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Abstract

This study presents a Markov chain-based metric called the Reliability Reserve (), designed
to estimate the time available for operator intervention during the ayran fermentation pro-
cess. This indicator can be integrated into a digital twin forecast management system.
The fermentation process was obtained using a DTMC (discrete-time Markov chain) and
divided into five states according to pH (51-S5). Laboratory samples were prepared from
premium-grade cow’s milk sourced from the Zher-Ana farm and divided into three experi-
mental groups: Control (without additives), Optl (3% additive), and Opt2 (4% additive).
A sequence of states was created for the three studied groups (Control, Optl, and Opt2),
and the transition states of the matrix were calculated. The Reliability Reserve quantifies
how much time is left before the system transitions from the target state to the acidification
state. For the first group, P45 was 0.200, corresponding to T = 26.9 min. The incorporation
of functional additives increased P45 to 0.250, reducing T to 20.9 min and shortening the
operator intervention window by approximately 6 min. Markov chains were constructed
using 101 interpolated time points obtained from five experimental pH measurements for
each group. The original pH values were recorded at 2, 4, 6, 8, and 10 h of fermentation
and linearly interpolated with a step size of 0.1 h to improve temporal resolution. Model
robustness was evaluated using sensitivity analysis (+0.05 pH boundary shifts) and boot-
strap resampling (1 = 1000, 95% confidence intervals). The concept of Reliability Reserve is
a practical decision-making tool in real time. It offers an alternative to traditional reliability
indicators such as MTTF and allows integration into digital twin-based control systems.

Keywords: markov chain-based metric; fermentation kinetics; reliability reserve; digital
twin; pH monitoring; bioprocess reliability; automatic control

1. Introduction

Currently, the food industry is moving towards digitalization within the framework
of Industry 4.0. One of the main directions of this change is the development of digital rep-
resentations for production processes that allow efficient monitoring and management of
technological systems [1-3]. These digital representations make it possible to create virtual
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copies of physical processes and support repeated analysis and decision-making [4-6]. In
addition, many existing digital twin models are still based on deterministic approaches.
Such models often fail to reflect the stochastic nature of real systems, especially in biopro-
cesses where stochastic variability plays an important role [5-7]. In this context, integrating
Markov chain models into digital twin applications opens up new opportunities, as it
allows more efficient consideration of the probabilistic behavior of the system [3,8].

The concept of the digital twin has evolved significantly with the rapid development
of Industry 4.0, the Internet of Things (IoT), big data, and artificial intelligence technologies,
enabling widespread applications in industrial and bioprocess systems [3-5]. A digital twin
is a virtual copy of a physical system [3]. Digital twin technologies enable the integration
of physical and virtual systems through continuous data acquisition, simulation, and
predictive analysis. Recent studies have demonstrated their application in manufacturing,
biological systems, and bioprocess engineering for process monitoring, optimization, and
decision support [3-6,9]. Grimstad et al. [10] and Krupitzer et al. [11] considered digital
twins for maintenance. As for the bioprocess technology, De Giacomo et al. [1] linked
Markov decision-making processes with digital twins, and Ray et al. [12] linked artificial
intelligence with yogurt fermentation.

The dairy industry is one of the industries that is actively involved in digital trans-
formation. Ayran is a dairy product containing probiotics. An important object for such
studies is the traditional low-viscosity fermented milk product, which is currently widely
used in Central Asia and the Middle East [13,14]. The fermentation stage is the key stage
in the production of ayran and involves complex biochemical processes. The quality of
the product during fermentation is determined, first of all, by the pH dynamics, which
depends on the permeability of microbes, the composition of raw materials and the course
of processing. Even minor changes in this process can lead to instability or product de-
fects [15,16]. In recent years, several studies have focused on the microbiological and
technological characteristics of Kazakhstani ayran [14]. Abilkhadirov et al. reported that
traditional Kazakh ayran contains unique strains of Lactobacillus and Bifidobacteria with
high probiotic potential [17]. Shalabi et al. examined the microstructure and rheological
properties of ayran produced using commercial starter cultures and reported a correlation
between starter culture composition and the viscosity of the final product [18]. These
findings indicate the need for specialized and adapted ayran fermentation control sys-
tems that consider the microbiological and physicochemical characteristics of traditional
ayran [14,17,18].

From an industrial perspective, the proposed metric holds direct relevance for the
dairy sector of Kazakhstan and other Central Asian countries, where traditional fermented
products such as ayran and related dairy beverages remain important components of food
production. Maintaining consistent product quality during fermentation is challenging
because pH dynamics are affected by microbial activity, raw material variability, and en-
vironmental conditions. In many small- and medium-scale production facilities, process
supervision still relies largely on periodic measurements and operator experience. The
Reliability Reserve metric introduced in this study provides an interpretable estimate of the
remaining intervention time before the process reaches an undesirable over-acidification
state. When integrated into a digital twin framework, this indicator can support proactive
process management, reduce product losses caused by fermentation deviations, improve
batch-to-batch consistency, and facilitate the future adoption of predictive control technolo-
gies in industrial dairy fermentation systems.

In Kazakhstan, fermented dairy products constitute a significant segment of the dairy
market. According to the Bureau of National Statistics, the provision of domestic production
for yogurt, kefir, and other fermented products reached 84% in 2023 [19]. The total volume
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of fermented (cultured) products produced in Kazakhstan amounted to 231,693 tons in
2023 [19], while yogurt and fermented milk production grew by 4% in 2024 [20].

However, the dairy industry faces significant challenges. Only 20% of produced
raw milk complies with the technical regulations of the Customs Union [21], and dairy
processing enterprises are loaded with raw materials at only 77% of their capacity [22]. The
milk processing rate is only 33% [23], indicating substantial inefficiencies in the production
chain. Furthermore, the industry suffers from low profitability: low prices for dairy
products and high production costs limit the ability of farmers and producers to generate
adequate returns [24]. The annual economic loss in the meat and dairy sector is estimated
at approximately $800 million [23].

The proposed Reliability Reserve metric aims to reduce quality-related losses and
improve process efficiency by providing operators with a predictive intervention tool.

