω2

∂ψf2D
∂taD

+ (1−ω2)
∂Vm2D

∂taD

]
(6)

The pseudo-steady-state diffusion equation of CBM in the outer zone is expressed by:

(1−ω2)
∂Vm2D

∂taD
= −λ2(Vm2D −VED) (7)

With the Langmuir isothermal theory, the equation for describing the adsorption of
CBM in the outer zone is given below:

VED = βψf2D (8)

The boundary conditions, including the initial, the inner and the external boundaries
are given by: 

Vm2D
∣∣taD=0 = 0

ψf2D(xD, taD)
∣∣taD=0 = 0

ψf2D(xD, taD)
∣∣xD=1 = ψf1D(xD, taD)

∣∣xD=1
∂ψf2D(xD,taD)

∂xD
|xD=xeD = 0

(9)

Because the physical properties of formation water do slightly vary with temperature
and pressure, the flow equation of the water phase in the outer zone can be treated by real
pressure and time, which is given by:

∂2 pf2

∂x2 =
1

0.0864
φf2ctf2µ

kf2kfrw

∂pf2
∂t

(10)

Thus, the dimensionless governing equation of the water phase in the cleat system
can be written as:

∂2 pfD

∂x2
D

=
1

ηfwDkfrw

∂pfD
∂tD

(11)

The boundary conditions are written by:
pf2D(xD, tD)

∣∣tD=0 = 0
pf2D(xD, tD)

∣∣xD=1 = pf1D(xD, tD)
∣∣xD=1

∂pf2D(xD,tD)
∂xD

|xD=xeD = 0
(12)

where ψf1D is the dimensionless pseudo-pressure of the cleat system in the inner zone;
ψf2D is the dimensionless pseudo-pressure of the cleat system in the outer zone; pf1D is the
pressure of the cleat system in the inner zone; pf2D is the pressure of the cleat system in
the outer zone; Vm2D is the dimensionless adsorption concentration of the coal matrix in
the outer zone; VED is the dimensionless equilibrium adsorption concentration of the coal
matrix in the outer zone; kfrg is the relative permeability of the gas phase in the cleat system;
kfrw is the relative permeability of water phase in the cleat system; xD is the dimensionless
distance in the x direction; xeD is the dimensionless outer boundary distance in the x
direction; ηf2D is the dimensionless conductivity coefficient of the gas phase in the outer
zone cleat system; ηf2wD is the dimensionless conductivity coefficient of the water phase in
the outer zone cleat system; taD is the dimensionless pseudo-time; tD is the dimensionless
time; ω2 is the storage capacity coefficient of the cleat system in the outer zone; λ2 is the
interporosity flow coefficient of the cleat system in the outer zone; β is the adsorption
coefficient of CBM.
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2.2.2. Fluid Flow in the Inner Zone

The complex fracture network in the inner zone is composed of micro-fractures,
secondary fractures and hydraulic fractures. In this section, a dual-porosity model is
modified to capture the transient flow of the micro-fractures and secondary fractures.
Using pseudo-pressure and pseudo-time, the dimensionless governing equation of the gas
phase in the fracture systems of the inner zone is given by:

∂

∂y

(
pf1
Z
·

kf1kfrg

µ

∂pf1
∂y

)
=

1
0.0864

∂
(

pf
Z Sf1gφf1

)
∂t

− αkm

kf1
(ψm − ψf1)

 (13)

The dimensionless governing equation of the gas phase in the inner zone is written as:

∂2ψf1D

∂y2
D

+
1

kfrg

∂ψf2D
∂xD

∣∣xD=1 =
1

ηfDkfrg

[
ω1

∂ψf1D
∂taD

+ (1−ω1)
∂Vm1D

∂taD

]
(14)

The pseudo-steady-state diffusion equation of CBM in the inner zone is given by:

(1−ω1)
∂Vm1D

∂taD
= −λ1(Vm1D −VED) (15)

According to the Langmuir isothermal adsorption law, the equation for describing the
adsorption of CBM in the inner zone is:

VED = βψf1D (16)

The boundary conditions of the inner zone are given by:
Vm1D

∣∣taD=0 = 0
ψf1D(yD, taD)

∣∣taD=0 = 0
ψf1D(yD, taD)

∣∣∣yD=wFD/2 = ψFD
∂ψf1D(yD,taD)

∂yD

∣∣yD=yeD = 0

(17)

The flow equation of the water phase in the inner zone is treated with real pressure
and real-time, and the dimensionless governing equation is:

