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Abstract: The paper presents the dynamics of a 2R planar articulated robot, developed by two original
methods. One is the classical “Lagrangian” adapted by the author, and the second method is
absolutely original. The dynamics of the robot are based in both cases on the variation of the inertial
forces in the mechanism, or practically on the influence of the masses of the moving elements of
the robot. The influence of external loads, weights and the load to be transported is also taken
into account. Another original element of the work is the choice of speeds in such a way that they
correspond to an optimum necessary for the inverse kinematics imposed on the robot. For this reason,
the dynamic operation will be quiet and without large variations or vibrations. If the speeds of the
two electric motors (preferably stepper motors) areadapted to those recommended by the author, the
controller (PID) used will have a very light load. It is even possible to eliminate it if the adjustment
of the two stepper motors (actuators) is performed according to the speeds indicated by the author
of the paper. The kinematic motion imposed by the indicated optimal speeds is dynamically and
successfully checked by both methods used.

Keywords: dynamics; kinematics; articulated robot; Lagrange equation; two stepper actuators

1. Introduction

A definition of the physics or mechanics of dynamics says that it is a branch of me-
chanics (see mechanical meaning 1) that deals with forces and their relationship primarily
with motion, but sometimes with the balance of bodies [1]. Dynamics is the discipline that
deals with the real movement in any field, with it being the most important movement, a
fact for which the dynamic study in mechanics, as well as in other fields, is very important.
However, today, dynamics cover a multitude of aspects, starting from the forces in the
systems and going to the new technologies and technological processes. A methodology
for the flexible implementation of collaborative robots in intelligent production systems is
presented in paper [2]. A method of optimizing the robot arm design by using a kinematic
redundancy resolution technique is presented in paper [3]. Control of the trajectory of
industrial robots using multilayer neural networks driven by iterative control of learning
can be found in paper [4]. The dynamic and friction parameters of an industrial robot with
the identification, comparison, and analysis of repetitiveness, represent other important
aspects of the dynamic and robotic processes in the industry [5]. The impact of gravity
compensation on learning-by-consolidation in goal-setting tasks for robotic manipulators
is a relatively new issue in dynamic disciplines [6]. Another new dynamic aspect is the
mechatronic redesign of a manual assembly workstation in collaboration with wiring
assemblies [7], which can be directly associated with the new technological processes.

Another aspect of the dynamic process appears in paper [8] by developing a high-
speed, low-latency remote-controlled robot hand system. The educational resources ac-
cessible for teaching and learning robotics [9] are also a dynamic aspect, but different
from the physical-mechanical one that we are particularly interested in within this paper.
Dynamic identification of the parameters of an indication mechanism taking into account
the articulated play [10] is a basic dynamic process. The impact of cycle time and payload
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of an industrial robot on resource efficiency [11] is also an important aspect of dynamic
processes. Today, adaptive control of the position (or force) of a robotic manipulator [12,13],
as well as the trajectory control [14-18], are important dynamic processes.

There is no need to discuss the importance of the articulated robots studied in this
paper because today they represent 90% of the industrial robots used almost everywhere,
these articulated robots havethe task of making practically all the components of a car, of
moving and maneuvering them, and then assembling them. Industrial robots are automatic,
programmable machines with multiple axes of motion that can move to perform a task. An
axis of motion is a joint in the body of the robot in which a segment can move. For example,
a three-axis robot can rotate at the base, move its arm up and down, and rotate its grip
at the end of the arm. They impress with their versatility whichallows them to use new
types of application areas. Whether on the floor, ceiling, or wall—thanks to the integrated
power supply and the compact control system—such a well-established system offers
maximum accuracy in the smallest spaces. Safe-Robot functionality enables innovative
automation concepts. Whether it is suitable for rooms with a controlled atmosphere, for
areas with a risk of explosion, with a hygienic or splash-resistant design, it is always
precise and fast in every model and movement. Whether it is dusty, humid, or sterile
environments, such a robot achieves top performance in any environment production.
Robots have penetrated everywhere, including the medical area, in the operating rooms [19].
A special issue in the dynamic processes of robots [20-23] is the study of their kinematics,
closely related to dynamics. Another important dynamic aspect [24,25] is the balancing
technological processes. The influence of forces [26] is in fact that which determines the
dynamic, real operation of all mechanical processes, including robots. In this way, it is
possible to control the trajectory of robots and/or aerospace ships (or drones) [27-37].
Mechanical transmissions actively participate in the performance dynamics of robotic
technological dynamic processes [38,39]. An important aspect in the study of dynamical
systems is the forces of inertia, which can be taken into account by the inertial masses of
the system [40-43].

The main part of a three-axis articulated robot is the two planar movable arms operated
by two actors. This simplified system will be taken into account in this paper [19-23]. The
optimal trajectories of a robot can be synthesized and controlled only by a predictive,
dynamic design, taking into account the dynamic kinematics of the robot [44-53]. No
matter how many degrees of mobility an articulated robotic system has, it will be initially
operated by a rotating platform that orients it quickly in space, which is also its spine, then
two arms resembling a human hand, i.e., an arm and a forearm, in order to then directly
insert the defector, or several additional modules with several degrees of mobility. For this
reason, the main part of the system is the arm and forearm, as will be studied in this paper.

The paper will present two original methods of dynamic study of an articulated
system with two mobilities, with two actuators (preferably stepper actuators). The working
speed proposed by the author for the two actuators will be taken as variable so that all
the positions planned within the reverse kinematics trajectory of the articulated robot
can be reached. In this way, the dynamic operation will be very close to the designed
kinematic one.

The importance of robot dynamics, which is the real workings of robots, has been
reflected in many specialized works since the beginnings of modern robotics. In this area
of mechanism dynamics, the robotics community has focused particularly on the issue
of computational efficiency, with the obvious goal of facilitating dynamic computational
methods with the help of computational ones [54-59]. Thus, many of the most efficient
algorithms in dynamics, which are applicable to a wide class of mechanisms, have also
been developed by researchers in robotics [60]. Computational efficiency continues to be
important for the simulation and control of mechanisms (that are increasingly complex and
that operate at higher speeds), but also other aspects of the problem of contour dynamics
that are becoming important today. In this sense, the algorithms must be clearly formulated
through a compact set of equations in order to facilitate their development and implemen-
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tation. In addition, there must be a clear relationship between these equations and the
recursive set from which the highest computational efficiency is obtained, which is why the
utilization of spatial notations, as well as the algebra of the spatial operator, has increased
the efficiency of dynamical systems and especially robots. It is still important to further
develop algorithms with a more general character, valid in the dynamics of mechanisms as
well as in robots, which have applicability to robotic mechanisms with general geometries
and joint structures, which is why, based on the study of such classical systems [44—46],
the author of this paper wish to present for the first time two new general algorithms for
dynamic calculation of mechanisms, with applicability to articulated industrial robots,
the most frequently used today in world robotics (in a proportion of over 90% of total
industrial robots).