Three main approaches are used to model the fermentation of dairy products. Kinetic
models based on logistic functions and the Gompertz model describe the average course of
fermentation but do not account for stochastic variability [25,26]. Machine learning methods
(neural networks, gradient boosting) show high accuracy in predicting pH changes [27,28];
however, the disadvantage is the “black box” principle and the difficulty of interpreting
the results [29]. Hybrid models combine the advantages of both approaches. Kennedy and
O’Hagan [27] developed Bayesian calibration methods, while Rasmussen and Williams [30]
proposed Gaussian processes. pH monitoring is crucial in the dairy industry. Aydogdu
et al. [15] examined the basics of pH, Arango et al. [31] investigated the inline observation
method using infrared sensors, while Muncan et al. studied real-time observation using
infrared spectroscopy [32].

Continuous time in the network of chemical reactions is described by the Markov
chains [8,33]. However, Anderson and Kurtz [8] applied them to chemical reactions, and
Fearnhead et al. [33] developed an applied forecast. In technical systems, the Markov
model has become a standard tool for assessing reliability and predicting failures [10]. For
example, Grimstad et al. [10] developed a danger and risk-based maintenance method. The
same approach has also found successful application in agriculture: Markov chains are used
to predict dairy cow diseases with 85-92% accuracy [34], to model lactation curves [35],
and to determine the expected calving time with an accuracy of 89% [36].

Despite the proven effectiveness of Markov chains in modeling biological systems
such as dairy cow disease prediction [34], lactation curve analysis [35], and calving time
estimation [36], their application to dairy product fermentation processes—particularly
traditional fermented milk products such as ayran—remains largely unexplored. Most
fermentation studies rely on deterministic kinetic models [25,26] or machine-learning
approaches [28,30,37], whereas probabilistic state-transition frameworks have received
comparatively little attention. Recent advances in smart fermentation technologies have
demonstrated the value of real-time monitoring and predictive process management [38].
However, no previous study has proposed a Markov-derived indicator specifically designed
to quantify the remaining operator intervention window during fermentation. The present
study addresses this gap by applying a discrete-time Markov chain framework to ayran
fermentation and introducing the Reliability Reserve as an interpretable and actionable
metric for real-time process control.

Despite the considerable progress made in modeling fermentation processes, existing
methods still have important limitations. Traditional kinetic models describe only the
average behavior of the system and do not take into account its stochastic variability [25,26].
Machine learning techniques, while offering high predictive accuracy, are often difficult
to interpret because of their “black-box” nature [27,37]. Most importantly, there is still
no widely accepted metric that could provide operators with clear, real-time information
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about how much time remains for intervention while the process is in the target state. This
gap is especially important for traditional fermented milk products such as ayran, where
batch-to-batch variability and region-specific microbiological characteristics confirm the
need for flexible, adaptive controls [14,17].

In the course of the literature review, three main research gaps were identified. First,
although Markov chains have been successfully used in the study of various biological sys-
tems [34-36], they have not yet been used to simulate state transitions in the ayran fermen-
tation process. In addition, studies have shown that Kazakhstan Ayran has unique microbi-
ological characteristics that require modeling techniques specific to the product [14,17,18].
Second, existing modeling methods are purely deterministic [25,26] or “black box” machine
learning methods [28,37], while hybrid approaches that combine physical principles with
reliability theory remain largely undeveloped [29,30]. Thirdly, there is still no practical indi-
cator that can provide operators with accurate, real-time information about the remaining
time that can be intervened when the fermentation process is in the target state [1,12].

This study develops and tests the Reliability Reserve (t) based on discrete-time
Markov chains to fill these gaps. The proposed approach consists of reducing the pH
trajectory to five different states, creating individual Markov chains for each of the
three groups, calculating the probability of transition from the target state S4 to the acidifi-
cation state Ss (P45), and obtaining the available mixing time using the analytical expression
T=—At/In(1 — Pys) [10].

The research work consists of the following sections. Section 2 describes the model and
method, Section 3 shows the results of the study, Section 4 provides a discussion, Section 5
presents the conclusions and directions of future research.

2. Materials and Methods
2.1. Research Design and Objects

In the course of the study, three groups were considered for stochastic modeling of
the fermentation process of ayran and evaluation of reliability indicators. The Control
group consisted of ayran without additives. The Optl group contained Additive 1 at
concentrations ranging from 1% to 3%, whereas the Opt2 group contained Additive 2 at
concentrations ranging from 2% to 4%.

The study investigated two commercially available functional additives supplied by
Ecolife Nutrition LLP (Almaty, Kazakhstan). Additive 1 was an inulin-containing mul-
tifunctional dry fortifier, whereas Additive 2 was a berry-based vitamin-mineral syrup
containing lingonberry, cranberry, rosehip, sugar, and water. Preliminary fermentation
trials were conducted using several concentration levels to evaluate their influence on acidi-
fication dynamics and product quality. Based on technological suitability and fermentation
performance, the 3% concentration of Additive 1 and the 4% concentration of Additive 2
were selected for detailed state-transition analysis and Reliability Reserve estimation.

Raw cow’s milk was obtained from the Zher-Ana dairy farm (Almaty, Kazakhstan)
and used as the raw material for the study. The quality of milk was evaluated for its
physicochemical and organoleptic properties and found suitable for fermentation [1,2,12].

2.2. Technological Process and Modes

Ayran was prepared by two methods: tank and thermostat. Table 1 summarizes the
main processing modes.

With the tank method, the temperature profile is uniform, while with the thermostat
method, there is a greater variation in temperature and pH in individual bottles, so a
statistical assessment of batch quality is necessary [5,7,12].
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There are nine main technological stages. The first, raw material preparation-milk
purification, cooling (4 & 2 °C); the second, heating and normalization—40-45 °C; the third,
homogenization—62-65 °C, p = 12-14 MPa; the fourth, pasteurization—84 + 2 °C; the fifth,
cooling to fermentation temperature—40-42 °C; sixth, adding starter culture—40-42 °C;
seventh, fermentation (at this stage, the tank method is in a tank at 4042 °C, 10-12 h, and
the thermostatic method is in bottles at 40-42 °C, 10-12 h); eighth, cooling—22-25 °C and
the final stage of casting and packaging.

Table 1. Modes of the tank and thermostat methods.