∂2 pf1D

∂y2
D

+
1

kfrw

∂pf2D
∂xD

∣∣xD=1 =
1

ηfwDkfrw

∂pf1D
∂tD

(18)

The boundary conditions are given by:
pf1D(yD, tD)

∣∣tD=0 = 0
pf1D(yD, tD)

∣∣∣yD=wFD/2 = pFD
∂pf1D(yD,tD)

∂yD

∣∣yD=yeD = 0

(19)

2.2.3. Fluid Flow in the Hydraulic Fractures

In this paper, a two-phase flow of gas and water is considered in hydraulic fractures.
Using the pseudo-pressure and pseudo-time, the gas flow equation in the hydraulic fracture
is written by:

∂2ψF

∂x2 =
1

0.0864
φFctFµ

kFkFrg

∂ψF

∂t
−

2kf1kfrg

wFkFkFrg

∂ψf1
∂y

∣∣∣∣
yD=wF/2

(20)
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The dimensionless governing equation is written as:

∂2ψFD

∂x2
D

+
2kfrg

CFDkFrg

∂ψf1D
∂yD

∣∣∣yD=wFD/2 =
1

ηFDkFrg

∂ψFD

∂taD
(21)

The boundary conditions are expressed as:
ψFD(xD, taD)

∣∣taD=0 = 0
ψFD(xD, taD)

∣∣xD=0 = 1
∂ψFD
∂xD

∣∣xD=1 = 0
(22)

The water phase flow equation is given by:

∂2 pF

∂x2 =
1

0.0864
φFctFµ

kFkFrw

∂pF

∂t
− 2kf1kfrw

wFkFkFrw

∂pf1
∂y

∣∣∣∣
yD=wF/2

(23)

The dimensionless governing equation can be written by:

∂2 pFD

∂x2
D

+
2kfrw

CFDkFrw

∂pf1D
∂yD

∣∣∣yD=wFD/2 =
1

ηFwDkFrw

∂pFD

∂tD
(24)

The boundary conditions are:
pFD(xD, tD)

∣∣tD=0 = 0
pFD(xD, tD)

∣∣xD=0 = 1
∂pFD
∂xD

∣∣xD=1 = 0
(25)

where CFD is the dimensionless conductivity of the hydraulic fracture; ηFD is the dimension-
less conductivity coefficient of the gas phase in the hydraulic fracture system; ηFwD is the
dimensionless conductivity coefficient of the water phase in the hydraulic fracture system;
wFD is the dimensionless width of the hydraulic fracture; kFrg is the relative permeability of
the gas phase in the hydraulic fracture system; kFrw is the relative permeability of the water
phase in the hydraulic fracture system.

2.3. Solution to Mathematical Model

Because the parameters including µg Bg, kFrg, kfrg, kmrg, kFrw, kfrw and kmrw are func-
tions of the pressure and saturation, it is difficult to derive the analytical solution of the
proposed mathematical model directly. In this paper, an effective and accurate semi-
analytical method is presented to solve the problem. In our approach, the production
time is discretized into several time steps, and at each time step, the pressure-dependent
parameters (µg, Bg) and the saturation-dependent parameters (kmrg, kmrw, kfrg, kfrw, kFrg,
kFrw) are updated by the average pressure and average saturation, respectively. The average
pressure and saturation are calculated by using the material balance method. Therefore, the
nonlinear parameters can be regarded as fixed approximations at each time step, and the
nonlinear problems can be converted to linear problems through this method. Thus, the
solution of the proposed model can be obtained with the Laplace transformation method
directly. In the following sections, the analytical solutions for gas and water production are
presented, respectively.

2.3.1. Solution for Gas and Water Flow in the Outer Zone

Using the Laplace transformation, the solution of the outer zone flow model can be
obtained and the general solution for Equation (6) is given by:

ψf2D = Asinh

(√
f2(u)

ηfDkfrg
· xD

)
+ B cosh

(√
f2(u)

ηfDkfrg
· xD

)
(26)
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f2(u) = uω2 + u(1−ω2)
λ2β

u(1−ω2) + λ2
(27)

Substituting Equation (9) into Equation (26), one can obtain

A =

sinh
(√

f2(u)
ηfDkfrg

· xeD

)
· ψf1D

sinh
(√

f2(u)
ηfDkfrg

)
sinh

(√
f2(u)

ηfDkfrg
· xeD

)
− cosh

(√
f2(u)

ηfDkfrg

)
cosh

(√
f2(u)

ηfDkfrg
· xeD

) (28)

