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Abstract

The discrete-form control of the Stewart platform is essential for digital implementation
in intelligent manufacturing and robotic systems under the context of Industry 4.0, yet
its performance is often degraded by unavoidable discrete disturbances. This challenge
motivates the development of algorithms with strong disturbance suppression capability.
To address this issue, a continuous-form double-integration-enhanced recurrent neural
network (CEF-DIE-RNN) algorithm incorporating a novel double-integration-enhanced
design concept is first developed to improve robustness against time-varying disturbances.
For digital hardware applications, a discrete-form double-integration-enhanced RNN (DF-
DIE-RNN) algorithm is then constructed by discretizing the CF-DIE-RNN algorithm using
a general four-step discretization formula and a one-step forward difference formula based
on Taylor expansion. Rigorous theoretical analysis establishes the convergence properties of
the proposed algorithm and characterizes its steady-state residual bounds under different
disturbance types, revealing its capability to suppress discrete quadratic time-varying
disturbances. Numerical and simulation experiments demonstrate that the DF-DIE-RNN
algorithm achieves superior disturbance suppression and more accurate trajectory tracking
than existing discrete-form RNN algorithms, confirming its effectiveness for discrete-form
Stewart platform control.

Keywords: recurrent neural network; Stewart platform; double-integration-enhanced RNN;
Industry 4.0
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strategies to high-accuracy trajectory tracking [4-7]. For example, an observer-based for-
ward kinematic algorithm was proposed for a 6-6 Stewart platform, enabling real-time
output feedback control of the platform’s posture without external sensors [5]. A novel
adaptive sliding mode fault-tolerant control was proposed for a Stewart platform, achiev-
ing robust 6-DOF tracking under actuator faults and uncertainties in [6]. A fault-tolerant
control based on nonsingular fast terminal sliding mode and an extended state observer
was proposed for a Stewart platform, achieving fast finite-time convergence and robust
tracking under disturbances and faults in [7].

Neural networks, owing to their strong nonlinear mapping capability, adaptability,
and learning ability, have been widely applied across a variety of domains, including data
modeling, pattern recognition, and prediction tasks [8-14]. Among them, recurrent neural
networks (RNNs), which incorporate feedback connections and internal memory, have
been extensively employed in dynamic systems, robot control, time-series prediction, and
other applications requiring temporal dependency modeling [15-21]. A complex zeroing
neural dynamic (CZND) model has been proposed to optimize inter-robot distances in real
time, ensuring follower robots track ideal trajectories, with demonstrated advantages over
conventional gradient-based neural networks in handling dynamic behaviors and reducing
steady-state errors [18]. Zhang et al. proposed a data-driven distributed recurrent neural
network (DDD-RNN) for multimanipulator systems, which enables online estimation of
both first- and second-order Jacobian matrices and facilitates accurate collaborative motion
generation even when the robot models are unknown [19]. Dai et al. proposed a norm-
based zeroing neural dynamic (NBZND) model for time-varying nonlinear equations,
which replaces element-wise nonlinear activations with a two-norm operation to achieve
finite-time convergence and strong robustness, and further developed a discrete-time
version suitable for digital implementation [20]. Despite the demonstrated success of
recurrent neural networks in various dynamic and time-dependent applications, they face
significant challenges in real-world implementations due to unavoidable disturbances
and uncertainties. These disturbances may arise from sensor noise, modeling errors,
environmental fluctuations, or discretization effects in digital hardware, all of which can
degrade network performance.

To address these challenges, researchers have increasingly focused on developing
methods that exhibit strong noise suppression and robust performance in real-world dy-
namic systems [22-29]. Xiao et al. proposed a noise-resistant zeroing neural network
(NNR-ZNN) with a novel power activation function to solve time-varying quaternion
generalized Lyapunov equations, achieving fixed-time convergence and strong robustness
under various noises, with applications demonstrated in color image fusion and denois-
ing [22]. Kong et al. proposed robust terminal recurrent neural network (RTRNN) models
for solving time-varying quadratic programming problems, achieving prespecified-time
convergence independent of initial conditions and exhibiting strong robustness against
various external noises [26]. Zhang et al. proposed a jump-gain integral recurrent (JGIR)
neural network for solving noise-disturbed time-varying nonlinear inequality problems,
achieving global convergence, strong robustness, and faster convergence with smaller
errors than existing ZNN-based methods, as validated by simulations and manipulator
experiments [27].

In addition to neural-network-based approaches, various disturbance suppression
strategies have been developed in control systems. For example, an improved equivalent-
input-disturbance method integrated with high-order sliding-mode control was proposed
to enhance disturbance estimation and compensation in nonlinear repetitive-control sys-
tems [30]. Moreover, a robust iterative learning predictive asynchronous switching control
strategy was developed to handle disturbances in multi-phase batch processes [31]. Com-
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pared with these methods, the present work focuses on disturbance suppression in a
discrete neural-dynamics-based framework. Therefore, the main distinction of this study
lies not in replacing observer-based, sliding-mode, or iterative-learning strategies but in
developing and analyzing an RNN-based discrete-time scheme with enhanced distur-
bance rejection capability. Nevertheless, from the perspective of RNN-based disturbance
suppression, existing algorithms still exhibit limited capability when dealing with more
complex disturbance scenarios. On the one hand, some algorithms are capable of han-
dling continuous time-invariant disturbances and linear time-varying disturbances, yet
their performance degrades significantly when confronted with more complex continuous
nonlinear time-varying disturbances, such as quadratic time-varying disturbances. On
the other hand, most existing studies focus primarily on algorithm design and analysis in
continuous-time environments, while systematic investigations under discrete-time settings
remain relatively limited. As a result, systematic RNN-based discrete-time frameworks that
can simultaneously ensure convergence and effectively suppress quadratic time-varying
disturbances remain limited. In order to highlight the differences among recently developed
RNN algorithms in disturbance suppression capability and implementation frameworks, a
systematic comparison is provided in Table 1.

Table 1. Comparison of recently developed RNN algorithms.