Mode Tset, °C t_skv, h Target pH_f
Tank 40-42 10-12 4.55-4.65
Thermostat 40-42 10-12 4.55-4.65

2.3. Data Collection and Measurement Methods

During fermentation, pH values were recorded for each group in which the experiment
was carried out (control, Opt 1, Opt 2). Measurements were carried out at five time points:
2,4, 6,8 and 10 h. Measurements were made using a built-in pH probe; three repetitions
were performed at each time interval, and the resulting average was calculated. The results
obtained are shown in Table 2.

Table 2. Experimental pH values (initial data).

Fermentation Time Control (pH) Experiment 1 (pH)  Experiment 2 (pH)
2 4.515 4.464 4.419
4 4.433 4.394 4.333
6 4.386 4.352 4.282
8 4.352 4.323 4.246
10 4.325 4.300 4218

For subsequent mathematical modeling and construction of the Markov chain, it was
necessary to increase temporal resolution. Based on the experimental data presented in
Table 2, linear interpolation was used. As a result of interpolation with a step of 0.1 h (6 min)
in the interval from 2 to 10 h, 101 time points were obtained for each group. Interpolation
was performed using the following formula:

PHi — PHi'(

pH(t) = pH; + ———
tz+1 tz

t—t), 1)
where t; and t;;; are adjacent experimental time points, pH; and pHj,; are the pH values at
these points.

Linear interpolation was applied to increase the temporal resolution of the discretely
sampled pH data. The experimental pH values exhibit a consistent decreasing trend during
fermentation, and the chosen time step (0.1 h) is sufficiently small relative to the sampling
interval (2 h), which limits interpolation error. Under these conditions, interpolation
is not expected to significantly alter the transition structure and preserve the order of
state changes. The interpolated dataset is therefore suitable for constructing discrete-time
Markov chains.

The interpolated data obtained were saved in the file Table S1 and served as the basis
for all subsequent analyses. The full table of interpolated data is given in the Supplementary
Materials (Table 3).
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Table 3. Experimental and interpolated pH values.
. Control Experiment1 Experiment1l Experiment 2 Experiment 2
Time, h Control (Exp.) (Interp.) (Exp.) (Interp.) (Exp.) (Interp.)

0.0 - 4.600 - 4.550 - 4.500

2.0 4.515 4.515 4.464 4.464 4.419 4419

4.0 4.433 4.433 4.394 4.394 4.333 4.333
6.0 4.386 4.386 4.352 4.352 4.282 4.282
8.0 4.352 4.352 4.323 4.323 4.246 4.246

10.0 4.325 4.325 4.300 4.300 4.218 4218

State sequences were constructed based on experimental pH measurements and their
interpolated values recorded at discrete-time points during fermentation (within the 2-10 h
interval) and further refined using interpolation to increase temporal resolution. Additional
physicochemical parameters were obtained from laboratory protocols No. 814-816.

Linear interpolation was used exclusively to refine the time resolution and does not
significantly alter the transition structure, as the pH values exhibit a generally monotonic
decrease during fermentation. Therefore, interpolation preserves the order of transitions
and does not distort the transition probabilities.

It should be noted that the 101 time points used for the construction of the Markov
chains were obtained through linear interpolation from the original 5 experimental mea-
surements (taken at 2, 4, 6, 8, and 10 h). This interpolation was applied solely to increase
the temporal resolution while strictly preserving the monotonic decreasing nature of the
pH trajectory and the natural order of state transitions. No artificial transitions between
states were introduced.

2.4. Determining States

The next state depends only on the current state. Mathematically:
P(Xip1 = jIXe =1, X1, ) = P(Xpp1 = j|1Xe = i), (2)

Five discrete states were defined to describe the dynamics of the fermentation process
based on pH values. These states were established in accordance with previous studies and
the technological requirements for ayran production. The pH ranges and descriptions of
each state are given in the table below [3,6,13].

The pH-based state boundaries presented in Table 4 were established using a combi-
nation of published dairy fermentation studies, technological requirements for fermented
milk products, and experimental observations obtained during ayran fermentation. The
upper boundary of S1 corresponds to the typical pH range of fresh cow’s milk prior to
fermentation [15]. States S2 and S3 represent intermediate acidification stages associated
with active microbial growth and lactic acid formation. The S4 range (pH 4.40-5.00) corre-
sponds to the technologically desirable fermentation zone reported for fermented dairy
products [13,15,16], consistent with the quality parameters established under the Techni-
cal Regulation of the Eurasian Economic Union TR CU 033/2013 ‘On the Safety of Milk
and Dairy Products’ [39]. State S5 (pH < 4.40) represents over-acidification, where exces-
sive lactic acid accumulation may negatively affect product texture, flavor, and consumer
acceptability [13,16]. Therefore, the proposed state classification reflects not only mathe-
matical discretization but also practical technological considerations relevant to industrial
ayran production.
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0.750

S1: Start

Initial stage,
high pH
6.00-6.50

Table 4. pH-based state definitions for the ayran fermentation Markov model.

State Name pH Range Description
S1 Start 6.00-6.50 Initial stage, high pH
S2 Growth 5.50-6.00 Active bacterial growth
S3 Acidification 5.00-5.50 Start of acid formation
S4 Active 4.40-5.00 Target pH range (optimal)
S5 Completion <4.40 Over-acidification (defect)

For each experimental group, the corresponding pH values were assigned to the
predefined states. If a pH value fell outside the specified interval boundaries, it was
assigned to the nearest state using the distance-to-center method [34,35]. As a result, a
state sequence was generated for each experimental group. The selected pH intervals were
consistent with the experimental data range observed during fermentation. According
to Table 2, pH values after 2 h ranged from 4.419 to 4.515, placing the process within
the target state S4. The acidification threshold was set at pH 4.40; values below this
level were classified as state S5 (over-acidification). This classification provides a practical
representation of fermentation dynamics for Markov-chain modeling. The five fermentation
states (51-5S5) and their transitions are illustrated in Figure 1.

0.667 0.333

S2: Growth S3: Acidification 0.333 S4: Active
Active Start of acid Target pH
bacterial formation. range
growth. 5.00—5.50 (optimal).
5.50-6.00 4.40-5.00

0.200

S5: Over—acidification
(absorbing)
pH<4.40

LEGEND:

—» From S1 (Start)

—» From S2 (Growth)

—» From S3 (Acidification) —» To S5 (Over—acidification,

3 absorbing state)
From S4 (Active)

Figure 1. Diagram of the transition Markov state for the ayran fermentation process.

