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Abstract: Aiming at the problem where the current engineering wake model does not describe the
wind speed distribution of the wake in the complex terrain wind farm completely, based on the
three-dimensional full wake model (3DJGF wake model), this paper proposed a wake model that
can predict the three-dimensional wind speed distribution of the entire wake region in the complex
wind farm, taking into account the Coanda effect, wind shear effect, and wake subsidence under the
Gaussian terrain. Two types of Doppler lidar were used to conduct wind field experiments, and the
inflow wind profile and three-dimensional expansion of the wake downstream of the wind turbine
on the Gaussian terrain were measured. The experimental results showed that the wake centerline
and terrain curve showed similar variation characteristics, and the near wake profile was similar to a
super-Gaussian shape (asymmetric super-Gaussian shape) under low-wind-speed conditions, while
the near wake profile presented a bimodal shape (asymmetric bimodal shape) under high-wind-speed
conditions. The predicted profiles of the Gaussian terrain wake model were compared with the
experimental data and the three typical wake models. The comparison results showed that the newly
proposed Gaussian terrain wake model fit well with the experimental data in both near wake and far
wake regions, and it had better performance in predicting the wake speed of the Gaussian terrain
wind farm than the other three wake models. It can effectively predict the three-dimensional velocity
distribution in the whole wake region of complex terrain.

Keywords: wind field experiment; wake model; Gaussian terrain; Coanda effect; lidar

1. Introduction

Wind energy is one of the cleanest renewable energy sources and has abundant
reserves, so countries pay great attention to the development of wind energy [1]. Flat
terrain is the best site for onshore wind farms, allowing full use of wind resources without
the influence of terrain and obstacles, and wind farms are less expensive to install and
maintain in such terrain. However, with the decreasing resources of many flat terrains,
more and more wind turbines are installed in relatively complex terrains [2,3]. Compared
to wind farms on flat terrain, the wind flow over complex terrain is greatly disturbed by
terrain variations and soil roughness, thus changing the wind potential at the rotor hub
height and making the flow field variations more complex.

The qualitative analysis of the wake in complex terrain has been carried out mainly
through wind tunnel experiments [4–6] and wind field experiments [7–10]. Lange et al. [11]
studied the flow field of a large model of the Bolund Peninsula in a wind tunnel laboratory
and found that the mean wind, wind shear, and turbulence levels are sensitive to changes
in terrain, and that small changes in terrain can lead to changes in wind flow, which
not only affects the power performance of wind turbines, but also affects the service life
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and maintenance costs. Hyvarinen et al. [12] conducted a wind tunnel experiment to
study the wake development on a sinusoidal hill with a wind turbine placed on a ridge,
and their results showed that the downward deflection of the wake and the turbulent
kinetic energy of hilly terrain increased compared with those of flat terrain. The wind
tunnel experiment can control the test conditions more accurately, such as the pressure,
temperature, and velocity of the air flow, but it is influenced by the wall effect and cannot
reach the changeable turbulence intensity and atmospheric environment of the actual
wind field. Therefore, many scholars have studied the wake distribution characteristics
under complex terrain through on-site observation. Hansen et al. [13] analyzed the wake
characteristics of wind turbines in complex terrain based on SCADA data from wind
farm field tests, and their analysis showed that in very complex terrain, the wake often
has a distortion effect. Menke et al. [14] analyzed the wake of a single wind turbine in
complex terrain by using LIDAR measurements, and their results showed that atmospheric
stability has a strong influence on the wake propagation in the vertical direction. The above
research on wakes over complex terrain is limited to qualitative analysis, which can only
roughly understand the characteristics of wake changes and cannot be applied to layout
optimization and control strategies of complex wind farms. Therefore, quantitative analysis
of the wake is essential.