B =

− cosh
(√

f2(u)
ηfDkfrg

· xeD

)
· ψf1D

sinh
(√

f2(u)
ηfDkfrg

)
sinh

(√
f2(u)

ηfDkfrg
· xeD

)
− cosh

(√
f2(u)

ηfDkfrg

)
cosh

(√
f2(u)

ηfDkfrg
· xeD

) (29)

The general solution for Equation (11) in the Laplace domain is given as:

pf2D = A1sinh
(√

u
ηfwDkfrw

· xD

)
+ B1 cosh

(√
u

ηfwDkfrw
· xD

)
(30)

Substituting Equation (12) into Equation (30), one can obtain

A1 =

sinh
(√

u
ηfwDkfrw

· xeD

)
· pf1D

sinh
(√

u
ηfwDkfrw

)
sinh

(√
u

ηfwDkfrw
· xeD

)
− cosh

(√
u

ηfwDkfrw

)
cosh

(√
u

ηfwDkfrw
· xeD

) (31)

B1 =

− cosh
(√

u
ηfwDkfrw

xeD

)
· pf1D

sinh
(√

u
ηfwDkfrw

)
sinh

(√
u

ηfwDkfrw
· xeD

)
− cosh

(√
u

ηfwDkfrw

)
cosh

(√
u

ηfwDkfrw
· xeD

) (32)

where, ψf1D is the dimensionless pseudo-pressure of the inner zone cleat system in the
Laplace domain; ψf2D is the dimensionless pseudo-pressure of the outer zone cleat system
in the Laplace domain; pf1D is the dimensionless pressure of the inner zone cleat system in
the Laplace domain; pf2D is the dimensionless pressure of the outer zone cleat system in
the Laplace domain; u is the Laplace constant.

2.3.2. Solution for Gas and Water Flow in the Inner Zone

The solving method for gas and water flow in the inner zone is similar to that of the
outer zone flow model. We perform the Laplace transformation on the equation of gas and
water phase in the inner zone. Combined with Equation (26), the solution of the inner zone
flow model can be obtained and the general solution for Equation (14) is expressed by:

ψf1D = Csinh
(√

σ · yD
)
+ D cosh

(√
σ · yD

)
(33)

σ =

[√
f1(u)

ηfDkfrg
+

1
kfrg

√
f2(u)

ηfDkfrg
tanh

√
f2(u)

ηfDkfrg
(xeD − 1)

]
(34)

Substituting the boundary conditions Equation (17) into Equation (33), one can obtain

C =
sinh

(√
σ · yeD

)
· ψFD

sinh
(√

σ
)
sinh

(√
σ · yeD

)
− cosh

(√
σ
)

cosh
(√

σ · yeD
) (35)
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D =
− cosh

(√
σ · yeD

)
· ψFD

sinh
(√

σ
)
sinh

(√
σ · yeD

)
− cosh

(√
σ
)

cosh
(√

σ · yeD
) (36)

Combined with the solution for water flow in the outer zone, the general solution for
Equation (18) in the Laplace domain is given by:

pf1D = C1sinh
(√

δ · yD

)
+ D1 cosh

(√
δ · yD

)
(37)

δ =

[√
u

ηfwDkfrw
+

1
kfrw

√
u

ηfwDkfrw
tanh

√
u

ηfwDkfrw
(xeD − 1)

]
(38)

Substituting Equation (30) and the boundary conditions Equation (19) into Equation (37),
one can obtain

C1 =
sinh

(√
δ · yeD

)
· pFD

sinh
(√

δ
)

sinh
(√

δ · yeD

)
− cosh

(√
δ
)

cosh
(√

δ · yeD

) (39)

D1 =
− cosh

(√
δ · yeD

)
· pFD

sinh
(√

δ
)

sinh
(√

δ · yeD

)
− cosh

(√
δ
)

cosh
(√

δ · yeD

) (40)

where, ψFD is the dimensionless pseudo-pressure of the hydraulic fracture in the Laplace
domain; pFD is the dimensionless pressure of the hydraulic fracture in the Laplace domain.