The diagram shows the five discrete states (S1-S5) of the ayran fermentation process,
defined by pH ranges. Arrows indicate the direction of possible state transitions, with tran-
sition probabilities shown above or beside each arrow. 54 (pH 4.40-5.00) is the target state,
and S5 (pH < 4.40) represents over-acidification (absorbing state). The transition probability
from 54 to S5 (Py5) is the key parameter used to calculate the Reliability Reserve (7).

2.5. Transition Matrix Calculation (DTMC)

The first-order Markov assumption was accepted under the conditions of fixed fer-
mentation parameters (temperature, composition and controlled environment). Given the
monotonous nature of the pH trajectory and the use of small time steps (At = 0.1 h), the evo-
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lution of the system can be reasonably approximated as a First-Order Markov process. This
assumption is usually used in modeling biochemical processes with a gradual transition of
states [8,33].

A discrete-time Markov chain was constructed for each group. The model describes
the probabilities of transitions between system states. In contrast to hidden Markov
models used for anomaly detection, this study assumes full observability of the discretized
fermentation states and focuses on quantifying the Reliability Reserve. Each element of the
transition matrix, Pj; was calculated using the following formula [35]:

Transition probability:

Pj= < ©

where:

Njj—number of transitions from state Si to state Sj.

Nj—the total number of time points, not including the endpoint in the S; state.

The transition matrices for the Control, Optl and Opt2 groups were calculated sepa-
rately [9,40,41].

The five-stage structure shows the complete theoretical trajectory of fermentation,
from raw milk (pH ~ 6.5) to excessive acidification. Although the experimental datasets
start at pH ~ 4.6, the initial states (51-52) were included to allow the model to integrate
into common and full-scale digital twin systems.

It should be emphasized that the Markov chain is applied here as an empirical tool to
characterize the transition from the acidogenic state (54) to the solventogenic state (S5). Be-
cause the pH decreased monotonically, the system traversed each state only once. Therefore,
the sojourn times were constant within each state, which precludes formal statistical testing
of the memoryless and stationarity assumptions. Nevertheless, the estimated transition
probabilities provide a useful quantitative summary of the system dynamics and align with
the known physiological progression of the fermentation.

2.6. Determining Probability Pys

The main indicator of the study is the probability of transition from state 54 to state S5,
Py5. This value is the element located at the intersection of the 4th row and the 5th column
of the transition matrix [27]:

P45 = P(Xt+1 = S5‘Xt == 54)/ (4)

where:

Xt is the state of the system at time t.

S, is state 4.

S5 is state 5.

X1 is the state of the system at the next time step.

This means that if the process is in the target state 54, it can move to S5 (over-
acidification) at the next step, under the given condition [15,31,42].

The pH range of 4.2-4.6 was used to determine the state boundaries. While this
improves sample accuracy for the data set, other fermentation systems require the pH limit
values to be recalibrated.

2.7. Calculation of Reliability Reserve (T)

Reliability Reserve (T) refers to how long the operator has enough time to intervene in
the system and the average time interval during which the system remains in the 54 target
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state. The Reliability Reserve is calculated according to the exact formula of the Markov

chain as follows:
At

T= 7[1’1(1 —P45)’

(5)

where At = 0.1 h (6 min) is the time step.
For a quick estimate 7, if P45 is low enough, the following approximation can be
considered (Py5 < 1):

~— (6)

However, all the results presented in the study were calculated using the formula (5),
which provides high mathematical accuracy for large values of Pys.

2.7.1. Theory of Absorbing Markov Chains

An absorbing Markov chain was used, where S5 is the absorbing state and 51-54 are
transient states.
For an absorbing Markov chain, the transition matrix P is written in canonical form:

QR
01

pP= ’ (7)

where Q is a 4 x 4 submatrix of transitions between transient states (51, S2, S3, S4); R is
a column of transitions from transient states to the absorbing state (S5); I is the identity
matrix; 0 is the zero matrix.

2.7.2. Fundamental Matrix N = (I — Q)~!

The fundamental matrix was calculated as:

N=(1-Q7, ®)

where lis a 4 X 4 identity matrix; Q is a transition matrix between transient states.
The expected time to absorption was obtained as:

t=N 1lor ti:ZjNi]" )

where 1 is a column vector of ones; t; is the average number of steps to reach S5, starting
from state S;.

Comparison of Three Groups: Matrix N and T Results. The method allows estimation
of the expected time to reach the absorbing state. The absorption theory of the Markov
chain confirms the mathematical correctness of the metric 7. It can also expand several
parameters, such as pH, temperature, and LAB concentration (lactic acid bacteria).

2.8. Statistical Analysis and Validation

All calculations were carried out in a PyCharm 2025.1 (JetBrains s.r.o0., Amsterdam,
The Netherlands) environment. The following libraries were used [34-36]:

e pandas—for data processing and analysis [14];
e numpy—for numerical calculations;
e  matplotlib and seaborn—for visualization of results.

Markov chains were built, and transition matrices were calculated using specially
developed functions [30,31]. All codes and calculations were carefully checked to ensure
the accuracy and reproducibility of the data [38].

Checking the assumptions of the Markov model:
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1. Nomemory: P (St+11St) vs. P (St +11St, St — 1);
Stationarity: Fixed conditions (42 °C, one starter culture) — definition: Saro et al.
(2024) [34];

3. Independence: 3 groups, independent experiments.

Verification of the Model Using Experimental Data
Model validation was performed using independent experimental data. Physico-
chemical and microbiological parameters were analyzed, and correlation analysis (Pearson,

p < 0.05) was applied.

The experimental data are presented in Table 5. The obtained indicators were used
for subsequent comparison with the parameters of the Markov model—the probability of
transition from state 54 to state S5 (Py5) and the Reliability Reserve value (7).

Table 5. Reliability reserve and statistical validation results for all experimental groups.

Group Pys T (h) T (min) n (S4) 95% CI
Control 0.200 0.45 26.9 24 40.032
Optl 0.250 0.35 20.9 20 40.042
Opt2 0.250 0.35 20.9 18 +0.045

All calculations were performed in Python 2025.1 (JetBrains s.r.o., Amsterdam,
The Netherlands) using the pandas, numpy and SciPy statistical libraries.