RNN Discrete/ C?nstant L1.near Q}ladratlc
. Convergence Disturbance Disturbance Disturbance
Methods Continuous . . .
Suppression Suppression Suppression
This paper Discrete Yes Yes Yes Yes
[21] Continuous Yes No No No
[22] Continuous Yes Yes Yes No
[17] Discrete Yes No No No
[25] Discrete Yes Yes Yes No

It is worth noting that in practical digital controllers and hardware implementations,
systems inherently operate in discrete time, where the effects of discrete time-varying
disturbances are more direct and cannot be neglected. Consequently, developing discrete-
form RNN algorithms with strong disturbance suppression capability is of both theoretical
significance and practical importance. Motivated by these considerations, this paper
aims to develop a discrete-form RNN algorithm capable of effectively suppressing dis-
crete time-varying disturbances. In this paper, Section 2 introduces the Stewart platform
and formulates its trajectory-tracking control problem, alongside the development of a
continuous-form double-integration-enhanced RNN (CF-DIE-RNN) algorithm capable of
suppressing quadratic time-varying disturbances. Building upon this, Section 3 presents
the discrete-form double-integration-enhanced RNN (DF-DIE-RNN) algorithm and theo-
retically establishes its performance under discrete quadratic time-varying disturbances.
Section 4 validates the theoretical analysis through numerical and simulation experiments,
demonstrating the effectiveness and superior disturbance suppression capability of the
proposed algorithm. Finally, Section 5 concludes the paper and discusses potential applica-
tions and extensions of the method. The main contributions of this paper are presented
as follows.

1. A CF-DIE-RNN algorithm is developed by incorporating a double-integration-
enhanced design concept, which enables effective suppression of quadratic time-
varying disturbances in Stewart platform trajectory tracking.

2. Based on the continuous formulation, a DF-DIE-RNN algorithm is constructed for digital
implementation using the general four-step ZeaD discretization formula and the one-
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step difference formula, and rigorous theoretical analysis establishes its convergence
and steady-state residual bounds under discrete quadratic time-varying disturbances.

2. Problem Formulation and Continuous-Form RNN Algorithm

This section begins with an introduction to the Stewart platform, followed by the
problem formulation of the corresponding control problem. To enhance its disturbance
suppression capability, the double-integration-enhanced RNN (DIE-RNN) design concept is
then introduced. Then a continuous-form DIE-RNN algorithm is subsequently developed.

2.1. Problem Formulation

The Stewart platform is a typical parallel mechanical structure consisting of a fixed
base and a movable platform, which are connected by six independently extendable
limbs. For clarity of subsequent analysis, a control-oriented schematic of the Stewart
platform is illustrated in Figure 1, following the standard structural configuration reported
in the literature [32]. The center of the movable platform is defined as the end-effector,
whose actual position and desired position are denoted by q® and q¢, respectively. Let
1=1[l,1,131415, 16]T represent the lengths of the six limbs. The objective of the Stewart
platform tracking control is to compute 1(f;, 1) in real time at each discrete sampling in-
terval [fy, try1) C [fo, tf] C [0, +00) so that the actual position of the end-effector q* (#1)
closely approximates the desired position q4(t;,1). Accordingly, the trajectory tracking

task can be formulated as solving the following discrete-form time-varying equation:
s(fest ta1) = Qiyq — Aitsrs 1)
where s(ry, 1, t;,1) denotes the next-step tracking error, and the control objective is to drive
s(txr1,tk1) = 0. ()

To further analyze the system dynamics and facilitate controller design, the discrete-
form time-varying problem can be reformulated in continuous-form as

s(r(t),1) = q*(t) — q(1). ®)

End-effector

Movable platform

Extendable limbs

Fixed base

Figure 1. Control-oriented schematic of the Stewart platform, consisting of a fixed base and a movable
platform connected by six independently extendable limbs. The center of the movable platform is
defined as the end-effector.
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2.2. CF-DIE-RNN Algorithm

To achieve disturbance suppression, based on previous research [33], the DIE-RNN
design concept is introduced and formulated as follows:

ds(x(t),t)

L = —ais(e(t), ) ~ &2 | s(x(0), o)

0
D 0 )
—(:3/0 du/o s(x(c), 0)do,

where ¢ > 0,2 > 0,and 3 > 0 are three design parameters that can affect the convergence
of the CF-DIE-RNN algorithm, and ¢ and u are dummy variables of integration.

Remark 1. It should be noted that the DIE-RNN design concept is inspired by the work reported
in [33]. However, the focus of [33] is mainly on developing RNN algorithms for solving general
discrete time-varying equation systems under quadratic time-varying disturbances. In contrast, the
present work investigates the trajectory tracking control problem of the Stewart platform, where
the discrete time-varying equation arises from the kinematic model of the platform. Furthermore,
the proposed algorithm integrates the DIE-RNN design with a general four-step Zhang et al.
discretization (ZeaD) formula to construct a discrete-form control algorithm suitable for digital
implementation. These aspects distinguish the present study from the existing work in [33].

In addition, when disturbance effects are incorporated, the disturbance-affected DIE-
RNN design concept can be reformulated as follows:

ds(r(t),t)

t
TR —&1s(x(t),t) — @2/0 s(x(0),0)do

& [ au [ s(x(0), 010+ d(),

where d(t) represents the continuous time-varying disturbance vector.
Based on Equations (3) and (4), the following can be obtained:

&' ()~ a'(1) = ~Gis(e(t),) &2 [ s(x(e), ) .
—C3 /Ot du /Ou s(r(0),0)do,

which can be expressed as

& (1) = (1)~ &rs(x(t), 1)~ &2 | ' s(x(e), 0)do
t u (7)
—53/0 du/o s(r(c),0)do.

Considering the Stewart platform at the velocity level [32], the kinematic relationship
can be expressed as:

i() = GOU(t), H(1))a*(¢), ®)

where G(1(t), H(t)) represents the inverse kinematic coefficient matrix of the Stewart
platform, which describes the relationship between the lengths of the six limbs 1(¢) and the
coordinate matrix H(t) in the global coordinate system.

By combining Equation (7) and kinematic relationship (8), the CF-DIE-RNN algorithm
can be obtained as follows:
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i(1) = G(1), H(1) (@ (1) ~ Es(x(8),0) ~ & [ s(r(0),0)0)
FGUD,HO) 85 [ du [ s(x(0),0)a0).

