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Abstract: This paper focuses on the frequency domain fluid–structure interaction (FSI) vibration
characteristics of aircraft hydraulic pipe with complex constraints. The linear partial differential
fourteen-equation model is applied to describe the nonlinear FSI dynamics of pipes conveying fluid
with high-speed, high-pressure, a wide Reynolds number, and the vibration frequency range. The
excitation, complex boundary, and middle constraint models of liquid-filled pipes are analytically
established and added into the global model of the pipe system. These resulting models are solved
by the improved Laplace transform transfer matrix method (LTTMM) in the frequency domain. Then,
the dynamic response characteristics of an aircraft hydraulic pipe containing diverse constraints
are investigated numerically and experimentally under four types of working conditions, and the
improvement conditions for the numerical instabilities are presented. In general, the present method
is highly efficient and convenient for rapid model parameter modifications, in order to be fully
applicable to different pipe systems and analysis cases. The results reveal the complex resonant laws
regarding aircraft hydraulic pipes with complex constraints in the broad frequency band, which can
also provide theoretical reference and technical support for FSI vibration analysis and the control of
aircraft hydraulic pipes.

Keywords: hydraulic pipe; complex constraints; fluid–structure interaction; frequency domain;
Laplace transform transfer matrix method

1. Introduction

The frequency range and intensity of fluid fluctuations in aircraft hydraulic systems are
widened and aggravated due to high-velocity and -pressure conditions, and the vibration
modes of aircraft hydraulic pipes are diverse, on account of the complex pipe structures
or multiple structural supports, as well as a wide range of external excitations. The
resulting fluid–structure interaction (FSI) vibration can easily cause pipe rupture and
leakage failure, thus threatening the reliability of the hydraulic systems and safety of the
aircraft. Therefore, it is a significant research work to investigate the frequency domain FSI
vibration characteristics of aircraft hydraulic pipes.

Considerable research regarding the FSI nonlinear dynamics characteristics of aircraft
hydraulic pipes has been reported in the past years [1–12]. The precondition for analyz-
ing these dynamic behaviors was to establish an accurate mathematical model. Many
researchers deduced the dynamics model for pipes conveying fluid, and linear partial
differential equations were used for the relevant study in this paper. The typical existing
research results and status are summarized. Skalak [13] defined the fundamental four-
equation model as describing the axial vibration of pipes conveying fluid, where the water
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hammer model was coupled to two equations regarding the axial force model for the pipe;
the friction and damping effects were disregarded. Then, by considering Poisson coupling
and factors for the pipe wall thickness, the four-equation model was further modified and
extended by Wiggert et al. and Tijsseling [14,15] to have smaller correction terms, and it
achieved good predictions of a straight single pipe in a pipe system [16]. Based on the
theory of inviscid compressible fluid pressure pulses in a thin-walled pipe, Walker and
Phillips [17] developed the six-equation model, and it was applied to the numerical solution
of a water-filled copper pipe with a cap under an axial impulsive force. The eight-equation
model, used to describe plane elbow, was first proposed by Davidson and Smith [18] and
includes four axial vibration equations and four transverse vibration equations. Gale and
Tiselj [19] improved Skalak’s four-equation model by adding four Timoshenko’s beam
equations and presented the eight-equation model for the description of the two-way
fluid–structure interaction of both one-dimensional pipes and two-dimensional planar
pipes with arbitrary shape; this model was successfully applied to the numerical simulation
of the tank–pipe–valve system. Wilkinson [20] proposed the fourteen-equation model
based on the Bernoulli–Euler beam model, and transfer matrices and equations repre-
senting boundary various conditions were derived. Then, the fourteen-equation model
was extended and widely used by many scholars [21–24] for modelling fluid pulsation,
Poisson coupling, friction coupling, junction coupling, deformation of the pipe in various
directions, extra mass, springs, and various complex boundary conditions. Moreover, the
fourteen-equation model has been applied to the analysis of some complex engineering
environments [1,4,10,23,25], and it has become the most systemic model at present. No-
tably, Tan et al. [26] found that Timoshenko beam theory is more suitable for studying the
vibration characteristics of pipes conveying high-speed fluid. Therefore, the engineering
application and verification of the fourteen-equation model based on Timoshenko beam
theory in high-speed fluid transmission pipes deserve further study.

In the above-mentioned models, only semi-analytical or numerical methods can be
used for solving; the representative methods are as follows: method of characteristics
(MOC) [14,27–30], finite element method (FEM) [31–33], MOC–FEM [34,35], and transfer
matrix method (TMM) [1,4,10,21,23–25,36–39]. MOC and MOC–FEM are especially used
for fluid transient response analysis in the time domain, while FEM and TMM are widely
used for forced vibration response in the frequency domain [1]. FEM is the most common
method for analyzing complex pipe structures; however, FEM requires a better quality
mesh to ensure solution precision at high frequencies [3], which will consume a lot of
computing time and memory resources [36]. Compared with FEM, the TMM can not
only construct the governing equation more easily, but it can also lessen the amount of
calculation; therefore, the TMM is easily adaptable to industrial applications. The typical
existing research works are summarized. Considering straight and uniformly curved tubing
segments as a one-dimensional distributed parameter system, Tentarelli [21] proposed an
appropriate set of dynamic models and analytical methods that were applicable to simple
sections and complex pipe systems, and they were based on the TMM. Lesmez et al. [39]
deduced the overall transfer matrix of the pipe system conveying fluid; the corresponding
state vectors of the pipe and fluid were provided, and the modal analysis of pipe was
carried out and verified. By comparing the difference between the direct numerical analysis
in frequency domain and frequency domain results obtained from the time domain via
Laplace transform, Zhang and Tijsseling et al. [38] proposed a frequency domain solution
method based on the Laplace transform transfer matrix method (LTTMM) and verified by
the typical tests designed by Dundee University and Delft Hydraulic Research Institute.
Xu et al. [24] used the fourteen-equation model to describe the FSI in liquid-filled complex
pipelines and proposed a general solution method to predict the frequency response of
multi-branch pipes based on the transfer matrix method. A series of theoretical research was
carried out by the Harbin Engineering University research team [23,36,37,40]. A transfer
matrix method in the frequency domain that considered the FSI of the liquid-filled pipes
with elastic constraints was proposed by using the point transfer matrix. The fluid pressure
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and vibrations of branched pipes were analyzed based on an absorbing transfer matrix
method in the frequency domain. The application range of various types of models and
simulation algorithms of fluid-filled pipe systems that considered the FSI in the frequency
domain were compared and discussed. Based on the transfer matrix method, the Yanshan
University research team [1,4,10,25] carried out theoretical research and experimental
verification of FSI vibration of aircraft hydraulic pipes, which broadens the application
range of the transfer matrix method in engineering practice. From the above review, it can
be seen that TMM has been widely used in the vibration problems of pipes conveying fluid,
due to its good adaptability, compared with other solution methods.