Quantitative analysis of the complex terrain wake is mainly based on numerical simu-
lations [15–17] as well as analytical modeling [18–20]. Kuo et al. [21] proposed an algorithm
combining computational fluid dynamics (CFD) and mixed-integer programming (MIP) to
optimize the layout on complex terrain. Liu et al. [22] studied two superposition methods
to predict the wind turbine wake on complex terrain through large eddy simulations, and
their results showed that the superposition method along the central streamline of the wind
turbine has a better prediction effect. Li et al. [16] used large eddy simulations to study
the wake distribution of wind turbines installed on complex terrain, and found that the
shape of complex terrain determines the impact of ground roughness and atmospheric
stratification on the wind turbine wake. The above numerical simulation methods have
high computational accuracy, but the applicability of high-fidelity simulation results are
more limited and computationally expensive [19,20], and cannot be applied to actual wind
farms, so the analytical wake model with low computational cost and high computational
accuracy has become a hot research topic. Feng et al. [23] introduced topographic features
into the Jensen wake model. The Jensen wake model with topographic features can opti-
mize the layout of two-dimensional wind farms on the Gauss Mountain. However, the
Jensen wake model assumes that the wake is linearly related to the downstream distance,
which is not in line with reality. Therefore, the layout optimization system based on the
Jensen wake model still has large defects. Ibrahim et al. [18] proposed an engineering
wake model consisting of wake width and wake wind speed. This model is based on
momentum theory and considers two-dimensional mountain slope acceleration, but it can
only predict the wake speed in the horizontal direction, which is still very limited for the
wake analysis of wind farms. Brogna et al. [24] proposed a new wake engineering model by
superimposing a Gaussian shape on the top of the complex terrain flow field and assuming
that the centerline of the wind turbine wake follows the streamline of the complex terrain
flow field. However, the wake velocity distribution in the vertical direction predicted by
the model is in a symmetrical Gaussian shape, which is quite different from the wake
distribution of the actual wind field. Tian et al. [25] quantified the wake characteristics
of wind turbines on two-dimensional Gaussian hills with different slopes by means of an
actuator disk model, and used the parameters of complex terrain to modify the traditional
flat terrain. A new model based on a local acceleration factor and a simulated wind turbine
wake velocity calculation was proposed. The above wake model for complex terrain does
not take into account the wind shear effect, and the influence of the wind shear effect on the
wake distribution cannot be ignored [26–28], especially in the vertical wake distribution.
In order to solve this problem, Gao et al. [29] introduced the Coanda effect into the wake
model, considered the effect of wind shear, modified the wind speed distribution in the
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vertical direction, and proposed a complex terrain wake model suitable for the far wake
region. However, the model does not fully describe the velocity distribution of the whole
wake region, and it ignores the distribution characteristics of the near wake. However,
in actual wind farms, with the continuous reduction in ground resources, the spacing
between many wind turbines is less than 4D [30], which means that many downstream
wind turbines are affected by the near wake generated by upstream wind turbines, so it is
necessary to quantify the near wake.

Based on these, a new tail flow model for Gaussian terrain is proposed in this paper,
which can predict the three-dimensional velocity distribution characteristics of the entire
wake region of a wind turbine on a Gaussian-shaped hill. The wind shear effect and the
Coanda effect on the wake of a wind turbine on a Gaussian terrain are taken into account,
and the wind field experiments on complex terrain are conducted to validate the proposed
wake model.

The innovations and contributions of this paper are as follows:

1. The Gaussian terrain wake model proposed in this paper considers the influence of the
Coanda effect and wind shear effect, and can accurately predict the three-dimensional
wake distribution of wind farms in complex terrain;

2. Unlike previous engineering wake models, the newly proposed Gaussian terrain
wake model takes into account the velocity distribution characteristics of the whole
wake region of wind farms in complex terrain, which includes not only the far wake
region, but also the near wake region;

3. Two high-precision lidars are used to capture the three-dimensional distribution
characteristics of free flow and wake, and the captured data are more complete and
reliable than the data measured by the wind measuring mast;

4. The newly proposed Gaussian terrain wake model can effectively predict the three-
dimensional wind speed distribution of the whole wake field in complex terrain, and
the calculation cost is far lower than that of the high-fidelity model, which can be
applied to the actual wind field and provide a reference for the optimization of the
wind farm layout.

2. Gaussian Terrain Wake Model Derivation

The basic idea of the derivation of the Gaussian terrain wake model is to consider the
Coanda effect on the basis of the traditional engineering wake model, then calculate the
wake sinking height, and finally correct the three-dimensional full wake model (3DJGF
wake model).

