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Abstract: Tortuosity in packed beds or porous media is of significant interest in many fields, from
geoscience to the chemical industry. Tortuosity plays a significant role in the mass transport in porous
media, but also in their residual thermal or electric conductivity when the particles are not conducting.
Several predictive models have been proposed to evaluate tortuosity, but there is still a gap when it
comes to considering various particle shapes. The preponderance of tortuosity models substantiated
in the literature are porosity-dependent while only a few include shape parameters. In this work,
we propose a new model with sphericity and porosity to predict the tortuosity based on thermal
simulations carried out with non-conducting particles for domains with no wall effect. The beds
generated from rigid body simulations are compared and studied for different particle shapes with a
sphericity range of 0.65-1. Sphericity showed a significant effect on the tortuosity compared with
other 3D shape parameters (numbers of faces, edges, and vertices); therefore, only sphericity has
been considered in the new model. The proposed new model is well suited for the porosity range of
0.3 to 0.4. In said ranges, it is an upgrade of the classical Zehner-Bauer-Schliinder (ZBS) model for
the effective thermal conductivity of packed beds, with superior performance.

Keywords: tortuosity; particle shape; packed bed; sphericity; effective thermal conductivity; ZBS model

1. Introduction

Diffusion in packed beds or porous media is particularly of interest for chemical
reactor design [1,2] and in industrial sectors such as food [3], pharmaceutical [4], and
storage technologies [5]. In addition, it is also of importance in the fields of geosciences [6,7],
membrane technology [8], water treatment [9], and electrochemical devices [10] like fuel
cells [11-13] and lithium-ion batteries [14,15]. Gas diffusion or thermal conduction in
porous materials is lower than in an unconfined space due to reduced accessible area on
the cross-section and increased mass transport path length. Hence, the effective diffusion
coefficient, D, sy, in porous media can be expressed as

Deff €
Dio =7 1)

where ¢ is the porosity and Dy is the free-space, molecular diffusivity. Tortuosity, T, is
the ratio of the increased tortuous path length to the thickness of the porous medium.
Therefore, studying tortuosity in porous media is necessary to deeply understand diffusion.
Many studies have regarded tortuosity as a function of the porosity, pore morphology,
and specific surface area, Ass, of porous media, but not as a function of particle shape
parameters, which also have a substantial effect. Hence, it is necessary to investigate the
impact of particle shape parameters on tortuosity.
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In the literature, tortuosity is defined either as physical tortuosity with respect to differ-
ent transport phenomena (hydraulic, electrical, diffusional, thermal tortuosity) [16,17] or as
geometric tortuosity based on material structure and geometry. Several methods have been
reported to capture the geometrical effects: computed tomography with image analysis [18],
path tracking methods [19], and various algorithms to find the shortest path [20-22]. The
physical types of tortuosity are based on numerical simulations: hydraulic tortuosity is
considered for fluid flow and was first accounted for in the widely known Kozeny-Carman
equation to predict the permeability of porous media [23-25], which includes ¢, Ass, T, and
a shape factor (depending on particle shape). In recent times, tortuosity has been mainly
computed from streamlined data of fluid flow simulations utilizing the finite volume
method [26,27] and the lattice Boltzmann method [28,29], additionally, also by volume aver-
aging approaches [30,31]. On the other hand, electrical, diffusional, and thermal tortuosities
use simple transport laws such as Ohm's law, Fick’s law, and Fourier’s law, respectively,
and incorporated in finite volume methods (FVM), finite element methods (FEM), and finite
difference methods [7,10,13,32,33]. Fu et al. [17] and Ghanbarian et al. [16], in their detailed
reviews of these parameters, concluded that electrical, diffusional, and thermal tortuosity
are identical and greater than the geometrical tortuosity. Fu et al. [17] also suggested an
empirical model to find diffusional tortuosity from geometrical tortuosity, pointing out that
geometrical tortuosity may be more fundamental in nature, supported by [16]. However, in
some cases, diffusion has to be described purely based on the diffusional tortuosity, since
the deviations can otherwise be significant at lower porosities [17].