3. DE-DIE-RNN Algorithm and Theoretical Analyses

In this section, the general four-step ZeaD formula and a one-step forward difference
formula based on Taylor expansion are first introduced. Building upon these formula-
tions, the DE-DIE-RNN algorithm is then developed. A series of theoretical analyses are
subsequently conducted to demonstrate the convergence and disturbance suppression
capabilities of the DF-DIE-RNN algorithm. Finally, the discrete-form singular-integration-
enhanced RNN (DF-SIE-RNN) and discrete-form classical RNN (DF-C-RNN) algorithms
are presented for comparative evaluation.

3.1. Discretization Formulas

Based on the previous study [34], the general four-step ZeaD formula is presented

as follows:
. 1 1 1 1
X = g(’Y + g)xk—&-l + g(—‘i’Y + E)xk
1 1 1
+ = (67 = 1)xgq + = (=47 + - )xk (10)

8 g 6
+ gxkf?) +0(g%).

Here, g represents the sampling interval, while - is a selection parameter. It is known
that the truncation error of the general four-step ZeaD formula is O(g°) for y € (1/12, 1/6).
Rearranging Equation (10) yields the following explicit update form for the next-step state:

T 3 x+24'y—3x —(187—3)x
173y 17k ey +2 7k 3y+1 k1

24y —1 —3y .
6y +2 37+1xk,3+0(g )

(11)

X—2 +

As shown in (11), x4, 1 is not directly used as known future information. Instead, it is
recursively computed from the currently available quantities Xy, Xk, xx_1, Xx_2, and xj_3.

Based on a previous study [33], a novel one-step forward difference formula is pre-
sented as follows:

11 5 1 1

. 1 3
X = @xkﬂ - @xk + @xk—l + ?xk—z - ngxk% +0(g”), (12)

where ¥} represents the second derivative of xi. It is worth noting that this discretization
formula is derived based on Taylor expansion, and its truncation error is of order O(g>).

3.2. DF-DIE-RNN Algorithm

By applying the general four-step ZeaD formula (10) to discretize the CF-DIE-RNN
algorithm (9), the following DF-DIE-RNN algorithm is obtained:
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g = WG(IM Hy)g(qf — &1 (s(re tr))

WG(IM Hy)g(—Ggomy — &3ny)

24y -3 —(18y —3)
I +

6y +2 3y+1

24y —1 —37

——1_3.
6y +2 k72+37+1 k=3

+
(13)
L1

+

The above equation neglects the O(g*) term. Here, m; and n; denote the discrete counter-
parts of the single integral term and the double integral term in Equation (9), respectively.
It should be noted that the proposed algorithm does not require the exact disturbance
information to be known in advance. Instead, disturbance suppression is achieved through
the designed double-integration-enhanced error dynamics. Specifically, the single-integral
term accumulates past errors to reduce steady-state error and improve robustness against
persistent disturbances, while the introduced double-integral term provides an additional
level of error accumulation to further enhance the suppression of more complex time-
varying disturbances, especially quadratic time-varying disturbances. This additional
double-integral term constitutes the key structural innovation of the proposed algorithm.
They can be approximately computed as shown below.

By using discretization formula (10) to compute the single integral term my, the result
can be approximately obtained as follows:

3 2y 3 — (1873
m(ryyq, b)) = 73,Y+1g5(fk, te) + 612 m(ry, t) + <37+1 )m(rkflrtkfl) ”
247_1m(l‘k 2 tk—2) + el m(r_3, t3) + O(gh).
6y +2 VT2 t-2) g T k-5 B

By using discretization formula (12) to compute the double integral term ny, the result
can be approximately obtained as follows:

2

20
(11, bern) = 780 b)) + ynlre f) 5)

6 4 1
- ﬁn(rk—lftk—l) — ﬁn(l‘k—zf tr_o) + ﬁn(fk—sf te—3) +O(g”).

Based on the kinematic Equation (8), it is assumed that the pseudo-inverse of G (1, Hy)
exists and can be computed throughout the task execution. Consequently, the following
expression is derived:

a; = G (I, Ho)lk- (16)

Using the general four-step ZeaD formula (10), the discrete update of (16) is given by:

3 . 2493 . —(187-3)
2= oG (I, Hy) a a
Qi1 37+18G (Le, Hi )1y + 6y 12 371 e

24y -1 , =37 _a 4

(17)

3.3. Theoretical Analyses
Theorem 1. Ify € (1/12, 1/6), then the proposed DF-DIE-RNN algorithm (13) is zero-stable.
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Proof. The characteristic polynomial of Equation (13) is

p6) = (1438 + <4v+1>93
(18)

+ (67 —1)0% + (—4y + - )9+7

According to previous studies [29,34], when v > 1/12 and y < 1/6, all roots of ¢(0) =
satisfy [#] < 1, and || = 1 is a simple root. Therefore, the proposed DF-DIE-RNN
algorithm (13) is zero-stable. [

Theorem 2. If v € (1/12, 1/6), then the proposed DF-DIE-RNN algorithm (13) is consistent
and convergent with a truncation error of order O(g*).

Proof. Equation (13) can be rewritten as follows:

Ly = mc(lk/ Hi)g(qf — & (s(rg, ty))

3 ilgG(IkIHk)(_gzmk — gang)
24y -3 —(18y—3)
6y +2 k 37—1—1

2y —1
6y +2

(19)

k-1

+

I+ lk 3+ 0(gh).

3y+1

It is evident that the truncation error of the DF-DIE-RNN algorithm is O(g*). In addition,
the truncation error of the single-integral approximation (14) is of order

3 24y —3 — (187 —3)
m (T, tey1) = 3y +1gs( % te) + 67 +2 m(ry, t) + Wm(rk—lrtk—l) 20)
24y — -3
JTm<rk—2/ tk_o) + ﬁm(rkﬂ/ t—s) + O(g").

The truncation error of the double-integral approximation is of order (15) O(g°), as
shown below:

2

2 20
n(repq, 1) = Ts(rkr tr) + ﬁn(rk/ tr) o

6 4 1
- ﬁn(rk—lztk—l) - ﬁn(rk—zf tr_o) + ﬁn(rk—sf t—3) + O(g°).