The aforementioned studies dealt with mathematical models and analysis methods
that are sufficient to handle the FSI dynamics of simple fluid-conveying pipe systems,
and the constraints are limited only to simple excitation and boundary conditions. More
extensive mathematical models for a wide range of fluid pressures, Reynolds numbers,
and the wide-range vibration frequencies of the structures (the constraints of which can
describe arbitrary excitation and boundary conditions) deserve further investigation. In
addition, as a calculation method applicable to cascaded structures, the TMM requires the
assembly of multiple matrix cells. The calculation cases of complex pipes for directing
practice in the engineering field and problem of overflow in the calculation and calculation
result instability in high-frequency ranges need to be further discussed.

The present work developed a more comprehensive FSI governing the equations of
three-dimensional space pipes conveying fluid. The excitation, complex boundary, and
middle constraint models were established and added into the global model of the pipe
system. Further, the unified expression of the improved Laplace transform transfer matrix
method (LTTMM) for solving the FSI governing the equations was derived, forming the
frequency methodology to solve for hydraulic pipe systems containing diverse constraints.
Then, the frequency domain FSI response of an aircraft hydraulic pipeline containing
diverse constraints under various cases was analyzed through numerical and experimental
methods, and the results reveal the complex resonant laws regarding aircraft hydraulic
pipes with complex constraints in the broad frequency band and prove the accuracy and
efficiency of the presented method.

2. Theoretical Modeling
2.1. FSI Fourteen-Equation Model

An aircraft hydraulic pipe is thin-walled and slender, with wide vibration frequency
and large fluid velocity in the pipe, which is more suitable for simulation via Timoshenko
beam theory. Fourteen partial differential equations that describe the pipe conveying fluid
(Figure 1) were established based on the acoustic wave equation and Timoshenko beam
dynamic model, which describe the fluid dynamics and axial/flexural/torsional motions
of the pipe in three-dimensional space, thus basically containing two equations of fluid
motion and three sets of twelve equations of pipe motion. The fundamental assumptions
and applicable conditions of the governing equations refer to the published literature [1].

1. The axial motion.
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2. The flexural motion in the x-z plane.
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3. The flexural motion in y-z plane.
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4. The torsional motion about z axis.
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in Equation (2)
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where τws represents the wall shear friction in steady flow; τwuz and τwub, respectively,
denote the Zielke and Brunone additional wall shear friction in unsteady flow. Note
that, at this point, the selection coefficient k is set to 1 when the flow form has
transient laminar flow or low-Reynolds-number turbulence (Re < 2320); instead, k is
set to 0 when the flow form has unsteady turbulence and high-Reynolds-number
turbulence (Re > 2320) [4]. Accordingly, the following parameters are introduced:
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Fourteen system variables in the above Equations (1)–(14) could be written as a state vector:

Φ(z, t) =
[
V P

.
wz fz My

.
θy

.
wx fx Mx

.
θx

.
wy fy

.
θz Mz

]T
(19)

Then, the matrix expression of the fourteen equations can be expressed as:

A
∂Φ(z, t)

∂t
+ B

∂Φ(z, t)
∂z

+ CΦ(z, t) + D = y(z, t) (20)

Here, A, B, and C are coefficient matrices within the dimensional scales of 14 multiplied
by 14. A and B are the constant terms of time and space differentiation, respectively. C and
D are coefficient matrices, including friction and viscous damping and gravity, respectively;
vector y describes the external excitation.

2.2. Boundary and Excitation Model

In the practical piping system, there are complex excitations, boundary conditions, and
pipeline supports. Establishing accurate constraints model is a very crucial step for solving
the dynamic equations of the pipe conveying fluid. Referring to the fundamental ideas
in [24], pipe constraints mainly include external excitations (fluid excitation, mechanical
shock, and simple harmonic vibration), boundary conditions (pipe end closure, velocity
boundary, and pressure boundary), and the middle constraints that exist at the positions of
the supports. The constraint modeling with the time domain method has been presented by
the authors [1]—that, in the frequency domain, will be discussed in this section. It should
be noted that the method proposed here for complex excitations can also be used in pipe
systems, not just for a single pipe.

For the boundary at both ends of the pipe, it can be assumed that there exists a virtual
mechanical node between the external excitation and pipe ends, which have a force balance
relationship and motion continuity. The force balance and local coordinate systems for
the boundary nodes at the ends of the pipe are shown in Figure 2, supposing one node as
the analysis object, where Fx, Fy, and Fz are constraint forces (including inertial force) in
three directions, respectively, Tx, Ty, and Tz are constraint moments, and Fr is the external
excitation. Additionally, if the actual pipe is an open end, the fluid force A f P will be
ignored, and the extra mass of the node needs to be considered, in case the pipe ends with
lumped mass.



Processes 2022, 10, 1161 6 of 23

Processes 2022, 10, x FOR PEER REVIEW 6 of 23 
 

as the analysis object, where xF , yF , and zF  are constraint forces (including inertial 

force) in three directions, respectively, xT , yT , and zT  are constraint moments, and rF  
is the external excitation. Additionally, if the actual pipe is an open end, the fluid force 

fA P  will be ignored, and the extra mass of the node needs to be considered, in case the 
pipe ends with lumped mass. 