Several empirical models have been proposed which rely entirely on porosity [34—41]
to estimate tortuosity. In these correlation models, researchers have sometimes introduced
special empirical constants based on the grain shape [39,42] or porous structure [43],
also named resistivity factors [44,45]. Respective constants are considered adjustable
parameters in many applications, but they can lead to significant errors when evaluating
tortuosity [17]. Apart from such constants, there is to our knowledge only one theoretical
model by Lanfrey et al. [46] which introduced a particle shape parameter, i.e., sphericity,
¢. However, this model was derived for packed beds of identical particles; therefore, it
predicted exaggeratedly high values of tortuosity compared with experimental results and
other models [16,17].

Despite these numerous models and applications, there is still a significant deficit in
our ability to predict the effect of particle shape on tortuosity. The impact of shape must
be studied to obtain an accurate model, especially in the field of granular materials and
industrial-packed bed systems.

In this work, we concentrate on parameters that can be used to capture the influence
of particle shape on tortuosity and, parallelly, to modify the gas diffusion term in the well-
known standard empirical model by Zehner, Bauer, and Schliinder (ZBS) for the thermal
conductivity of packed beds made of spherical particles [37,47]. In Section 2, we discuss
this and some other models of tortuosity that are subsequently used for comparison with
numerical results. In Section 3, regarding methods, particle shape and shape parameters are
discussed in detail, alongside methods for bed generation, domain selection, and numerical
simulation. In Section 4, bed porosity and simulation results on residual bed conductivity
and tortuosity are compared with existing models and shape parameters. Finally, sphericity
is introduced in the tortuosity equation to obtain a new empirical equation, followed
by conclusions.

2. Tortuosity Models

This section discusses some well-established tortuosity models for packed beds. The
oldest formulation was proposed by Maxwell for the electric conductance of nonconducting
spheres surrounded by a conducting fluid [34]. He provided a porosity—tortuosity relation
given by

T=14+05(1—¢). )
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Maxwell’s analytical derivation, however, has been carried out for dilute particle
systems, i.e., for higher porosity. Better applicable to the low porosity limit might thus
be an equation proposed by Weissberg [36] for both mono-disperse and poly-disperse
packings of spheres,

T=1-05Ine. 3)

Based on numerous experimental results for packed beds and granular systems,
Zehner et al. [47] (in German) came up with the equation

TZS/(l—m) @)

Underlying data are for different materials, including some poly-dispersed and non-
spherical particles, though not precisely characterized. More details on this can be found in
a review [37], alongside the equations of the complete thermal conductivity model, which
is well known as the ZBS model. Comiti and Renaud [39] proposed a logarithmic model
similar to [36] with an additional adjustable parameter, C, which may be a function of
shape, given by

T=1—Clne. (5)

A new unit cell approach was proposed by du Plessis et al. [41] for regular, staggered
arrays of obstacles in stagnant fluid systems,

T=(1-e)(1—VI—¢)+e(l—(1—e)?3). (6)

The equation had good agreement with experimental results from [43], which were
also used in the development of Equation (4) [47]. The only model that explicitly considers
a particle shape parameter is from Lanfrey et al. [46], who introduced sphericity into the
relation. They treated the tortuous path as a sinusoidal line across the particle’s boundary.
The equation obtained was
(1- 8)4/ 3

p*e

The mentioned models are later compared with simulation results.

T=123 )

3. Methods
3.1. Particle Shape and Packing Generation

To understand the effect of particle shape on thermal diffusion and to obtain tortuosity
relations, ten different shapes were chosen based on their different sphericities, with the
volume of the particles kept constant at V, = 27 mm? (Figure 1). Sphericity is calculated
from the ratio of the equal-volume sphere surface area to the particle surface area,