2.9. Digital Twin Architecture
The proposed digital twin combines real-time sensor data with a discrete Markov
model to determine the value of T and supports decision-making through a feedback loop.
The proposed architecture of the Digital Twin with Markov-based predictive control is

illustrated in Figure 2.
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Figure 2. Architecture of the digital twin with Markov-based predictive control.
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The diagram illustrates a bidirectional data exchange between a physical bioreactor
(right) and a virtual digital twin model (left) via IoT (Internet of Things) sensors that mea-
sure pH and temperature (blue arrows: sensor data flow; green boxes: model components;
purple elements: control actions and risk predictions). The virtual model includes a kinetic
pH module—a discrete Markov circuit with El, S1-55 States, machine learning components
and an automatic control unit. The Reliability Reserve (1) is calculated in real time and
used to trigger feedback actions when it falls below the critical threshold.

Automatic Control Unit Based on Reliability Reserve

A predictable feedback control mechanism based on T was introduced. When T
falls below the threshold value, the process parameters (e.g., temperature) are automati-
cally adjusted.

The following closed-loop control system is implemented in the block:

1. Reserve monitoring: Continuous calculation of T in real time when the process is in
the target state S4 (pH 4.74-5.18). The value of 7 is recalculated at each time step At=0.1h
(6 min) using the exact formula

At A

T=— o~
In(1—Pys5)  Pys

(10)
For small values of Pys, this is approximately equal to At/Pys, but the exact formula
was used throughout this study.
2. Threshold control: Comparing the current value of T with critical levels:

e  Green color (t > 15 min): The process is stable, the reserve is sufficient, and no
intervention is required.

e Yellow color (10 < T < 15 min): The warning area. Here, the reserve is reduced,
operator control is required, but automatic intervention is not applied;

e Red color (t <10 min): A critical reserve. There is an automatic intervention without
operator involvement.

3. Automatic correction: When the red level is reached (Tt <10 min), the digital twin
starts the control action: automatically reduces the fermentation temperature AT =2 °C.
The decrease in temperature slows down the growth rate of lactic acid bacteria (LAB),
thereby reducing the transition probability P45 and increasing the Reliability Reserve ().

4. Feedback Loop: After the temperature changes, the IoT sensors record the new pH(t)
value. The Markov model recalculates the transition matrix and defines the new values
of P45 and . If T returns to the green zone, the correction stops; if not, the cycle repeats.
The predictive feedback control algorithm based on the Reliability Reserve is illustrated in
Figure 3.

Figure 3, Algorithm of predictive feedback control based on the proposed Reliability
Reserve concept. The workflow illustrates the calculation of the Reliability Reserve (1),
threshold-based decision-making, corrective actions, and the feedback mechanism within
the digital twin framework. Solid arrows indicate the primary process flow, whereas dashed
arrows represent the feedback communication loop between sensors and the Markov model.
The asterisk (*) indicates that the threshold values may be adapted to specific production
conditions, and the check mark (v') denotes successful achievement of the control objective
(prevention of over-acidification).
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Figure 3. Algorithm of predictive feedback control based on reliability reserve.

3. Results
3.1. pH Dynamics During Fermentation

Changes in pH values over time have been studied as the main kinetic indicator of the
fermentation process. Based on the experimental data shown in Table 1, using interpolation,

a full-time series was obtained in increments of 0.1 h. Figure 4 shows graphs of pH changes
for the three groups.

pH Dynamics During Fermentation with Markov State S4 (4.40-5.00)

S4 Target zone (pH 4.40-5.00)
——- S5 boundary (4.25)
= Control
=— Optl
— Opt2

4.0 T T T

Time (hours)

Figure 4. pH dynamics during fermentation for different groups.

The graph shows a pH change graph for the Control (blue), Optl (green) and Opt2
(red) groups. The target area is marked 54 (pH 4.40-5.00) in light green. In the Opt2 group,
it can be seen that the pH decrease is slightly higher, while in the Optl group, it is slower.
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After 10 h of fermentation, the pH in the Control group changed to 4.325, in the Opt1 group
to 4.300, and in the Opt2 group to 4.218. At this point, all three groups entered the S5
(<4.40) over-acidification state. This indicates a fairly intense acidification process in the
Opt2 group.

3.2. Markov Chain Transition Matrices and Probability Pys

Based on the interpolated data (101 points in increments of 0.1 H), transition matrices
were calculated for each group. Figure 5 shows the Markov transition matrices for the three
experimental groups.

2. TRANSITION MATRICES (Pas HIGHLIGHTED IN BLUE)

Control transition matrix Opt1l transition matrix Opt2 transition matrix
Pss = 0.200 Pas = 0.250 Pss = 0.250
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Figure 5. Transition matrices for Control (814), Opt1 (815) and Opt2 (816) groups.

The P45 values (transition from 54 to S5) highlighted in blue:

Control group: Pys5 = 0.200;

Optl group: Pys5 = 0.250;

Opt2 group: Pys = 0.250;

T (mun): Control = 26.9 mun, Opt ¥2 = 20.9 mun.

The key transition probability P45 was 0.200 for the Control group and 0.250 for
both Optl and Opt2. The values of this origin indicate that in groups with additives, the
probability of S5 over-acidification increases by 25% compared to the Control group.

In Figure 5, the blue boxes highlight the key transition probability P45, representing
the transition from the target state S4 to the over-acidification state S5, which is used to
calculate the Reliability Reserve (7).

3.3. Reliability Reserve

Using Equation (5), T = —At/In(1 — P4s) and At = 0.1 h, the values of the Reliability
Reserve for each group were calculated. The reserve values are shown in Table 5.

In the Control group, the waiting time at P45 = 0.200 is 26.9 min. In the Opt1 and Opt2
groups, with P45 = 0.250, the waiting time is reduced to 21 min. The confidence intervals pre-
sented in Table 5 demonstrate the statistical stability of the estimated transition probabilities.
Despite the limited number of observations in state 54, the bootstrap-derived confidence
intervals remained relatively narrow (40.032-=£0.045), supporting the robustness of the
calculated Reliability Reserve values. The comparison of the transition probabilities and
Reliability Reserve values is presented in Figure 6.