2.1. The 3DJGF Wake Model

There are many wake models for flat-terrain wind farms, but in order to make the
Gaussian terrain wake model more comprehensive, this paper selects the 3DJGF wake
model derived by Gao [31] that can describe the entire wake region as the benchmark
wake model for deriving the Gaussian terrain wake model, and its expression is shown in
Equation (1).
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where uhub is the incoming wind speed in front of the hub center, m/s; zhub is the vertical
height from the center of the hub to the ground, m; r0 is the initial wake radius, m; ry is
the wake radius horizontally, m; rz is the wake radius in the vertical direction, m; σy is the
characteristic wake width in the horizontal direction; σz is the width of the characteristic
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wake in the vertical direction; ymin is the distance from the Gaussian minimum to the center
line of the wake horizontally; zmin is the distance from the Gaussian minimum to the center
line of the wake vertically; a is an axial induction factor; α is the wind shear index, obtained
from the incoming wind profile measured by the wind field.

Due to the properties of the Gaussian function, 2.81 standard deviations can reach a
probability of 99% in each dimension, so it can be assumed that the characteristic width
expression of the wake is as follows [31]:{

σy = ry/[2.81(1 + c1e−c2x2
)]

σz = rz/[2.81(1 + c1e−c2x2
)]

(2)

where c1 and c2 are parameters and are obtained by fitting the changing trend of the
wake centerline.

The wake radii horizontally ry and vertically rz follow the linear hypothesis proposed
by Jensen [32], which is expressed as follows:{

ry = kyx + r0
rz = kzx + r0

(3)

where ky is the wake expansion coefficient in the horizontal direction; kz is the wake
expansion coefficient in the vertical direction. As the velocity of wake expansion is not
the same horizontally and vertically, the expression of the wake expansion coefficient with
anisotropy is used [33]. The expressions for the wake expansion coefficient horizontally ky
and the wake expansion coefficient vertically kz are shown in Equation (4):{

ky = 0.18265C0.2566
T I0.2808

0
kz = 0.243346C0.4297

T I0.4707
0

(4)

where CT is the thrust coefficient of the wind turbine, which is determined by the flow
speed from the center of the hub; I0 is the incoming turbulence intensity, which is obtained
from the ratio of the standard deviation and the average wind speed within 10 min.

The initial wake radius r0 can be determined by Equation (5) [34]:

r0 = D
√
(1− a)/(1− 2a)/2 (5)

In Equation (5), D is the diameter of the wind turbine.
The axial inducible factor expression a is as follows:

a = (1−
√

1− CT)/2 (6)

Figure 1 shows a schematic diagram of a double-Gaussian function. The expression for
the distance from the Gaussian minimum to the center line of the wake horizontally and
the distance from the Gaussian minimum to the center line of the wake vertically can be
obtained from the characteristics of the double-Gaussian function, as shown in Equation (7):{

ymin = ry − 2.81σy = 2.81c1e−c2x2
σy

zmin = rz − 2.81σz = 2.81c1e−c2x2
σz

(7)
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Figure 1. Schematic diagram of a double-Gaussian function. 
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Figure 1. Schematic diagram of a double-Gaussian function.

2.2. Coanda Effect

The Coanda effect, also known as the wall effect, refers to the tendency where when
the fluid encounters a convex surface, the fluid deviates from the original flow direction
and flows with the convex surface [29]. The Coanda effect is caused by the sudden change
in terrain, which leads to the pressure difference on both sides of the fluid. Under the effect
of the pressure difference, the fluid shifts from the high-pressure side to the low-pressure
side, and finally achieves a stable flow state of the attached wall.