2.3.3. Solution for Gas and Water Flow in the Hydraulic Fracture

With Laplace transformation, the solution of the hydraulic fracture flow model can be
obtained and the general solution for Equation (21) is expressed as:

ψFD = − 1
u
(
tanh
√

αsinh
√

αxD − cosh
√

αxD
)

(41)

α =
u

ηFDkFrg
+

2kfrg

CFDkFrg

√
σtanh

√
σ
(

yeD −
wFD

2

)
(42)

Combined with the solution for water flow in the inner zone, the general solution for
Equation (24) in the Laplace domain is given by:

pFD = − 1
u

(
tanh

√
ξsinh

√
ξxD − cosh

√
ξxD

)
(43)

ξ =
u

ηFwDkFrw
+

2kfrw
CFDkFrw

√
δtanh

√
δ
(

yeD −
wFD

2

)
(44)

The gas production rate is:

qgD = −
kFDkFrgwFD

π

∂ψFD
∂xD

∣∣xD=0 (45)

According to Equation (45), the solution of the gas production rate becomes:

qgD = −
kFDkFrgwFD

π

1
u
√

αtanh
√

α (46)

The water production rate is:

qwD = − kFDkFrwwFD

π

∂pFD
∂xD

∣∣xD=0 (47)
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According to Equation (47), the solution of the water production rate becomes:

qwD = − kFDkFrwwFD

π

1
u

√
ξtanh

√
ξ (48)

In this paper, the stress-sensitive terms are all integrated into the conductivity, and as
a function of the average formation pressure. The theoretical formula for describing the
effect of the stress-sensitive is defined as [38]:

kf = kfie−γ(pi− p̂) (49)

where, kf is the permeability of the cleat system, mD; kfi is the initial permeability of the cleat
system, mD; γ is the permeability modulus, MPa−1; pi is the original formation pressure,
MPa; p̂ is the average formation pressure, MPa.

2.3.4. Flowing Material Balance Method

As mentioned in Section 2.3 of this paper, at each time step, the pressure-related
parameters (µg, Bg) and saturation-related parameters (kmrg, kmrw, kfrg, kfrw, kFrg, kFrw) in
the gas-water two-phase production solution and the stress-sensitive terms are updated
by the average pressure and average saturation within the investigated range, while the
average formation pressure and average saturation are calculated using the flowing material
balance method. In this section, the process of establishing the flowing material balance
equations of gas-water two-phase is presented.

For a single fracture stage, the mass equilibrium equation for the gas phase can be
written as:

xinvHyinvφm

(
Sgi

Bgi

)
− xinvHyinvφm

(
Ŝg

B̂g

)
=

t∫
0

qgdt (50)

The mass equilibrium equation for the water phase can be expressed as:

xinvHyinvφm

(
Swi

Bwi

)
− xinvHyinvφm

(
Ŝw

B̂w

)
=

t∫
0

qwdt (51)

The investigated range for the transient flow in the inner zone is given by [38]:

xinv = 0.5836

√
kft

φfµgct
+ yF (52)

yinv = 0.5836

√
kft

φfµgct
(53)

The saturation relationship between the gas and water phase is:

Ŝg + Ŝw = 1 (54)

Combining Equations (50)–(54), the average pressure function can be derived as:

f ( p̂) =
1

B̂g
+

(
− B̂w

B̂g

)
A3 − B3 (55)

A3 =
Swi

Bwi
−

t∫
0

qwdt

xinvHyinvφm
(56)



Processes 2023, 11, 3022 11 of 21

B3 =
Sgi

Bgi
−

t∫
0

qgdt

xinvHyinvφm
(57)

The Newton iteration is used to update the dynamic parameters by coupling the
flowing material balance equations, which is given by:

p̂k+1 = p̂k − χ
f ( p̂k)

f ′( p̂k)
(58)

where Sgi is the initial gas saturation; Ŝg is the average gas saturation; Swi is the initial
water saturation; Ŝw is the average water saturation; Bgi is the initial gas volume factor; B̂g

is the average gas volume factor; Bwi is the initial formation water volume factor; B̂w is the
average formation water volume factor; xinv is the investigated range along the fracture
direction in the inner zone; yinv is the investigated range perpendicular to the fracture
direction in the inner zone; φm is the matrix porosity; H is the formation thickness; yF is the
fracture half-length; t is the production time; qg is the gas production rate; qw is the water
production rate; ct is the total formation compressibility factor.