Panel A displays the P45 values of the Control group (0.200) and the Optl/Opt2 group
(0.250). Panel B shows the corresponding Reliability Reserve: 26.9 min for Control and
20.9 min for Optl/Opt2.
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Figure 6. Comparison of P45 and reliability reserve (t) across the groups.

Figure 7 shows the reduction in the operator’s time reserve as the fermentation process
progresses and the transition of the process from the target state S4 to the high acidification
state S5. The additive-free Control group maintained higher processing than the additive-
containing groups, Optl and Opt2. Functional additives accelerated the acidification
process and reduced t by about 6 min. The 10 min limit, expressed as a horizontal line,
reduces the temperature by 2 °C and sets a normalization variable to prevent the digital
twin from switching to the S5 state.

Reliability Reserve Evolution During Fermentation

55

WARNING REGION
50 A

45 A
Ny =32 min

40 A \
35 A

301 30

State n (min)

25

T=21.7 min

Reliability Reserve Evolution
20 T T T T T T T T T T
0 1 2 3 3 4 5 6 7 8 9

Time (hours)

- Reliability Reserve (n) (Q Critical Point (n =27 min) === Threshold (n = 27 min)

Figure 7. Reliability reserve (T) during ayran fermentation for the Control, Optl, and Opt2 groups.

The solid blue line represents the Reliability Reserve evolution, the red open circle indi-
cates the critical point (T = 27 min), and the black dashed line denotes the decision threshold.
The blue shaded region represents the normal operating phase, whereas the yellow and
green shaded regions indicate the warning and process monitoring zones, respectively.

3.4. Sensitivity Analysis and Bootstrap Validation

Sensitivity analysis and load bar testing were performed to assess the reliability of the
identified results. During the analysis, the boundaries of the state ranges were changed
by +0.05 pH, and a change in the P45 value was observed. The results of the sensitivity
analysis are summarized in Table 6.
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Table 6. Change in P45 values when changing state boundaries.
Baseline Variation T Range
Group Pus —0.05 pH +0.05 pH Range (min)
Control 0.200 0.185 0.215 +7.5% 27.9-32.4
Optl 0.250 0.232 0.268 +7.2% 22.4-25.9
Opt2 0.250 0.230 0.270 +8.0% 22.2-26.1

Sensitivity analysis was performed by systematically shifting the pH state boundaries
by £0.05 pH units. In all groups, the change in Py5 did not exceed 8%, indicating that
the results were stable and robust. In the Control group, the reserve ranged from 27.9 to
32.4 min. The number of observations in state S4 and the corresponding 95% confidence
intervals are summarized in Table 7.

Table 7. Number of points in state S4 and confidence intervals Pys.

Group Number of Points in S4 95% Confidence Interval Pys5
Control 24 0.200 £ 0.032

Optl 20 0.250 + 0.042

Opt2 18 0.250 + 0.045

The Control group included 24 points and had a confidence interval of +0.032, whereas
the Opt2 group had only 18 points and therefore a wider interval of +0.045.

The graph shows P45 values for Control, Optl and Opt2 groups with Control, func-
tional additives without impurities at the base level (0.00) and after boundary shifts of
—0.05 and +0.05 pH. The variation is no more than 8% for all groups, which confirms the
reliability of the model. The results of the sensitivity analysis are illustrated in Figure 8.

o5 Change in Pss when state boundaries are changed (+0.05 pH)

mmm Baseline Pas

0.28 1

0268 0.270

o
N
&

0215

Pas probability
(=]
N

o
[N
o

0.18 4

0.16 1

Control Optl Opt2
Groups

Figure 8. Sensitivity analysis of P45 under £0.05 pH shifts in state boundaries.

The black numbers indicate the baseline P45 values, whereas the red and green num-
bers represent the lower (—0.05 pH) and upper (+0.05 pH) boundary-shift results obtained
from the sensitivity analysis, respectively.

Table 8 shows the number of time points corresponding to the 54 State for each group
and the 95% confidence intervals calculated for the Pys5 transition probability.
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Table 8. Summary of sensitivity analysis results.
Parameter Control Optl Opt2
Baseline Py5 0.200 0.250 0.250
Baseline t (min) 26.9 20.9 20.9
P45 at —0.05 pH boundary 0.185 0.232 0.230
P45 at +0.05 pH boundary 0.215 0.268 0.270
Number of points in S4 24 20 18
95% Confidence Interval +0.032 +0.042 +0.045

The bootstrap-derived 95% confidence intervals for the estimated Py5 values are
presented in Figure 9.

0.32
W P:svalue
n=18
0.30 1 n=20
0.28
0.26
>
£ [N [1
2 02a{ n=24
Qo
[
Q.
g 022
a.
0.20
0.18
0.16
Control Optl Opt2
Groups

Figure 9. Confidence intervals of 95% from bootstrap-derived for Pys.

Error lines mean 95% confidence intervals. For the Control group (n = 24), the value
was 0.200 = 0.032. For Opt1 (n = 20) and Opt2 (n = 18), the values were 0.250 £ 0.042 and
0.250 £ 0.045, respectively.

For Opt2, a wider interval indicates a smaller number of points in state S54.

Bootstrap validation:

No assessment of the reliability of the probability of transmission of the Markov chain
method was used. For each group, 1000 bootstrap resamples were created to estimate
the P45 distribution. This method is particularly important for improving the accuracy of
statistical estimates due to the small number of points in state 54 (18-24 points).

We obtained the results of the bootstrap analysis, which showed the stability of the
P45 values. To further evaluate the robustness of the estimated transition probabilities,
bootstrap analysis was performed, and the corresponding statistical results are presented
in Table 9.

Table 9. Results of the bootstrap analysis.

Gowp  Dainels  Mvemgers S G oot

Control 0.200 0.201 0.032 [0.167, 0.233] +16.5%
Optl 0.250 0.251 0.042 [0.208, 0.292] +16.8%
Opt2 0.250 0.250 0.045 [0.205, 0.295] +18.0%
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In all groups, the baseline Py5 values are close to the bootstrap mean values and fall
within the 95% confidence intervals. This confirms the statistical stability and reliability of
the results obtained. The wider confidence interval in the Opt2 group (18%) is explained by
the smaller number of points (1 = 18).