 
Figure 2. Local coordinate systems of boundary nodes. Reprinted with permission from Ref. [24]. 
Copyright © 2013 Elsevier Ltd. All rights reserved. 

For the fourteen-equation model, there are seven boundary equations at each pipe 
end, and the corresponding excitation vectors can be written as: 

s s s s s s s s

s s s s s s s s

×

×

    =   

    =   

T

7
T

1

7 1

0 ( ) (0, ) (0, ) (0, ) (0, ) (0, ) (0, ) (0, )

( ) ( , ) ( , ) ( , ) ( , ) ( , ) ( , ) ( , )

ez ex ey ey ex ez

L ez ex ey ey ex ez

f f M f M M

L f L f L M L f M

V

V L L M L

Q

Q
(21) 

The above formula indicates that the first element of each vector is fluid excitation, 
and the other six elements correspond to the force and moment equations of three motion 
planes, respectively. 

According to Equation (36), the boundary matrices of two pipe ends can be defined 
correspondingly. Then, the boundary matrices of the closed ends, considering elastic re-
straint, extra mass, and inertia, can be written as: 

s

 − 
 − − 
 − 
 −=  
 −
 
 − 
 

−  

(0)

(0)

(0)0

(0)

(0)

(0)

1 0 1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0

0 0 0 0 1 0 0 0 0 0 0 0 0

0 0 0 0 0 0 1 0 0 0 0 0 0( )
0 0 0 0 0 0 0 0 1 0 0 0 0

0 0 0 0 0 0 0 0 0 0 1 0 0

0 0 0 0 0 0 0 0 0 0 0 0 1

f z

y

x

x

y

z

A K

T

K

T

K

T

D  (22) 

L s

 − 
 − 
 
 
 =  
 
 
 
 
  

(0)

(0)

(0)

(0)

(0)

(0)

1 0 1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0

0 0 0 0 1 0 0 0 0 0 0 0 0

0 0 0 0 0 0 1 0 0 0 0 0 0( )
0 0 0 0 0 0 0 0 1 0 0 0 0

0 0 0 0 0 0 0 0 0 0 1 0 0

0 0 0 0 0 0 0 0 0 0 0 0 1

f z

y

x

x

y

z

A K

K

T

K

T

T

D  (23) 

where 

z=0 z=l

fymy

fzmz
fxmx

AfP
Fr

fymy fzmz

fxmx
AfP

Fr

FzTz

FyTy

FxTx
FzTz

FyTy

FxTx

z zu ψx xu ψ

 y yu ψ

z zu ψx xu ψ

 y yu ψ

Figure 2. Local coordinate systems of boundary nodes. Reprinted with permission from Ref. [24].
Copyright © 2013 Elsevier Ltd. All rights reserved.

For the fourteen-equation model, there are seven boundary equations at each pipe
end, and the corresponding excitation vectors can be written as:{

[Q0(s)]7×1 =
[

V(0, s) fez(0, s) fex(0, s) Mey(0, s) fey(0, s) Mex(0, s) Mez(0, s)
]T

[QL(s)]7×1 =
[

V(L, s) fez(L, s) fex(L, s) Mey(L, s) fey(L, s) Mex(L, s) Mez(L, s)
]T (21)

The above formula indicates that the first element of each vector is fluid excitation,
and the other six elements correspond to the force and moment equations of three motion
planes, respectively.

According to Equation (36), the boundary matrices of two pipe ends can be defined
correspondingly. Then, the boundary matrices of the closed ends, considering elastic
restraint, extra mass, and inertia, can be written as:

D0(s) =



1 0 −1 0 0 0 0 0 0 0 0 0 0 0
0 −A f −Kz(0) 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 −Ty(0) 0 0 0 0 0 0 0 0
0 0 0 0 0 0 −Kx(0) 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 −Tx(0) 0 0 0 0
0 0 0 0 0 0 0 0 0 0 −Ky(0) 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 −Tz(0) 1


(22)

DL(s) =



1 0 −1 0 0 0 0 0 0 0 0 0 0 0
0 −A f Kz(0) 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 Ky(0) 0 0 0 0 0 0 0 0
0 0 0 0 0 0 Tx(0) 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 Kx(0) 0 0 0 0
0 0 0 0 0 0 0 0 0 0 Ty(0) 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 Tz(0) 1


(23)

where  Kx(i) =
kx(i)

s + mc(i)s, Ky(j) =
ky(i)

s + mc(i)s, Kz(j) =
kz(i)

s + mc(i)s

Tx(i) =
tx(i)

s , Ty(i) =
ty(i)

s , Tz(i) =
tz(i)

s

(24)

where K(i) and T(i) are linear velocity impedance and rotational angular velocity impedance
coefficients, respectively. k, t, and mc are the linear stiffness, torsional stiffness, and extra
mass, respectively. For free or fixed support, the stiffness coefficients are set to zero or a
large value, respectively; for elastic support, the values of each coefficient need to be set
according to the specific constraints.
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Given all of that, the complex boundary conditions and external excitations of the pipe
can be characterized via modifying the first-row coefficient of the boundary matrix and
first element of the excitation vector, so as to calculate the complex constraints at both pipe
ends in the presented method.

2.3. Middle Constraint Model

As the most common configuration of hydraulic pipe systems, the cascaded pipe
usually consists of a series of straight pipe sections and elbow units. Regarding the side
pipes of the connection node as different pipe sections, the force balance and motion
continuity of the node at the middle constraint are shown in Figure 3.
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Figure 3. Local coordinate systems of middle node. Reprinted with permission from Ref. [24].
Copyright © 2013 Elsevier Ltd. All rights reserved.

Based on the point transfer matrix method defined by TMM, the state vectors at both
sides of the middle constraint node are provided:

Φ̃i+1(0, s) = Ni(s)Φ̃i(Li, s) (25)

where the middle constraint matrix Ni is provided as follows, which can describe as free,
fixed, and other complex constraints by changing its impedance coefficients.