Between the years 2000 and 2008, the novelties in dynamics remained the same as
those of the 20th century, using: (1) the Newton—-Euler algorithm (NEA); (2) the Lagrange
equations, kind I or II; (3) Laplace transformations, or Fourier transformations [42—44].
However, there are still some transformations and novelties, such as: (a) the recursive
Newton—-Euler algorithm (RNEA). This algorithm solves the inverse dynamics problem;
(b) the articulated-body algorithm (ABA). This algorithm solves the forward dynamics
problem; (c) the composite-rigid-body algorithm (CRBA). This algorithm calculates the
joint-space inertia matrix, H. When combined with the RNEA, to calculate ¢, and a linear
equation solver, to solve Hq” = T — ¢ for q”, the result is an algorithm to solve the forward
dynamics problem [48-51]. For a long time now, the problem of the dynamics and control
of the end effector has been raised [52], as it is the most important problem for a robot.
In this paper, the new methods presented will refer to the entire dynamics of the robot,
studied on all its mobile elements, at any point or coupling of its connection, so including
the end effector point, one of the most important. One considers the robot’s kinematics
starting from the end effector, so the inverse kinematics imposed by the useful trajectory of
the robot. One solves the trajectory imposed simply and originally with the help of logical
functions (see Appendix A).

The Mathcad software helps a lot in the correct, precise, simple, direct, and fast solution
of all these algorithms and programs (Appendix A). More and more dynamics problems
are starting to be solved with the help of specialized software, the most used lately being
Matlab with its Simulink subprograms (that help to simulate the theory in real-time). When
it comes to simulating the robot commands and control, the Simulink is most desirable, and
possibly its subset, “SimMechanics” [53]. Even in these situations, the dynamic methods
used remain basic, so this paper has its role well-determined in the realization of methods
to study the dynamics of the machines that are more user-friendly and easier to understand
and apply. Matrix methods are the most common, including in the calculations of space
robots [60].

Frictional contact multibody simulation has been a challenging research topic for the
past 30 years. Rigid body hypotheses are commonly used to approximate contact physics
and, together with Coulomb friction, lead to difficult-to-solve nonlinear complementarity
(NCP) problems. On the other hand, clamping robots often introduce significant com-
pliance. Conforming contact, combined with regular friction, can be modeled entirely
with ODE, avoiding NCP solutions. Unfortunately, regular friction introduces rigid high-
frequency dynamics and even the default methods struggle with these systems, especially
during slip-stick transitions. In order to improve the performance of the default integration
for these systems, a transition line search (TALS) can be introduced, which greatly improves
the convergence of Newton—-Raphson iterations performed by the default integrators. This
demonstrates that TALS works best with semi-implicit integration, but that explicit treat-
ment of normal compliance can be problematic. To address this, a TAMSI (Transition-Aware
Modified Semi-Default) integrator is being developed that has a similar computational cost
to the semi-default methods, but implicitly couples compliant contact forces, leading to a
more robust method. The robustness, accuracy, and performance of TAMSI are assessed and
the approach is demonstrated along with relevant sim-real handling tasks [60]. In addition



Processes 2022, 10, 640

4 0f29

to Lagrangian or Hamiltonian mechanics, based today on the (transformed) Laplace or
Fourier function, software and dynamic algorithms have increasingly been developed for
the command and control of robots and/or aircraft, using modern Neural, Fuzzy, Genetic
Algorithms methods, predictive, regressive, robust, closed-loop, or feedforward methods.
Controllers today play a key role in command, controlling, and automating machine dy-
namics, and among other issues they raise are the dynamic programs and algorithms of the
machine that need to be programmed, commanded, and controlled [47,52].

Reinforcement learning (RL) is promising for complicated nonlinear stochastic control
problems. Without using a mathematical model, an optimal controller can be learned from
data evaluated according to certain performance criteria by trial and error. However, the
data-driven learning approach is renowned for not guaranteeing stability, which is the
most fundamental property of any control system. For these reasons, Lyapunov’s classical
method of system stability is further studied and explored to analyze the uniform final
limit stability (UUB) exclusively on the basis of data, without using a mathematical model.
In this way RUB with a UUB guarantee can be applied for the control of dynamic systems
with safety constraints. As a result, optimal controllers can be learned to guarantee the
UUB of the closed-loop system both at convergence and during learning. The proposed
algorithms are evaluated on a series of robotic tasks of continuous control with safety
constraints. Compared to existing RL algorithms, the proposed method [61] can achieve
superior performance in terms of maintaining safety. The actuators implemented on the
respective system also have an important role in achieving the dynamic stability of a
robot [62].

The dynamic stability of the robotic system also depends to a large extent on the way
the actuator speeds are chosen. The present paper aims to bring superior stability to robotic
systems based on the imposition of controlled speeds (see Section 5 of the paper). In this
sense, two new methods of imposing actuator speeds are adapted, regardless of whether
they are linear or rotational. The calculations in both situations (variants) are based (like
the methods) on the numerical derivation by developing the functions in a Taylorseries.
The closed-loop control that is usedtoday in all robotic systems brings major advantages
in the dynamics of that system, and due to the change of actuators parameters based on
real-time data provided by a lot of sensors (including visual and proximity) mounted
on the robotic system [62]. Even so, with the use of servo motors, or the use of stepper
actuators, which bring high precision and permanent active control, the use of advanced
software in robotic systems based on simple and efficient dynamic algorithms has greater
advantages in stability, dynamics of the system, and in its natural behavior, achieving an
optimal function without vibrations and noises, with high offset speeds, and with high
precision, following exactly the trajectory imposed by the inverse kinematics.

2. Methods
2.1. First Dynamic Proposed Method

The first original dynamic proposed method presented in the paper is a classic, im-
proved one. The articulated robot mechanism with two degrees of mobility that is studied
can be observed in Figure 1. The two movable elements 1 and 2, with a flat motion of the
articulated robot, are actuated by two stepper actuators 1 and 2, respectively.

In the approximate classical dynamics, the variable angular velocities and the variable
angular accelerations are determined; the variation is due to the forces of inertia or the
variation of the masses of the moving elements (Figure 2).