3. Results and Discussion
3.1. Model Validation

To verify the accuracy of the proposed semi-analytical model, a numerical model
was established using the commercial simulation software Eclipse (2019), as shown in
Figure 2. Table 2 presents the reservoir and fracture parameters used in both methods,
and Figure 3 shows the relative permeability curves of the gas-water two-phase flow in
the CBM reservoir and the hydraulic fractures. The selection of parameters in Table 2 is
obtained through the actual measurement data report of the production well in the study
area. Parameters such as Langmuir volume, Langmuir pressure, and coal gas content, etc.
can be obtained through gas content reports; parameters such as reservoir original pressure,
pressure gradient, temperature, permeability, etc. can be obtained from injection/fall-
off well testing report; parameters such as fracture length and fracture direction can be
obtained from micro-fracture monitoring report. In this case study, both the coal cleats
and the artificial fractures are considered to have gas-water two-phase flow from the early
production stage.
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Figure 2. Schematic of the numerical model for a hydraulically fractured horizontal well in the deep
CBM reservoir.
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Table 2. Input parameters for model validation.

Parameters Symbol Units Value

Initial formation pressure pi MPa 20
Initial formation temperature Ti K 323

Bottom-hole pressure pwf MPa 4
Formation thickness h m 9.1

Permeability of hydraulic fractures kF mD 500
Number of hydraulic fractures NF Dimensionless 12

Half length of hydraulic fractures yF m 100
Width of hydraulic fractures wF m 0.001

Porosity of hydraulic fractures ΦF Fraction 0.4
Length of the horizontal well L m 1000
Half-width of the reservoir ye m 200

Porosity of the coal cleat Φf Fraction 0.05
Permeability of the coal cleat in the

inner reservoir kf mD 0.22

Permeability of the outer reservoir ko mD 0.12
Permeability modulus of the coal cleat γf MPa−1 0.02

Langmuir pressure pL MPa 3.1
Langmuir volume VL m3/t 12.9

Gas content in coal seams V m3/t 14.8
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Figure 3. Gas-water relative permeability curves used for model validation. (a) Relative permeability
curve in the reservoir. (b) Relative permeability curve in the hydraulic fracture.

The comparison results between the semi-analytical model proposed in this paper
and Eclipse are shown in Figure 4. It can be seen that there are some differences in the
production curves obtained by the two methods in the early production stage, but the
results are basically consistent in the later stage. This is mainly because, in the early
production stage, the pressure and saturation in the near wellbore zone change greatly,
and production is very sensitive to parameters related to pressure and saturation. In the
semi-analytical model, some parameters related to pressure are implicitly handled using
a pseudo-pressure approach, but parameters related to saturation are explicitly handled.
Therefore, the early errors in the single-phase flow model are not obvious, while the errors
in the two-phase flow model are more significant. However, the calculated average relative
error is less than 10%, which is within the allowable engineering error range, indicating
that the semi-analytical model proposed in this paper can be used for production data
analysis and prediction. We should admit that numerical simulation is a powerful tool
for evaluating the performance of CBM Wells. However, the process of establishing such
fracture networks using commercial numerical simulation software is relatively complex.
In addition, the use of localized refinement or non-uniform grids can lead to an increase in
the number of grids and significant differences in size between grids, thereby substantially
reducing calculation efficiency. Conventional analytical models are often used to model the
flow behavior of fractured wells. However, the traditional analytical models are limited
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to single-phase flow problems, and seldom consider the combined effect of hydraulic
fractures, induced fractures, coal cleats, and the matrix, leading to considerable errors in
productivity prediction. The proposed semi-analytical method in this paper is based on
the linear flow assumption, effective in depicting the fracturing mesh modification body
and expedient for calculations. In addition, when solving the proposed mathematical
model, we explore an efficient method to handle the non-linear seepage flow issue brought
about by the two-phase flow of gas and water. Employing the flowing material balance
method for computing the average pressure and average saturation of the reservoir, and
iteratively updating the non-linear parameters in the seepage model, facilitates the accurate
handling of the non-linear seepage problem associated with gas-water dual-phase flow.
The proposed semi-analytical model captures the flow behavior in the hydraulic fracture
network and coal reservoir, and has much higher computational efficiency than numerical
simulation methods. This is because the fracture and matrix systems do not need to be
divided into meshes. In addition, the solution is not limited by the time step, so the early
simulation accuracy is better and the computational efficiency is higher. To obtain the
calculation results shown in Figure 4, the proposed semi-analytical method developed
in this study was used to calculate on the same platform, and the time was less than 5 s,
while Eclipse’s calculation time was more than 200 s. Compared with numerical simulation
methods, the semi-analytical method proposed in this paper has a faster calculation speed
and is more suitable for large-scale case analysis and application in mining fields.
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Figure 4. Comparison of gas and water rate between the semi-analytical model in this paper and
the Eclipse. (a) Gas rate validation with the numerical solution. (b) Water rate validation with the
numerical solution.