Ni =



1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 Kzi 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 Tyi 1 0 0 0 0 0 0 0
0 0 0 0 0 0 Kxi 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 Txi 1 0 0 0
0 0 0 0 0 0 0 0 0 0 Kyi 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 Tzi 1



(26)

Terms K(i) and T(i) are the linear velocity impedance and rotational angular velocity
impedance, which are the same as those defined in Equations (24), and can be estimated
via the finite element method or a test.

Note that, at this point, the middle constraint matrix represents the transfer relation-
ship for the discontinuous character of the cascaded pipe (Figure 4), which is defined as a
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unit matrix when no constraints exist; the pipe areas are equal at the connections between
the two pipe sections.
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Figure 4. Schematic of the cascaded pipe units and nodes. Reprinted with permission from Ref. [24].
Copyright © 2013 Elsevier Ltd. All rights reserved.

The global transfer matrix is proposed to solve the cascaded pipe with complex
middle constraints, which can be derived by multiplying a series of related field and point
transfer matrices.

Uall(s) = UN(LN , s) · · ·Ui+1(Li+1, s)Ni(s)Ui(Li, s) · · ·U1(L1, s) (27)

The calculation procedures of Ni and Uall(ti), see Equations (35)–(40).

3. Laplace Transform Transfer Matrix Method

The TMM has been comprehensively applied to FSI analysis in piping systems.
Figure 5 shows the state vectors and correlated matrix relations of the single pipe sec-
tion and cascaded pipe with middle support.
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Figure 5. Transfer matrices of pipe. (a) Field transfer matrix. (b) Point transfer matrix. Reprinted
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The fourteen-equation model can be accurately solved in the frequency domain,
and the LTMM for the fourteen partial differential equations is derived in this section;
meanwhile, some improvements and expansions are also performed.

Equation (20) provides the matrix expression of the fourteen equations; then, let
A∗ = sA + C, y∗(z, s) = ỹ(z, s)− 1

s D− AΦ(z, t)|t=0. Equation (28) can be obtained via
Laplace transform:

Φ̃(z, s) + A∗−1B
∂Φ̃(z, s)

∂z
= A∗−1y∗(z, s) (28)

where Φ̃(z, s) =
∫ ∞

0 e−stΦ(z, t)dt, ỹ(z, s) =
∫ ∞

0 e−sty(z, t)dt.
η̃(z, s) = V−1Φ̃(z, s), η̃r(z, s) = V−1A−1y∗(z, s), Equation (28) can be simplified as:

∂η̃(z, s)
∂z

+ T−1η̃(z, s) = T−1η̃r(z, s) (29)

where T = diag{λ1(s), λ2(s), · · · λ14(s)} and V = [ξ1(s) ξ2(s) · · · ξ14(s)]
T are the eigen-

values and eigenvector of A∗−1B, respectively.
Evidently, the linear ordinary differential Equation (29) can be solved as:

η̃(z, s) = E(z, s)η̃0(s) + η̃∗r (z, s) (30)
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where
E(z, s) = diag{ e(−sz/λ1(s)), e(−sz/λ2(s)), · · · , e(−sz/λ14(s))}
η̃∗r (z, s) =

(
η̃1(z, s) η̃2(z, s) · · · η̃14(z, s)

)
η̃i(z, s) = se−sz/λi(s)

λi(s)

∫ z
0 η̃ri(x, s)esx/λi(s)dx = η̃ri(z, s)

(
1− esx/λi(s)

)
, (1 ≤ i ≤ 14)

(31)

Substituting η̃(z, s) = V−1Φ̃(z, s) into Equation (30) provides:

Φ̃(z, s) = VE(z, s)η̃0(s) + Vη̃∗r (z, s) (32)

Assuming no spatial distributive excitation is acting on the pipe, that means z = 0,
E(0, s) = I14×14, and η̃r(z, s) = 014×1; substituting these parameters into Equation (32) obtains:

η̃0(s) = V−1Φ̃(0, s) (33)

Substituting Equation (33) into Equation (32) obtains:

Φ̃(z, s) = VE(z, s)V−1Φ̃(0, s) (34)

The solution of the fourteen equations can be written as:

Φ̃(z, s) = U(z, s)Φ̃(0, s) (35)

Here, U(z, s) = VE(z, s)V−1 represents the field transfer matrix of the pipe.
For the single pipe section with the length L, seven dimensional relations of boundary

and excitation equations exist at each pipe end and are expressed as: [D0(s)]7×14

[
Φ̃0s

]
14×1

= [Q0(s)]7×1

[DL(s)]7×14

[
Φ̃Ls

]
14×1

= [QL(s)]7×1

(36)

The relation of the two state vectors of the single pipe section could be expressed as:

Φ̃(L, s) = U(L, s)Φ̃(0, s) (37)

For the cascaded pipe, the overall transfer matrix can be expressed by a systematic
multiplication of the field and point transfer matrices:

Uall(s) = UN(LN , s) · · ·Ui(Li, s) · · ·U1(L1, s) (38)

where Ui is the transfer matrix of each pipe unit, and Li is the corresponding length.
Then, the boundary equation of the initial end of the cascaded pipe can be obtained

from Equations (35) and (36):

Φ̃(0, s) = D∗−1(s)Q(s) (39)

where

D∗(s) =
(

D0(s)
DL(s)Uall(s)

)
, Q(s) =

(
Q0(s)
QL(s)

)
(40)

It is easy to obtain Φ̃(0, s) and Uall(s) from Equations (38) and (39); hence, the variables
Φ̃(z, s) of any pipe sections mounted in the cascaded pipe system could be calculated.
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4. Numerical Examples and Validation
4.1. Numerical Methods
4.1.1. Aircraft Hydraulic Pipe Model

In this section, the numerical calculation principles and methods performed for an
aircraft hydraulic pipe contain diverse constraints and are systematically presented, which
include the description of the pipe model and analysis condition, computing procedure of
pipe boundary conditions, external excitations, and middle constraints.