Since O(g°) is of higher order and can be subsumed into O(g*) in the overall truncation
error analysis, it follows that the truncation error of the DF-DIE-RNN algorithm (13) is of
order O(g*). The proof is thus completed. [

In addition, when disturbance effects are incorporated, the disturbance-affected DF-
DIE-RNN algorithm (13) can be reformulated as follows:

et = 377 Gk HOg(aE — Gi(s(ri b))

311 G(ly, Hy)g(—Gamy — &3ny)
2473 —(187-3)
6')/—1—2 AR YO |

24y — -3y
1
67 +2 k2t g les +do

_|_

(22)

k—1
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where dj represents the discrete time-varying disturbance vector. The following theoretical
analysis demonstrates the noise suppression capability of the DE-DIE-RNN algorithm (13)
under different discrete time-varying disturbances.

Theorem 3. If the disturbance dy is a discrete linear time-varying disturbance of the form
dy = aty + B € R3, or a discrete constant time-invariant disturbance of the form d;, = p € R3,
then the DF-DIE-RNN algorithm (13) converges to the theoretical solution with a residual error on
the order of O(g*).

Proof. The DF-DIE-RNN algorithm (13) is obtained by applying discretization formu-
las (10) and (12) to discretize the CE-DIE-RNN algorithm (9), it can be obtained that
limy 0 sup || E(tes1)|[g = 0+ O(g*) = O(g?*). Thus, under discrete linear time-varying
disturbance and discrete constant disturbance, the DF-DIE-RNN algorithm (13) converges
with a residual error on the order of O(g*). O

Theorem 4. If the disturbance dy is a discrete quadratic time-varying disturbance of the form
dy = at? + B € R, then the DF-DIE-RNN algorithm (13) converges to the theoretical solution
with a residual error E(ty,1). Moreover, E(tx,1) is positively correlated with the disturbance
parameter « and negatively correlated with the design parameter &3.

Proof. Under discrete quadratic time-varying disturbance described by dy = at7 + p € R3,
existing results in [33] show that the CF-DIE-RNN algorithm (9) admits a bounded steady-
state error satisfying limy_, o sup||E(tx4+1)||p = ZH“HZ . When implemented in a discrete-time
framework, the DF-DIE-RNN algorithm (13) preserves the above convergence property,
while an additional discretization-induced term arises due to numerical approximation.
Consequently, the residual error obeys limy_, o sup||E(fx41)|lp = 2”5% + O(g*). This
bound indicates that the steady-state performance of the DF-DIE-RNN algorithm (13) is
jointly determined by the disturbance parameter & and the design parameter {3, whereas
the high-order term O(g*) reflects the influence of discretization. In practical scenarios
where the disturbance-induced component 2“5% dominates the discretization effect, the
contribution of O(g*) becomes negligible and may not be explicitly observable in numerical
results. The proof is thus completed. [J

3.4. Other Algorithms

In this subsection, two conventional DF-RNN algorithms are presented for comparison.
First, the DF-SIE-RNN algorithm is presented as follows:

_ 3 .d
L1 = WG(IM Hy)g(ag — G1(s(rk, t)))
G(1, Hy)(—
+37+1g (1x, Hi) (—&2my) o)
273 —(187-3),
6y+2 £ 3y+1 K1
24y — 1
1 1
+ 6712 % 2+3’Y+1 -3+ 0(g"),
where
3 24y —3 —(18y —3
m (T, teyr) = 3y +185( %o te) + 6;Y+2 m(rk,tk)+(3711)m(1’k1rfk1)
24
2y b)) + L m(r s e s) + O(gY) @
6’)/+2 k—=2,tk—2 3,)/+1 k—3,tk—3 .
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In addition, the DF-C-RNN algorithm is presented as follows:

b = 57 G0k H)g(a — 61 (s(0, 1))

u4y-3,
6y +2 k 3y+1
24y —1 3y

6r+2 F 2 311

—(18y—3) 25)

+ k-1

13+ 0O(gh).

Remark 2. In summary, the two conventional discrete-form RNN algorithms, i.e., the DF-SIE-
RNN algorithm (23) and DF-C-RNN algorithm (25), are presented here for tracking control of the
Stewart platform. Among them, the DF-C-RNN algorithm (25) has been widely used, whereas the
DF-SIE-RNN algorithm (23) is a recently proposed novel approach. Both algorithms can converge
to the theoretical solution with corresponding residual error when applied to discrete-form control of
the Stewart platform. It should be noted that the DF-SIE-RNN algorithm (23) also possesses certain
discrete time-varying disturbance suppression capability.

4. Real-Time Tracking Experiments and Performance Evaluation

In the preceding sections, the proposed DF-DIE-RNN algorithm (13) with enhanced
disturbance suppression capability was proposed, and its effectiveness was theoretically
analyzed and validated. In addition, two conventional discrete-form RNN algorithms were
presented for comparison purposes. To further verify the theoretical findings, a series of
numerical simulations and real-time tracking experiments are conducted in this section.

4.1. Example 1

The three-dimensional coordinate expression of the desired path is as follows:

x = 1/3sin((1/15)mtt) cos((1/5)mty)
y =1/5cos((1/15)7mty) sin((1/5)mty) (26)
z =2+sin((1/9)mty).

To evaluate the effectiveness and disturbance suppression capability of the proposed
DF-DIE-RNN algorithm (13), a series of numerical experiments were conducted under
different conditions. The selection parameter 7y was set to 1/11, and the results were
compared with those obtained using the DF-SIE-RNN (23) and DF-C-RNN (25) algorithms.
In the experimental figures, the residual error is defined as the Euclidean norm of the three-
dimensional tracking error vector, i.e., |[s(rgy1, fxi1)||2, rather than the componentwise
errors along the three coordinate directions.