The calculation relationships are further presented in system (1). The calculations were
performed in Mathcad and can be traced more closely in Appendix A. J}* represents the
mass moment of inertia of the entire robot reduced (*) to element 1 in point A (kinematic
coupling A). It takes the place of the rotating mass of the entire robot around the coupling A
on element 1 and can represent the dynamic model of the entire robot reduced to element 1
in the active coupling A, so that it can generate the dynamic parameters of this element 1
(such as: w1, epsl). Its equation is obtained simply by conserving the kinetic energy of the
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entire machine (robot). Similarly, the expression of the rotating mass (J %*) of the machine
(robot) considered (reduced, *) at element 2 in the kinematic couple (motors) B is deduced.
This simple, original, and efficient dynamic system is deduced by conserving the kinetic
energy of the entire machine (robot) and behaves somewhat similar to that achieved by
using the Lagrange dynamic equation of the second kind. It is applied separately to each
mobile element, and not only to the driving elements. Thus, in order to determine the
dynamic parameters of element 1, after determining the variable rotating mass J%* of the
entire system (machine, robot) reduced to element 1, the variable (dynamic, real, angular)
velocity of element 1 (w{j ), is then determined. The quick method presented (Equation (1))
is an original one [38,39]. Another completely new method is presented in Section 2.2 of
this paper, with slight advantages in terms of accuracy, but with major disadvantages in
terms of its generality.

A, ya)

Figure 1. The articulated robot mechanism with two degrees of mobility.

RJ’

|
1 F? I R:

C

Figure 2. In the approximate classical dynamics, the variable angular velocities and the variable

angular accelerations are determined; the variation is due to the forces of inertia.
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Observation: All units of measurement used are those given by the international system.
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Js1 is the rotational mass of element 1 determined in its center of mass S; about an
axis perpendicular to the plane of the mechanism at point S;. It is generally denoted
by the mass (or mechanical) moment of inertia of element 1 determined in its center of
mass Sq. Js» is the rotational mass of element 2 determined in its center of mass S, about
an axis perpendicular to the plane of the mechanism at point S,. It is generally denoted
by the mass (or mechanical) moment of inertia of element 2 determined in its center of
mass Sp. m;j represents the mass (classical in translation) of element 1, while m, is the
mass of element 2. wyy, is the average rotational speed of element 1, and similarly, wop,
is the average angular velocity of element 2; w; is the rotational speed of element 1, and
similarly, w, is the angular velocity of element 2; w1 is the dynamic (real) rotational speed
of element 1, and similarly, w,P is the dynamic angular velocity of element 2. x s, and yg,
represent the scalar components along the x and y axes, respectively, of the linear velocity
of element 1 at point Sy (center of mass of the element). Where x5, and y,, represent the
scalar components along the x and y axes, respectively, of the linear velocity of element 1 at
point S, (center of mass of the element).

There are two original basic aspects in the presented method: (1) the generalized way
in which the moments of mass inertia of the whole mechanism are written, reduced to any
of the desired elements of the machine, using the kinetic energy conservation equation
of the whole mechanism; (2) the generalized way in which the angular velocities of each
element of the mechanism are determined by using an original relation already presented
in previous work [38,39], now repeatedly for each element of the machine, in this case of
the simple articulated robot. For a better understanding of this original dynamic method
with wide use, the author presents it in the paper and applies it to another type of robot in
Section 4. For element 1, the moment of reduced mechanical inertia in joint A is determined,
and for element 2, the moment of reduced mechanical inertia in joint B is determined. The
classical dynamic angular velocity of each actuator (w;, wy) is determined according to the
kinematic angular velocity and the variation of the respective moment of inertia (1, or 2)
reduced to its joint (A or B). The method is simple, straightforward, and original [38,39].
Dynamic angular accelerations are determined directly from the angular velocities by
approximate numerical derivation (using the Taylor series development). The solution
ofsolving Lagrange’s equations of the second kind (here being two degrees of mobility, so
two independent variables) generates larger errors, and for this reason, we resorted to the
method of finding direct angular accelerations based on dynamic, real angular velocity
values [38,39].

Figures 3 and 4 show the variations of mass (mechanical) moments of inertia (J4eq4, Or
IBred [kg~m2]) reduced to a coupling A (element 1), and B (element 2), depending on the
independent variable (k) initially chosen in the program, which in turn may depend on the
rotation angle of elements 1 and 2, respectively, or directly on the time t (see the program
written in Mathcad, in Appendix A).

Figure 5 shows the variation of the dynamic angular velocity 1 (w;p [s~!]), depending
on the independent parameter k.

Figure 6 shows the variation of the dynamic angular velocity 2 (wyp [s~!]), depending
on the independent parameter k.
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Figure 7 shows the difference between the kinematic speed and the classical dynamic
speedof the mobile element 1 of the robot.
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Figure 3. Variations of mass (mechanical) moments of inertia reduced to a coupling A (element 1).
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Figure 4. Variations of mass (mechanical) moments of inertia reduced to a coupling B (element 2).

0.5

0.4

03

w02

0.1

=01

k

Figure 5. Variation of the dynamic angular velocity 1, depending on the independent parameter k.
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Figure 6. Variation of the dynamic angular velocity 2, depending on the independent parameter k.

08

06 (e

k

Figure 7. Difference between the kinematic speed and the classical dynamic speedof the mobile
element 1 of the robot.

Figure 8 shows the difference between the kinematic speed and the classical dynamic
speedof the mobile element 2 of the robot.

1.5

. -

0.5

i - se s ssee e st O

o2
® e e

k

Figure 8. Difference between the kinematic speed and the classical dynamic speedof the mobile
element 2 of the robot.
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2.2. Second Original Dynamic Proposed Method

The second original dynamic method presented in the paper uses the same Figures 1 and 2.
The basic idea is a simple one, namely, if the dynamic variations of the angular velocity
belonging to a moving element compared to the desired kinematic velocity actually depend
on the variation of the forces in the robot mechanism, then they will be determined based
on the forces of the whole mechanism considered, without the moving elements being
separated from each other or by the external input couplings, i.e., without loosening the
connections (Figure 2). One starts from the simple calculation relations (2):
LFy? =0= FI + Fi¥ = )