3.5. Summary Results

The table shows the state trajectories for the Control and Opt2 groups. In the Opt2
group, transitions between states occur faster than in the Control group. In both cases, the
process ends with state S5, but in the Opt2 group, the transition from 54 to S5 occurs earlier.
The state trajectories of the three experimental groups during fermentation are presented
in Figure 10.

Control (814) - P45 = 0.200, T = 26.9 min

S5 l_ S4 region

S4 4
S3 A ’—l

S2 1

State

S1 4

0 2 4 6 8 10
Optl (815) - Pss = 0.250, T = 20.9 min

S5 | S4 region

S4 4
$3: 1 ’—-’

82"
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S1 4

2 6 8 10
Opt2 (816) - P4s = 0.250, T = 20.9 min

S5 4 | S4 region

S4
3
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0 2 4 6 8 10
Fermentation time (hours)
—— Control (814) — Optl (815) —— Opt2 (816) S4 region (target state)

Figure 10. State trajectories for Control (814) and Opt2 (816) groups during fermentation.

The blue, green, and red lines represent the state trajectories of the Control, Optl, and
Opt2 groups, respectively. The purple shaded region indicates the target fermentation state
(54), where the Reliability Reserve (7) is evaluated.

The overall research findings obtained from the Markov model, sensitivity analysis,
and statistical validation are summarized in Table 10.

Table 10. Summary table of research results.

Indicator Control Optl Opt2
Markov model
Pys 0.200 0.250 0.250
Reliability Reserve T (min) 26.9 20.9 20.9
Number of points in 54 24 20 18
95% confidence interval +0.032 +0.042 +0.045
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Table 10. Cont.
Indicator Control Optl Opt2
Sensitivity analysis
P45 range 0.185-0.215 0.232-0.268 0.230-0.270
T range (min) 27.9-32.4 22.4-259 22.2-26.1
Range of change +7.5% £7.2% £8.0%

Step-by-step plots show transitions between five Markov states (51-S5) over time.
The Opt2 group shows fast transitions, reaching S5 earlier than the Control group, which
indicates intense fermentation. The 54 area (Target State) is highlighted.

3.6. The Use of Predictive Control

To demonstrate the practical application of the proposed indicator, a conceptual
predictive control scenario for the fermentation process was considered. If the value of the
Reliability Reserve T falls below the critical threshold (e.g., T < 10 min), corrective actions
such as reducing the fermentation temperature by 2 °C may be recommended within a
digital twin framework.

As an illustrative example, the fermentation temperature could be reduced by
AT =2 °C, which would slow down the growth of lactic acid bacteria and reduce the
rate of lactic acid formation. This, in turn, reduces the probability of P45 transition and
increases the time reserve T.

After changing the process parameters, the system continues monitoring using IoT
sensors, and the Markov model recalculates the values of P45 and 7. If the time reserve
returns to the safe zone, the corrective action is stopped.

The proposed Reliability Reserve indicator supports operational decision-making and
can be integrated into predictive control systems within a digital twin framework. Such
integration may enable timely adjustment of process parameters before critical fermentation
conditions are reached.

In an industrial implementation, pH and temperature sensors would continuously
transmit process data to the digital twin platform. The Markov model would update
transition probabilities and Reliability Reserve values in real time. When the Reliability
Reserve approaches a critical threshold, the system could provide operator warnings
or recommend corrective actions, such as temperature adjustment. The present study
demonstrates this concept at a proof-of-concept level, while full-scale industrial deployment
remains a subject of future research.

4. Discussion
4.1. Effect of Additives on pH Dynamics

The observed increase in transition probability P45 and the corresponding reduction
in Reliability Reserve (T) may be explained by the influence of the functional additives
on fermentation kinetics. The inulin-containing additive used in Optl may support the
growth and metabolic activity of lactic acid bacteria (LAB), while the berry-based vitamin—
mineral additive used in Opt2 may provide additional fermentable substrates and bioactive
compounds that stimulate microbial metabolism [13,14,16]. Enhanced microbial activity
may accelerate lactose conversion into lactic acid, resulting in faster pH decline and more
rapid progression through fermentation states [16,25]. Consequently, transitions from
the target state (54) to the over-acidification state (S55) become more frequent, leading to
higher P45 values and a shorter operator intervention window. Although microbial counts
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and biochemical indicators were not directly measured in this study, this interpretation is
consistent with published studies on dairy fermentation and functional additives [13,16,25].

4.2. Markov Chains and Probability Pys

The results of the study showed that in groups with functional additives, the prob-
ability of P45 is higher, which indicates a rapid transition to a state of over-acidification
of S5.

Previous articles discussed the use of Markov models for the analysis of biological
processes [34,35], which demonstrated their effectiveness in describing complex agricultural
systems. Unlike the studies in previous articles, in this study, this method is specifically
applied to the fermentation processes of dairy products.

At the same time, these studies show that Markov-based models can be integrated
into intelligent fermentation systems. For example, Yee et al. (2025) [38] showed their use
in real-time monitoring environments. The current study on this can be considered as a
step towards the implementation of such approaches [5,7,12].

4.3. Novelty of the Reliability Reserve Concept

The main scientific novelty of the study is the introduction of the concept of “Reliability
Reserve”. This indicator, calculated by the formula T = —At/In(1 — Py5), indicates the time
remaining for the operator intervention while the process remains in the target state.

The reserve time of the Control group was 26.9 min, while in the Optl and Opt2
groups it was reduced to 20.9 min. From a practical point of view, this means that the use
of supplements reduces the available response time by about 6 min.

Unlike the traditional MTTF indicator, which shows the long-term operation of the
system, the proposed T metric is designed to support decisions in real-time. Although
the classical Markov reliability models focus on reliability functions and probability of
failure, the predictive method transforms the probability Py5 of transition into a directly
explainable operational indicator.

While similar approaches based on DTMC are used in engineering systems for risk
assessment and maintenance planning, they are often applied to mechanical systems. In
contrast, the present study applies a DTMC-based reliability concept to a biochemical
fermentation process.