First, the performance of the three RNN algorithms was examined under discrete
constant time-invariant disturbance d; = ¢ € R?, as depicted in Figure 2. As shown in
Figure 2, all three algorithms achieved convergence under different sampling intervals.
However, the residual errors produced by the DF-DIE-RNN algorithm (13) were nearly
comparable to those of the DF-SIE-RNN algorithm (23) and consistently smaller than
those of the DF-C-RNN algorithm (25). Specifically, when g = 0.01, the residual error
of the DF-DIE-RNN algorithm (13) is on the order of O(g!°), and when ¢ = 0.001,
it decreases to O(g'*). Furthermore, the maximum steady-state residual error of the
DF-DIE-RNN algorithm (13) varies on the order of O(g*), which is consistent with the
theoretical analysis.
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102k Is(rrsts trsn)lla

—«—DF-DIE-RNN
—+—DF-SIE-RNN
—+—DF-C-RNN

[Is(rrss tesa)llo
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Figure 2. Residual errors of DF-DIE-RNN algorithm (13), DF-SIE-RNN algorithm (23), and DF-
C-RNN algorithm (25) under discrete constant time-invariant disturbance dy = ¢ € R3. (a) With
¢1 = 10,82 =50, ¢3 = 100, g = 0.01, and ¢; = 0.7. (b) With ¢; = 100, ¢ = 500, ¢3 = 1000, g = 0.001,
and ¢; = 0.7.

Next, the experimental results of the three RNN algorithms under discrete linear
time-varying disturbance d; = at; + B € R3 were illustrated in Figure 3. As observed from
Figure 3, the residual error of the DF-DIE-RNN algorithm (13) rapidly converged to zero
under different sampling intervals. Under the same sampling interval, the residual error
generated by the DF-DIE-RNN algorithm (13) was significantly smaller than those of the
DF-SIE-RNN (23) and DF-C-RNN (25) algorithms. These results clearly demonstrate the
effectiveness and robustness of the DF-DIE-RNN algorithm (13) when dealing with discrete
linear time-varying disturbances.

Finally, the residual errors of the three algorithms under discrete quadratic time-
varying disturbance d; = at? + B € R3 were illustrated in Figure 4. As shown in Figure 4,
only the residual error of the DF-DIE-RNN algorithm (13) exhibited a clear tendency to-
ward stability as time increases, indicating its superior capability in suppressing discrete
quadratic time-varying disturbance. In contrast, the residual errors of the other two al-
gorithms increased over time, suggesting that they are less effective in suppressing such
disturbance. These observations clearly verify the superior disturbance suppression capa-
bility of the proposed DF-DIE-RNN algorithm (13) under highly time-varying disturbances.

5 5
i T
103 —«—DF-DIE-RNN 3 103 E —e«—DF-DIE-RNN
102 s (rrsts trsn)llo DF-SIE-RNN | 1 102F Is(rests tes) DF-SIE-RNN
1 3 10
1% ——DF-C-RNN | ] 100F —+ DF-C-RNN

() (b)

Figure 3. Residual errors of DF-DIE-RNN algorithm (13), DF-SIE-RNN algorithm (23), and DF-C-
RNN algorithm (25) under discrete linear time-varying disturbance d; = at; + f € R3. (a) With
¢1 =10,8, =50, ¢3 = 100, g = 0.01, a; = 0.02, and B; = 0.4. (b) With ¢; = 100, ¢ = 500, {3 = 1000,
¢ =0.001, a; = 0.02,and B; = 0.4.
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Figure 4. Residual errors of DF-DIE-RNN algorithm (13), DF-SIE-RNN algorithm (23), and DF-C-
RNN algorithm (25) under discrete quadratic time-varying disturbance dj = txti + B € R3. (a) With
¢1 =10,¢2 =50, ¢3 =100, g = 0.01, o; = 0.5, and B; = 0.7. (b) With {; = 100, > = 500, 3 = 1000,
g=0.001,a; =05,and B; =0.7.

4.2. Example 2

The three-dimensional coordinate expression of the desired path is as follows:

x =sin((1/5)7ty) +9/10cos((2/5) tty)
y = cos((1/5)mty) +9/10sin((2/5)mty) (27)
z=2+41/2cos((3/5)mty).

To further investigate the effectiveness and robustness of the DF-DIE-RNN algo-
rithm (13), DE-SIE-RNN algorithm (23), and DF-C-RNN algorithm (25) under different
disturbance conditions, a series of simulation experiments were conducted. The selection
parameter 7y was set to 1/11.

First, a discrete constant time-invariant disturbance d; = ¢ € R3 was considered,
and the corresponding trajectory tracking results are shown in Figure 5, where the blue
curves represent the actual trajectories and the red curves denote the desired paths. As
illustrated in Figure 5a, the DF-DIE-RNN algorithm (13) maintains accurate trajectory
tracking, with the actual trajectory closely matching the desired path. Similarly, as shown in
Figure 5b, the DF-SIE-RNN algorithm (23) also achieves satisfactory tracking performance
under constant disturbance. In contrast, the DF-C-RNN algorithm (25) exhibits noticeable
tracking deviations in Figure 5c, indicating its limited disturbance suppression capability
even in the presence of discrete constant time-invariant disturbance.

——Actual trajectory —e—Actual trajectory —e—Actual trajectory

25 «* Desired path 25 - Desired path - Desired path

(@) (b) (o)

Figure 5. Comparison of the desired path and actual trajectory for the DF-DIE-RNN algorithm (13),
the DF-SIE-RNN algorithm (23), and the DF-C-RNN algorithm (25) under discrete constant time-
invariant disturbance dy = c € R3, with ¢1 =10, ¢ =50, 3 = 100, g = 0.01, and c; = 0.8. (a) The
DE-DIE-RNN algorithm (13). (b) The DF-SIE-RNN algorithm (23). (c) The DF-C-RNN algorithm (25).

Next, a discrete linear time-varying disturbance dj = at; + 8 € R3 was introduced,
and the results are presented in Figure 6. In Figure 6a, the DF-DIE-RNN algorithm (13)
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again achieves high tracking accuracy, with the actual trajectory tightly matching the
desired path. In Figure 6b, the DF-SIE-RNN algorithm (23) was also able to follow the
desired path under this disturbance. However, the DF-C-RNN algorithm (25) shows visible
deviations in Figure 6¢c, demonstrating its limited capability in suppressing discrete linear
time-varying disturbances.