(P 7T1/3(6Vp)2/3 (8)
AP

For the different particle shapes presented in Figure 1, the sphericity ranges from
0.671-1 (Table 1). The aspect ratios were selected close to unity; thus, lower aspect ratios of
the particles are not considered in this study. All shapes shown in Figure 1 are provided
with their 3-dimensional properties. This refers to the number of faces (F), edges (E), and
vertices (V). Properties for all shapes are straightforward, except for the sphere and cylinder.
The sphere could be considered to have an infinite number of faces with zero surface area
each. However, in this work, we will retain the conventional approach that a face must be
of finite surface area and flat. Hence, the number of faces for the sphere is taken as zero,
and the same for edges and vertices. Similarly, the cylinder is considered to only have two
faces and zero vertices. The surface area is provided together with the sphericity in Table 1.
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1. Sphere 2. Icosahedron 3. Dodecahedron 4. Cylinder 5. Octahedron
F:0;E:0;V:0 F:20; E: 30; V: 12 F:12; E: 30; V: 20 F:2;E:2;V:0 F:8;E:12;V:6
\ ‘ /
6. Hexagonal prism 7. Cube 8. Square pyramid 9. Triangular prism 10. Tetrahedron
F: 8; E: 18;V: 12 F:6;E:12;V: 8 F:5;E:8;V:5 F:5E:9;V:6 F:4;E:6;V:4

Figure 1. 3D particle shapes considered in this work with shape properties.

Table 1. Overview of sphericity and surface area of all particles together with assigned particle ID
(Apin mm?).

Particle ID Particle Type Surface Area, A, Sphericity, ¢
1 Sphere 43.54 1.000
2 Icosahedron 46.34 0.939
3 Dodecahedron 47.81 0.911
4 Cylinder 49.83 0.874
5 Octahedron 51.47 0.846
6 Hexagonal prism 51.59 0.844
7 Cube 54.00 0.806
8 Square pyramid 60.58 0.719
9 Triangular prism 60.79 0.716
10 Tetrahedron 64.85 0.671

Particle shapes considered in this work, except spherical and cylindrical particles, can
be easily represented with a limited number of surfaces, whereas a sphere needs infinite
surfaces to be perfectly discretized. Hence, a finite number of 930 small surfaces was
used to describe the spherical particle. It has a particle volume that is 0.1% less than the
perfect sphere. This is not a significant difference. Likewise, the cylindrical particle volume
difference was 0.2% for the application of 924 surfaces.

The packed beds were generated by rigid body simulations using Blender, an open-
source and free software for 3D computer graphics [48]. For this purpose, the setup with a
funnel of a height of 50 mm, with a bottom opening identical to the cylinder diameter of m
and a side angle of 45° (Figure 2a) was used. The particles were dropped into the funnel
under gravity along the axial direction. They were placed in arrays of 5 x 5 x 10 tilted by
45° with respect to the vertical axis of the cylinder [49], a total of 12 similar particle arrays
were used to fill the cylinder. The rigid body toolbox in Blender was applied to solve the
laws of motion and particle-particle interactions [50]. In these Blender simulations, the
contact forces were calculated using actual particle surfaces, namely, a triangular surface
mesh called STL files; whereas the discrete element method (DEM) was based on the
sphere [51]. Many researchers have opted for Blender due to its ability to solve for particles
of any polyhedral shape with affordable computational cost [49,52-55].
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Figure 2. (a) Blender simulation of bed filling with particle array of 250 particles and (b) completely
packed bed. (c) The smaller cubical domain highlighted in red was selected for thermal simulations,
it is illustrated here with hexagonal prisms.

Similar simulation parameters were considered as in [49] with the collision shape
being that of the respective convex hull for all forms and spherical for the spherical particles.
The collision margin was considered zero, meaning that face-to-face contacts had no gap
between the particles. Simulations were run until all particles were settled (Figure 2b). For
further thermal simulation, all particle shape packings were generated three times, and
residual conductivities were calculated for the small simulation domains as depicted in
Figure 2c. These values are later on averaged (see Section 3.2). Similarly, the average bed
and domain porosities of the three realizations were used for the following calculations
and comparisons.

3.2. Domain and Thermal Simulations

Figure 2 depicts the cubical domain of 15 x 15 x 15 mm? from the inner region of the
bed that was used for the thermal simulations. This domain was selected based on our
previous work [49], where cubical particle-packed beds were simulated, and a domain study
was carried out using additional micro-computed X-ray tomography (u-CT) measurement
results. The effect of the wall diminishes for (R —r)/d, >3.22 at D/dy = 10.48 (d,, is the
diameter of a sphere of equal volume as the particle with V), = 27 mm?), which is considered
in this work. Regarding domain independence, 15 x 15 x 15 mm? provided the same
results as a larger domain [49].