The pipe includes eight straight and four elbow sections. Figure 6 and Table 1 show
the actual structure and detail parameters of the pipe, respectively; it is assumed that the
material properties of each pipe segment are uniform.
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Figure 6. Analysis model of the aircraft hydraulic pipe.

Table 1. Physical parameters of the pipe and fluid.

Name Notation Value Name Notation Value

Pipe length

L1 534.261 mm Bending angle Φ 1.649 rad
L2 72.996 mm Pipe density ρp 7760 kg/m3

L31, L32 61.630 mm Young’s modulus E 190 GPa
L33 123.260 mm Poisson’s ratio υ 0.27
L4 72.996 mm Oil density ρ f 872 kg/m3

L51, L52 267.131 mm Bulk modulus Kf 1.95 GPa

Outer diameter D 9.525 mm Kinematic
viscosity v 19.7 mm2/s

Pipe wall thickness e 0.889 mm Transducer mass ms 0.006 kg

Bending radius R 38.100 mm Hydraulic oil
brand 10# aircraft hydraulic oil

For the above cascaded pipe of verification example, the overall transfer matrix can be
written as:

Uall = UL52 NA2UL51 URUL4URUL33 NPUL32 NA1UL31URUL2URUL1 (41)

where U represents the field transfer matrix of each pipe section; NA and NP represent the
point transfer matrix, considering the extra mass of the accelerometer and extra mass and
stiffness of the elastic clamp, respectively.

The purpose-built verification system for aircraft hydraulic pipes containing diverse
constraints is presented, as shown in Figure 7 (detailed description see Section 4.2). Four
different working conditions and cases are designed to investigate the vibration response
of aircraft hydraulic pipes in a wide range of fluid pressures and Reynolds numbers. Ac-
cording to the pipe diameter and critical Reynolds number (2320) of the smooth cylindrical
pipe [1], the critical flow velocity is V1 = 4.80 m/s; detailed calculation parameters for four
cases are shown in Table 2, when setting the fluid pressures as 5 and 10 MPa, respectively.
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Table 2. Detailed calculation parameters for four cases.

Cases Flow Velocity
(m/s)

Fluid Pressure
(MPa)

Reynolds
Number Fluid State

1 2 5 967.01 Laminar
2 8 5 3868.02 Turbulence
3 2 10 967.01 Laminar
4 8 10 3868.02 Turbulence

4.1.2. Flow Pulsation Excitation

From Figure 7, it appears that the excitation at the left end of the pipe is fluid pulsation,
and the flow fluctuation of hydraulic axial piston pump has been relatively maturely
studied [1]. The rotational speed of the pump is set to 2000 r/min; when setting the
pump flow as 6.82 and 27.3 L/min, the flow velocities are 2 and 8 m/s, respectively.
Figures 8a and 9a show that the flow pulsation of the hydraulic pipe can be obtained, and
their spectra were further obtained in the frequency domain using the FFT method, as
shown in Figures 8b and 9b.
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Figure 8. Flow pulsation excitation (flow velocity is 2 m/s). (a) Pulsation curve in time domain.
(b) Pulsation curve in frequency domain.
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Figure 9. Flow pulsation excitation (flow velocity is 8 m/s). (a) Pulsation curve in time domain.
(b) Pulsation curve in frequency domain.

As shown in Figures 8 and 9, the time domain curves of the flow pulsation change
periodically with time; from the spectrum diagram, it can be seen that there are efficiency
spikes at the fundamental frequency and its multiple frequencies, which means that the
periodic function of the flow pulsation can be superimposed with a series simple harmonic
pulsations. The first four natural frequencies, as well as the corresponding amplitudes, of
the flow pulsation are compared in Table 3.

Table 3. Spectrum characteristics of flow pulsation.

Flow
Velocity

(m/s)
f 1 (Hz) q1 (L/min) f 2 (Hz) q2 (L/min) f 3 (Hz) q3 (L/min) f 4 (Hz) q4 (L/min)

2 227.8 0.033 484.1 0.006 711.9 0.004 939.7 0.003
8 227.8 0.132 484.1 0.024 711.9 0.017 939.7 0.011

The fluid excitation of the pipe can be set by flow velocity Ve in the excitation matrix
Q; the specific method is: superimposing the sine function expressions, corresponding to
the first four order frequencies after Laplace transform, which can be written as:

Ve(s) = VA1ω1/(s2 + ω1
2) + VA2ω2/(s2 + ω2

2) + VA3ω3/(s2 + ω3
2) + VA4ω4/(s2 + ω4

2) (42)

where ω = 2π f and V = Q/A f ; then, the angular frequency and amplitude of flow
velocity spectrum characteristics are obtained, as shown in Table 4.

Table 4. Spectrum characteristics of flow velocity.

Flow
Velocity

(m/s)
ω1 VA1 (m/s) ω2 VA1 (m/s) ω3 VA1 (m/s) ω4 VA1 (m/s)

2 1430.584 0.008 3040.148 0.002 4470.732 0.001 5901.316 0.001
8 1430.584 0.034 3040.148 0.006 4470.732 0.004 5901.316 0.002

The throttle valve with a fixed opening is arranged at the right end of the pipe, where
it has no external excitation. As boundary equations (Equation (21)), the excitation matrices
used for numerical calculation can be expressed as:{

Q0(s) =
[

Ve(s) 0 0 0 0 0 0
]T

QL(s) =
[

0 0 0 0 0 0 0
]T (43)
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4.1.3. Boundary Conditions

The boundary constraints at both ends of the pipeline are fixed supports, setting a
large value (e12) as the stiffness coefficient to achieve the purpose of fixed supports. The
velocity inlet at the left end of the pipe has been discussed above, and the pressure outlet
can be represented by the linearity of the throttle valve, which is mounted at the right end
of the pipe. The relationship between flow and differential pressure at both ends of the
throttle valve is [1]:

P = kq(V −
.

ωz) (44)

where kq is throttle coefficient.
Then, calculate the throttle coefficients of four cases (Table 2), as shown in Table 5.