Z (m) —— Actual trajectory Z (m) —=—Actual trajectory ——Actual trajectory

Ny

5. 1 ¥ -+ Desired path 35
\ / s
Y /,
2 ;/ 25
\\] / :
5.1 \ 151
3 .
2
0 o 1
Y (m) 1

0
~ 2 ~ - X (m) Y ~ -1 X (m)
o, m; o (m) (m) o (m)

(@) (b) (©)

Figure 6. Comparison of the desired path and actual trajectory for the DF-DIE-RNN algorithm
(13), the DE-SIE-RNN algorithm (23), and the DF-C-RNN algorithm (25) under discrete linear time-
varying disturbance dy = aty + € R3, with ¢1 = 10, ¢ = 50, ¢3 = 100, g = 0.01, a; = 0.6,
and B; = 0.8. (a) The DF-DIE-RNN algorithm (13). (b) The DF-SIE-RNN algorithm (23). (c) The
DE-C-RNN algorithm (25).

25 - Desired path 2 -« Desired path
1

Finally, a discrete quadratic time-varying disturbance was applied, and the actual
trajectories and desired paths obtained by the three algorithms are illustrated in Figure 7.
As shown in Figure 7a, the trajectory generated by the DF-DIE-RNN algorithm (13)
closely follows the desired path, indicating effective suppression of discrete quadratic
time-varying disturbances. In contrast, the DF-SIE-RNN algorithm (23) exhibits notice-
able deviations, as illustrated in Figure 7b, while the DF-C-RNN algorithm failed to
maintain accurate tracking and produced severe deviations in Figure 7c. These obser-
vations indicate that only the DF-DIE-RNN algorithm can effectively suppress discrete
quadratic time-varying disturbances.

Overall, the simulation results under different disturbance conditions clearly demon-
strate the distinct disturbance suppression capabilities of the three algorithms. Under
discrete constant time-invariant disturbances, both DF-DIE-RNN algorithm (13) and DF-
SIE-RNN algorithm (23) were able to maintain satisfactory trajectory tracking performance,
whereas the DF-C-RNN algorithm (25) exhibits noticeable tracking deviations, indicating
limited robustness. When discrete linear time-varying disturbances are introduced, the
DF-DIE-RNN algorithm (13) continues to achieve high tracking accuracy, and the DF-
SIE-RNN algorithm (23) remains effective, while the DF-C-RNN algorithm (25) showed
degraded performance. In the presence of discrete quadratic time-varying disturbances,
only the DF-DIE-RNN algorithm (13) was capable of accurately following the desired
trajectory, whereas the DF-SIE-RNN algorithm (23) suffered from significant deviations
and the DF-C-RNN algorithm (25) failed to maintain stable tracking.

These results indicate that the DF-DIE-RNN algorithm (13) exhibits the strongest
disturbance suppression capability among the three algorithms, particularly for discrete
quadratic time-varying disturbances, which is consistent with the theoretical analysis
presented earlier.
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Figure 7. Comparison of the desired path and actual trajectory for the DF-DIE-RNN algorithm (13),
the DF-SIE-RNN algorithm (23), and the DF-C-RNN algorithm (25) under discrete quadratic time-
varying disturbance d; = at7 + p € R, with & = 10, & = 50, & = 100, ¢ = 0.01, a; = 0.4,
and B; = 0.6. (a) The DF-DIE-RNN algorithm (13). (b) The DF-SIE-RNN algorithm (23). (c) The
DF-C-RNN algorithm (25).

5. Conclusions

This paper proposes a DE-DIE-RNN algorithm (13) with strong disturbance suppres-
sion capability for discrete-form Stewart platform control. By incorporating the double-
integration-enhanced design concept, a CF-DIE-RNN algorithm (9) is constructed, which
also facilitates theoretical analysis. Subsequently, the continuous-form algorithm is dis-
cretized using a general four-step ZeaD discretization formula together with a one-step
forward difference formula based on Taylor expansion, leading to the DF-DIE-RNN algo-
rithm (13) suitable for digital implementation. Rigorous theoretical analysis is conducted
to establish the convergence properties of the proposed DF-DIE-RNN algorithm (13) and to
characterize its disturbance suppression performance under various discrete time-varying
disturbance conditions. Finally, numerical and simulation experiments are performed to
validate the theoretical results and to demonstrate the superiority of the proposed algo-
rithm in terms of disturbance suppression and trajectory tracking accuracy, highlighting its
potential for high-precision motion control tasks in intelligent manufacturing and robotic
systems aligned with the requirements of Industry 4.0. Although the proposed algorithm
demonstrates promising performance in disturbance suppression and trajectory tracking,
several challenges still remain. For instance, extending the proposed algorithm to more
complex disturbance environments and large-scale parallel robotic systems deserves further
investigation. In addition, integrating the proposed algorithm with real-time hardware
platforms and conducting experimental validation on physical Stewart platforms will
constitute important directions for future research.

Author Contributions: Conceptualization, Y.M. and Y.S.; methodology, YM., Y.S. and CJ.; validation,
YM.,, Y.S. and C.J.; formal analysis, Y.M.; investigation, Y.M.; resources, Y.S. and C.J.; data curation,
Y.M.; writing—original draft preparation, Y.M.; writing—review and editing, Y.S. and C.J.; visualiza-
tion, Y.M.; supervision, Y.S. and C.J.; project administration, Y.S.; funding acquisition, Y.S. and C.J. All
authors have read and agreed to the published version of the manuscript.

Funding: This work was supported by the National Natural Science Foundation of China under
Grant No. 61906164 and the Universities Natural Science Research Project of Jiangsu Province, China
under Grant No. 19K]JB120015.

Data Availability Statement: The data presented in this study are available from the corresponding
author upon reasonable request.