Thermal numerical simulations were performed using a finite element scheme in the
commercial software ANSYS—Version 2021 R2. The energy equation was solved until
the thermal steady state was achieved. Following model M3 from [56], both phases are
in principle conducting. However, a thermal conductivity of A, = 10~* W/(mK) for the
particles and of A¢ =1 W/(mK) for the gas phase were used in the simulations; thus, the
ratio ky = A,/ A¢ could be considered so small, as to completely neglect the conduction in
the solid phase. The ICEM CFD toolbox from ANSYS was utilized for mesh generation.
The mesh was generated based on the cell size of the interface between the phases. Finally,
a maximum cell size of 0.1 mm (2.6% of d,) was taken after grid independence studies
for all shapes. These are discussed in Section 4.2.1. Temperature boundary values of
50 °C and 20 °C (AT = 30 K) were specified at two opposite faces of the computational
domain, with all other faces at adiabatic conditions. Simulations were carried out for
different shapes with three different realizations and in the two lateral directions, x and
y (refer to Figure 2a). Lateral values were chosen because of the isotropic nature of the
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beds in respective directions, whereas minor differences may occur in the z-direction (axial
direction), as observed in the previous work [49].

The effective thermal conductivity of the beds, Ay, was calculated using Fourier’s
law given by Apeq = gxAx/AT or Ayey = qyAy/AT, where Ax = Ay is the cubical domain
side. For the determination of the heat flux along the direction of heat flow, the volume
integral method is often used in FVM simulations, which is different from the nodal average
used in our previous work [49]. In the literature, the heat flux is generally calculated from
cross-sectional planes either at the boundaries or within the domain, or in FVM by the
volume integral method [57-60]. We compared both methods and found the volume
integral method to be more accurate. Hence, the volume integral method has been chosen
for this work. The elemental values were extracted from the FEM simulations. Heat flux
was calculated by using the equation

N
qx = Z%c,ivi- (9)
i=1

which is the summation of the product of elemental volume fraction v; and elemental
directional heat flux g, ;, with N representing the total number of mesh elements.

Note that when the thermal conductivity of the particles can be neglected, the re-
duced effective thermal conductivity of the bed, kpeg = Apea/Ag, is equal to the reduced
diffusivity of Equation (1). This means it is equivalent to the ratio of porosity and tortu-
osity kpeq(kp — 0) = &/7. Consequently, direct access to the tortuosity of packed beds of
non-spherical particles is provided by the present approach.

4. Results and Discussion
4.1. Packing Results

The particle packing results were compared using the porosities of the bed. The overall
bed porosity and porosity profiles were only obtained for the height of 100 mm from the
bottom of beds, since the major variation of porosity is on the top of the bed, discussed
in [49]. This was performed to eliminate the effect of loose packing at the top of the bed,
which could affect the results. Figure 3a provides the radial distribution of the porosity from
the wall to the center of the cylinder. A drastic variation is observed at the cylinder wall for
all particle shapes. It is followed by the strong oscillation of porosity for higher sphericity
shapes, i.e., from the sphere to the octahedron (¢=1 — 0.876). Oscillations rapidly fade
away for particles with lower sphericity and a lower number of faces, like the tetrahedron
and the triangular prism. Due to the long edges and lower sphericity of these particles,
the particle orientations randomize right after particles adjacent to the cylinder wall. In
many previous studies, it was seen that the wall effect for spherical particles disappears at
around D/dj, = 10 [61], in our case, we used a setup with D/d;, = 10.48. Despite this, we
can see some effect of the wall on the overall porosity of the bed. Therefore, to remove this
effect from further calculations and simulations, the inner region—which is the simulation
domain (red dotted lines)—was considered, as shown in Figure 3a. Henceforth, for further
analysis and comparison, the simulation domain of 15 x 15 x 15 mm3 was investigated.
Figure 3b provides the average bed and domain porosities obtained from three different
realizations with respect to different particle shapes, denoted by particle IDs. The domain
porosities without the wall, top, and bottom effects were smaller than the overall bed
porosities. For further study, these average domain values were considered.
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Figure 3. Porosities for different particle shapes: (a) radial porosity profiles, red-dotted lines rep-
resent the domain considered for thermal simulations and (b) comparison of bed and simulation
domain porosities.