The main difference between the proposed model and the traditional analytical models
is that the two-phase flow behaviour is incorporated in the proposed model. In this section,
we simultaneously simulated the rate transients of both the proposed and conventional
analytical models using the same group of formation and well parameters in Table 2.
The initial water saturation in the cleats and the hydraulic fractures are given 1 and 0 in
the proposed and conventional models, respectively. The modelling results are shown
in Figure 5. It is shown that two-phase flow in the cleat and hydraulic fracture systems
significantly influences the gas production rate during the whole production period. In
addition, the gas production rate is smaller if the water-phase flow is considered in the
two systems. This is possible because the gas production from the coal matrix acts as a
displacement effect for the limited water in the cleat and hydraulic fracture systems, so
the two-phase flow in the cleat and hydraulic fracture systems affects the gas production
during the whole period. Besides, the gas production rate will be overestimated without
considering the two-phase flow in the cleats and hydraulic fractures.
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analytical model.

3.2. Sensitivity Analysis

Given the inherently low natural productivity of deep coal reservoirs, hydraulic
fracturing has emerged as a pivotal strategy to augment production. Drawing from the
investigation into the semi-analytical model, this paper scrutinizes the influence of both
the artificial fracturing capacity and the fracture half-length on the production capacity of
deep CBM wells. Moreover, grounded in the empirical research findings of the reservoir
seepage mechanism, we assess the impact of reservoir properties and stress sensitivity
on the production capacity of both gas and water phases. The basic input parameters
integral to the model are delineated in Table 2, while Table 3 illustrates the range of
sensitivity parameters. The selection of parameters in Table 3 is obtained through the
actual measurement data report of the production wells in the study area. According
to previous fracturing reports and actual well production performance, the number of
hydraulic fractures generally ranges from 8 to 16, and the half-length of hydraulic fractures
is generally between 50 to 120 m. In addition, due to the strong heterogeneity of coal
reservoirs, it was found through well testing on multiple wells within the same block that
the range of permeability of the coal cleat in the inner reservoir is from 0.1 mD to 0.5 mD,
and the range of permeability of the outer reservoir is between 0.1 mD and 0.5 mD, and
the range of permeability modulus of the coal cleat is from 0.01 MPa−1 to 0.04 MPa−1.
Therefore, parameters of conductivity of hydraulic fractures, half length of hydraulic
fractures, number of hydraulic fractures, permeability of the coal cleat in the inner reservoir,
permeability of the outer reservoir, and permeability modulus of the coal cleat used for
sensitivity analysis are shown in Table 3.

Table 3. Parameters used for sensitivity analysis.

Parameters Symbol Units Value

Conductivity of hydraulic fractures ηF mD·m 0.3, 0.5, 1
Half length of hydraulic fractures yF m 50, 80, 100

Number of hydraulic fractures NF Dimensionless 9, 12, 15
Permeability of the coal cleat in the inner reservoir kf mD 0.2, 0.3, 0.4

Permeability of the outer reservoir ko mD 0.1, 0.2, 0.3
Permeability modulus of the coal cleat γf MPa−1 0.01, 0.02, 0.03

Figure 6 shows the influence of fracture conductivity on the gas productivity of deep
CBM wells. It becomes apparent that an increased fracture diversion capacity results in
both a higher initial production rate and a more gradual production decline. The primary
cause of this is that greater fracture diversion capacity yields elevated production rates.
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Under conditions of constant bottom-hole flowing pressure production, a more moderate
production decline is adequate to sustain production.
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Figure 6. Effect of fracture conductivity on gas production rate. (a) Influence of ηF on gas production
rate. (b) Influence of ηF on cumulative gas production rate.

Figure 7 illustrates the impact of fracture half-length on the gas productivity of deep
CBM wells. It conveys that alterations in fracture half-length influence the entire develop-
ment stage, particularly during the initial and intermediate production phases. Moreover,
gas production increases with the expansion of the fracture half-length, albeit at a progres-
sively diminishing rate. This is chiefly attributed to the fact that fracture half-length not
only signifies the extent of reservoir stimulation volume but also mirrors the well-regulated
reserves and drainage area. A more substantial fracture half-length equates to a larger
linear flow area of the fracture and an increased drainage area, which in turn leads to higher
production rates and a more gradual production decline.
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Figure 7. Effect of fracture half-length on gas production rate. (a) Influence of yF on gas production
rate. (b) Influence of yF on cumulative gas production rate.