Conflicts of Interest: The authors declare no conflicts of interest.

https://doi.org/10.3390/informatics13040049


https://doi.org/10.3390/informatics13040049

Informatics 2026, 13, 49 15 of 16

References

1. Li, K;; Zhuo, Y.; Li, D.; Chen, C.; Wei, G.; Liu, H. Miniature six-axis force/torque sensor based on a Stewart platform and FBG
sensing for endoscopic surgery. IEEE Sens. ]. 2024, 24, 13968-13979. [CrossRef]

2. Wu, Y,; Wen, L,; Tang, T. Line-of-sight stabilization enhancement with hybrid sensing in a piezoelectric mirror-based cubic Stewart
platform. IEEE Trans. Aerosp. Electron. Syst. 2024, 60, 2843-2853. [CrossRef]

3.  Wang, C; Wu, M,; Wang, Y.; Lu, C.; Du, S.; Ma, Z.; Wang, Z. Dynamics modeling and parameter identification of a double-layer
6-DOF Stewart platform for simulating marine exploration processes. IEEE Sens. |. 2025, 25, 35289-35302. [CrossRef]

4. Li, W.; Zou, Y.; Ma, X.; Qiu, B.; Guo, D. Novel neural controllers for kinematic redundancy resolution of joint-constrained
Gough-Stewart robot. IEEE Trans. Ind. Inform. 2024, 20, 4559-4570. [CrossRef]

5. Chen, S.-H,; Fu, L.-C. Output feedback sliding mode control for a Stewart platform with a nonlinear observer-based forward
kinematics solution. IEEE Trans. Control Syst. Technol. 2013, 21, 176-185. [CrossRef]

6. Meng, Q.; Zhang, T.; Gao, X.; Song, J.-Y. Adaptive sliding mode fault-tolerant control of the uncertain Stewart platform based on
offline multibody dynamics. IEEE/ASME Trans. Mechatron. 2014, 19, 882-894. [CrossRef]

7.  Le,D.-V,; Ha, C. Finite-time fault-tolerant control for a Stewart platform using sliding mode control with improved reaching law.
IEEE Access 2022, 10, 43284-43302. [CrossRef]

8. Li, Z,;Li, S. Neural network model-based control for manipulator: An autoencoder perspective. IEEE Trans. Neural Netw. Learn.
Syst. 2023, 34, 2854-2868. [CrossRef]

9. Jiao, X.; Li, X;; Lin, D.; Xiao, W. A graph neural network based deep learning predictor for spatio-temporal group solar irradiance
forecasting. IEEE Trans. Ind. Inform. 2022, 18, 6142-6149. [CrossRef]

10. Yang, X.; Cheng, Y.; Dong, M.; Xie, X. Tourist flow prediction based on GA-ACO-BP neural network model. Informatics 2025,
12, 89. [CrossRef]

11.  Guo, Z,; Yu, K,; Jolfaei, A; Li, G.; Ding, F; Beheshti, A. Mixed graph neural network-based fake news detection for sustainable
vehicular social networks. IEEE Trans. Intell. Transp. Syst. 2023, 24, 15486-15498. [CrossRef]

12.  Krishna, G.S.; Gulzar, Z.; Baronia, A.; Srinivas, ].; Paramanandam, P.; Balakrishna, K. Al-enabled intelligent system for automatic
detection and classification of plant diseases towards precision agriculture. Informatics 2025, 12, 138. [CrossRef]

13. Kang, T,; Shin, C.; Lee, J.; Lee, J.-J.; Sim, D.; Kim, S.-E. BCRNet-SNN: Body channel response-aware spiking neural network for
user recognition. IEEE Trans. Ind. Inform. 2025, 21, 6017-6027. [CrossRef]

14. Elmezain, M.; Alwateer, M.M.; El-Agamy, R.; Atlam, E.; Ibrahim, H.M. Forward hand gesture spotting and prediction using
HMM-DNN model. Informatics 2023, 10, 1. [CrossRef]

15.  Ghazi, M.M.; Serensen, L.; Ourselin, S.; Nielsen, M. CARRNN: A continuous autoregressive recurrent neural network for deep
representation learning from sporadic temporal data. IEEE Trans. Neural Netw. Learn. Syst. 2024, 35, 792-802. [CrossRef]

16. Adeoye, A.D.; Bemporad, A. An inexact sequential quadratic programming method for learning and control of recurrent neural
networks. IEEE Trans. Neural Netw. Learn. Syst. 2025, 36, 2762-2776. [CrossRef]

17. Guo, D; Yu, Y,; Cang, N,; Jia, Z.; Zhang, W.; Ma, Z. Discrete-time zeroing neural network for time-dependent constrained
nonlinear equation with application to dual-arm robot system. IEEE Trans. Syst. Man Cybern. Syst. 2025, 55, 1735-1745. [CrossRef]

18. Liao, B.; Hua, C.; Xu, Q.; Cao, X; Li, S. Inter-robot management via neighboring robot sensing and measurement using a zeroing
neural dynamics approach. Expert Syst. Appl. 2024, 244, 122938. [CrossRef]

19. Zhang, M.; Zhang, Z. A data-driven distributed recurrent neural network for a collaborative system of multiple redundant
manipulators with unknown structure. IEEE Trans. Cybern. 2025, 55, 1-12. [CrossRef] [PubMed]

20. Dai, L.; Xu, H.; Zhang, Y.; Liao, B. Norm-based zeroing neural dynamics for time-variant non-linear equations. CAAI Trans. Intell.
Technol. 2024, 9, 1561-1571. [CrossRef]

21. Dong, Y.; Wang, L.; Zhou, S.; Tang, W.; Hua, G.; Sun, C. AFC-RNN: Adaptive forgetting-controlled recurrent neural network for
pedestrian trajectory prediction. IEEE Trans. Pattern Anal. Mach. Intell. 2025, 47, 10177-10191. [CrossRef]

22. Xiao, L.; Yan, X;; He, Y;; Luo, B.; Song, Q. A nonlinear noise-resistant zeroing neural network model for solving time-varying
quaternion generalized Lyapunov equation and applications to color image processing. IEEE Trans. Neural Netw. Learn. Syst.
2025, 36, 14371-14383. [CrossRef]

23.  Zhou, Y.; She, J.; Wang, F.; Iwasaki, M. Disturbance rejection for Stewart platform based on integration of equivalent-input-
disturbance and sliding-mode control methods. IEEE/ASME Trans. Mechatron. 2023, 28, 2364-2374. [CrossRef]

24. Cui, Z.; Li, Z.; Chen, M.; Zhang, Z.; Liu, H. Novel noise-tolerant recurrent neural network adaptive control of preoperative pose
for cranial neurosurgery robot with physical constraints. IEEE Trans. Ind. Electron. 2025, 72, 1673-1683. [CrossRef]