YF2—0=FY+FY-R, =0

y s, T g, T

In the first relation, whichrepresents the sum of the forces acting in the machine only
on the abscissa axis (x-axis), we meet the inertia forces in the system é’l‘ , Fé’; concentrated
in the centers of mass S1 and Sy, respectively, oriented on the x-axis. In the second relation,
whichrepresents the sum of the forces acting in the machine only on the y-axis, we meet

the inertia forces in the system F;{ ,F;Z concentrated in the centers of mass S; and S»,
respectively, oriented on the y-axis, and the technological endurance Rr, the force which
the machine must bear or overcome during the active working period; m; represents the
mass of element 1, and m, that of element 2; w; represents the angular velocity of element 1;
w» represents the angular velocity of element 2; ) represents the angular acceleration
of element 1; e, represents the angular acceleration of element 2; S; = AS; and S, = BS;
represent the distances to the centers of mass of elements 1 and 2, respectively; [; = AB and
I, = BC represent the lengths of the two elements 1 and 2, respectively.
The system in (2) develops and takes the shape of (3):

myS1 cos (plw% + m1 51 sin @1€1 + mylq cos cplw% + myS; cos (pzw% + myly sin @qe1 + mpSy sin @pen =0 ®)
mqSq sin cplw% — m151 cos @1€1 + mply sin (plw% + my Sy sin q)zw% — mply cos p1e1 — MpSy cos Poey = (my + my)g + Rp

dw
{ wig = wy +dwy; ey = 51 Wi

4)

de

Wy = wy +dwy; ey = d9>

The system of two equations in (3) is rewritten using the notations in (4) so that
one arrives at a linear differential system of two equations with two unknowns, dw; and
dw,, which are then solved simply (see Equation (5) written in Mathcad); it is basically a
finite difference method. The angles (¢; and ¢») position elements 1 and 2, respectively,
with respect to the x-axis (abscissa axis; Figure 1); g is the gravitational constant; all sizes
used are those of the international standard. In order to be able to express the very long
equations, the notations N1 and N2 were used for the numerator of the two fractions, and
the notations n1 and n2 for the denominator of each of the two fractions (in the equations
system (5)). The new equations used (in the second method presented) are with finite
differences and have the great advantage of transforming the unknown w? into a sum
w + dw, in which w is the precisely known angular velocity, in most cases it being a constant
average value that depends on the speed of the respective actuator, which operates the
element in question, while the new unknown obtained by the simple transformation with
finite elements is dw, and its value is easily obtained from the corresponding equation,
which in this way is linearized. In this way, the problem of the nonlinear dynamical system
is solved directly, which is otherwise solved by using a Laplace or Fourier transform twice,
or by using the Lagrange equations of the second kind. The advantages of the method
presented and proposed in the paper are obvious. The real, nonlinear dynamic system
is directly linearized, by using this new method with finite differences, the proposed
equations are simple and direct, very precise, and easy to learn from a didactic point of
view, but also simple to use by researchers. The proposed new systems (both new methods
presented in the paper) have a high utility and high applicability, but the second method
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(with finite differences) is simpler and more direct, while the first proposed method has the
great advantage of high generality so that it can be applied to any machine, robot, system,
without prior preparation, where cg can take only the value 1 (system with the influence of
gravitational forces) or 0 (system without the influence of gravitational forces);

Nl:w%~(m1-51—|—m2-AB)-[cl-(2~w2-sz—FV-c2)—sl~(2-a)2~c2+FV-sz)]
+mZ~52-w%-[C2~(2'&)2~82—FV~C2)—SZ~(2~WQ-6‘2+FV-52)}
+[(my +mp)-g-cg+Rr]-(2-wa-co +FV-57)

nl=(my-Sy+my-AB)-[(2-wy-c1+FV-s1)- (FV-cp —2-wy-53)
+(2-wy-51—FV-c1)-(2-wp-c+FV-s5)]
dwlz%
wlDzwlm—&—dwl

®)
N2:w%~(m1~51+m2-AB)~[c1-(2~w1-sl—PV-cl)—sl~(2-w1~c1+FV-sl)}
+m2~52-w%-[cz~(2~w1-s1—FV-cl)—52~(2-w1-c1+FV-sl)}
+[(my+my)-g-cg+Rr]-(2-wy-c1+FV-s1)

7’12:7”2'52'[(2-(4]2-C2+FV-52)-(PV~C1—2~(U1-S1)
+(2-OJ2-52—FV~C2)-(2-&J1-C1+FV-31)}
deZ%

w? = woy + dwy

where: 51 = sin ¢1; ¢1 = cos ¢1; 52 = sin@o; cp = cos ¢a; S = ASy; S = BSs.

Note: If one wants to eliminate the effect of gravitational forces then to the cg coefficient
is assigned the value 0 instead of 1 (for example, when the robot, instead of operating in a
vertical plane, works in a horizontal plane). FV is a velocity factor (see Section 5). Asthe
second method presented in the paper, which has all the new elements, being an absolute
novelty, has a lower generality, it can be applied to any important system by adapting
equations (rewriting Equations (3) and (5)).

3. Results and Discussions

The original dynamic angular velocity w1, [s~!] can be seen in the graph in Figure 9,
and the differences between it and the kinematic velocity w; [s~!] are visible in the diagrams
in Figure 10.
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Figure 9. The original dynamic angular velocity wy,.
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Figure 10. The differences between angular dynamic velocity wy; and the angular kinematic

velocity wy.

The original dynamic angular velocity wy; [s~!] can be seen in the graph in Figure 11,
and the differences between it and the kinematic velocity w; [s~1] are visible in the diagrams

in Figure 12.
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Figure 11. The original dynamic angular velocity wy,.
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Figure 12. The differences between angular dynamic velocity w,; and the angular kinematic

velocity wy.
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For a comparison between the dynamic speed w,; obtained by the original method
presented and the dynamic speed wp obtained through the classically improved method,
the diagrams in Figures 13 and 14 will be followed, for elements 1 and 2, respectively.
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Figure 13. A comparison between the dynamic speed wy, [s~1] obtained by the original method
presented, and the dynamic speed w1p [s~!] obtained through the classically improved method.
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Figure 14. A comparison between the dynamic speed w,, [s~!] obtained by the original method
presented, and the dynamic speed wyp [s~1] obtained through the classically improved method.

The classical method modified by the author uses the moments of mechanical or mass
inertia reduced to the mobile element at which the calculation of the dynamic speed is
made, reduced even in the torque that acts on the respective element. An older original
calculation system was also adopted, for obtaining directly approximate dynamic angular
velocities. A very exact method can be used here, even if it is approximate, presented by
the author in the papers [38,39], but in this case, the calculations become extremely difficult
and cumbersome, with the final differences compared to the first method presented in this
article being small. All three results are close enough, even if they are obtained by three
totally different calculation methods, and this specifies that the dynamics of the system is a
normal, quiet one, based on the fact that the kinematic speeds imposed on the system were
chosen by an original method designed to improve the operation of the robot; a method
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that aims to ensure that the kinematic parameters imposed (in the inverse kinematics)
to the robot are all tracked and achieved in operation. If the kinematic speeds change,
for example by adopting someone’s constants, the dynamics obtained by both presented
methods will be broken, and the real operation of the system will worsen. The fact that
both methods presented give similar results indicates the correctness of both methods used
in system dynamics.

4. First Original Proposed Dynamic Model Applied to a 2T6R Robot

The articulated robot from Figure 15 will be briefly presented, which in this situation
is operated with two linear actuators (elements of variable length 3 and 4, respectively)
instead of the two classic rotary actuators. In this way, the robot mechanism will have
six moving elements instead of two; however, to facilitate the study the two linear actuators,
formed each of two elements of constant length, will be considered as a single moving
element of variable length, so that the six mobile elements of this robot will be reduced in
the study to only four mobile elements.

oC

Figure 15. A simple articulated robot, operated with two linear actuators (a 6R2T robot).