Figure 8 demonstrates the influence of the number of hydraulic fracturing stages on
the gas production capacity of deep CBM wells. The diagram clearly indicates that the
quantity of hydraulic fracturing stages substantially impacts production. An increase in the
number of hydraulic fracturing stages results in a greater initial production capacity and
cumulative production. This phenomenon is primarily due to the fact that an increased
number of fracturing stages, accompanied by reduced intervals between them, amplifies
the pressure drop in the inner zone, stimulating the desorption of adsorbed gas. Moreover,
an increased number of fracturing stages also enhances the contact area between artificial
fractures and reservoirs, resulting in an increase in production. However, it is worth noting
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that the augmentation in production capacity progressively diminishes as the number of
fracturing stages increases.
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Figure 8. Effect of number of hydraulic fracturing stages on gas production rate. (a) Influence of NF
on gas production rate. (b) Influence of NF on cumulative gas production rate.

Figure 9 illustrates the impact of the permeability of the coal cleat in the inner reservoir
on the gas production capacity of deep CBM wells. The figure clearly demonstrates that
higher coal cleat permeability in the inner reservoir results in greater initial production
capacity and cumulative production. The primary reason for this is that an increase in
the permeability of the coal cleat in the inner reservoir simultaneously enhances the flow
capacity of free gas and desorption. As a result, the ease with which a pressure drop
influences the interior of the inner zone matrix is increased, stimulating the desorption
of adsorbed gas in the inner zone. Moreover, as the permeability of the coal cleat in the
inner reservoir increases, the gas in the inner zone finds it increasingly conducive to flow
towards secondary and artificial fractures.
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Figure 9. Effect of permeability of the coal cleat in the inner reservoir on gas production rate.
(a) Influence of kf on gas production rate. (b) Influence of kf on cumulative gas production rate.

Figure 10 presents the effect of the permeability of the coal cleat in the outer reservoir
on the gas production capacity of deep CBM wells. The data suggests that higher coal cleat
permeability in the outer reservoir significantly influences the initial production capacity.
More precisely, as the permeability of the coal cleat in the outer reservoir increases, the time
required for the pressure drop to impact the interior of the outer zone matrix decreases,
leading to a greater initial production capacity. The underlying reason for this is that higher
coal cleat permeability in the outer reservoir allows the pressure drop to more easily impact
the exterior of the outer zone matrix, stimulating the desorption of adsorbed gas in the
outer zone. However, it is important to note that the permeability of the coal cleat in the
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inner reservoir tends to have a more substantial impact on the desorption of gas than the
permeability of the coal cleat in the outer reservoir.
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Figure 10. Effect of permeability of the coal cleat in the outer reservoir on gas production rate.
(a) Influence of ko on gas production rate. (b) Influence of ko on cumulative gas production rate.

Figure 11 demonstrates the influence of the coal cleat’s permeability stress sensitivity
on the gas productivity of deep CBM wells. As shown in Figure 11, stress sensitivity
impacts the entire development lifecycle of the deep CBM reservoir, particularly during the
initial and middle stages of production. As the production pressure difference escalates, the
permeability loss intensifies, leading to an increase in fluid flow resistance and, ultimately,
a reduction in production accompanied by a faster rate of decline. Consequently, judicious
management of the production pressure difference for deep CBM reservoirs should be
maintained throughout the production process to mitigate the effects of stress sensitivity
on production capacity.
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Figure 11. Effect of permeability stress sensitivity of the coal cleat on gas production rate. (a) Influence
of γf on gas production rate. (b) Influence of γf on cumulative gas production rate.

3.3. Field Application

This study employs a deep CBM well situated to demonstrate the effectiveness of
the proposed model. The production well is located on the northeast edge of the Ordos
Basin, and its tectonic evolution is controlled by the regional tectonic evolution of the Ordos
Basin. The burial depth of the main coal seam is controlled by the structure and surface
influence, and it is between 1500 m and 2500 m. The burial depth of the coal seam in the
southeast direction becomes shallower. The structure in the region is relatively stable, with
no development of major faults and more development of inter-layer small faults. The
average coal seam thickness is 11 m, the average coal seam Langmuir volume is 15.0 m3/t,
and the average coal seam gas content is 14 m3/t. Table 4 details the basic data utilized in
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the production data analysis. The selection of parameters in Table 4 is obtained through
the actual measurement data report of the example well. From the well logging report,
the burial depth of the example well is 2230 m, the coal seam thickness is 13.2 m, and
the porosity of the coal cleat is 3%. The pressure gradient of the production well area
is 1 MPa/100 m, thus, the initial formation pressure is 22.3 MPa. From the fracturing
design report, the number of hydraulic fractures is 14, the length of the horizontal well is
1200 m, and the width of hydraulic fractures is 0.001 m. The initial formation temperature
is 320.2 K can be obtained from the well testing report. Moreover, core taking experiment is
conducted on the production well, and the parameters of Langmuir pressure, Langmuir
volume, and gas content in coal seams are obtained from the gas content report. Production
for the well commenced on 1 January 2023. The production dynamic data, spanning from
3 January 2023, to 21 June 2023, were gathered for fitting and interpretation, followed by a
prediction of the gas-water two-phase production capacity based on the fitting results.