25. Qi, Y; Jin, L; Luo, X.; Zhou, M. Recurrent neural dynamics models for perturbed nonstationary quadratic programs: A
control-theoretical perspective. IEEE Trans. Neural Netw. Learn. Syst. 2022, 33, 1216-1227. [CrossRef] [PubMed]

26. Kong, Y,; Wu, J.; Jiang, Y.; Wu, H. Robust terminal recurrent neural network for finding exact solution of the TVQP problem with

various noises. IEEE Trans. Ind. Inform. 2023, 19, 6907-6916. [CrossRef]

https://doi.org/10.3390/informatics13040049


http://doi.org/10.1109/JSEN.2024.3376415
http://dx.doi.org/10.1109/TAES.2024.3353713
http://dx.doi.org/10.1109/JSEN.2025.3596150
http://dx.doi.org/10.1109/TII.2023.3326553
http://dx.doi.org/10.1109/TCST.2011.2171964
http://dx.doi.org/10.1109/TMECH.2013.2262527
http://dx.doi.org/10.1109/ACCESS.2022.3165091
http://dx.doi.org/10.1109/TNNLS.2021.3109953
http://dx.doi.org/10.1109/TII.2021.3133289
http://dx.doi.org/10.3390/informatics12030089
http://dx.doi.org/10.1109/TITS.2022.3185013
http://dx.doi.org/10.3390/informatics12040138
http://dx.doi.org/10.1109/TII.2025.3558309
http://dx.doi.org/10.3390/informatics10010001
http://dx.doi.org/10.1109/TNNLS.2022.3177366
http://dx.doi.org/10.1109/TNNLS.2024.3354855
http://dx.doi.org/10.1109/TSMC.2024.3512186
http://dx.doi.org/10.1016/j.eswa.2023.122938
http://dx.doi.org/10.1109/TCYB.2025.3593117
http://www.ncbi.nlm.nih.gov/pubmed/40811200
http://dx.doi.org/10.1049/cit2.12360
http://dx.doi.org/10.1109/TPAMI.2025.3594116
http://dx.doi.org/10.1109/TNNLS.2025.3526620
http://dx.doi.org/10.1109/TMECH.2023.3237135
http://dx.doi.org/10.1109/TIE.2024.3413816
http://dx.doi.org/10.1109/TNNLS.2020.3041364
http://www.ncbi.nlm.nih.gov/pubmed/33449881
http://dx.doi.org/10.1109/TII.2022.3206761
https://doi.org/10.3390/informatics13040049

Informatics 2026, 13, 49 16 of 16

27.

28.

29.

30.

31.

32.

33.

34.

Zhang, Z.; Song, Y.; Zheng, L.; Luo, Y. A jump-gain integral recurrent neural network for solving noise-disturbed time-variant
nonlinear inequality problems. IEEE Trans. Neural Netw. Learn. Syst. 2024, 35, 5793-5806. [CrossRef]

Dai, L.; Zhang, Y.; Geng, G. Norm-based finite-time convergent recurrent neural network for dynamic linear inequality. IEEE
Trans. Ind. Inform. 2024, 20, 4874-4883. [CrossRef]

Shi, Y.; Ma, Y.; Chen, L.; Gerontitis, D.K,; Jin, L. A recurrent neural network approach for discrete-form Stewart platform control
with disturbance rejection. CAAI Artif. Intell. Res. 2025, 4, 9150047. [CrossRef]

Tian, S.; Liu, K.-Z.; Zhang, M.; Lu, C.; Wu, M,; She, J. Improved equivalent-input-disturbance method for nonlinear repetitive-
control systems: Integration with high-order sliding-mode control. IEEE/ASME Trans. Mechatron. 2025, 30, 692-702. [CrossRef]

Xiang, W.; Shi, H.; Li, H.; Mu, Y,; Su, C.; Li, P. Robust iterative learning predictive asynchronous switching control with disturbance
input for multi-phase batch processes. Commun. Nonlinear Sci. Numer. Simul. 2026, 157, 109719. [CrossRef]

Shi, Y.; Sheng, W.; Wang, J.; Jin, L.; Li, B.; Sun, X. Real-time tracking control and efficiency analyses for Stewart platform based on
discrete-time recurrent neural network. IEEE Trans. Syst. Man Cybern. Syst. 2024, 54, 5099-5111. [CrossRef]

Shi, Y.; Chong, W.; Cao, X.; Jiang, C.; Zhao, R.; Gerontitis, D.K. A new double-integration-enhanced RNN algorithm for discrete
time-variant equation systems with robot manipulator applications. IEEE Trans. Autom. Sci. Eng. 2025, 22, 8856-8869. [CrossRef]
Zhang, Y.; He, L.; Hu, C.; Guo, J.; Li, J.; Shi, Y. General four-step discrete-time zeroing and derivative dynamics applied to
time-varying nonlinear optimization. J. Comput. Appl. Math. 2019, 347, 314-329. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual

author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to

people or property resulting from any ideas, methods, instructions or products referred to in the content.

https:/ /doi.org/10.3390/informatics13040049


http://dx.doi.org/10.1109/TNNLS.2023.3241207
http://dx.doi.org/10.1109/TII.2023.3329640
http://dx.doi.org/10.26599/AIR.2025.9150047
http://dx.doi.org/10.1109/TMECH.2024.3402651
http://dx.doi.org/10.1016/j.cnsns.2026.109719
http://dx.doi.org/10.1109/TSMC.2024.3392848
http://dx.doi.org/10.1109/TASE.2024.3491913
http://dx.doi.org/10.1016/j.cam.2018.08.017
https://doi.org/10.3390/informatics13040049

	Introduction
	Problem Formulation and Continuous-Form RNN Algorithm
	Problem Formulation
	CF-DIE-RNN Algorithm

	DF-DIE-RNN Algorithm and Theoretical Analyses
	Discretization Formulas
	DF-DIE-RNN Algorithm
	Theoretical Analyses
	Other Algorithms

	Real-Time Tracking Experiments and Performance Evaluation
	Example 1
	Example 2

	Conclusions
	References