Table 5. Throttle coefficient of the throttle valve in four cases.

Cases 1 2 3 4

kq 2.5 × 106 6.25 × 105 5 × 106 1.25 × 106

According to Equations (22) and (23), the boundary constraint matrices at the two pipe
ends would be:

D0(s) =



1 0 −1 0 0 0 0 0 0 0 0 0 0 0
0 −A f −Kz(0) 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 −Ty(0) 0 0 0 0 0 0 0 0
0 0 0 0 0 0 −Kx(0) 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 −Tx(0) 0 0 0 0
0 0 0 0 0 0 0 0 0 0 −Ky(0) 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 −Tz(0) 1


(45)

DL(s) =



−kq 1 kq 0 0 0 0 0 0 0 0 0 0 0
0 −A f mLs 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 mLs 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 mLs 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1


(46)

4.1.4. Middle Constraint

Section 2.3 discusses the middle constraint model and points out that the finite ele-
ment analysis of the three-dimensional support model is usually conducted to obtain the
parameters for one-dimensional calculation. A P-type clamp (HB3-25LB10B) containing a
metal band and rubber cushion is used for verification; the detailed finite element modeling
method and equivalent stiffness parameter calculation process for the clamp have been
presented in [1], and the following six degrees of freedom equivalent stiffness parameters
of the P-type clamp (Table 6) are introduced to represent the stiffness impedance coefficient
in the middle constraint matrix.

Table 6. Stiffness parameters of the P-type clamp [1].

Translational Stiffness (N/m) Rotational Stiffness (N·m/rad)

kx ky kz tx ty tz

8.74 × 106 5.84 × 105 7.29 × 106 1830 239 1890

4.2. Experimental Methods

The schematic drawing and detailed layout of the experimental system are shown in
Figure 10, including four major components: the hydraulic pump station unit, test pipe



Processes 2022, 10, 1161 14 of 23

and its installation components, NI measurement system and data acquisition devices, and
detailed specification of the equipment can be found in the appendix summary of [1]. The
hydraulic pump station unit (maximum pressure can approach 35 MPa, with displacement
up to 92 L/min) incorporates a motor-driven, seven-piston axial piston pump. The system
flow can be altered by the swash angle of the hydraulic pump, and the fluid pressure is
controlled by adjusting the opening of the electro-hydraulic proportional throttle valve.
Both ends of the test pipe are connected with a rubber hose and mounted on the test bench.
An elastic clamp is placed in the middle of the pipe and installed on the pipe bracket.
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The fluid signals were constantly monitored via high-resolution flow and pressure
sensors, arranged at the left and right ends of the pipe, respectively. The vibration signals
of the pipe were collected with two lightweight acceleration sensors, which were mounted
at measuring points A and B. The output voltage signals of the sensors were sent to
the dynamic analyzer, in which the A/D convertor was mounted; the converter module
connected via a USB port to a computer with the LabVIEW software, which performed the
real-time data acquisition and sent control signals; then, the signals received in the dynamic
tests were converted into the flow rate, fluid pressure, and vibration velocity.

4.3. Results and Discussions
4.3.1. Dynamic Response Characteristics of Fluid

Numerical calculations and experimental verifications of the dynamic response char-
acteristics of fluid under four cases and configurations were conducted by setting the
rotational speed of the pump to 2000 r/min and pump flow to 6.82 and 27.3 L/min, re-
spectively, as well as adjusting the electro-hydraulic proportional throttle valve to set the
system pressure to 5 and 10 MPa, respectively. The flow rate spectrum curves of the pipe
inlet and fluid pressure spectrum curves of the pipe outlet were obtained, as shown in
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Figures 11 and 12. Further, the comparison results of fluid pulsation harmonic frequencies
are shown in Tables 7 and 8.
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Figure 12. Fluid pressure of pipe outlet. (a) Cases 1 and 2. (b) Cases 3 and 4.

Table 7. Natural frequencies of the flow velocity of pipe inlet.

Cases Item First (Hz) Second (Hz) Third (Hz) Fourth (Hz)

1,2,3,4 TMM
method 228 484 712 940

1,3
Experiment

results 225.97 484.97 714.74 938.52

error (%) 0.89% 0.20% 0.38% 0.16%

2,4
Experiment

results 225.68 485.48 714.82 938.10

error (%) 1.02% 0.31% 0.40% 0.20%

Table 8. Natural frequencies of the fluid pressure of pipe outlet.

Cases Item First (Hz) Second (Hz) Third (Hz) Fourth (Hz)

1,2,3,4 TMM
method 228 484 712 940

1,3
Experiment

results 227.80 481.65 709.40 926.94

error (%) 0.09% 0.49% 0.37% 1.39%

2,4
Experiment

results 228.15 484.55 712.12 930.47

error (%) 0.07% 0.11% 0.02% 1.01%

As shown in Figures 11 and 12, the flow velocity and pressure pulsation curves
ranging from 0~1000 Hz all contain four harmonic frequencies (228, 484, 712, and 940 Hz),
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corresponding to the fluctuation harmonic frequencies of the axial piston pump, which
shows the characteristics of the wide frequency domain and multi-harmonic frequency.
Otherwise, the harmonic amplitude of fluid pulsation in the wide frequency domain shows
an increasing trend, with increasing flow velocity and fluid pressure. It gradually decreases
with the increasing harmonic order, and the change in the fundamental frequency response
amplitude fluctuation is the most obvious. In addition, it can be seen that the variation law
of the pipe outlet pressure spectrum curve is highly consistent with that of the inlet velocity
spectrum curve, indicating that the flow pulsation is the main reason for stimulating the
pressure pulsation, and the pulsation frequencies of both are the same.

Tables 7 and 8 provide the comparison results of the fluid pulsation harmonic frequen-
cies. From the results obtained in various cases, the maximum deviation of the numerical
and experimental results was 1.39%. The amplitudes of both were different, and the nu-
merical results were slightly larger than the experimental results. The principal reason
may be that the absorption of fluid fluctuation was caused by the accumulator and filter
assembled in the experimental system; however, these hydraulic components do not model
comprehensively in numerical calculations. Nevertheless, the accuracy of the presented
method is sufficient and applicable.