The kinetic energy of the whole mechanism is conserved (Equation(6)) [38,39]:

1234 2.2 2 2
2: Elginetic) = cons. = Js, - wi +my - (x51 +3/51) + s, w3 +my - (sz +y52)+

2 .2 Y (6)
Jsy - w3 +ms - (xss +y53> sy - wi+my (xs4 +3/s4)

E,Ellnzesf) represents the kinetic energy of the whole machine, an element that is pre-

served; m1 = mass of element 1; m, = mass of element 2; m3 = mass of element 3; m4 = mass
of element 4; [5, is inertia mass of element 1 in the mass center; s, is inertia mass of element
2 in the mass center; Js, is inertia mass of element 3 in the mass center; Js, is inertia mass of
element 4 in the mass center; w1, wy, w3, w4 represents the rotational speed of the respective
element (1, 2, 3, 4); xg, the velocity of the center of mass of element 1 (S1) projected on the
x-axis; yg, the velocity of the center of mass of element 1 (S1) projected on the y-axis; xg,
the velocity of the center of mass of element 2 (S2) projected on the x-axis; yg, the velocity
of the center of mass of element 2 (S3) projected on the y-axis; x5, the velocity of the center
of mass of element 3 (S3) projected on the x-axis; y53 the velocity of the center of mass of
element 3 (S3) projected on the y-axis; xg, the velocity of the center of mass of element 4 (S,)
projected on the x-axis; y5, the velocity of the center of mass of element 4 (S4) projected on
the y-axis.
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The second robot presented in the paper is in fact the first robot, operated differently,
instead of rotary actuators, it has two linear actuators, which introduce into the robot
system four more moving elements, two for each linear actuator, so that the configuration
of the robot changes radically, and it is now being studied as if it were another system.
Asthe first new method presented in the paper has a more general character, we applyit here
to this second robot, it being practically similar to the one already written for the first robot
but generalized by extension to several mobile elements. Instead of two mobile elements,
the new robot has six, so as not to introduce so many extra mobile elements, we chose the
situation in which each actuator is considered only as one additional mobile element, but
of variable length, so that the two linear actuators introduce only two additional moving
elements and the presented robotic system has a total of four moving elements. For this
reason, the new equations presented (6)—(14) in “Dynamic Method 1” will be extended
from two to four moving elements.

This is the first new dynamic method of the paper, which we will explain in detail
here, and one starts with the kinetic energy of the entire robot (machine; Eg;.t;.) which is
known to be conserved, but the equation used (6) is in fact that of twice the kinetic energy
of the machine (2-Eg;ytic); obviously if it is conserved (kinetic energy) thenits double is a
constant throughout the operation of the machine, regardless of the position of the angles
that position each moving element, and regardless of the actuators working speed (in this
case being two linear actuators).

The originality of the dynamic method 1 proposed in the paper is how to determine
the moments of mass (mechanical) inertia for each element, in order to reduce the mech-
anism to a single element (any of them) so that a dynamic model of the machine with
an only one element can represent (replace) the dynamics of the whole machine (robot).
Using successively Relation (6) (four times), for each element of the robot mechanism, one
obtains the four equations that generate the moments of mechanical inertia (mass) reduced
successively to each of the four elements (Equations (7)-(10)).

5. p1234) _ () 2 L () _ (55, +35,) w3 (5%, +95,)
Erinetic =Ja w1 = Ja *151+m1'T+152';§+m2‘w7%+ ;
. (8, +95,) 2 (35, +35,) @
]S3'w2 +T1134w2 +]S4 + wz

1 1 w1 1

(1234) _ *(2) o #(2) w? (iél Wé]) (k§2+y§2)
2-E =Jp rwy =] —]51';%"‘7”1'&)7%4']52""”2'72-1-

kinetic
P “2 8)
(xs3 +y53> w?

2

w3
’7+m3' + . +m4.
]53 w% ]54 w% wh

2
)

(1,2,34) «(3) o #(3) w? (5@1 W;) w3 (Xéz W?z)
2'Ekinetic :]G 'w3:>](; :]51‘*%4‘7’”1'7"‘]52'*4'7?12-7—1—

2 2
w: (4]3 Cl)3 (IJ3 (9)
.2 .2 .2 .2
X5, Vs w? x5, +Ys
]S3+m3' ( 3w4§ 3) +]54'w7§+m4' ( 4w§ 4)
.2 .2 .2 .2
1,2,34 (4 *(4 w? X5, Vs w? X5, +Ys
2'El£inetic) :]E( ) 'CUZ :>]E( ) :]Sl 'ﬁ—"—ml. ( lwz 1> +]52.w7%+m2' ( 2w2 2)+
. (i) G AN 4 4 "
]53'E+WB'T+IS4+W4'T

This method has long been known and often applied in the Romanian school of
mechanisms [45,46], but only for a single mobile element, namely the motor, and only to
machines with a single degree of mobility, after which was used the Lagrange differential
equation of kind one for solving the nonlinear, dynamic system, with a single input with
two unknowns, w, and . The proposed new method has generalized the determination
of a dynamic inertia mass of the whole mechanism for (reduced to) each mobile element
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of it, regardless of whether it is a direct motorized one or not, in order to obtain, at each
element, a basic dynamic parameter on the basis of which the dynamics of that element
of the machine (robot)can later be described. In the case of the robot presented with four

moving elements, it results in four rotating masses (]2(1), ]g(z), ]2(3), i ;(4)), each reduced
to one of the four moving elements of the robot (Equations (7)—(10)). In order to further
solve the dynamics of each moving element of the machine, different methods can be used.
A classic method would be to use the Lagrange dynamic equation of kind one, which
the author has already described and applied to other types of mechanisms [39], with an
original solution by the finite element method, somewhat similar to the one proposed in
the second presented dynamic method of the paper. At this stage, it was decided to use a
simpler method, presented for other machines in other works [38,39], which directly solves
the dynamics of the machine without using differential equations. This method applies
simply, directly, to each moving element (Equations (11)-(14)), to solve the dynamic of any
machine mobile element. Each rotating mass of the whole machine reduced to a certain
mobile element carries in it the dynamic characteristic of the whole machine reduced to
that element and depends both on the positions occupied by the machine during operation
and on the speeds of the actuators.

Below are the dynamic values of the angular velocities of each element in relation to
Equations (11)—(14), which is the second original element of the dynamic method 1 proposed
in the paper [38,39]:

g

1 11
7 (11)

2 12
I (12)

D _
wl -

ﬂ

g

wy

=

wy = (13)

VG

VIE

This fast and accurate, but especially simple, method of determining the dynamics
of any machine is based on a classic idea of conserving the kinetic energy of the whole
machine applied twice, in two steps (through two passes).