Figure 4 shows a comparison of the relation of different shape parameters with the
porosities of the domain. The porosity deviations for different realizations are mentioned in
Table 2 and are not significant. The general trend in Figure 4a is that of porosity decreasing
with increasing sphericity. However, this trend is weak in total because it is broken and
inverted at very high sphericity (sphere [particle ID 1] and icosahedron [particle ID 2]).
This may be explained by the smaller contact area or rather point contacts between the
particles which result in larger void spaces adjacent to the contacts. Additionally, triangular
prisms (particle ID 9) behave as an outliner and have lower porosity at the same sphericity
compared with pyramids (particle ID 8). Large face contact may be the reason for this
behavior, though not fully understood. Other 3D particle shape parameters, namely the
number of faces, edges, and vertices, have a similar influence, with porosity decreasing
with increasing parameter values (though, again, the trend is coarse and accompanied by
outliners). These parameters are directly correlated, which is discussed in Section 4.4. In
all three graphs (Figure 4b-d), the values for the sphere and the cylinder should not be
overestimated, this is because the definition of the number of faces, edges, and vertices for
those two particle shapes is arguable.

Table 2. Results of ¢, ¢/1, and T for different particle shapes and their deviation among three

realizations.
Particle ID Particle Type £ et T
1 Sphere 0.364 £ 0.0084 0.248 £ 0.0062 1.470 £ 0.0105
2 Icosahedron 0.333 & 0.0016 0.197 4+ 0.0123 1.689 £ 0.0115
3 Dodecahedron 0.315 4+ 0.0117 0.182 + 0.0067 1.731 4 0.1417
4 Cylinder 0.319 & 0.0011 0.179 £ 0.0074 1.777 £ 0.0597
5 Octahedron 0.342 4 0.0044 0.191 + 0.0064 1.791 £ 0.0292
6 Hexagonal prism 0.344 £+ 0.0135 0.194 £ 0.0080 1.769 £ 0.0129
7 Cube 0.356 £ 0.0030 0.194 £+ 0.0049 1.836 £ 0.1276
8 Square pyramid 0.370 £ 0.0046 0.196 £ 0.0055 1.882 £ 0.0359
9 Triangular prism 0.332 £ 0.0075 0.206 + 0.0116 1.838 4= 0.0465
10 Tetrahedron 0.379 £ 0.0098 0.180 £ 0.0009 1.848 £ 0.0296
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Figure 4. Variation of porosity with particle shape parameters for respective particle IDs: (a) spheric-
ity; (b) number of faces; (c) number of edges; and (d) number of vertices.

4.2. Thermal Results
4.2.1. Mesh Independence Study for All Shapes

Mesh independence studies were conducted for all particle shapes with the same
domain of size 15 x 15 x 15 mm?3, as illustrated in Figure 2. The mesh sizing was based
on the interface between the solid and gas phase, on which an unstructured octree mesh
with a tetrahedral shape was placed. This interface mesh was then expanded to a volume
mesh. Consequently, the maximum interface cell size is of importance for the ability of the
simulation to resolve gaps between particles. This cell size varied from 0.09 to 0.15 mm
for the study. This study was performed in the x-direction for all shapes, refer to Figure 2.
The effective thermal conductivity with non-conducting particles, kp.4(k, — 0), which is
equivalent to e/ T (Equation (1)), is calculated using the heat flux obtained from simulations.
The results of the study are depicted in Figure 5, where it is seen that the results are
independent from the mesh for a maximal surface cell size of 0.1 mm, which is 2.6% of d,,.
The change in kpeq(kp — 0) was negligible from either cell size of 0.12 mm or at 0.1 mm.
This was observed for all of the particle shapes; hence, 0.1 mm surface cell size was used for
the simulations for every realization and also in the y-direction (the other lateral direction
perpendicular to x). As mentioned, an average of three realizations in two directions for
each shape is considered for further evaluation.
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Figure 5. Mesh independence study; dotted red represents the region where results are independent
of the mesh size for all particle shapes.