4.3.2. Dynamic Response Characteristics of Pipe

Numerical calculations and experimental verifications of the dynamic response char-
acteristics of aircraft hydraulic pipe under four cases were conducted. Set the rotational
speed of the pump to 2000 r/min and adjust the system flow and pressure, respectively, to
match the four configurations in Table 2. The vibration velocity spectrum curves of pipe
points A and B are shown in Figures 13–16, where (a) represents the axial velocity of point
A, (b) represents the radial velocity of point A, (c) represents the axial velocity of point B,
and (d) represents the radial velocity of point B. Further, the comparison results of the pipe
vibration response harmonic frequencies are listed in Tables 9–12.
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Figure 13. Velocity responses of pipe (case 1). (a) Axial velocity of point A. (b) Radial velocity of
point A. (c) Axial velocity of point B. (d) Radial velocity of point B.
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Figure 14. Velocity responses of pipe (case 2). (a) Axial velocity of point A. (b) Radial velocity of
point A. (c) Axial velocity of point B. (d) Radial velocity of point B.
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Figures 13–16 show that fluid pulsation leads to the large-amplitude forced vibration 
of the pipe; they show the vibration characteristics of multi-harmonic points in a wide 
frequency domain. Four obvious harmonic frequencies (228, 484, 712, and 940 Hz) with 
significant resonance peaks appear, ranging from 0~1000 Hz. The harmonic frequencies 
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Figure 15. Velocity responses of pipe (case 3). (a) Axial velocity of point A. (b) Radial velocity of
point A. (c) Axial velocity of point B. (d) Radial velocity of point B.
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Figure 16. Velocity responses of pipe (case 4). (a) Axial velocity of point A. (b) Radial velocity of
point A. (c) Axial velocity of point B. (d) Radial velocity of point B.

Table 9. Resonant frequencies of pipe (case 1).

Order Item First (Hz) Second (Hz) Third (Hz) Fourth (Hz)

TMM method 228 484 712 940

(a)
experiment

results 225.36 496.96 699.72 945.14

error (%) 1.16% 2.68% 1.73% 0.55%

(b)
experiment

results 226.43 486.86 696.08 947.98

error (%) 0.69% 0.59% 2.24% 0.85%

(c)
experiment

results 227.98 497.35 711.54 946.17

error (%) 0.01% 2.76% 0.06% 0.66%

(d)
experiment

results 227.14 484.19 711.05 957.23

error (%) 0.38% 0.04% 0.13% 1.83%

Table 10. Resonant frequencies of pipe (case 2).

Order Item First (Hz) Second (Hz) Third (Hz) Fourth (Hz)

TMM method 228 484 712 940

(a)
Experiment

results 225.08 497.84 696.29 938.25

error (%) 1.28% 2.86% 2.21% 0.19%

(b)
Experiment

results 224.82 489.51 699.60 948.20

error (%) 1.40% 1.14% 1.74% 0.87%

(c)
Experiment

results 226.99 498.32 703.13 941.67

error (%) 0.44% 2.96% 1.25% 0.18%

(d)
Experiment

results 222.28 481.22 703.01 956.00

error (%) 2.51% 0.57% 1.26% 1.70%
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Table 11. Resonant frequencies of pipe (case 3).

Order Item First (Hz) Second (Hz) Third (Hz) Fourth (Hz)

TMM method 228 484 712 940

(a)
Experiment

results 222.06 496.98 699.18 937.25

error (%) 2.60% 2.68% 1.80% 0.29%

(b)
Experiment

results 226.09 485.07 697.24 957.71

error (%) 0.84% 0.22% 2.07% 1.88%

(c)
Experiment

results 228.52 493.49 710.63 955.68

error (%) 0.23% 1.96% 0.19% 1.67%

(d)
Experiment

results 223.59 482.09 698.24 948.25

error (%) 1.93% 0.39% 1.93% 0.88%

Table 12. Resonant frequencies of pipe (case 4).

Order Item First (Hz) Second (Hz) Third (Hz) Fourth (Hz)

TMM method 228 484 712 940

(a)
Experiment

results 224.19 502.87 699.27 968.98

error (%) 1.67% 3.90% 1.79% 3.08%

(b)
Experiment

results 220.72 484.23 713.45 956.63

error (%) 3.19% 0.05% 0.20% 1.77%

(c)
Experiment

results 229.63 488.91 711.10 953.61

error (%) 0.72% 1.02% 0.13% 1.45%

(d)
Experiment

results 228.03 479.45 710.04 949.04

error (%) 0.01% 0.94% 0.28% 0.96%

Figures 13–16 show that fluid pulsation leads to the large-amplitude forced vibration
of the pipe; they show the vibration characteristics of multi-harmonic points in a wide
frequency domain. Four obvious harmonic frequencies (228, 484, 712, and 940 Hz) with
significant resonance peaks appear, ranging from 0~1000 Hz. The harmonic frequencies
of pipe vibrations were consistent with the fourth-order harmonic frequencies of the fluid
pulsation, indicating that, when the fluid harmonic frequencies and modal frequencies of
the pipe come closer, a fluid–structure interaction resonance is caused.

A key point here is that, if the pipe length is not divided properly in the calculation
process, there will be problems of overflow and calculation result instability in the frequency
ranges after 700 Hz (a calculation example is shown in Figure 17). Although it does not
affect the identification of resonant frequencies, the waveform of the response curves will
change, and there will be other error frequencies.

This phenomenon will be more evident when the pipe is long or the calculation
frequency range is wide. In order to avoid this pathological problem, the maximum length
of a single pipe unit “zmax” should meet the following condition when using the transfer
matrix method for calculation:

z2
max ≤

171
cp

√
EIp

M
λmin (47)

where λmin is the wavelength of the bending wave of the smallest pipe wall in all pipe units.
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Figure 17. Calculation results overflow error example (case 1, point A).