For the second step (applied here in particular to the robot with two linear actuators),
the conservation of the kinetic energy of the machine, written in the form of Equation (15),
is also used.

N
N

wy

(15)

or w

_ 7% *2 __ % 2 I £ 2 7% 2
{ 2 Brineic = const. = ] = ]Max “Whin = Jmin " YMax = Jmed " Yined =
* *
med”

= ]* 'CU*Z = ];ed . w%ned = W*z = ]}lfd 'WZ b= w* = Lffd * Wined

The absolutely original Equation (15) is easily applied to any dynamic system, the
machine (robot) if it is known for any desired element of the machine, but which also
has rotational motion, its average kinematic rotational speed w,;, and the rotational mass
of the whole machine reduced to the respective element J*. Thus, the reduced angular
velocity (dynamics) w* = wP of the respective element is easily determined, provided that
the average value of J*, i.e., |, is also found.

The proposed new method has a strong general character (the one most desired aspect),
a high degree of applicability, ease of understanding and development, simplicity, efficiency,
and directness. With its help, the real (dynamic) angular velocities of the machine can
be determined with great precision, for any of its elements, in the case proposed for any
of the 4 elements of the 6R2T robot presented (in Figure 16). The dynamic speeds of the
discussed 2T6R robot obtained with the help of the new proposed Equations (11)—(14),
will be presented in Figures 1619, (in each of them the dynamic angular speed obtained
iscompared with the static one given).
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Figure 16. The dynamic angular speed of element 1 of the articulated robot, compared to the input
(kinematics) considered speed (to a 6R2T robot).
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Figure 17. The dynamic angular speed of element 2 of the articulated robot, compared to the input
(kinematics) considered speed (to a 6R2T robot).
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Figure 18. The dynamic angular speed of element 3 of the articulated robot, compared to the input
(kinematics) considered speed (to a 6R2T robot).
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Figure 19. The dynamic angular speed of element 4 of the articulated robot, compared to the input
(kinematics) considered speed (to a 6R2T robot).

The second original dynamic method proposed in the paper and presented briefly
has the advantage of taking into account all the forces acting in the machine, but it is a
method with a weak general character, requiring particular study for each case considered
so that the calculation relations presented in a premiere have a character limited only to
the mechanism of the simple articulated robot with two moving elements actuated with
two rotary actuators. For another drive or another type of robot or machine, it is necessary
to restore the calculation relations, so the method is difficult and has great importance
only when you want to determine very precisely the dynamic parameters of an important
machine, such as the articulated robot considered because it is being implemented more
and more in today’s industries.

5. Speed Command and Control

The command and control of speeds are achievedby the author by two different
methods, both with real advantages. The first method of command and control of speeds
refers to keeping the engine speeds constant so that their accelerations are zero or very low,
and the movement of the elements of the machine, the robot, areperformedquickly, with
good dynamics, and are easy to control. As the motor speeds of a robotic machine, or other
machines, even if they are generally constant, must change the sign depending on how the
actuator element moves (for both linear and circular displacement), the constant engine
speeds are taken but with a changeable sign, the sign being given by the positions occupied
successively by the mechanism. In this way, the intelligent command and control of the
speeds are realized, with their automation. The simple sequence used to automate angular
velocities in a robot with two motors can be traced in Relations (16), it iswritten using the
“if logic” function.

wly, = if[m <1,0,wl- Sign(471m - 47117171)] (16)

W2y = if[m < 1,0, w2 - sign($2m — §2p-1)]

The modulus of a speed (w) is constant, and its sign is given by the finite displacements
already known (in inverse kinematics these displacements areimposed by the necessary
position of the endeffector, they aresolved most easily with the help of “if logic” functions).

The second method of command and control of speeds refers to the application of
permanently variable speeds to the actuators, these speeds being those obtained from
the approximate numerical derivation of the already known robot positions imposed (by
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the inverse kinematics). For the simplest numerical derivation, the finite element known
method obtained by developing the position functions in the Taylor series was considered
(Equation (17)).

FV :=50

wlp:=iflk <1,0,FV - (¢l — ¢1;_1)] (17)

w2y = Zf[k <1,0,FV. (472k — ¢2k—1)]

The reduced speeds of the actuators are obtained based on the approximate numerical
derivation of the positions (by developing the Taylor functions), they are variable in size
and sign depending on the imposed and known positions (from inverse kinematics), and
the absolute speeds are obtained by amplifying the reduced ones with a constant “velocity
factor” (FV), chosen according to the time required to complete the respective race. Even
though the two methods have similar sequences, they are completely different. In the
first method, the finite positional differences impose only their sign and the speed of the
respective actuator, the speed of the module being a chosen constant w, and in the second
situation (method 2 presented), the finite differences of the positions impose both their sign
and their value absolute of the respective actuator, which will result in this variable mode
as well as the module, and which will be obtained from the reduced speed given by the
finite positions by the amplification with a factor of speed (or time), FV.

6. Future Works

The dynamic model (Sections 2.1 and 4) can be easily resumed and presented on
various other machines, including robotic systems, due to its generality, and simple and
direct applicability. The author intends, in future works, to analyze and customize the
second new dynamic method proposed in the paper (Section 2.2) for other types of machines
and or robots, depending on their industrial importance. The author also would also like
to continue to try to use the Matlab and Simulink programs instead of (or with) Mathcad
simulation, in order to directly determine the command and dynamic control of mobile
mechanical systems, with their automation.

7. Conclusions

The stability of moving systems today is due to the increasingly high-performance
controllers, based on micro-, and recently, nanoprocessors, in the command and control soft-
ware imposed on the system, usually a discrete or even continuous, robust PID controller,
which makes a closed-loop with the help of the software and the constants determined
based on the dynamics of the respective system, but more and more it is switched to
mechanical systems with mixed control, in a closed-loop plus feedforward system. For this
reason (for the very precise establishment of the operating constants and for the adjustment
of the PID controller), it is necessary to know the dynamic parameters of the machine
in question, a fact for which the present work is extremely important for determining
the dynamic parameters of any mobile element of the respective machine, by using both
methods presented in the paper.

The two new methods presented in the paper, both theoretically and simulated in
Mathcad, are original, easy to understand and use, the first having a very strong generalized
character, with the second, having the possibility of generating high precision dynamic
solutions, being a method customized to the mechanism, which takes into account all
the forces acting on it (but such a conclusion cannot be verified without experiment).
The author wants to further implement these methods in other machines and robots and
simulate them through Matlab software and its Simulink extension.