Wind turbines installed on complex terrain are affected by the Coanda effect. In the
actual wind farm, there are inevitably prominent ridges. When the wind flows through
the windward sides of the ridges, the flow rate of the near-ground-side gas decreases, the
pressure increases due to the gas being obstructed, and the near-ground-side wind flows to
the far side, so the fluid streamlines have an upward trend. When the wind flows through
the leeward sides of the ridges, there is a wind acceleration effect, which leads to an increase
in the velocity near the ground and a decrease in the pressure, and the wind on the far side
flows toward the near ground side, so the streamlines of the fluid on the leeward sides
have a downward trend. On the windward sides of the ridges, the streamlines of the fluid
are upward, and on the leeward sides, the streamlines of the fluid are downward, which
forms the Coanda effect, as shown in Figure 2.
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2.3. Gaussian Terrain Wake Model

The 3DJGF wake model does not take into account the influence of terrain changes
on the wake, believing that the wake center is on the hub height line, while in the actual
complex terrain wind farm, the wake center will change with the change in terrain, and the
change in the wake center is generally reflected in the wake sinking in the vertical direction.
This article takes the Gaussian-shaped ground that is more common in wind farms as an
example. From the Coanda effect, when the terrain behind the wind turbine falls, the wake
will also sink with the terrain, assuming that the vertical height of the Gaussian-shaped
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ground where the wind turbine is h and the sinking height of the wake center is ∆h, as
shown in Figure 3.
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Taking the center of the wind turbine hub as the coordinate origin, the Gaussian terrain
surface expression is as follows:

f (x) = h
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where σ is the standard deviation, obtained by fitting the Gaussian terrain surface.
Then, the wake center sink height ∆h expression is:
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)
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Combining Equations (1)–(9) obtains a Gaussian terrain wake model, the expression
of which is shown in Equation (10):
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3. Wind Field Experiments

From January to April 2019, our team conducted wind farm measurements at an
onshore wind farm with complex terrain in northern Hebei Province. The wind turbine
to the north of the wind farm is located on a Gaussian hill, which is one of the typical
installation methods for wind turbines in complex terrain. Therefore, the wind turbine
wake expansion process at this location can be measured and used to validate the Gaussian
terrain wake model. Two models, the W3D6000 (a ground-based vertical lidar) and WP350
(a ground-based vertical lidar), were used in wind field experiments, and WP350 was
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used to measure the wind speed, wind direction, turbulence intensity, and wind profile of
incoming flow. The W3D6000 has both RHI and PPI scanning modes, where the RHI mode
(fixed azimuth and adjustable elevation angle) can be used to measure the vertical wind
profile of the wind turbine wake, and the PPI mode (fixed elevation angle and adjustable
azimuth) can be used to measure the horizontal wind profile of the wake. A schematic of
the lidar measurement is shown in Figure 4.
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3. Wind Field Experiments 
From January to April 2019, our team conducted wind farm measurements at an on-

shore wind farm with complex terrain in northern Hebei Province. The wind turbine to 
the north of the wind farm is located on a Gaussian hill, which is one of the typical instal-
lation methods for wind turbines in complex terrain. Therefore, the wind turbine wake 
expansion process at this location can be measured and used to validate the Gaussian 
terrain wake model. Two models, the W3D6000 (a ground-based vertical lidar) and 
WP350 (a ground-based vertical lidar), were used in wind field experiments, and WP350 
was used to measure the wind speed, wind direction, turbulence intensity, and wind pro-
file of incoming flow. The W3D6000 has both RHI and PPI scanning modes, where the 
RHI mode (fixed azimuth and adjustable elevation angle) can be used to measure the ver-
tical wind profile of the wind turbine wake, and the PPI mode (fixed elevation angle and 
adjustable azimuth) can be used to measure the horizontal wind profile of the wake. A 
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Figure 4. Schematic diagram of two types of lidar measurement.

According to the wind tower data analysis, the main wind direction of the wind farm
is the northwest wind. Therefore, in order to measure a more complete wake distribution,
WP350 is arranged in the northwest direction of the 3-2 wind turbine, 160 m away from
the 3-2 wind turbine; the W3D6000 is arranged in the southeast direction of the 3-2 wind
turbine, 1275 m away from the 3-2 wind turbine; the height difference between the center
of the wind turbine hub and the W3D6000 is 72 m. The exact locations of the lidar and
wind turbines are shown in Figure 5. The yellow lines in Figure 5 represent the contour
lines, and the yellow pushpins represent the positions of the wind turbines.
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4. Results and Discussion

In order to demonstrate the effectiveness of the Gaussian terrain wake model proposed
in this paper, the predicted horizontal and vertical profiles of the model were validated;
three recently proposed wake models were selected for comparison to show the improve-
ment of model accuracy. The three wake models were the 3DJG-H model (complex terrain
wake model) proposed by Gao et al. [29], 3DJGF model (flat terrain wake model) proposed
by Gao et al. [31], and 3DEG model (flat terrain wake model) proposed by He et al. [33].