4.2.2. Comparison of Results with Old Models

The average values of bed conductivity and tortuosity obtained from the thermal
simulation are plotted in Figure 6 with the old models previously explained. As mentioned
in Section 2, all the old models, except for the Lanfrey model [46] and potentially also
the Comiti model [39], are described with functions of only porosity. In our simulations,
the range of porosities was relatively small, from 0.31 to 0.38 for all considered particle
shapes. Variation of thermal diffusion in this porosity range was not so drastic; tortuosity
was around 1.4 to 1.9, spherical particles being the outliner of the trend. When comparing
models, the ZBS model (Equation (4)) has good agreement as observed in Figure 6a,b. The
other model close to the simulation results was the du Plessis model [41] (Equation (6))
although they considered an isotropic staggered system for prediction, whereas in our
simulations we had local anisotropy. The Comiti model uses an adjustable parameter
(C = 0.63 or 0.41, for cubes and spheres, respectively) to define the pore structure for
different shapes. The values shown in Figure 6 are better described when using the Comiti
model with C = 0.63 for cubes. In Figure 6, the Lanfrey model [46] has been used with
¢ = 0.806, also for cubes. Sphericity can be considered in this model, but the values of
tortuosity obtained are much higher than our simulation results for cubes as well as for
the other investigated particle shapes. This means that predictions by this model are
highly exaggerating the tortuosity. Lanfrey et al. [46] only used a relation of bed porosity
with sphericity for their model development, experimental values on diffusion were not
available during their work. Additionally, the sphericities (¢ = 0-0.55) for determining their
model were on the opposite side of the spectrum investigated in our work (¢ = 0.671-1),
which is a possible reason for these differences.
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Figure 6. Comparison of simulated results with prediction models: Equation (2) [34];
Equation (3) [36]; Equation (4) [47]; Equation (5) [39] with C = 0.63 for cubes; Equation (7) [46]
with ¢ = 0.806 for cubes; and Equation (6) [41]. (a) Effective residual thermal conductivity or effective
diffusivity and (b) tortuosity.

As shown in Figure 7, the simulated residual conductivities seem close to the ZBS
model equation. Significant deviation seems to be only present for the particle bed made
of spheres. A detailed look at the values in Figure 7b reveals, however, a low R? value
and systematic deviations of the data points along the ZBS curve, which is an indication
of particles with different shape parameters affecting the values. These discrepancies or
dependencies could be avoided by introducing further physical parameters into the ZBS
model (Equation (4)). Respective modification of the ZBS model equation is discussed in
Section 4.4. Prior to that, the dependence of the tortuosity on the particle shape needs to be
studied in Section 4.3.

T T 0.28

—ZBS1970, Eq. 4 \ L7 »1 3 +5v7°9
* Simulation results

//,,z 026H*2-4+6+8<10 .

e 1 —2ZBS1970, Eq. 4, R? = 0.2736
Ve 0.24 .

»” 0.22 1

el [-]

0.18
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(a) (b)

Figure 7. (a) Comparison of residual conductivity results with the ZBS model, Equation (4).
(b) Expanded region of interest shown in green lines in (a).
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4.3. Effect of Particle Shape on Tortuosity

Figure 8 shows the tortuosity results for all shapes as a function of the sphericity of the
particles. The major observation from these results is that tortuosity can be correlated to
sphericity. The respective dependence is steepest for particle sphericity near 1. The results
for packed beds of spheres were, indeed, completely off the tortuosity—porosity curves of
porosity-based models. To quantify the obvious relation between tortuosity and sphericity,
a rigorous curve-fitting procedure has been conducted on the simulated results to obtain a
best-fitting curve based on the power law

T=—ag’ +c. (10)
2 - T T
19} . 1
— FT T e —e——_ e
k-“1.8 i :." s.\ T
2 .
517+ Yo
o \
é \
5161 \
|_. \
\
1.5 * Simulation results M
4 - “Fitted curve, R? = 0.9672
0.6 0.7 0.8 0.9

Sphericity, ¢ [-]

Figure 8. Comparison of bed tortuosity as a sphericity function; dotted line represents the correlation
of simulation data according to Equation (10).