A special problem of these dynamic aspects, stability, command, control, and automa-
tion, is the command and control of speeds, depending on whether or not the system
acquires intrinsic stability, increasing its ability to follow the trajectory imposed on the
endeffector by inverse kinematics. The paper presented in Section 5 two new original
methods of speed control of a mobile mechanical system, from the beginning, by impos-
ing on all actuators certain speeds, constants, or variables according to intrinsic laws,
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deduced with the help of Taylor series decompositions of the speed control functions of the
machine actuators.

It should be noted here that the novelties of the dynamic system can facilitate the work
of a programmer of a controller, for example, a PID, by the fact that the new dynamics
imposed by method 1 presented in the paper, can directly solve nonlinear systems, thus
eliminating the classic methods where: first, make a linearization, work with the new linear
function, and finally delimit the results obtained. The use of Fuzzy methods required
an initial fusion and, finally, the defuzzification of all output data, similar toother neuro
methods, or genetic algorithms. Method 1 presented in the paper automates this process,
making the programmer’s job easier. On the other hand, the method presented allows the
use of models of a continuous PI-PID controller, in which all parameters are easy to find,
while in classical dynamic methods strongly nonlinear systems of this kind involve the use
of a discreet PID controller which is difficult to apply and quantify.

The paper studies two mechanisms corresponding to the same articulated robot with
two moving elements, operated in two different situations: (1) with two rotary actuators;
(2) with two linear actuators.
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Nomenclature

m is the mass of an element in linear motion and is measured in kg; J is the rotational mass of
an element (known as the moment of mass or mechanical inertia) and is measured in kg-m?; ¢ or ¢ is
a position parameter that defines the position angle of an element relative to the abscissa axis and is
measured in rad; w is the angular velocity with which a certain element rotates and is measured in
Hertzors™1; | s, is the mass or mechanical inertia of the mobile element 3 determined around the axis
of rotation passing through the center of mass noted with S5 (kg.m?); J* is the mass or mechanical
inertia of machine (of all mechanism, or robot) reduced to one single element (an element which must
also have a rotational motion in the considered plane) [kg-m?]; xg, the velocity of the center of mass
of element 3 (S3) projected on the x-axis [m/s]; y53 the velocity of the center of mass of the mobile
element 3 (S3) projected on the y-axis [m/s].

Appendix A

Reverse kinematics on a 2R planar robot.

(1) Establishing the desired coordinates of the trajectory of the endeffector C

AB:=6 BC:=5 XA:=0 AS1:= 48 Bs2:= B¢
X0:=10 Y0:=3 k:=0.100 c:=0.05 51 := AS1 S2:= BS2
XCy :=if(k <50,X0—c-k,X0—c-50)
YC:=if[k <50,Y0,Y0+c- (k—50)]
Reverse kinematics on a planar 2R robot.

(2) Determining the scalar parameters of the kinematic coupling B

XB:=1YB :=1 Given

(XA — XB)* + (YA —YB)* = AB?
(XB — XCi)* + (YB — YC,)? = BC?
sol := Find(XB, YB)

XBr \ _
( YB, ) = sol
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Figure A1. The hodograph of the end effector point C is the trajectory described by the end effector C.
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Figure A2. Scalar coordinates of kinematic coupling B as a function of the independent variable k.

Reverse kinematics on a 2R plane robot.

(3) Determining the angles Fil and Fi2

_ XB—XA . YB—YA o — 180
cly = XCIA*BXB sl = YCQB T 1y = sign(sly) - acos(cly) ¢10x := ¢p1 - @0
2 1= SR 82 1= ek 92 1= sign(s2y) - acos(c2y) ¢20x = P2y -
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Figure A3. Values of angles ¢1 and ¢2 (in hexadecimal degrees) as a function of the independent
variable k.

Reverse kinematics on a 2R plane robot.

(4) Determination of linear and angular velocities and accelerations
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FV :=50
wly == if[k < 1,0,FV - (¢l — plp_1)]
w2 = if[k <1,0,FV - (¢2 — p2%_1)]
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Figure A4. Values of angular velocities w1l and w2 (in hertz) as a function of the independent

variable k.
el = lf[k <1,0,FV- (wlk — (U1k71)]
&2y 1= Zf[k <1,0,FV. ((Uzk — wzk_l)]
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Figure A5. Values of angular accelerations ¢1 and €2 (in hertz?) as a function of the independent
variable k.

XBly := —AB -sin(¢1;) - wly YB1; := AB - cos(¢1y) - wly Bly:= \/(XBlk)2 + (YBlk)2
XB2 := —AB - cos(¢p1) - (wl)? — AB-sin(¢l) - €lx
Ysz = —AB- Sil’l((f)lk) . ((Ulk)z + AB - COS((Plk) . Slk sz = \/(XBZk)z + (YBZk)z
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Figure A6. On the left side are the scalar coordinates of the speed of point B (red and blue) and its
absolute speed (green); on the right the graphs of the accelerations of the same point B.

XC1y := XB1; — BC - sin(¢p2¢) - w2y YCly := YB1y + BC - cos(¢p2) - w2y Cly := \/(XClk)2 + (YC1;)?
XC2 := XB2 — BC - cos(¢2;) - (w2)*> — BC - sin(¢2y) - €2
YCZk = Ysz — BC- sin(q‘>2k) . (ka)z + BC - COS((I)Zk) . £2k C2k = \/(Xc2k)2 + (YCZk)2

Reverse kinematics on a 2R plane robot.

(5) Determining the positions, speeds, and accelerations of the centers of mass S1 and S2

XS1y = 48 - cos(p1y) YSI;:=4E sm((plk)
XS11, = ——AB sin(@l}) - wly YSllk 4B cos(¢1y) - Wl 1= \/ (XS11,)2 + (YS11;)2
XS12; := 4B - cos(¢1y) - (wlg)? - 42 s1n(q>1k) el YS12; := =4B - sin(¢1y) - (wlk)Z—f—%-cos((plk)-slk

S12; = \/ (XS12;)% + (YS12)?
XS2 := XBy + BE . cos(¢2k) YS2y := YBy + B - sin(¢2y)

X821y := XBl — & sm(¢2k) S W2k YSZlk = YB1, + % -cos(¢p2y) - w2 821y = \/(XSZlk)z + (YSZlk)z
XS22; := XB2; — BE - cos(¢2;) - (w2y)* — BE - sin(¢2y) - €24
YS22) := YB2) — & Sll’l((pzk) : ((Uzk) + 32_C -cos(¢p2) - €2 S22 := \/(XSZZk)z + (YSZZk)2
(Wit ¥ ¥ X AR !
f b
2 14 100
[}
N a =
YCI . a\‘ Y2 0 [
e cemmmmme=l TS -
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Figure A7. On the left side are the scalar coordinates of the speed of point C (red and blue) and its
absolute speed (green); on the right the graphs of the accelerations of the same point C.
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Figure A8. On the left are the absolute velocities of the center of mass of element 1 (red) and
that of element 2 (blue); on the right the graphs of the absolute accelerations of the same points
S1 and S2 respectively.