The 3-2 wind turbine hub center height zhub = 65 m, the Gaussian-shaped peak height
h = 72 m, the standard deviation σ = 5 of the fitted Gaussian terrain surface function, and
the corresponding variation curve of wake sink height ∆h with downstream distance x are
shown in Figure 6.
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4.1. Horizontal Profile Verification

The wind velocity distribution of the wake flow in the horizontal direction downstream
of the wind turbine can be obtained by the PPI mode of W3D6000, as shown in Figure 7. It
can be seen that the wake of the 3-2 wind turbine is obviously complete and not disturbed by
the wake of other wind turbines, which is suitable for analyzing the extended characteristics
of the wake in the horizontal direction.

The incoming turbulence intensity I0 = 0.08 and the incoming wind speed uhub = 5.9 m/s
at the hub center correspond to a thrust coefficient CT = 0.85 measured by WP350 for 10 min.
In this paper, horizontal profile wake data from four locations downstream of the wind turbine
(x = 1D, x = 3D, x = 6D, and x = 8D) were selected to verify the validity of the Gaussian
terrain wake model in the horizontal direction, as shown in Figure 8. From the comparison results,
the prediction accuracy of the Gaussian terrain wake model is better than those of the other three
wake models on the whole. However, it is worth noting that at x = 1D, the prediction error
of the Gaussian terrain wake model is higher than those of several other downstream locations,
especially at the center of the wake, which is mainly due to the fact that the Gaussian terrain
wake model is based on the double-Gaussian. In addition, the prediction profile at the near wake
shows a bimodal shape, while the incoming wind speed in this experiment is only 5.9 m/s, which
corresponds to a large thrust coefficient. Under this small-wind-speed condition, the near wake
profile resembles a super-Gaussian shape, which is consistent with the experimental results of
Blondel et al. [30], so the Gaussian terrain wake model is slightly less effective in predicting the
near wake under small-wind-speed conditions. The 3DJG-H wake model is only applicable to the
far wake region, so the prediction accuracy of the model in the near wake region is lower than
that of the Gaussian terrain wake model. However, because the 3DJG-H wake model considers
the influence of terrain on the wake distribution, the prediction accuracy in the far wake region is
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acceptable. The 3DJGF wake model does not take into account the settlement of the wake, so its
overall prediction accuracy is poor. As the wake sinking phenomenon becomes more obvious with
the increase in the downstream distance, the prediction accuracy of the 3DJGF wake model shows a
negative correlation trend with the downstream distance. The 3DEG wake model does not consider
the influence of wake sinking, so its prediction results are not ideal. Due to the limitation of its
mathematical expression, the 3DEG wake model cannot predict the distribution of the near wake.
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4.2. Vertical Profile Verification

In order to verify the accuracy of the Gaussian terrain wake model in the vertical
direction, the vertical profile cloud map of the 3-2 wind turbine captured by the RHI mode
of the W3D6000 LiDAR was selected in this paper, as shown in Figure 9. The cloud map is
based on the W3D6000 LiDAR as the coordinate origin, the vertical direction as the vertical
axis, and the longitude direction as the horizontal axis, and the hub center coordinates of
the 3-2 wind turbine were (1275, 137).
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The incoming turbulence intensity I0 = 0.11, the incoming wind speed uhub = 9 m/s
at the hub center, the corresponding thrust coefficient CT = 0.749, and the wind shear index
a = 0.14 were measured by WP350 for 10 min.