When comparing the vibration response of the pipe under four cases, it was found
that the amplitude of the radial vibration response is larger than that of axial vibration,
overall, and the harmonic frequencies appeared obviously, indicating that the flow-induced
vibration of the pipe is mainly large radial vibration, without considering other excitation
sources. Interestingly, the vibration of point A in the high-frequency band mainly appears
as axial vibration; that is because the position of point A is close to the elastic clamp, while
the axial translational stiffness of the clamp is smaller than that of the radial translational
stiffness (Table 6). That is, the axial restraint of the clamp on the pipe is relatively weak,
which will make the axial vibration more obvious in the high-frequency band, indicating
that the reasonable arrangement of the clamps in pipe systems can effectively reduce the
transverse vibration of the pipe.

Moreover, the maximum harmonic response amplitude is the first-order harmonic
frequency, and the pipe vibration velocity amplitude in the wide frequency domain shows a
decreasing trend with the increasing harmonic order, indicating that the energy of the pipe
vibration is mainly concentrated in the first few resonant frequencies. Therefore, increasing
the pipe system’s fundamental frequencies is significant at the initial design phase and can
help avoid low-order vibration frequencies in the pipe and prevent resonances.

The amplitude of pipe vibration response shows an increasing trend with the increas-
ing flow rate, and the resonance frequencies do not change. The amplitude of pipe vibration
response changes little, and the resonance frequencies also have no obvious change when
there are variations in system pressure, indicating that the flow rate mainly affects the am-
plitude of pipe vibration; however, that does not change the vibration frequencies. Pressure
has little effect on the vibration amplitude and frequencies. Therefore, inhibiting flow rate
pulsation is a very effective method for reducing fluid–structure interaction resonance in
pipe systems.

Tables 9–12 provide the comparison results of the pipe vibration response harmonic
frequencies in various cases. The numerical predictions display a satisfied consistence
with experimental observations, and the maximum deviation is 3.90%, which may be
comprehensively caused by errors in theoretical modeling and numerical solution from
analytical approximations, pipe manufacturing errors and mounting deviations, random
noises in test data, etc.

The observation results fully confirm that the presented theoretical model and experi-
mental method can effectively deal with the fluid–structure interaction dynamics of aircraft
hydraulic pipe with complex constraints in the frequency domain.
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5. Conclusions

This paper studies the fluid–structure interaction dynamics of aircraft hydraulic pipes
with complex constraints and boundary conditions, both numerically and experimentally,
in the frequency domain. A partial differential fourteen-equation model accounts for the
effects of pipe wall thickness, and high-speed, high-pressure fluid was applied to describe
the nonlinear FSI dynamics of aircraft hydraulic pipe. The flow pulsation excitation
model, fluid boundary conditions containing the velocity inlet and pressure outlet, and
one-dimensional support constraint model considering the equivalent stiffness parameters
were used to denote the complex constraints. These resulting equations were solved by the
Laplace transform transfer matrix method (LTTMM) in the frequency domain. According
to the numerical and experimental results, displayed in the form of the dynamic response
characteristics of flow velocity, fluid pressure, and pipe vibration velocity, some important
conclusions and interesting features are described as follows.

The developed FSI theoretical model and improved Laplace transform transfer matrix
method (LTTMM) realized, from one analysis case to another, a simple modification of the
matrix model parameters of the fluid and pipe structure, such as fluid excitations, boundary
conditions, and support constraints. The method involves a few unified matrix models and
does not require any modification to the solving course to obtain accurate results, which is
especially suitable for the FSI dynamics analysis of aircraft hydraulic pipe with complex
constraints in the broad frequency range.

The harmonic amplitude of fluid pulsation in pipe systems showed an increasing
trend, with increasing flow velocity and fluid pressure, and it gradually decreased with the
increasing harmonic order. The change in the fundamental frequency response amplitude
fluctuating was the most obvious, and flow pulsation was the main reason for stimulating
the pressure pulsation. Flow-induced forced vibration of the pipe showed the characteristics
of large-amplitude radial vibration and multi-harmonic points, without considering other
excitation sources. The harmonic frequencies of pipe vibration were consistent with the
harmonic frequencies of fluid pulsation. The maximum vibration velocity amplitude of
the pipe was the first-order harmonic frequency, and the vibration velocity amplitude
showed a decreasing trend with increasing harmonic order. The flow rate mainly affects
the amplitude of pipe vibration, but that does not change the vibration frequencies, while
the pressure has little effect on vibration amplitude and frequencies.

Furthermore, from the view of vibration control, a reasonable arrangement of the
clamp in pipe systems can effectively reduce the transverse vibration; thus, increasing the
fundamental frequencies of the pipe can avoid low-order high energy vibration in pipe
systems, and inhibiting flow rate pulsation is a very effective method for reducing FSI
resonance in pipe systems.
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Nomenclature
Nomenclature in Section 2.1.

A Cross-sectional area, m2

D Pipe diameter, m
E Modulus of elasticity, MPa
e Thickness of pipe wall, m
f Forces in cross-section, N
G Shear modulus, Pa
I Flexure moment of inertia, m4

J Polar moment of inertia, m4

K Fluid bulk modulus, MPa
K’ Corrected fluid bulk modulus, MPa
k Shear coefficient
l Length of pipe, m
M Moment, Nm
m Mass, g
R Inner radius of pipe, m
R0 Outer radius of pipe, m
rp Centrifugal radius of fluid, m
P Fluid pressure, MPa
T External moment of onstraints, m4

V Fluid velocity, m/s
v Poisson’s ratio
w Circular frequency, rad/s
.

ω Pipe velocity, m/s
x,y,z Directional subscripts
f,p Structural subscripts
θ Deflection angle of pipe, rad
.
θ Angular velocity of pipe wall, rad/s
β Angle between pipe and horizontal plane, rad
ρ Density, kg/m3

ψ Bending angle of pipe, rad
τ Shear stress of pipe wall, Pa
σ Stress, N/m2

ε Strain
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