(6) Inverse kinematics in a 2R robot plane (6) Kinematics (forces and motor moments in
the mechanism are determined)

RT :=500 ml:=3-AB m2:=3-BC JSl:=ml1-48 JS2:=m2-5§ ¢:=9.81 cg:=1

FixS1y := —ml - XS12y FiySly:= —ml-YS12; —ml-g-cg Mily:= —]JS1-€l;

FixS2y := —m2 - X522y FiyS2y := —m2-YS22) —m2-g-cg Mi2y := —]S2 - €2,

FiS1y := \/ (FixS1,)? + (FiyS1)? Fis2y := / (FixS2,)? + (FiyS2,)?

Mzk = FixSZk : (YSZk - YBk) + Fi]/SZk . (XBk - stk) - Mizk + RT - (XCk - XBk)

RBXk = —FixSZk RBYk := RT — FinZk RBk = \/(RBX]()Z + (RBYk)Z

M1y := FiS1; - (YS1; — YA) + FiyS1j - (XA — XS1;) — Mily + RBX) - (YA — YB;) + RBY; - (XB; — XA)
RAX := RBX; — FixS1, RAY; := RBY; — FiySl; RA;:= \/(RAXk)2 + (RAY;)?

Mﬂllk = Mlk Mm2k = M2k

(7) Approximate classical dynamics (variable angular velocities and variable angular
accelerations are determined; variation is due to inertial forces or variation in the
masses of moving elements), Section 2.1.

med(wl) — max(wl)—zﬁ-min(wl)
JAred, = ST + m1-[(XS115)° +(YS114) ]+ 82 (w2y)* +m2-[(XS214)* +(YS214)*]

(med(w1))?

. ] Ared)+min(] Ared
JAredm := max(JAre )2m1r11( red)
w1Dy := /JAredm - —_ 1Dy := if[k < 1,0, (w1Dy — wl1Dy_1) - FV]

\/ ]Aredk
med(wZ) — max(wZ);min(wZ)
. m1-[(XS11) 2+ (YS115)2]+JS1- (wlg )2 +m2-[(XS21,) 2+ (Y S21;) %]
JBredy := JS2 + (med(w2) 2

.__ max(JBred)+min(]Bred
JBredm := ( )2 ( )

w2Dy := \/]Bredm - \/(IUB%@ €2Dy == if[k < 1,0, (w2Dy — w2Dy_4) - FV]
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Figure A9. On the left are represented above the forces in the kinematic couples A (red) and B (blue)
and below the inertial forces on element 1 (red) and 2 (blue), and on the right are the graphs of the
motor moments at the top (red for element 1 and blue for element 2) and those of moments of inertia
at the bottom.
XB1Dy := —AB - sin(¢1y) - w1Dy YB1Dy := AB - cos(¢1y) - wlDy B1Dy := \/(XBle)z + (YBle)2
XB2Dj := —AB - cos(¢1) - (wlDg)* — AB - sin(¢1) - 1Dy
YB2Dy := —AB - sin(¢1y) - (wle)z + AB - cos(¢1y) - €1Dy B2Dy := \/(XBZD;C)2 + (YBZDk)2
XC1Dy := XB1Dy — BC - sin(¢2) - w2Dy YC1Dy := YB1Dy + BC - cos(¢2;) - w2Dy C1Dy := \/(XC1Dk)2 + (YC1Dy)?
XC2Dy := XB2Dy — BC - cos(¢2;) - (w2Dy)? — BC - sin(¢2;) - £2Dy
YC2Dy := YB2Dy — BC - sin(¢2y) - (w2Dg)?* + BC - cos(¢2y) - 2Dy C2Dy := \/(XCZDk)2 + (YC2Dy)?
XS11Dy == =48 - sin(¢1y) - wlDy YSlle = 4B . cos(¢1;) - w1Dy Slle = \/(XSlle)2 + (YS11Dy)?
XS12Dy := ﬁ -cos(¢1y) - (w1Dy)? — 4AE . sm((plk) e1D; YS12D; := =48 .sin(¢1;) - (w1Dy)* + 4E - cos(¢1y) - €1Dy
S12Dy := \/ (XSlZDk) + (YS12D;)?
XS21Dy := XB1Dy — BE -sin(¢2;) - w2Dy YSZle = YB1Dy + % -cos(¢p2y) - w2D S21Dy := \/(X521Dk)2 + (YS21Dy)?
XS22Dy := XB2Dy — EE - cos(¢2) - (w2Dy)* — EE - sin(¢2) - £2Dy
YS$22Dy := YB2D, — BE sm((])Zk) - (w2Dy)? + % - cos(¢p2;) - €2Dy S22Dy := \/ (XS22Dy)* + (YS22Dy)?

Original new dynamics (variable angular velocities are determined); Section 2.2.
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Figure A10. In the figure you can see above the moment of reduced mass inertia in the coupling A
element 1 (left) and in the coupling B element 2 (right), then immediately below are represented the
real, dynamic angular velocity of the element 1 (on the left) and of the element 2 (right), immediately
below you can see the comparative graphs between the dynamic and kinematic angular velocity for
element 1 (left) and element 2 (right), and below you can finally see the comparative graphs of the
dynamic angular accelerations and kinematics for element 1 (left) and for element 2 (right).
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Figure A11. Here are represented the velocities of point B in their scalar coordinates (with red for
the x-axis and with blue for the y-axis) and in absolute value (with green), dynamic on the left and
kinematic on the right, at the top, and below are similarly represented the accelerations corresponding
to the same point B.
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Figure A12. Here are represented the velocities of point C in their scalar coordinates (with red for
the x-axis and with blue for the y-axis) and in absolute value (with green), dynamic on the left and
kinematic on the right, at the top, and below are similarly represented the accelerations corresponding

to the same point C.
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Figure A13. Here are represented the absolute velocities of point S1 (in red) and point S2 (in blue)
dynamic on the left and kinematic on the right, on the top, and below are similarly represented the
absolute accelerations corresponding to the same points S1 and S2 also dynamic values on the left
and kinematic values on the right.
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Figure A14. In the upper part are represented the dynamic angular speeds obtained with the new
method presented in the paper, marked with d, on the left for the motor element 1 and on the
right for the motor element 2; then below you can see the same dynamic speeds compared to the
kinematic ones; in the end, bottom, all three will be compared, ie the dynamic angular velocity
obtained by the absolutely new method (d), the kinematic angular velocity, and the dynamic angular
velocity (D) determined by a classical method substantially improved by the author.
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