The coefficients of the correlation were determined as a = 0.382, b = 12.36, and ¢ = 1.851,
respectively. With these coefficients, Equation (10) yielded an R? value of 0.9672, which
shows good agreement for the sphericity range used in this work, i.e., ¢ = 0.65-1. However,
it will be further refined, as be seen in Section 4.4.

In Figure 9, fitting curves of tortuosity are shown with other 3D particle shape parame-
ters: number of faces, edges, and vertices. These fitting curves were obtained by excluding
the spheres for the previously mentioned reason of disputable geometrical definitions that
make these values outliers. Irrespective of this data, the trend of the results with all men-
tioned particle shape parameters was similar, which was also observed in the correlation
matrix for the parameters shown in Figure 10, to be discussed in Section 4.4. The best
curve fits derived employing power law fitting are also depicted in Figure 9. The results
were found to be unusual, especially the coefficients. The coefficients are nearly identical,
with the prefactor at around 2 and the exponent at around —0.056. This shows a strong
inter-dependency between said geometrical parameters. Hence, it can be inferred that the
tortuosity has the same relationship with the number of faces, the number of edges, and
the number of vertices.
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Figure 9. Effect of particle shape parameters on tortuosity with fitted curves: (a) number of faces;

(b) number of edges; and (¢) number of vertices.
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Figure 10. Correlation matrix between various parameters, where red represents a strong correlation.

4.4. Modification of Tortuosity Equation—ZBS Model

A correlation matrix was created to understand the relation between parameters and
their strength, as outlined in Figure 10. In this matrix, the correlation coefficients vary from
—1 to 1, where negative represents an inverse correlation and positive value stands for
a direct correlation. Values approaching zero indicate weakly related variables, whereas
variables with a correlation coefficient close to one are strongly related. From the obtained
matrix, the following observations can be deduced:

Porosity for our range of simulations was found to have a weak correlation to tor-
tuosity, which is also observed in Figure 6b. Hence, the effect of other parameters
is essential.

When considering F, E, and V, these variables are strongly interrelated to each other
but weakly related to tortuosity. With porosity, they are moderately inversely related.
This effect is detected in Figure 4, where higher porosities can be seen for lower values
of F,E,and V.

As already indicated, sphericity dominates the correlation coefficient analysis for
tortuosity, with those variables being proportional to each other.

Henceforth, for further expansion of the model, only the sphericity shape parameter
was considered.

To introduce the sphericity in the tortuosity equation, the earlier derived fitted curve of
Equation (11) with the ZBS model, Equation (4) was preferred for modification. Moreover,
the ZBS model tortuosity was selected for being in better agreement with the simulated
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results than tortuosities from other models. A closer look into Equation (10) shows that the
coefficient c is close to the tortuosity of the ZBS model according to Equation (4). Therefore,
the coefficient c is replaced by tzps", which is a function of porosity and where n accounts
for an increase of tortuosity with respect to simulated results. On the other hand, in the
first term, which includes the sphericity, the coefficient a is replaced by porosity, and the
sphericity dependency is accounted by the exponent m (replacing b). This term subtracts
the effect of sphericity from the porosity-only relation (second term). The finally proposed
tortuosity equation derived from Equation (10) is
Trinal = —€9"" + Tzps" (11)
The same fitting method is again applied to the simulated results. The empirical con-
stants of m = 8.8788 and n = 1.0534 were obtained. Using these coefficients, Equation (11)
reproduces the data with R? = 0.9562, similar to Equation (10). The proposed model is com-
pared with the old model from Lanfrey et al. [46] in Figure 11a. This model had a sphericity
relation with tortuosity, but it is completely off the present simulations. Figure 11b demon-
strates the accuracy of the proposed model compared with simulation results and to the ZBS
model without sphericity term. However, it should be noted that Equation (11) has been
derived considering limited ranges of porosity and sphericity, ¢ = 0.3-0.4 and ¢ = 0.65-1,
respectively. In these ranges, sphericity has an at least equally strong influence as porosity.
Large changes in porosity, however, may increase its influence compared with the influence
of sphericity. Thus, this work should be regarded as a first step in deriving a univer-
sal model to predict tortuosity based on particle parameters. Adding more parameters,
like aspect ratios and pore morphology, could provide a model usable for a wide range
of porosity.