As with the horizontal profiles, vertical profile wake data from four locations down-
stream of the wind turbine (x = 1D, x = 3D, x = 6D, and x = 8D) were selected to
verify the validity of the Gaussian terrain wake model in the vertical direction, as shown
in Figure 10. From the measured wake profile data, it can be seen that at x = 1D, the
vertical wake wind speed distribution resembles an asymmetric bimodal shape, while
the measured wind speed profiles at the other three downstream locations resemble an
asymmetric unimodal shape. From the comparison results of the vertical profiles, the
prediction effect of the Gaussian terrain wake model in the whole wake region is better
than those of the other three wake models. It is worth noting that the Gaussian topography
model has a large error in predicting the velocity on the centerline of the wake at x = 1D,
which obviously underestimates the wake velocity. This may be due to the fact that x = 1D
is closer to the wind turbine and the wake center is more seriously influenced by the
wind turbine nacelle, plus the turbulence intensity changes are more complicated near
the wake, especially near the wake centerline, so it leads to a larger error in predicting
the wake center. At x = 3D, the predicted profile of the Gaussian terrain wake model is
asymmetric single-peaked, which is consistent with the measured wake profile. Similar to
x = 3D, the prediction error of the Gaussian terrain wake model is larger near the wake
center because x = 3D is at the boundary between the near and far wake regions, and the
turbulence variation on the wake centerline is more complex than the turbulence intensity
variation at other locations. However, the newly proposed Gaussian terrain wake model
uses a simple turbulence intensity model, which does not accurately predict the turbulence
intensity change on the centerline, resulting in a slightly larger prediction error at the center
of the wake than at other vertical locations. In the other two downstream locations, the
predicted curves of the Gaussian terrain wake model and the measured profiles are in
good agreement, and their prediction errors are both small. The 3DJG-H wake model is
only applicable to the far wake region, so its prediction accuracy for the wake at x = 3D,
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x = 6D, and x = 8D is good, while the prediction accuracy at x = 1D is poor, which
seriously underestimates the wind speed near the wake center. The prediction profile of the
3DJGF wake model at x = 1D is not very different from that of the Gaussian terrain wake
model, both of which are asymmetric bimodal, and both of which are in good agreement
with the measured profile. This is mainly because at x = 1D, the terrain changes little,
and the wake sinking phenomenon is not obvious, so the prediction results of the 3DJGF
wake model and the Gaussian terrain wake model are similar. Meanwhile, at the other
three downstream locations, because the 3DJGF wake model does not consider the wake
settlement, the prediction error is large. With the increase in the downstream distance,
the terrain change also increases, and the wake sinking phenomenon is more and more
obvious. The 3DEG wake model does not take into account the influence of the terrain on
the wake sinking, so the prediction effect on the wake speed is not ideal.
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From the above analysis, it can be obtained that the Gaussian terrain wake model
has good prediction results at the remaining downstream locations except for the large
prediction error near the wake centerline of the near wake, and the prediction accuracy
is higher than those of the other three wake models, which can effectively predict the
three-dimensional distribution characteristics of the wake generated by wind turbines on
Gaussian terrain.
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5. Conclusions

Based on the 3DJGF wake model, this paper proposes a Gaussian terrain wake model
considering the Coanda effect, the wind shear effect, and the distribution characteristics of
the entire wake. At the same time, the wind field experiment using two lidars to verify the
accuracy of the model is summarized as follows:

(1) Due to the influence of wind shear in the vertical profile, the vertical profile of the
wake presents an asymmetric shape;

(2) Affected by the Coanda effect of Gaussian topography, the height of the center of the
wake changes with the change in the terrain, and shows similar change characteristics
to the terrain curve;

(3) From the wake profile data measured by the wind field, it can be seen that under
small-wind-speed conditions (large thrust coefficient), the near wake profile is similar
to the super-Gaussian shape, while under the condition of larger wind speeds (small
thrust coefficient), the near wake profile shows a bimodal shape.

(4) The newly proposed Gaussian terrain wake model is compared with the measured
data and the three wake models, the prediction results and experimental data of the
Gaussian terrain wake model fit well in both horizontal and vertical directions, and
the prediction accuracy greatly improves compared with the other three wake models;

(5) The newly proposed Gaussian terrain wake model can accurately predict the three-
dimensional wake distribution downstream of wind turbines, which can provide a
reference for wind resource evaluation and microscopic site selection of wind farms
with complex terrain.
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