Table 4. Data used in production data analysis.

Parameters Symbol Units Value

Initial formation pressure pi MPa 22.3
Initial formation temperature Ti K 320.2

Bottom-hole pressure pwf MPa 4
Formation thickness h m 13.2

Number of hydraulic fractures NF Dimensionless 14
Width of hydraulic fractures wF m 0.001

Porosity of hydraulic fractures ΦF Fraction 0.4
Length of the horizontal well L m 1200
Half-width of the reservoir ye m 220

Porosity of the coal cleat Φf Fraction 0.03
Langmuir pressure pL MPa 2.9
Langmuir volume VL m3/t 13.3

Gas content in coal seams V m3/t 15.7

The proposed medium gas-water two-phase production dynamic prediction method,
tailored for deep CBM reservoirs, was employed to fit the production dynamic data of
the sample well. Figure 12 illustrates the fitting curves, evidencing a strong fit with the
gas-water two-phase production of the deep CBM well. We also show the period with
data between 0–200 days in Figure 13. Besides, numerical simulation is also conducted on
the basis of production history match. The calculated results with the Eclipse model are
compared with the proposed model, which is shown in Figure 13. Because the solution of
the proposed model is not limited by the time step, and the fracture and matrix systems
do not need to be divided into meshes, the early simulation accuracy is better and the
computational efficiency is higher than the Eclipse model. The parameters of the reservoir
and fracture, acquired through inversion post-fitting, are listed in Table 5. A comparison
between the inversion results, the geological attributes of the original gas reservoir, and
actual production outcomes suggest that the key permeability parameters, as identified for
the reservoir and fracture, offer theoretical guidance in predicting the production capacity
of the CBM well, optimizing the design of fracturing parameters, and evaluating the post-
fracturing impacts. Utilizing this model to predict subsequent production, the cumulative
gas and water production are projected to be 0.36 × 108 m3 and 3.7 × 104 m3, respectively.
These findings offer valuable insights and guidance in adjusting the development plans for
deep CBM reservoirs.
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Table 5. Fitting results of the proposed model.

Parameters Symbol Units Value

Conductivity of hydraulic fractures ηF mD·m 0.32
Half length of hydraulic fractures yF m 82

Permeability of the coal cleat in the
inner reservoir kf mD 0.25

Permeability of the outer reservoir ko mD 0.13
Permeability modulus of the coal cleat γf MPa−1 0.05

4. Conclusions

This study introduces a novel methodology for predicting production in deep CBM
wells, accounting for intricate fracture characteristics of reservoirs, effects of stress sensitiv-
ity, and dual-phase gas-water flow characteristics. The semi-analytical method proposed
here, founded on the flowing material balance approach and iterative substitution, effec-
tively addresses gas-water dual-phase non-linear flow issues with appreciable accuracy
and computational efficiency. Key conclusions drawn from this study include:

1. Employing the flowing material balance method for computing the average pressure
and average saturation of the reservoir, and iteratively updating the non-linear param-
eters in the seepage model, facilitates the accurate handling of the non-linear seepage
problem associated with gas-water dual-phase flow. This results in an efficient and
precise resolution of the seepage model;

2. The verification of the numerical model and field applications together suggest that
the semi-analytical method investigated in this study offers a high degree of prediction
accuracy and can be employed to forecast the production rate of deep CBM wells;

3. Critical seepage parameters of hydraulic fractures significantly influence the produc-
tion dynamics of gas-water dual-phase. Therefore, hydraulic fracturing should aim
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to enhance the degree and extent of modification to boost the production capacity of
deep CBM wells;

4. The stress-sensitive effect of the coal cleats has an impact on the production capacity
of deep CBM wells. Therefore, it is necessary to judiciously control the production
pressure differential during production to effectively mitigate the adverse influence
of stress-sensitive effects.
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