5 T T 2 T T T T T X3
¢ = Simulation results ,,/
45F -+-Eq. 11, R? = 0.9562] 1ol e
4t -+-Lanfrey2010, Eq. 7 | ’ },,
E -—|1 8 | - - .- n /’:l
* 3.5} L =1 St
> ¢ - o
S 3f L A 4] IR
4 3 MRS 4 . 817 o
=1 B R
T 25 o o .
o ] o 1.6 7
= ,
2 [ ’/
[ RETLITII [ O R | R, -, e, PR . L 1 5 ”
15— 1 ' Rod * Eq. 11
7 = ZBS1970, Eq. 4
1 - . . L L L 1.4 L . L T T
0.65 0.7 0.75 0.8 0.85 0.9 0.95 1.4 1.5 1.6 1.7 1.8 1.9 2

Sphericity, ¢ [-]
(a)

Simulated 7 [-]

(b)

Figure 11. (a) Comparison of the change in tortuosity with sphericity according to the proposed
model and the Lanfrey model and (b) comparison between simulated tortuosity values with ZBS
predictions and with values predicted by the here developed model, according to Equation (11).

5. Conclusions and Outlook

In this article, we studied how particle shape can affect the pore morphology of
random packings resulting in a change of tortuosity, the primary parameter to characterize
mass transport in porous media. Different particle shapes with a sphericity range of 0.671-1
were studied. The bed structures were created using rigid body simulation in the software
Blender, from which domains for numerical simulations were considered without wall
effect. Residual effective thermal conductivities or diffusivities were investigated using
thermal simulations considering a non-conducting solid phase. Tortuosities were calculated
and compared with different porosity-based models; the ZBS model [47] obtained from
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a large set of experiments was closest compared with other models. However, even this
model was found to have some deviation from simulation data, caused by the influence of
particle shape.

The attained tortuosity had a stronger relation to sphericity than to the number of
faces, edges, and vertices when analyzed by the means of a correlation matrix. The number
of faces, edges, and vertices had an almost identical effect on the tortuosity and dominant
interdependency, which was interesting and somehow unusual. Hence, a new model was
proposed by only introducing sphericity into the ZBS model. The proposed model was
established by subtracting a new tortuosity term with porosity and sphericity from the
ZBS model tortuosity, corresponding to the equation tp;,;; = —e¢™ + Tzps”. The model
exhibits very good results in the higher sphericity range and porosity of 0.3-0.4. Future
improvements may use particles with different aspect ratios and non-regular shapes in
order to widen the range of model applicability in regard to sphericity. Additionally, other
packing methods may be considered to cover a broader range of porosity. Such results
would help to further generalize the model for use in various applications that involve the
conductance of particle systems.
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Abbreviations

a, b, ¢ fitting coefficients, Equation (10) -

Ap particle surface area m
Ass specific surface area m!
C adjusting parameter [39] -

D cylinder/bed diameter m

Dy coefficient of unconfined diffusion m?/s
D.gf effective diffusion coefficient m?/s
dy diameter of equivalent volume sphere m

E number of particle edges -
F number of particle faces -
kp ratio of particle-to-gas conductivity -
Ked ratio of bed-to-gas conductivity -
m empirical constant, Equation (11) -
n empirical constant, Equation (11) -
N number of mesh elements -
qx

total directional heat flux W/m?2
Ax,i directional heat flux of element W /m?
R bed radius m
v; volume fraction of mesh element -
Vv number of particle vertices -
Vi particle volume m?
€ porosity -
Ap particle conductivity W/ (mK)
Ag gas conductivity W/(mK)
Abped effective bed conductivity W/(mK)
T tortuosity -

T7BS tortuosity from the ZBS model, Equation (4) [47] -
¢ sphericity -
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