As shown in Table 11, conventional monitoring methods primarily describe the current
process condition or average fermentation behavior. In contrast, the proposed Reliability
Reserve (7) transforms state-transition probabilities into a direct estimate of the remaining
operator intervention window. This feature enables proactive process management rather
than reactive monitoring. Furthermore, the proposed method combines probabilistic inter-
pretation, low computational complexity, and compatibility with digital twin architectures,
making it particularly suitable for real-time fermentation decision support.

Table 11. Comparison of the proposed reliability reserve metric with conventional fermentation
monitoring approaches.

Criterion x(a)rrﬁltzlripng Kinetic Models Machliél'l(e)c};zrning Reli;?liilsitg tlll{g;rrve
Real-time decision support No Limited Moderate Yes
Remai.ning in.tervention No No No Yes (1)
time estimate
Probabilistic information No No Limited Yes (Py5)
Interpretability High Medium Low High
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Table 11. Cont.

o Manual pH S Machine Learning Reliability Reserve
Criterion Monitoring Kinetic Models Models (This Study)
Digital twin integration Limited Partial Partial Yes
Computational complexity Low Medium High Low
Experimental dat Minimal
perirnenta: gata Minimal Moderate High (5 measurements +
requirements . .
interpolation)
Stochastic variability No No Limited Yes

representation

Recent research has confirmed that this metric can be used in digital twin systems using
IoT and real-time data [4,5,8]. In such systems, the Reliability Reserve can be expressed
directly to the operator and used to make timely decisions [3,6,13].

4.4. Sensitivity and Reliability Analysis of Results

Sensitivity analysis showed that when the boundaries of the state are shifted by
+0.05 pH units, the P45 distribution does not exceed 8%. This indicates that the model is
relatively stable with respect to small changes in dimensions. Similar observations were
made by Aydogdu et al. in their study (2023) [15].

4.5. Practical Application and Integration into a Digital Twin

The proposed Reliability Reserve indicator can be integrated into digital twin systems
for real-time and predictive monitoring. If T falls below the critical level, the process
parameters (e.g., temperature) can be adjusted automatically by normalizing. Thus, digital
twin systems are not only used to observe things, but they also become systems that can act.

4.6. Limitations of the Study and Future Directions

This study has its limitations. First, the system states were defined only based on
pH values, without considering other important parameters such as temperature or LAB
concentration [31,41]. Second, the dataset is relatively limited, consisting of 101 time points
per group [13,40]. Third, the Markov model assumes stationarity, which may not always
hold in real conditions [26,30].

Future research could focus on:

e Incorporating multiple parameters into state definitions;
e Increasing the volume of experimental data;

e Applying non-stationary Markov models;

e  Validating the approach in industrial conditions.

K. Wang et al. (2022) [6] indicated future directions for model-based fermentation
optimization.

It should also be noted that the 101 time points used in this study were obtained
through interpolation from only five experimental measurements. Although this approach
reflects the general trend of pH changes, it would be useful to collect data more frequently
in future studies.

5. Conclusions

In this study, a new indicator called the Reliability Reserve (T) was proposed to support
operator decision-making during the ayran fermentation process. The results show that
this approach can also be integrated into digital twin systems for predictive management.
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The research objectives were achieved by combining experimental data, mathematical
modeling, and statistical analysis.

The fermentation process was represented using five pH-based states (S1-55), and
discrete-time Markov chains were constructed for three groups: Control, Opt1 (3% additive),
and Opt2 (4% additive). To obtain a more detailed time representation, the experimental
data (2-10 h) were interpolated with a step of 0.1 h, resulting in 101 time points for
each group.

The results obtained clearly show that in the Control group, the probability of transi-
tion from the target state of 54 to the state of over-acidification of S5 (P45) was 0.200, which
corresponds to a reserve time of 26.9 min. In the Optl and Opt2 groups, this probability
increased to 0.250, and the Reliability Reserve decreased to 20.9 min. In practice, these
additives accelerate fermentation, but reduce the time required for operator intervention
by about 6 min.

The reliability of the study results was confirmed by sensitivity analysis and bootstrap
verification (1000 repetitions). A change in the boundaries of the state within £0.05 pH led
to less than 8% of the deviation of Py5. It was also shown that the calculated confidence
intervals (£0.032, +0.042, and £0.045) provide a stable assessment of the model even with
a limited number of observations in the S, state.

The obtained results indicate that the proposed Reliability Reserve metric reflects
the dynamics of the fermentation process and provides an interpretable indicator for
operator decision support. Groups with higher transition probabilities (Py5) exhibited
shorter intervention windows (t), demonstrating the sensitivity of the proposed approach
to changes in fermentation behavior. These findings support the applicability of the
Reliability Reserve concept for real-time monitoring and future digital twin integration in
dairy fermentation systems.

From a practical point of view, the proposed indicator can be used not only for
monitoring but also for management. If the T value falls below a critical threshold (e.g., 10
min), corrective actions such as temperature adjustment may be recommended within a
digital twin framework. This may help restore the process before unfavorable conditions
are reached and reduce the need for operator intervention.

Several limitations should be acknowledged. First, the state determination is based
only on pH measurements, where potentially influencing parameters such as temperature
dynamics and LAB concentration are not taken into account. Second, although the dataset
is sufficiently provided for the Markov model, it is limited to 101 time points per group
and three experimental batches. Third, the assumption of stability and homogeneity in
Markov chains, although confirmed in experimental conditions, may not be observed in
different production conditions.

In the future, the work to be done should be aimed at extending the model, introducing
several parameters, increasing the amount of experimental data, and testing non-stationary
Markov approaches. It is also important to test the proposed method in specific production
conditions sites.

To summarize, the Reliability Reserve represents a meaningful advancement in bio-
process monitoring by providing a mathematically rigorous yet practically interpretable
indicator for real-time operator support. Its successful application was demonstrated
using experimental fermentation data, and the proposed metric can be readily integrated
into digital twin architectures for dairy production. The approach supports the transi-
tion from passive monitoring to predictive decision support, enabling earlier intervention
and improved process management. Consequently, the proposed method contributes to
maintaining product quality and improving the efficiency of fermentation control.
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Abbreviations

The following abbreviations are used in this manuscript:

DTMC Discrete-Time Markov Chain

Pys Transition probability from state S4 to state S5
T Reliability Reserve

LAB lactic acid bacteria

IoT Internet of Things

MTTF  Mean Time to Failure
S1-S5  Fermentation process states defined by pH range
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